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A GLOBALLY CONVERGENT METHOD FOR 1p PROBLEMS*

YUYING Lit

Abstract. The/p-norm discrete estimation problem minen lib- ATxll is troublesome when
p is close to unity because the objective function approaches a nonsmooth form as p converges to
one. This paper presents an efficient algorithm for solving /p-norm problems for all 1

_
p 2.

When p 1 it is essentially the method presented by T. F. Coleman and Y. Li [Math. Programming,
56 (1992), pp. 189-222], which is a globally and quadratically convergent algorithm under some
nondegeneracy assumptions. The existing iteratively reweighted least-squares (IRLS) method can
be obtained from the new approach by updating some dual multipliers in a special fashion. The new
method is globally convergent, and it is superlinearly convergent when there is no zero residual at
the solution. At each iteration the main computational cost of the new method is the same as that of
the IRLS method: solving a reweighted least-squares problem. Numerical experiments indicate that
this method is significantly faster than popular iteratively reweighted least-squares methods when p
is close or equal to one.

Key words, discrete estimation, data analysis, IRLS method, linear programming, interior-
point algorithm, simplex method, Newton method

AMS subject classifications. 65H10, 65K05, 65K10

1. Introduction. In discrete estimation and data analysis it is often appropriate
to solve the following problem:

(1.1) min IIATx bll ,x

where A [al, am] E nx,, b E }m, and m > n. We denote the objective
function IIATx- bll -m__l laTex- blP by (x). In this paper we focus on the case
when 1 _< p < 2. We assume that A has rank n. When 1 < p < cx this assumption
is equivalent to (x) being strictly convex. We also assume that there does not exist
any x such that ATx- b- O.

The most often used measures for (1.1) are 2-norm, 1-norm, and cx>norm. The
l solution offers a worst-case guarantee. The 2-norm solution is popular because
of its special relationship with the normal distributions. The increasingly impor-
tant 11 solution is useful since it is insensitive to a small number of large residuals
(resistant). Thus one can imagine situations when minimizing the /p-norm, where
1 < p < 2, is appropriate [13], [14]. Moreover, the problem is theoretically interest-
ing since it ranges from a piecewise-differentiable minimization problem (equivalent
to a constrained minimization) when p 1, through a once-differentiable minimiza-
tion problem (but not twice differentiable) when 1 < p < 2, to a twice-differentiable
problem when p 2. Clearly, it would be useful, although challengiig, to develop a
method that works well in all the cases.

The 2-norm problem is easy to solve: it is a simple least-squares problem. The 11
and l problems are much more complicated and can be treated as linear program-
ming problems and thus solved by special linear programming methods that usually
take advantage of their special structures (e.g., [1], [2]). The objective function
is piecewise linear when p 1 or
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610 YUYING LI

Until recently, the usual methods for l and loo have been finite algorithms (e.g.,
[1], [2]). These methods move along negative projected gradients, and the iterates tend
to follow nondifferentiable hyperplanes. In contrast, Coleman and Li have recently
developed iterative methods for l and loo minimization [4], [5]. These algorithms
deal with the nondifferentiable hyperplanes by strategically avoiding landing on them
exactly and by being able to cross when necessary. They are computationally efficient.
Under a suitable nondegeneracy assumption, both algorithms proved to be globally
convergent with a quadratic convergence rate.

For 1 < p < 2 the most popular method for solving (1.1) is the iteratively
reweighted least-squares (IRLS) method (e.g., [10], [13]). This method essentially
takes a fixed step size along the Newton direction defined by the optimality condition
V(x) 0. It is globally linearly convergent for 1 < p < 2 (e.g., [13]). This method
can also be applied to the case p 1, although no global convergence has been proved
to our knowledge. With a suitable line search, the algorithm can be accelerated to
be quadratically convergent when there is no zero residual at a solution. However, it
is known that the method can be extremely slow, as will be further demonstrated by
our numerical examples. Since the second-order derivative of the objective function
does not exist when zero residuals occur, this is usually regarded as a main problem
with the IRLS approach [3], [8].

The purpose of this paper is to further investigate the performance of the IRLS
method and to provide a new method that works well for 1 <_ p < 2. Our experience
indicates (2) that zero residuals at a solution alone do not, in general, impede the
speed of the convergence for the IRLS approach; rather, slow convergence occurs when
p is close or equal to unity. This is reasonable because (1.1) is a more complicated
problem (linear programming) when p 1, whereas a solution for (1.1) can be ob-
tained by solving one linear system when p 2. Nonetheless, there is an additional
reason for the slowness of the IRLS method: the nonlinear equation V(x) 0 that
defines the Newton step for the IRLS method does not include the conditions for a
solution of (1.1) when p 1. On the basis of this observation, in 3 we develop a
new method by considering the system of nonlinear equations that form part of the
optimality conditions for (1.1) for all 1 _< p < 2. We also present a special line search
procedure that exploits the special structure of the objective function and prevents
zero residuals at each iteration. The new method performs significantly better than
the IRLS methods, and it reduces to the method of Coleman and Li [5] when p 1.
We emphasize, however, that the main reason for the improvement is not the preven-
tion of zero residuals in the line search. Rather, the consideration of the appropriate
system of nonlinear equations brings about the improvement. In 4 we prove that the
new algorithm is globally convergent. Superlinear convergence is achieved when there
is no zero residual at the solution for 1 < p < 2 and when a problem is nondegenerate
for p-- 1. Some numerical experience is reported in 5.

Finally, we introduce some notation. In this paper the superscript directly on
a quantity denotes its value at the kth iteration, e.g., xk. The conventional power
operation is denoted by using brackets and superscripts together, e.g., (x) k. We
always use r to represent the residual vector r ATx- b, and a denotes its sign, i.e.,
a sgn(r). Since we assume that A has full rank, the relation between x and r is a
bijection. The objective function is denoted in terms of r by (r) Ilrll, (- (x)),
and the gradient V(r), when it exists, is denoted by g p(Irl)p-la. In this paper the

symbol l..
means that a linear system is solved in a least-squares sense, e.g., ATx L_s_. b
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A GLOBALLY CONVERGENT METHOD FOR Ip PROBLEMS 611

is equivalent to solving

2min [[ATx bll 2.

We also adopt a few MATLAB notations [11]. The symbols., and ./denote com-
ponentwise multiplication and division between vectors. The operator I" denotes
the componentwise absolute values of a number, vector, or matrix. The operator
max(x, y) with two vectors as arguments defines a vector whose components are the
maximum of the corresponding argument vectors. The notation max(x), where x is a
vector, denotes the maximum component of x, whereas the operator diag(x), x E n,
represents the diagonal matrix with the ith diagonal element being xi. The left arrow
x -- y denotes setting x to y.

2. IRLS methods. It is well known that the/p-norm is differentiable and strictly
convex for 1 < p < c under the assumption that A has full rank; thus the solution
occurs at a point where the gradient V(x) Ag vanishes. Assume that we are at a
point with ri 0, 1 <_ i _< m. This is equivalent to

(2.1) A(D)-2r-O,

where D diag((Irl)(2-p)/2). The motivation of the IRLS method comes from the
fact that (2.1) forms the normal equations for the following weighted least-squares
system:

(D)_IATx l.s=. (D)_lb.

Thus the IRLS method can simply be described as in Fig. 1.

Given a starting point x
Step 1 Compute rk ATxk b;
Step 2 Define Ok -diag((Irkl)(2-p)/2), solve xk+l from

(2.2) (Dk)_lATxk+l 1.s (Dk)_lb; k - k + 1;

Go to Step 1;

FIG. 1. IRLS Algorithm.

Remark. In the description of the algorithm it is implicitly assumed that at
keach iteration ri : 0, 1 _< i _< m. In practice, care must be taken when some

k 0 Let eT [1 1] e m be the m vector of all ones. Watson [14] suggestedr
using Dk diag(max{Se, Irkl}) (2-p)/2 for some small positive constant 5. In our
implementation we use Dk diag(100ee + (Irkl)(2-p)/2), where e is the machine
precision.

Let us inspect the step xk+l -xk taken by IRLS more closely. If it is assumed
that rk 0 /1 < i < m, a Newton step in x-space for (2.1) can be defined through
differentiation as

(2.3) dkN
1

p- 1
(A(Dk)-2AT)-IA(Dk)-2rk"
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612 YUYING LI

It is clear that dN is always a descent direction for the objective function (x).
Consider the increment Axk xk+l xk obtained from IRLS:

Axk --(A(Dk)-2AT)-IA(Dk)-2b (A(Dk)-2AT)-IA(Dk)-2ATxk

-(A(Dk)-2AT)-1A(Dk)-2rk
1)d 

Hence Ax can be considered as a damped Newton step (e.g., [14]).
In [13] it is proved by assuming 1 < p < 2 and ri 0, 1 _< i <_ m, that the limit

point of the sequence {xk } generated by the IRLS algorithm is a solution to (1.1) and
that the convergence is linear with convergence constant 2- p. Wolfe [15] obtained
the same local convergence property with a rather involved proof.

When p 1 there is no global convergence result to our knowledge; however, if
global convergence is assumed, then the convergence rate will be linear [13]. We claim
that a slight modification of the proofs in [5] yields that IRLS, when p 1, is also
globally convergent under some nondegeneracy assumptions.

The above IRLS method has a linear convergence rate because of its failure to
take a full Newton step. However, taking a full Newton step at each iteration may lead
to divergence [10]. Nonetheless, a line search globalization of the Newton method can
be made to achieve final quadratic convergence and to maintain global convergence
at the same time.

In this paper a line search procedure is used for improving both the IRLS method
and the new algorithm. We refer to the modified IRLS algorithm as IRLSL (IRLS
with the line search). Note that dkN as defined in (2.3) is the solution to the following
least-squares problem:

(Dk)_lATdk 1.. _Dkgk, where Dk (diag(Irkl)(diag(p 1)]gk])-l) 1/2.

A model algorithm for IRLSL in terms of r is described in Fig. 2.

Given an initial point r ATx --b with Irl > 0
Step 1 Compute gk p(]rkl)p-ak, Drk diag(irkl)

(Dkdiag((p 1)lgkl)-l)/2;
Step 2 Compute the direction dk by solving

and Dk=

(Dk)-lATdk "" _Dkgk
dk T k=A dx;

Step 3 Perform the line search as described below (see Fig. 3). Update

rk+l +- rk + okdk, k +- k + 1;

Go to Step 1;

FIG. 2. IRLSL Algorithm.

Remark. We describe IRLSL in this fashion so as to compare it with our new
algorithm, which will be presented in 3. Since r ATx- b and A has full rank, x
can be recovered from r on termination if needed. Alternatively, one can choose to
update x directly at each iteration.
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A GLOBALLY CONVERGENT METHOD FOR lp PROBLEMS 613

Now we discuss how to determine a suitable step size ck. Given any descent
direction dk E .m, we determine a suitable step size ck by attempting to minimize
(rk + odk) over c _> 0.

The objective function (r) is continuously differentiable when p > 1. Thus, by
k such that,following [7, Whm. 6.3.2], given 0 </I </g < 1, there exists 0 < ck < cu

when k E [c, k], the following conditions are satisfied at rk+l rk W okdk"

(2.5) (rk+l) _< (rk) + ikV(rk)Td,
V(rk+)Tdk >_ gV(rk)Tdk.

Unfortunately, the objective function (r) is not twice differentiable everywhere.
Hence conditions (2.5) and (2.6) do not guarantee convergence to the solution. The
difficulty is that condition (2.6) may not guarantee large enough step lengths because
of the nonsmoothness of the derivatives.

Since the function (rk + (dk) is strictly convex (under our assumption), there
can be only one minimum along dk. However, we do not want to perform an exact line
search when p > 1 because of concern for efficiency. Instead, we exploit the special
structure of the objective function (r) and perform the line search in the following
fashion.

Consider the following strictly convex quadratic function Uk(r) around a differ-
kentiable point rk, i.e., r 0, 1 _< i _< m, as defined by Osborne [13, p. 252]"

where gk V(rk). This quadratic function has been used [13, p. 252] to prove that
{rk} generated by IRLS decreases the objective function (r) monotonically. It has
the following properties [13, p. 252]"

< u u
and

k(rk V(rk), U(r) diag(p(Irkl)P-U).

Moreover, argminx Uk(r) xk+, where Xk/l is defined by the IRLS algorithm (cf.
(2.2)). In other words, Uk(r) is a special quadratic interpolation of (r).

In this paper we use this quadratic interpolation to facilitate the line search in
both IRLSL and in our new method, which will be discussed later. We calculate
the minimizer of Uk(r) along any descent direction dk and use it to approximate the
minimizer of (r) along this direction. The minimizer for Uk(rk -b adk) equals

gkTdk
dkTdiag(p(Irk I)P-2)dk

For IRLSL dk T k kA dx, where d is defined by (2.4). Thus k p_ 1 and &k is the
step size that IRLS takes at each iteration when p > 1.

The following lemma indicates that for any descent direction dk, &k always intro-
duces a sufficient decrease in objective function value. This explains why the sequence
generated by IRLS converges to a solution when 1 < p < 2.
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614 YUYING LI

LEMMA 2.1. Assume 1 <_ p < 2. Given any descent direction dk

as defined by (2.9) satisfies (2.5) with any 0 <
Proof. Let Uk be as defined by (2.7). Then

(rk) (r/ -4- &/d/)
>_ Uk(r) U(rk + &kd) (from (2.8))

uu d  tic)_&kgkTdk
1 k kT-k-----(kgkTdk + -0 g a (from (2.9))

l_kgkTdk
2

>_ --$&kgkTdk.
Hence (2.5) is satisfied.

Quadratic interpolation techniques have been used in line search methods for
general nonlinear minimization [9]. However, it is worth emphasizing that for general
nonlinear functions the interpolation function is usually a one-dimensional function
that is defined along a search direction instead of approximating the objective function
in the entire space. For any given problem (1.1), the interpolation function Uk(r) used
here guarantees that the step size &k is acceptable for (r) (i.e., sufficient decrease is
achieved and the step is not too small), which usually cannot be achieved for general
nonlinear functions.

Since (r) becomes increasingly close to being nondifferentiable as p gets close
to one, &k may be a bad choice (it converges to zero). When the objective function
(r) is not differentiable, i.e., p 1, the exact minimizer (rk + (d) occurs at
a nondifferentiable point. Along any direction d m the points at which the
second-order derivatives fail to exist can easily be calculated. We refer to the step
sizes corresponding to such points as breakpoints. The set identifies the positive
breakpoints:

r di < 0(2.10) ci (i dk,
The basic idea behind our line search procedure is to take larger step sizes when

possible. We consider the first positive breakpoint at which dk becomes an ascent
direction, a unit step size, and &k in this order. The first at which the objective
function is sufficiently decreased (i.e., (2.5) is satisfied) is accepted.

However, the exact nondifferentiable point needs to be avoided (if a unit step size
or is taken, it is unlikely that rk/l is a nondifferentiable point). We achieve this by

k wdk 0 atslightly stepping back from a nondifferentiable point. Assume that r +
the step size w > 0 under consideration. Let

k

and set

(2.11)

where Tk E (0, 1).

D
ow

nl
oa

de
d 

02
/1

1/
14

 to
 1

29
.9

7.
58

.7
3.

 R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



A GLOBALLY CONVERGENT METHOD FOR Ip PROBLEMS 615

For IRLSL we choose

(2.12) Tk max T, 1-
1 + IIAgk]12

and T E (0, 1), e.g., T 0.975. When 1 < p < 2, IIAgkll is a measure of optimality.
When a solution for 1 < p < 2 is approached IIAgkll converges to zero and thus Tk

converges to one. Hence if (2.5) is satisfied with the unit step size, the perturbed ak

converges to unity, which is required for fast local convergence. By assuming that
(2.5) is satisfied with w, it is easy to verify that (2.5) is also satisfied with ak defined
by (2.11) since (r) is convex under our assumption. Thus (2.5) is always satisfied
for the step size computed.

The line search procedure is summarized in Fig. 3. We point out that when p -1,
g(rk + ak,dk) does not exist and the gradient just past the breakpoint a,k is used (for
details see [5]). Moreover, if it is assumed that f 0 and p 1, this line search

kprocedure always locates the exact minimizer and ensures that r 0, 1 <_ i <_ m, at
each iteration (the line search procedure always returns at Step 1).

GivenTk f E (0,1), dk rk &} k
ai (defined by (2.10)), and a large PB > 0 (e.g.,

106

Step 1 Let a,k be the smallest positive breakpoint in [&,PB] with
g(r -b ak,dk)Td >_ O. If such a breakpoint a,k exists and (2.5) is

k ,k} and setsatisfied with a,, let a - max(ak" 0 <_ i <

Step 2
and return; Otherwise, continue;
If (2.5) is not satisfied with k 1, continue to the next step.
Otherwise, set

ak -- { 1 if min([rk + dkl) > 0,

a + Tk (1 a otherwise,

Step 3
where
Set

k+-- max{ak 0 <_ ai < 1}, return;

if min(Irk q- &kdk[) > O,
otherwise,

kwhere a -- max{a" 0 _< a < }, return;

FIG. 3. Line search procedure.

In 4 we will prove that the IRLSL algorithm with the above line search procedure
is globally convergent. It is quadratically convergent when there is no zero residual
at the solution.

Merle and Sp/ith [10] empirically studied the IRLS algorithm and concluded that
the IRLS algorithm (without a line search) is satisfactory. We disagree with this
claim. To investigate the performance of the algorithms more carefully, we apply
both the IRLS and IRLSL algorithms to some randomly generated/p-norm problems
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616 YUYING LI

(for details, see 5). The following stopping criterion is used:

either
1

< 8 x 10-11 or itcount > 50.

Here itcount denotes the number of iterations. For more discussion of the stopping
criterion, see 5.

TABLE 1
Behavior of the two algorithms when p approaches one.

Number of Iterations m

p 1 1.01 1.02 1.03 1.04 1.05 1.06 1’07 1.08 1.09 1’1
IFtLSL 50 50 36 50 40 38 28 33 30 29 24
IRLS 50 50 50 50 50 50 50 50 50 50 50

TABLE 2
Effec of zero residuals.

Number of Iterations m- 100, n--50

p (no r 0)
1.3
1.4
1.5
1.6
1.7
1.8
1.9

IRLS IRLSL p (five r 0) IRLS IFtLSL
32 14 1.3 31 18
’23 8 1.4 22 12
17 9 1.5 17 11
13 7 1.6 13 8
io 7 1.7 1o 7
s 5 1.s 8 7
6 5 1.9 6 5

Tables 1 and 2 represent typical performance of IRLS and IRLSL.
First, we observe that IRLSL is more efficient than IRLS. Our computational

experience indicates that IRLSL converges faster than does IRLS (e.g., Tables 1 and
2): even when both methods fail to find a solution, IRLSL computes an approximate
solution with a lower objective function value. The additional cost per iteration for
IRLSL is that of the line search, which is roughly O(m), where is the number
of positive breakpoints in [&,pB] that have to be inspected in order to find a., i.e.,
an inner product needs to be computed at every such point. In our experiments this
number is in general much less than n and decreases quickly as p departs from unity.
Thus the cost of the line search is of a lower order than that of solving a least-squares
problem (O(mn2)). Hence we conclude that IRLSL is more efficient than IRLS, and
subsequently we will compare our new method (3) with IRLSL only.

As indicated in Table 1, both algorithms (with or without a line search) converge
increasingly slowly when p approaches unity. It is clear that when p 1 one can
always find a solution with n zero residuals (e.g., [1]). Thus when p is close to unity,
there usually exist either zero residuals or extremely small residuals. Because the
Hessian matrix of the objective function does not exist at points with zero residuals
when 1 < p < 2, it seems to be reasonable to blame the slow convergence on the
occurrence of the zero residuals at a solution.

However, we argue that this is not the reason. Our argument is supported by
the results in Table 2, which indicate that the presence of zero residuals at solutions
does not significantly affect the algorithm when p is further away from unity. When a

random/p-norm problem, p > 1.5, is generated, it usually does not have zero residuals
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A GLOBALLY CONVERGENT METHOD FOI:t l PROBLEMS 617

at the solution. For comparison, we generate random/v-norm problems in a special
way to guarantee the zero residuals at the solution: we solve an /p-norm problem
first and add more residuals so that they equal zero at the solution. As indicated by
Table 1, both algorithms seem to be unaffected by the presence of zero residuals at a
solution.

We will further investigate this question in the next section.

3. /k new algorithm. The IRLSL method works well when p is sufficiently far
from unity (e.g., p > 1.3), as indicated by our numerical results. However, when
p is close to unity it becomes unsatisfactory. Moreover, our numerical experience
indicates that a zero residual does not necessarily impede the speed of convergence.
Hence alternative reasons for the slowness of the IRLS methods must be sought.

Recall that the descent directions used by both IRLS and IRLSL are derived
from the nonlinear equations (x) 0. This is the optimality condition for (1.1)
when 1 < p < 2 but not whenp-- 1. Hence whenp 1 slow progress is made
by moving along these descent directions because no attempt is made to satisfy the
optimality conditions directly. We believe that this is the cause of the unsatisfactory
performance of the IRLS methods when p is close or equal to unity.

Let the rows of the matrix Z form a basis for the null space of A, i.e., AZT O.
Recall that g p(Irl)P-la. We can write (2.1) in the following equivalent form:

(3.1) g- ZTw O.

The number of equations is m, which is equivalent to the number of variables (x, w)
(note that x e n and w E m-n).

Let Drk diag(Irkl), and denote Ak ZTwk. At any point (xk, wk) the Newton
step for the above equations is defined by

(3.2) [p(p- 1)diag((Irkl)P-2)AT, -ZT] [dkw

Thus the Newton step for the x variables is

dzk= 1
p- 1

(A(Dk )-ldiag(Igkl)AT)-lAgk’

which is equivalent to the Newton step (2.3) for V(x) 0.
Now we consider the following nonlinear system of equations:

(3.3) Dr(g ZTw) O.

When p 1 this is the complementary slackness condition for a solution and is often
called the vector of dual multipliers. In [5] we have used (3.3) to define local Newton
steps for/1-norm problems. When 1 < p < 2, (3.3) is the optimality condition for
(1.1) if Dr is nonsingular.

A solution to (3.1) is always a solution to (3.3). A solution (x, w) to (3.3) is a
solution to (3.1) if for any ri 0, Ai 0. Hence we can compute a solution of (1.1)
by satisfying (3.3) and the condition that 0 if r 0.

By considering (3.3) instead of (3.1), we capture both the optimality conditions
for smooth minimization (p > 1) and part of the optimality conditions for nonsmooth
minimization (p 1). Given that the objective function (r) becomes nearly non-
smooth when p is close to unity, we argue that it is better to consider (3.3) than to
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618 YUYING LI

consider (3.1). Since we are concerned with the/n-norm problem for all 1 <_ p < 2,
taking Newton steps defined by (3.3) is more appropriate than using (3.1). This is
the main idea behind our new method. Next we describe our new method in more
detail.

Assume for now that the Jacobian of D,.(g- ZTw) exists at (Xk,Wk) and is
nonsingular. Let D --diag(pak., gk_ o.k., Ak). Then the Newton step for (3.3) is
defined by

(3.4)

Hence we obtain

IDeAT, _DkZT] [dkw[ dk ] [Dkr(gk Ak)].

A(Dk)-D T kA d.=-Agk

or, equivalently,

(3.6) dk -(A(Dk -1DAT) Agk.

In [5] we have proved that when p-- 1, A(D,.)-D),AT is positive definite in the
neighborhood of the solution, under some nondegeneracy assumptions.

Consider the case in which 1 < p < 2. If there is no zero residual at the solution,
i.e., Ir*l > 0, (D.)-D, is positive definite since D (p- 1)diag(Ig*l) and A is
assumed to have full rank. Thus A(Dkr)-DAT is also positive definite when (xk, wk)
is close to (x*, w*). Hence the Newton direction dk becomes a descent direction for
(x) in a neighborhood of the solution.

If there exists some r 0, the Jacobian matrix of (3.3) is singular at the solution
when 1 < p < 2 because g A 0. However, at those points the Jacobian matrix
of the original system (2.1) does not exist either. Hence this trouble is not introduced
by considering (3.3) instead of (3.1). If there exists a zero residual at a solution x*,
it is difficult to achieve quadratic convergence and we are content with fast linear
convergence.

Since A(Dkr)-DAT may not be positive definite far from a solution, globaliza-
tion of the Newton step (3.5) is required.

First, we recall the technique used in [5] for p 1. In [5] the Newton method is
globalized by defining a diagonal matrix D0 such that A(Dk)-IDAT changes from
A(Dk)-AT to A(D)-DAT as the solution is approached and by replacing D by
D0k when a direction is computed by (3.4). Thus the hybrid step can be considered
as the solution to the following linear equations:

(3.7) [DAT’--DkrZT] d
--Dk(gk’-- Ak)"

Hence

dk -(A(Dk Dko AT) Agk.

If a controlling variable 0 < 0 < 1 that measures the closeness to the solution is used,
the diagonal matrix D is defined in the following way:

(3.9) D IOkdiag(akgk) + (1 O*)Dl diag(Igk (1 Ok)Akl).
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A GLOBALLY CONVERGENT METHOD FOR lp PROBLEMS 619

Here 0k measures the satisfaction of the complementary slackness condition and the
dual feasibility of an/i-norm problem

(3.10) "Y + vk’

and 0 < 7 < 1 (in our implementation 7 0.99). In other words, is the mimum
of the violation of the complementy slkness condition (Dr(9- A) O) and of duM
feibility (IAI Igl). Note that Ig IP(Irl)P-l e when p 1. In this ce, 0 0
(or y 0) is a necessary and sufficient condition of optimality. (For a more detailed
discussion see [5].)

Now we consider the ce in which 1 < p < 2. Since we know that the direction
defined by the IRLS methods leads to global convergence, we want to define a diagonal
matrix Do such that globally the direction defined by replacing Dx by Do is the same
direction that of IRLS and that locally it converges to D. Notice that if we let
Da ]diag((p- 1)g)], the direction defined by (3.7) equals the IRLS direction (2.3).
Unfortunately, a simple scalar combination ]0 diag(pg) + (1 O)D] does not lead to
the IRLS direction globally because some components of the combination may not
approach zero when the corresponding components in diag(p[g]) converge to zero. We
form the diagonal matrix D0 in a slightly more complicated way: the diagonal is the
componentwise convex combination of that of diag(pgk) and D"

D$ diag(Ok)diag(pakgk) + diag(e Ok)D]
(3.11)

diag(]pgk (e Ok)., Ak]).

(Recall that the operators., and ./denote componentwise multiplications and divi-
sions between vectors.) Here 0k is a vector

e +
where is, again, a constant with 0 < < 1 and eT [1,..., 1] e m. The scalar
yk is defined in (3.10). It is clear that when p 1, (3.11) is the same definition
(3.9), which is used in [5]. Hence when p 1, D$ defined by (3.12) is equivalent to
that defined by (3.10). Moreover, x is optimal if and only if there exists A ZTw
such that 0.

The diagonal matrix D h the following properties.
LEMMA 3.1. Suppose 0 < < 1. Assume D$ is dCned by (3.11). Then D$

satisfies

(3.13) (p- 1)diag(g}]) P$] (p + 1)diag(]g}]).

Proof. By definition (3.11)

D diag(Ipgk (e Ok).,

From definition (3.12) of

?k e 0k) ,),Ok.,
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620 YUYING LI

Hence

Therefore,

Hence

(p- 1)diag(Igkl) _< IDOl _< (p + 1)diag(Igkl). [:]

As will be shown in 4, with a suitable line search this globalization guarantees
that when 1 < p < 2, {)k} converges to zero if {rk} converges to zero. Hence the
corresponding {xk } converges to a solution of (1.1).

We apply the same line search procedure to the new method. However, the
definition of Tk in (2.12) is replaced by

(3.14) T
k max T, 1

+ rlk

SO as to include the measure of the optimality for p 1. Note that when {yk}
converges to zero, {Tk } converges to unity. When p-- 1 the line search procedure for
the new method is equivalent to the one used in [5].

For IRLSL &k is a constant p- 1. For our new algorithm with dk defined by
(3.8), &k changes at each iteration. However, it is bounded between p- 1 and p + 1
as indicated by the following lemma.

LEMMA 3 2. Assume d T k kA dx, where dx is defined by (3.8). Then the step size
&k as defined by (2.9) satisfies

p- l <_&k <_p+ l.

Proof. By definition (2.9)

(k gkTdk
dkTdiag(p(Irk I)p-2)dk

dkT(Dkr)-lDdk
dkTdiag(p(Irk I)p-2)dk

(from (3.8)).

From (3.13)

(p 1)
dkT(Dk )-ldiag(Igkl)dk dkT(Dkr )-idiag(Igk[)dk
dkTdiag(p(Irkl)p-2)dk

_
&k

_
(p + 1) dkTdiag(p(irkl)p_2)dk

This means

(p- 1) _< &k _< (p+ 1).
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A GLOBALLY CONVERGENT METHOD FOR lp PROBLEMS 621

Computationally, instead of solving an m m linear system (3.7) to compute
(dk, dkw), one may prefer to compute dk by solving an m n least-squares problem

(Dk 1ATdx 1.s. Dkgk

where Ok -(Dk(D)-l)1/2. Hence

-A do
Once dk T kA dx is computed, A can be updated by

(3.16) )k+
__
(D)-IDdk / gk.

The new method is referred to GNCS: a globalized Newton method that uses the
complementary slackness conditions for/p-norm problems. It is summarized in Fig. 4.

Given an initial point r ATx --b with Irl > 0 and Ao
Step 1 Compute Ok by (3.12) and gk p(irkl)p-lak; Let Drk diag(Irkl),

let D diag(Ipgk--(e--Ok)., Akl) and define Ok (Dkr(D)-)/2;
Step 2 Compute the direction dk by

(Dk)_ATdk
-x -Dkgk,

dk ATdk;

Update Ak+"

Xk+ (Dk)-iDdk +

Step 3 Compute Tk by (3.14); Apply the line search procedure as described
in Fig. 3; Update:

rk+l -- rk + (kdk, k - k + 1;

Go to Step 1;

FIG. 4. The GNCS Algorithm.

Remark. It is interesting that we can express the fact that the function is smooth
through (3.3)" optimality conditions simply require A* g*. Thus if we ignore the
requirement that A ZTw, we may set

(3.17) Ak+
_

gk+.

If this definition of Ak+ is used, k+ 0 and 0k+l 0. When Ok 0, step (3.15) is
equivalent to the Newton step (3.6). Hence GNCS becomes IRLSL if we set Ok 0 at
each iteration. Indeed, GNCS and IRLSL are computationally very similar. The only
difference is that for IRLSL, D diag(l(p- 1)gkl) and the multiplier information
(Ak} is not used in defining descent directions. The multipliers are used in GNCS
and can be obtained at almost no cost.

In the next section we prove that GNCS is globally convergent for all 1 < p <
2. Moreover, when there is no r 0 at a solution we have (A(Dk)-DAT) --(A(Dk)-DAT) fast enough so that superlinear convergence is achieved.
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622 YUYING LI

4. Convergence properties. As we have mentioned before, when iv 1, the
GNCS algorithm is equivalent to the method Coleman and Li proposed and analyzed
in [5]. Thus when iv 1 GNCS is globally and quadratically convergent under some
nondegeneracy assumptions. We need only to consider the convergence of GNCS
when 1 < p < 2. For the rest of this section we assume that 1 < p < 2.

For IRLS (without the line search) global convergence is established in [13]. How-
ever, the convergence of IRLSL (with the line search) still needs to be established.
The convergence for GNCS when 1 < p < 2 does not follow automatically from the
convergence theory [71 for general line-search-based algorithms because the objective
function is not twice differentiable everywhere. In addition, our line search procedure
is not standard.

We first consider global convergence for both IRLSL and GNCS.
Let P be the orthogonal projector onto the orthogonal space of ZD, i.e.,

pk I- DkzT(z(Dk)2zT)-IZDk.

k k -1Assume Dk equals either (Drk(diag((p 1)]gkl)-)/2 or (DrD )/2, depending on
whether IRLSL or GNCS is being considered. Then

dk _AT(A(Dk)-2AT)-1Ag
(4.1) -DPDg

_(Dk)2(gk Ak+),
where Ak+t ZTwk+I and w+ is the least-squares solution to

DkZTwk+l 1.s__. Dkgk.

First, we prove that (dk } generated by each algorithm converges to zero.
THEOREM 4.1. Let Dk and dk be defined by GNCS (or by IRLSL). Then lim__.

pkDkgk II 2 0 and limk__,o dk O.
Proof. It is clear that

k-1

j=O

k-1

(4.3) <_ //3f(jgTd (from Lemma 2.1),
j=o

with/$ > 0. Since {(rk)} is bounded and kgkTdk < 0 always,

lim kgkTdk O.

From the line search procedure we have ck _> &k. Using Lemma 3.2, we have ak >_
(p- 1). Hence

lim gkTdk O.

But gkTdk --[[pkDkgk[l? according to (4.1). This means

lim ]lPDgll2 o.
k---cx
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A GLOBALLY CONVERGENT METHOD FOR lp PROBLEMS 623

Since (rk) is bounded below, {r } is bounded. From Lemma 3.1 there exists M > 0
such that

1 (diag(irkl2_p))l/2Dkl p(p- 1)
_< M.

Using (4.1) again, we obtain

lim dk O.

Next we prove that (rk} converges.
THEOREM 4.2. Let {r}} be obtained by GNCS (or by IRLSL). Then (r} con-

verges to r*.
Proof. Let 8-- { is a limit point of (rk}}. From Lemma (3.2)

&k _<p+l.

With our line search, _< max{pB, 1,&k}. Hence {} is bounded. From Theorem
4.1 we have

lim akdk O.
k-+oo

Since (rk} is bounded and ((kdk} converges to zero, , is closed and connected [12,

Since {(rk)} is monotonically decreasing and bounded below and (r)is contin-
uous, there exists an r* such that

lim (rk) (r*).

Hence for any limit point E ,, (4) (r*). In addition, since 8 is closed and
connected and (r) is strictly convex, S can contain only one point. From the bound-
edness of (rk } and the uniqueness of its limit point, we conclude that (rk } converges
to r*.

Finally, we prove that by assuming rk ATxk --b, (xk } converges to a solution
of (1.1).

THEOREM 4.3. Let {rk} be obtained by GNCS (or by IRLSL), and let rk

ATxk --bk. Assume that at the limit point r* ATx --b, {a b aT x* 0}
is a linearly independent set. Then (Ak} converges to * and (xk} converges to the
solution of (1.1).

Proof. Following Theorem 4.2 there exists r* such that limk-oo rk r*. Thus
there exists x* with limk_o xk x*.

Let Z [Zl,... ,Zm], and let ,4 {ilr 0}. Since limk-oo D(gk--ZTwTM)
0, any limit point of (wTM} satisfies zT g*, Vi E jt*. By assumption that at
the limit point r*, {ai bi aT x O} is linearly independent, zw g, i
has a unique solution. Hence (Ak ZTwk } is bounded and converges to A*.

We prove that x* is a solution by showing that ,k 0 if r* 0. Assume
otherwise, i.e., that there exists some A 0 with r 0. Consider the breakpoint
k

cj as defined by (2.10). Then

/k+l
for GNCS,

k g -kjcj r
k+l for IRLSL.
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624 YUYING LI

It is clear that {} converges to zero because {g]} and {1- 0]} converge to zero.
kHence there exists kl such that when k >_ kl, j < & p- 1, all nonzero A remain

the same sign and [r][- < ]A] for all r 0 with A 0.
k and kl+lBy using Lemma 3.2 (or Lemma 2.1), a > > a for k

k+2have different signs, at iteration k kl + 1, Aj and -,-j will have the same sign

because a > a. If, for > k, r and A have he same sign, i will remain so

for k > because d > 0. Bu his means [r[ will be increed for k > kl. This
contradicts the fac ha r 0.

Now we discuss he local convergence properties of he wo algorithms. If a he
solution r* there is some r 0, he Hessian matrix of () does no exis
corresponding z*. Hence, heoreically, we do no expec superlinear convergence for
either he IRLSL or he GNCS algorithm.

Assume that r 0 for any 1 i m. The Hessian matrix of () is positive
definite a *. Following Theorem 4.1, {d} converges o zero. If our line search

converges o infinity. This meansprocedure is used, every positive breakpoin ai
ha the uni sep size is tested for acceptance for sucienly large k. Since () is
wice continuously differeniable near z*, a uni sep size is admissible for a Newon
sep or a qui-Newon sep (e.g., [7]). In addition, perturbation to he unit sep size
is no necessary close o he solution because [r + d[ > 0 for sucienfly large
Hence a 1 for sucienfly large k. Thus the IRLSL method is locally equivalen
o he Newton mehod for minimizing (), which is a locally twice continuously
differentiable function. Hence, if sandard unconstrained minimization convergence
analysis is followed (e.g., [7]), he IRLSL mehod is locally quadratically convergent.
Similarly, he GNCS algorithm is locally equivalen o a qui-Newon mehod for he
minimization of a twice continuously differeniable function (), wih he Hessian
matrix replaced by he matrix AT(D)-IDA. Moreover, we have

=0

since {D -diag((p- 1)[9[)} converges to zero. From [6, Thm. 6.4], {xk} converges
superlinearly to x*.

In summary, we have shown that under the assumptions of Theorem 4.3 a sequence
{rk } generated by either IRLSL or GNCS from any starting point r ATxO- b with
Irk[ > 0 converges to a solution. If it is assumed that there is no zero residual at
the solution, IRLSL is locally quadratically convergent, whereas the GNCS method is
locally superlinearly convergent.

5. Numerical experiments. In this section we compare the computational per-
formance of the IRLSL method with that of the proposed GNCS algorithm. All the
experiments are done in MATLAB [11]. The numerical results clearly show the supe-
riority of GNCS over IRLSL (and thus over IRLS as well).

The dominant cost of the computation of the two methods is the same: solving
a weighted least-squares problem of the same dimension and structure per iteration.
Moreover, the same line search procedure is used.

Now we discuss possible stopping criteria for problem (1.1).
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A GLOBALLY CONVERGENT METHOD FOR v PROBLEMS 625

Assume 1 < p < 2. The optimality condition is simply Ag* 0 or, equivalently,
r/* --0 (see (3.12)). We point out, however, that testing IIAgll against a tolerance is
generally not a good stopping criterion. When p is close to unity, the gradient function
A(Dr)P-la is ill conditioned in the neighborhood of a point where some r 0, i.e., a
small change of a variable may lead to a large change in the gradient. As an example,
let us consider a simple scalar function () {’{1.001. The gradient function is equal
to 1.001’1 sgn(). Even when 2.2204 x 10-16 (machine precision in MATLAB),
the gradient V() equals 0.9656. Since the gradient should be zero when 0, it is
clear that the gradient function is extremely unstable.

In our computation we terminate the calculation when the algorithm has stopped
decreasing the objective function. More specifically, we stop the computation when

either
{(rk+l)- (rk)l < Ts or r/k < Ts or itcount > 50,

where T8 has been set to 1/210-11 and itcount denotes the number of iterations. For the
GNCS algorithm, if p 1 or if 1 < p < 2 but there is no zero residual at the solution,
we .observe that final superlinear or quadratic convergence is achieved and that the
accuracy of the computed solution is about Ts (since v/k is about T at termination).
For the IRLSL method this is true only when 1 < p < 2 and there is no zero residual
at the solution.

For the results reported in this paper the parameters required by the algorithms
are set as follows:

where e is machine precision.

TABLE 3
Function approximation problems.

m 200, n 6, fl (z)
p GNCS IRLSL

1 11 20
1.001 13 30
1.01 12 25
1.1 11 22
1.2 10 45
1.3 8 26
1.4 9 22
1.5 8 17
1.6 7 17
1.7 6 12
1.8 5 8
1.9 4 5

m 200, n 10, f2(z)
p GNCS

1 12
1.001 11
1.01 15
1.1 10
1.2 9
1.3 7
1.4 8
1.5 6
1.6 6
1.7 6
1.8 6
1.9 4

IRLSL
50
50
50
33
23
27
20
15
12
11
7
6

The starting point for both IRLSL and GNCS is computed as the solution to
l.s.ATx b. Our experience indicates that the role of 0 is less significant, and we set

it in a similar way to that defined in [5]"

A =T
gO

Next, we generate some test problems from discrete approximation.
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626 YUYING LI

1Function approximation problems. Approximate f(z), evaluated at z 0, ,...,
by a polynomial of degree n- 1" j=l xJzj-1 such that the/p-norm residuals are
minimized. The two test functions used are

k (z) v/l + z,
5

A(z) + o
if 0.1 < z < 0.2,
otherwise.

As indicated by Table 3, GNCS is consistently better than IRLSL. The first
function fl (z) is continuous, whereas the second function f2(z) is not. For fl (z) and
p 1.9, the best/p-norm residual is (r*) 4.97528518113 10-1. For the second
function f2(z), if p 1.9, the best/y-norm residual is (r*) 1.7535105 102.

Random problems. We also generate random test problems by generating random
entries for matrix A and right-hand side b by using the random number generator
(with normal distribution) in PRO-MATLAB [11].

TABLE 4
p--1.

Number of Steps m 100

n GNCS IRLSL
10 12 50
30 14 50
50 12 50
70 13 50

Number of Steps m 200

n GNCS IRLSL
10 17 50
30 17 50
50 15 50
70 21 50
90 15 50
110 14 50
130 17 50
150 13 50
170 13 50
190 9 50

TABLE 5
p-- 1.001.

Number of Steps m 100

n
10
20
30
40
50
’60
’70
80
90

GNCS
11
14
20
16
16
17
14
11
13

IRLSL
27
46
50
50
5O
50

50’
37

Number of Steps m 200

n

30
50
70
90
110
130
150
170
190

GNCS
15
18
15
17
21
15
17
14
18
13

IRLSL
38
5O
5O
5O
5O
5O
5O
5O
5O
5O

Table 4 exhibits the number of iterations required by GNCS and IRLSL when
p 1. The IRLSL method stops after 50 iterations with the objective function
having only a few digits of accuracy. The GNCS algorithm is essentially the method
presented in [5], and it demonstrates fast convergence.

When p is very close to unity (e.g., see Tables 5 and 6 with p 1.001, 1.01),
the number of zero residuals at a solution is usually slightly less than n. The GNCS
algorithm exhibits final superlinear convergence behavior because n of the residuals
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are usually nearly zero at the solution. The GNCS algorithm behaves as though ap-
proaching a vertex and thus demonstrates superlinear behavior when approaching the
neighborhood of the solution. At termination the objective function values computed
by GNCS are always smaller than that of IRLSL. Comparing the IRLSL solutions
with the more accurate GNCS solutions, we see that the former typically have about
six digits of accuracy. The IRLSL method again shows extremely slow convergence
and fails to find a solution after 50 iterations for the majority of problems.

TABLE 6
p-- 1.01.

Number of Steps m 100

n GNCS

30 12
50 13
70 13
90 16

IRLSL
34
50
50
50
50

Number of Steps m 200

n GNCS IRLSL
10" 11 33
30 18 50
50 18 48
70 19 al
90 17 50
110 17 50
130 17 50
150 15 47
170 13 50
190 17 50

When p is further away from unity (e.g., Tables 7 and 8 with p 1.1, 1.3), the
number of zero residuals at the solution is less. However, many residuals are still
relatively small. Hence the GNCS algorithm again approaches the neighborhood of a
solution with a few final superlinear steps. Here the IRLSL method finds a solution
with the required accuracy, but the number of iterations required by IRLSL is more
than twice of that of the GNCS algorithm (see Tables 7 and 8).

When p is significantly larger than unity (e.g., Table 9 with p 1.7), there
usually exists no zero residual at the solution. Thus both the GNCS algorithm and
the IRLSL method converge quickly to solutions and exhibit fast convergence. For
these problems the two methods have roughly the same behavior.

In summary, the GNCS algorithm works very well for all 1 _< p < 2. It always
performs significantly better than IRLSL when p is close to unity (p < 1.5). When p
is very close or equal to unity, the IRLSL method is extremely inefficient, whereas the
GNCS method finds the solutions in about 18 iterations. The latter is slightly better
than IRLSL when p _> 1.5 and there exits no zero residual at a solution.

Finally, we point out that the number of iterations required by the GNCS method
appears to be relatively insensitive to the problem size.

6. Conclusions. In this paper we have developed a new efficient method that
solves the /p-norm minimization problem with 1 _< p < 2. We also have further
investigated the performance of the classical IRLS method and have compared it with
the new approach. We observed that the slow convergence of the IRLS (or IRLSL)
method is not entirely due to the zero residuals at a solution but is also due to
the fact that the constrained aspect is not taken care of: the Newton steps for the
IRLS methods are based on the optimality conditions for the unconstrained problem
(1 < p < 2) but not the constrained case (p 1). On the basis of this observation
we developed the GNCS method, which uses the Newton directions derived from the
optimality conditions for all 1 <_ p < 2.
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Number of Steps m 100

n GNCS
10 11
30 9
50 11
70 10
90 10

IRLSL
19
24
24
25
28

Number of Steps m 200

n GNCS
10 10
30 11
50 12
70 11
90 11
110 10
130 10
150 12
170 10
190 10

IRLSL
15
26
28
26
29
34
2"7
27
37
32

Number of Steps m 100

n GNCS
10 7
30 8
5O 8
70 9’
90 8

IRLSL
8
10
11
13
15

Number of Steps m 200

n
10
30
50
70
90
110
130
150
170
190

GNCS
8
9
8
8
8
9
9
9
9
9

IRLSL
13
13
13
13
13
15
16
17
17
19

TABLE 9
p-- 1.7.

Number of Steps m 100

n GNCS IRLSL
10 6 5
30 6 8
50 7 7
70 9 7
90 8 11

Number of Steps m 200

n GNCS
10 5
30 6
50 6
70 6
90 7
110 7
130 6
150 7
170 8
190 7

IRLSL
5
7
7
6
7
7
6
10
9
11

The GNCS method is attractive because of its capability to efficiently solve the
/p-norm minimization problem with the entire range 1 _< p < 2. When p 1 it is
exactly the approach for l presented in [5] and is quadratically convergent under
nondegeneracy assumptions. When p > 1 the new method is superlinearly convergent
when there are no zero residuals at the solution.

The GNCS method is significantly better than the IRLSL algorithm when p is
close or equal to unity. The computational cost of each iteration of the two methods
is the same: the main cost is solving a weighted least-squares problem of the same
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size and structure. The difference between the two methods lies only in the definition
of the different diagonal scaling matrices that define descent directions: in our new
method the multiplier information is incorporated in the diagonal scaling matrix, and
this is the key to a significant improvement.
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