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Federated Learning

An online comic from Google AI 
https://federated.withgoogle.com/











Problem Formulation

Conventional FL objective (e.g. FedAvg, FedProx and etc.):

where

typical choice

averaging

match centralized training
McMahan et al. Communication-Efficient Learning of Deep 
Networks from Decentralized Data. AISTATS 2017



Problem Formulation

Conventional FL objective (e.g. FedAvg, FedProx and etc.):

where

averaging

Rare data? Uncertain amount of data?  
Fairness?  Adversary?

McMahan et al. Communication-Efficient Learning of Deep 
Networks from Decentralized Data. AISTATS 2017



AFL objective

worst case

ensure more fairness

Mohri et al. Agnostic federated learning. 
International Conference on Machine Learning, 2019.



q-FFL objective

reweighting

fairness can be tuned

Li et al., Fair Resource Allocation in Federated Learning. ICLR 2020



q-FFL objective

reweighting

*Special case of Kolmogorov generalized mean

Zhang et al., Proportional Fairness in Federated Learning. arxiv 2022



Goal: collectively optimize individual objective functions

Inspiration



Goal: collectively optimize individual objective functions

Inspiration



Multi-objective Formulation

What does this mean?

vector



Multi-Objective Optimization (MOO)

https://users.ece.cmu.edu/~yuejiec/MachineLearning.html



Background: MOO

Minimum is defined wrt the partial ordering



Background: MOO

Minimum is defined wrt the partial ordering

possible that w and z are not comparable

“dominates”



Pareto Optimality



 is a Pareto optimal solution if its objective value               is a 
minimum element wrt the partial ordering

Equivalently,



 is a Pareto optimal solution if its objective value               is a 
minimum element wrt the partial ordering

Equivalently,

Pareto optimal:
“You can be better than me in some aspects,
But you can’t be better than me in all aspects”



 is a Pareto optimal solution if its objective value               is a 
minimum element wrt the partial ordering

Equivalently,

not possible to improve any component objective 
without compromising some other objective

Fairness



Ordering Cone
characterization of partial ordering

Cones



Ordering Cone
characterization of partial ordering



nonnegative orthant

Cone that Induces MOO









Solving MOO with scalarization
Weighted sum 

Different weights leads to different Pareto stationary solutions

Epsilon constraint

fixed throughout

Lagrangian
reformulation

fixed throughout



Chebyshev approach

s = 0 is essentially AFL

Solving MOO with minimax

fixed vector



Multiple Gradient Descent Algorithm (MGDA)

finds the min-norm element d 
in the convex hull spanned by gradients

Jean-Antoine Désidéri. “Multiple-gradient descent algorithm 
(MGDA) for multiobjective optimization ’’ 2012 

then descent along (negative) d



Multiple Gradient Descent Algorithm (MGDA)

finds the min-norm element d 
in the convex hull spanned by gradients

Jean-Antoine Désidéri. “Multiple-gradient descent algorithm 
(MGDA) for multiobjective optimization ’’ 2012 

-d is a descent direction that is common to all objectives



Primal-Dual interpretation of MGDA

Primal

Dual

Jörg Fliege and Benar Fux Svaiter. “Steepest descent methods 
for multicriteria optimization" 2000

reformulation

used in implementation



Recall Chebyshev approach:

adaptive ‘centering’ 

New Insights

Don’t fix s?

Apply quadratic bound

Swapping min and max

MGDA



Connections

s = 
MGDA

0 AFL

Chebyshev approach



Connections

s = 
MGDA

0 AFL

Chebyshev approach

invariance to additive perturbation



FedMGDA+

Federated Learning Meets Multi-Objective Optimization

Incentive Fairness Robustness

Hu et al., Federated learning meets multi-objective 
optimization. IEEE Transactions on Network Science and 
Engineering, 2022



From MGDA to FedMGDA+

FL Adaptations Additional Designs

Balancing 
Communication

and 
Computation

Client 
Subsampling Interpolation Normalization



Balancing communication and 
on-device computation

Allow multiple local updates before communicating

More local updates,
Less global communications.

𝑤𝑤1
…

𝑤𝑤0

𝑤𝑤𝑘𝑘
𝑔𝑔

𝑔𝑔1 𝑔𝑔𝑚𝑚

…



Client Subsampling

• Common practice in FL

• Alleviate non-iid

• Enhance throughput

MGDA provides incentive for 
users to participate!



Interpolation

Balancing average performance and fairness

average performance

fairness



Normalization

𝑔𝑔1
||𝑔𝑔1|| 𝑔𝑔2

||𝑔𝑔2||

• Normalizing the (sub)gradient can sometimes ease step size tuningⁱ

• Normalization does not change the ‘common descent’ property of MGDA

• Robustness against multiplicative inflation attack

𝑔𝑔1

𝑔𝑔2

i Kurt Anstreicher et al., Two "well-known" properties of subgradient optimization. 
Mathematical Programming 2009
. 



Algorithm: FedMGDA+

Subsampling

Normalization
Interpolation

Multiple local epochs



Convergence Results

Convergence rate depends on how quickly the variance 
diminishes, which in turn depends on subsampling and 

heterogeneity of user objective functions



Convergence Results



Experiments
• In our work, we conducted experiments on CIFAR-10, FMNIST, EMNIST, 

Shakespeare and Adult datasets

• Mainly, figures on CIFAR-10 are showed here for illustration purpose



Algorithm: FedMGDA+

Subsampling

Normalization
Interpolation

Multiple local epochs



Interpolation

CIFAR-10



Interpolation

CIFAR-10



Bias attack

s = 
MGDA

0 AFL

Chebyshev approach

invariance to additive perturbation



Robustness

Bias attack on Adult dataset



Algorithm: FedMGDA+

Subsampling

Normalization (Robustness)
Interpolation

Multiple local epochs



Robustness

Scaling attack on CIFAR-10



Fairness

CIFAR-10, small local batch size



Fairness

CIFAR-10, big local batch size



Improvement Fairness

Percentage of improved participants each round
CIFAR-10

local batch size b = 10 full batch



More Tables….

EMNIST

Check appendices of our paper

Hu et al., Federated learning meets multi-objective 
optimization. IEEE Transactions on Network Science and 
Engineering, 2022



Thank you for your attention!
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