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Abstract. We reexamine the problem of verifying Markov chains with
respect to step-bounded reachability probabilities. Prevailing approaches
rely on encoding the state-transition matrix using either explicit or
symbolic representations. While these approaches are effective for sparse
transition dynamics, they scale less favorably in the dense regime.

Our insight is to cast probabilistic model checking of Markov chains as
computations over dense tensors. This methodology enables the use of
off-the-shelf compiler toolchains for optimized execution of these tensor
computations on hardware accelerators. We prove the soundness of the
methodology of mapping probabilistic model checking to tensor compu-
tations. We implement our approach in a tool called Tessa. Empirical
evaluation shows that Tessa unlocks massive speedups over state-of-the-
art methods on selected benchmarks from the literature.

1 Introduction

Probabilistic model checking is a formal verification technique for verifying quanti-
tative properties of systems exhibiting stochastic behavior. Given a mathematical
model (such as a Markov chain) representing the behavior of a system over time,
an algorithmic procedure determines whether the system satisfies properties of
interest (such as step-bounded reachability).

As an example, consider the problem of scheduling an urgent faculty meeting
(Figure 1) involving N professors by collecting their availability via a Doodle
poll. At any time step, each professor i is in one of three states: Away, Doodling,
or Done. A professor Away from their inbox may, with probability p;, notice the
Doodle poll email and transition to Doodling to answer the Doodle poll. However,
the Doodling state is fragile: with probability g¢;, they successfully complete the
poll and reach Done; but with probability 1 — ¢;, they are interrupted by a new
email or a knock on their door, forcing them back to be Away without hitting
submit. The dynamics capture the intermittent nature of professors’ attention.
Each Markov chain in Figure 1(a) depicts the behavior of a professor.

The quantitative property to verify is the probability that all N professors
have reached Done within a horizon of H time steps.

The program in Figure 1(b) models this system of stochastic processes,
similarly to how one would structure it in the PRISM [1] and JANI [10] modeling
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(a) N parallel Markov chains capturing the stochastic behavior of N professors.
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(b) A model of N professors (in PRISM-like syntax). (c) Scaling plots.

Figure 1. Running example: collecting availability from N professors. The target
property is the probability that all N professors reach Done within horizon H.

languages. Each module P; models the behavior of professor i: it declares a
state variable s; with domain {0, 1,2} (indicating Away, Doodling, and Done,
respectively), and three commands that update s; according to the transition
probabilities p; and ¢;. Each command is guarded by a Boolean expression (e.g.,
s; = 0 for the first command); a command is enabled only if its guard is satisfied
in the current state. The goal clause of the global model specifies the target
property that all professors are in state Done.

Despite the semantic simplicity of this model, the verification problem is
inherently computationally expensive due to state explosion. Since each process
has 3 states, the global state-space size is 3/V. It is unlikely that any model checking
tool on a classical computer can avoid this exponential blowup. Nevertheless,
we would like to push the boundary of tractable instances as far as possible,
especially given the raw speed of modern hardware accelerators at our disposal.

State-of-the-art methods largely fall into two categories:

— Probabilistic model checkers, such as PRISM [29] and Storm [16], are the
prevailing tools for such verification tasks. They represent the state-transition
dynamics using either explicit (i.e., sparse matrices of size 3V x 3" in the N-
professor model) or symbolic (i.e., multi-terminal binary decision diagrams, or
MTBDDs) representations. Both representations are highly optimized for CPU
execution in the situation of sparse transition dynamics. However, they are not
as effective in the dense regime, and their irregular memory access patterns
make it challenging to map them efficiently to modern hardware accelerators.

— A recent development is the use of probabilistic inference for probabilistic model
checking. Rubicon [19] compiles a DTMC into the Dice [18] probabilistic pro-
gramming language; running the Dice program using Dice’s inference engine—
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weighted model counting on binary decision diagrams (BDDs)—computes the
step-bounded reachability probability. Still, BDD operations are pointer-rich,
so they involve indirection that does not map well to devices like GPUs.

We present Tessa, a new methodology for verifying step-bounded reachability
properties of DTMCs, by compiling DTMC models to dense tensor computations
(i.e., array programs in an array programming language like JAX [9]).

As Figure 1(c) shows, Tessa exhibits markedly better scalability than existing
tools on the N-professor model. The two plots show running times for different
values of N (fixing the horizon H =10) and different values of H (fixing N =12),
respectively. The first plot shows that, while Tessa does not change the asymptotic
complexity of the problem (the state-space size still grows exponentially with
N), it aggressively pushes down the constant factor of the exponential growth
compared to Storm and Dice. The second plot shows that while all tools appear
to scale linearly with H, Tessa has a significantly smaller slope—the curve is
nearly flat.!

A key reason for Tessa’s scalability is its representation of state distributions
as dense tensors, and state-transition dynamics as transformations on these
tensors. The name Tessa evokes a tesseract—a high-dimensional cube—reflecting
our insight: rather than eagerly materializing the state-transition dynamics as a
sparse matrix or a decision diagram, we treat the joint distribution of IV state
variables as an order-N tensor, and the transition dynamics as a tensor program.

A key advantage of this tensor representation is its amenability to optimization
(by modern tensor compilers) and acceleration (by hardware such as GPUs).
Because Tessa maps the verification problem to tensor operations, we can use an
off-the-shelf tensor compiler (XLA [2], in this case) to optimize the generated
tensor code? and offload them to GPU devices for massively parallel execution. In
contrast, established methodologies target representations that induce irregular
memory accesses, which limit both the degree of parallelism and the ease of
parallelization achievable.

Targeting tensors also naturally supports parameter search for DTMCs with
unknown transition probabilities. As Tessa generates differentiable tensor pro-
grams, we can leverage JAX’s automatic differentiation to compute gradients
of a rich selection of optimization objectives. Furthermore, the computationally
intensive gradient calculation can be optimized by XLA and accelerated by GPUs.

We believe the methodology embodied by Tessa usefully complements the
toolbox of probabilistic model checkers. It is not a silver bullet; existing methods
are already effective for sparse models. However, Tessa opens up a new regime of
tractable models that were previously out of reach.

Contributions. Our contributions are both theoretical and practical:

— We base our development on a core language for specifying DTMCs (Section 3).
We show how to interpret programs in this core language as computations over

I The comparison may make state-of-the-art tools look inefficient, but they are actually highly
optimized for CPUs. The point is that a methodological shift unlocks massive speedups.
2 Tessa running times in Figure 1(c) include compilation times of JAX and XLA.
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tensors (Section 4). This interpretation captures the essence of the implemen-
tation of Tessa. We prove that this tensor interpretation is sound with respect
to the verification of step-bounded reachability properties (Section 5).

— We implement Tessa and evaluate it on selected benchmarks from the literature.
Tessa employs a domain-specific compiler stack that automatically optimizes
and parallelizes dense tensor computations for GPU execution (Section 6).
Experimental results highlight substantial performance gains unlocked by
Tessa’s tensor-based approach (Section 7).

2 Preliminaries

We review discrete-time Markov chains (DTMCs) and the verification problem of
step-bounded reachability properties. A Markov chain is a tuple M = (S, ¢,1,G):
— &S is a finite set of states.

— 1 € D(S) is the initial-state distribution.

— n:8 — D(S) is the transition function.

— G C S is the set of goal states.

We use D(S) to denote the set of probability distributions over S. We write
t(s) to denote the probability of starting in state s. We write (s, s’) to denote
the probability of transitioning to state s’ from state s. Thus, we have that
> scs t(s) =1 and also that for any state s € S, > cgn(s,8) = 1.

In this paper, we are interested in the verification of step-bounded reachability
properties of the form Pr g (QS”Q), which denotes the probability of reaching a
goal state within n steps.

The probability of reaching a goal state within n steps starting from state s
is denoted Pr 4 (s E OS"Q) and is defined inductively as follows:

1 if
Pr(s F 0=°0) = { fscg (2.1)

0 otherwise

ifseg

1
2.2
{ sesN(s,8") - Pray (5/ F <>§"g) otherwise (2.2)

Pr(skF 0="t1G) =
M

The inductive case (2.2) is intuitive: the probability of reaching a goal state
within n 4+ 1 steps is 1 if we are already in a goal state; otherwise, it is the
weighted sum of the probabilities of reaching a goal state within n steps from
each possible next state.

Then Pr g (oS"g), the probability of reaching a goal state within n steps
when starting from a state drawn from the initial-state distribution, is defined as

Pr(0="G) i= Y u(s) - Pr(s = 0="G). (2.3)

seS

We introduce another (perhaps less common) way to calculate step-bounded
reachability probabilities. We write Pray (M - 05"9) to denote the probability



Tensor Probabilistic Model Checking of Finite-Horizon Markov Chains 5

of reaching a goal state within n steps when starting from a state drawn from
distribution p € D(S). It is defined inductively as follows:

Pr(p=0=0G) =) u(s) (24)
seg
Pr(s= 0<"71G) = (Zu@)) + 5’;(2 u(s)n(s) - of”g) (2.5)
s€G s¢gG

The inductive case (2.5) is intuitive: the probability of reaching a goal state
within n + 1 steps is the sum of (1) the probability of being in a goal state
at the start, and (2) the probability of reaching a goal state within n steps
after taking one step from a non-goal state. Notice that in the second term, the
next-state distribution is given by ngg 1(s)n(s), which is the weighted sum of
the transition distributions from all non-goal states.

The correctness of this alternative way to calculate step-bounded reachability
probabilities is established by Theorem 2.1 (and proven in the accompanying
technical report [32]):

Theorem 2.1. Pry(0="G) = Pry (v = 0="G).

Its connection to tensor probabilistic model checking will become clear later,
but for now we simply note that we use Pry (u - <>S”g) as a bridge to connect
tensor-based reachability to the standard definition of reachability probabilities.

3 A Core Model-Specification Language

Directly defining a DTMC via the four-tuple formalism in Section 2 is intractable
for complex systems. The state space typically grows exponentially with the
number of variables, making such brute-force specification error-prone and difficult
to maintain. As a result, probabilistic model checkers such as PRISM [29] and
Storm [16] adopt high-level modeling languages that allow users to specify the
system in a modular fashion.

In this section, we define a high-level, modular specification language that
captures the core aspects of a DTMC modeling language (e.g., the dtmc dialect of
the PRISM language [1]). This allows describing a system concisely as a collection
of interacting modules rather than a monolithic state-transition matrix.

We call this core language PML. To place its tensor interpretation on a formal
footing (Sections 4 and 5), we first define PML’s syntax in Section 3.1 and its
Markov-chain semantics in Section 3.2.

3.1 Syntax of PML

Figure 2 presents the syntax of PML.

A model M contains K modules. Each module my, (1 < k < K) declares a
disjoint set of state variables Xy, via a set of declarations Dj. The module further
specifies its behavior via a set of commands C}, that update the state variables
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Model M == model m;;---; mg goal e
Module m == module D C
Declarations D = dy;---;dn
Declaration d = var z:[0 .. Nmax| Init Ninit
Commands C = c1; -+ ; Cn
Command ¢ == [a]g—U
Guard g == e
Mixture of updates U = 61:u1+---+0n:un
Update u == xz1:=e€1 -+ Tp =e€n
Expression e = n|x|op(ei,...,en)

n €N x € Variables 6 € [0, 1]

Figure 2. PML syntax.

in X;. While each module declares and updates only its own state variables, it
can read the variables of all the modules in M.

A declaration d defines a state variable z, its domain (a bounded range of
non-negative integers), and its initial value.

A command c consists of an action label a, a guard g, and a mixture U
of updates. The action label allows commands from different modules to be
synchronized. The guard g is a Boolean expression specifying a necessary (though
not sufficient) condition for the command to be enabled.

A command may also be unlabeled (written [] in PRISM), in which case it is
assigned a globally unique action label. As a simplification, we assume that all
unlabeled commands have already been assigned globally unique action labels.

Each update u; in U is associated with a probability #;, where >, 6; = 1.
Fach update further consists of deterministic assignments to a subset of the
module’s declared state variables.

An expression e is either a constant n, a state variable x, or an n-ary operation
over sub-expressions eq, ..., e,. As a simplification, we treat Boolean expressions
as integer expressions where 0 represents false and non-zero values represent true.

The global model M also specifies the goal states via a Boolean expression e
over the state variables of all modules.

3.2 Semantics of PML

We now define the standard semantics of PML by interpreting a model M as a
DTMC M = (State[M], Init[M], Step[M]), Goal[ M]).

Let X}, be the set of state variables declared in module my, (1 < k < K). Let
Vars(M) = LﬂkK:l X, be the set of all state variables in M. Let dom(z) denote
the domain of variable z. For X C Vars(M), the state space formed by the
variables in X is

State(X) = (z € X) — dom(z). (3.1)
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That is, a state is a mapping from each variable in X to a value in its domain.
The state space of the entire model M is then defined as

State[M] = State(Vars(M)). (3.2)

We will write State as a shorthand for State[M] when M is clear from context.
Notice that State(X) is measurable since it is a finite set. The size of State(X)
is |State(X)| = [],c y|dom(x)|, which grows exponentially with the number of
state variables in X. We write s(z) to denote the value of variable z in state s.
Let sg € State be the initial state where each variable x € Vars(M) is initial-
ized to the value specified in its declaration. Then the initial-state distribution is

Init[M] = s, (3.3)

where §; is the delta distribution (point mass) at s.
Let e be the goal expression of M. Then the set of goal states is defined as

Goall M] = { s € State ‘ [e](s) #0 (3.4)

where [e] s is the interpretation of expression e under state s.

All that remains is to define [e] and Step[M]. To define Step[M], we need
to first define the semantics of each module my in M, which further requires
defining the semantics of each command in my and each update in a command.

Interpreting expressions. [e] : State(X) — N, where X is a superset of the
variables appearing in e, is defined inductively as follows:

[[eiHS:nZ- fori=1,...,1 [[opﬂ =f
[op(er, - ,e)]s = f(ni,...,m)

[n]s =n [z] s = s(x)

Interpreting updates. Recall that X}, denotes the set of state variables declared
in my. Let Y be the set of variables each of which is either declared in my or
read in my’s commands. So we have that Xy C Y, C Vars(M).

An update v in module my, is interpreted as a function [u] : State(Yy) —
State(X}). That is, for s € State(Yy),

[21=e€1 -+ mn=en]s = sx,[z1 = [els, -+, zn = [en]s]. (3.5)

In (3.5), the notation s|x, denotes the restriction of s to the variables in X,
and s|x, [r1 — [e1]s, <=+, zn > [en]s] denotes the state obtained by updating
s|x, with the assignments in u.

Interpreting mixtures of updates. A mixture of updates U in module my is
interpreted as a function [U] : State(Y)) — D(State(X%)). That is,

[01:us 44 0n tup]s = 0; - Ouygs (3.6)

i=1
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Interpreting modules. Let Action(M) be the model M’s alphabet of action
labels. Let Action(my) be the set of action labels appearing in my’s commands.
The module my, is interpreted as a function [mg] : Action(M) — State(Y;) —
D<oo(State(X})). Here, D<o (State(Xy)) is the set of unnormalized distributions
over State(X}); these distributions have finite total mass, but the total mass is
not necessarily 1. Specifically,

[milas = {(5s|xk if a & Action(my), (3.7)

2l g— U € Com(my,a)[9] s # 0] - [U] s otherwise.

In (3.7), Com(my,a) is the set of commands in module my, with action label a,
and [P] is the indicator function that evaluates to 1 if predicate P is true and 0
otherwise.

Intuitively, [mg] a s describes the aggregate transition behavior of module my,
when the current state is s and the chosen action is a. There are two cases. If
a is not in my’s alphabet, then my stays put. Otherwise, a sum ranges over
all commands with action label a whose guard is satisfied by s. When exactly
one such command [a]g — U exists, [my]as is the distribution denoted by
[U] s. When multiple commands with the action label a have overlapping guards,
[mg] a s is an unnormalized distribution whose total mass equals the number of
enabled commands; PRISM allows this ambiguity and resolves it by a random
choice among all the enabled command combinations (see (3.10)). If no command
with action label a is enabled in s, [m] a s has total mass 0.

Interpreting models. In a specification language like PRISM [1], the global
behavior of a DTMC model is defined by the parallel execution of modules synchro-
nized by action labels. A global transition step corresponds to the simultaneous
transitioning of all modules according to a common action label.

Let En[my]as, where s € State(Y}), count the number of commands with
action label a that are locally enabled in module my in state s:

1 if a ¢ Action(my,),

. (3.8)
Z[a] g— U € Com(my,a) [[g] s # 0] otherwise,

En[mg]as = {

In case a ¢ Action(my), it is considered that there is one enabled command—the
implicit self-loop—so En[my] a s is defined to be 1.

Let En[M] as, where s € State, count the total number of enabled command
combinations for action a across all modules:

K
En[M]as = H En[my] asly, . (3.9)
k=1
Now we can define the DTMC transition function Step[M] : State — D(State):
K
20 @ [me] asly,
Step[M] s = Yoo En[M]as

s otherwise.

if ; En[M]as >0, (3.10)
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The cases in (3.10) depend on whether there is at least one enabled command
combination in state s.

— In PRISM, multiple commands—possibly with different action labels, or with
the same label but overlapping guards—may be simultaneously enabled in a
state for a module. This ambiguity is resolved by a uniformly random choice
over all enabled command combinations across all modules.

A command combination for action a consists of one enabled command from
each module; the number of such command combinations is En[M]as =
1, En[mi] asly,. The denominator ) En[M]as in (3.10) is the total num-
ber of enabled command combinations across all actions.

The operator ) in (3.10) denotes the product of (unnormalized) distributions
over disjoint sets of variables. Since the K disjoint sets of variables X1,..., Xk
aggregate to Vars(M), ®f=1 [m] a sly, is an (unnormalized) distribution over
the global state space State. Moreover, its total mass equals En[M]as.

— If no action is enabled in s, the DTMC loops back to s.

While ®sz1 [m] a sy, is in general an unnormalized probability distribution,
Step[M] s is a probability distribution. We prove this fact (Theorem 3.1) in the
technical report [32].

Theorem 3.1. For any s € State, Step[M] s € D(State).

4 Probabilistic Model Checking as Tensor Computations

In this section, we show how to cast the verification of PML models as compu-
tations over tensors. Section 4.1 maps state distributions to tensors. Section 4.2
maps PML models to tensor transformers. Section 4.3 maps the verification of
step-bounded reachability properties to tensor computations.

4.1 Representing State Distributions as Tensors

We use tensors to represent discrete probability distributions over DTMC states.
A tensor is a multidimensional array generalizing scalars (order-0), vectors (order-
1), matrices (order-2), and so on. In this work, we use tensors T' € R *aN
over the field of real numbers R and tensors T' € N*1X 4N gyer the field of
natural numbers N, where N is the order (a.k.a. rank) of the tensor and ay is
the size of the k-th dimension.

The state space as an index space for tensors. A state space State(X) =
(x € X) — dom(z) serves as the index space for order-| X| tensors:

— each dimension corresponds to a state variable z € X,
— and the size of each dimension is |[dom(z)].
We write Tensorg(State(X)) to denote the set of R-valued order-| X| tensors

with the index space State(X). That is, Tensorg(State(X)) = RILex/dom@,
For T € Tensorg(State(X)), T'[s] denotes the entry of T' at index s € State(X).
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Tensorg (State(X)) is a vector space (a.k.a. linear space) under element-wise
addition and scalar multiplication. This |X|-dimensional vector space has a

natural set of basis vectors { B,

s € State(X) }, where each basis vector B €
Tensorg (State(X)) is a tensor defined as Bg[s'] == [s' = g].

State distributions as tensors. We define a function = : D (State(X)) —
Tensorg (State(X)) mapping a distribution p € D<o (State(X)) to a tensor:

= Y uls) B
seState(X)

That is, E(u) =T iff VseState(X), T[s] = u(s). For example, given a joint
distribution u of two state variables (say, the states of professors in Figure 1
when N = 2), = maps u to an order-2 tensor T' € R3%3:

» >
s1  s2 probability A
0 0 0.1 = 51=010.1{0.2/0.0
distribution 0 1 0.2 Sl =1 tensor
» 0 9 0.0 ———— > s51=1 {0.3]/0.0(0.1 T
10 0.3 51=2[0.0{0.1|0.2

Each dimension corresponds to a professor’s state. Both dimensions have size 3
(corresponding to states Away, Doodling, Done). This tensor should not be con-
fused with the state-transition matrix used by a probabilistic model checker like
Storm [16], which would be of size 9 x 9 (since there are 9 joint states).

Index tensors. For each variable z € X, we define its index tensor I,cx €
Tensory(State(X)) as a N-valued order-| X| tensor. For any index s € State(X),
I.cx[s] = s(z) is simply the value of that variable in state s.

4.2 Tensor Semantics of PML Models

Interpreting expressions. Section 3.2 interprets an expression e as a function

[e] : State(X) — N. We now define (e) € Tensory(State(X)) as follows, where

the subscript X indicates the shape of the tensor:

ledy =T fori=1,...,1 (op)y =1
(]0]7(@1, T ael)DX = f(T17 D) fTl)

where 1x € Tensory(State(X)) is the all-ones tensor, and (op) y is [op] lifted to
operate element-wise over tensors.

(n)y =mn-1x (r)x = Izex

Interpreting updates. Section 3.2 interprets an update u in module my, as a
function [u] : State(Yy) — State(Xy). So given s € State(Yy), [u] s gives the value
of r € X}, after executing v in state s. This reading suggests that we can define
the tensor interpretation of u as a function (ul)y, : X — Tensory(State(Yy)):

i if ¢ = x; f .
mpey~%:%mx:ﬁwﬁlx oTSOmen 4y

I.cy, otherwise.
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Interpreting mixtures of updates. Section 3.2 interprets a mixture of up-
dates U in module my, as a function [U] : State(Yy) — D(State(X})). We now
interpret U as a tensor (U]) € Tensorg(State(Y; W X})), where W is the disjoint-
union operator. The tensor (U) is of order |Y;| + | Xk|. Specifically,

01 :ur + - 40 uy) = 291" @ [(@UiDYk 35) ®1x, =1y, @ Iex, |,
=1 reXy,

(4.2)

where (©) is the Hadamard (i.e., element-wise) product, ® is the outer product,
and = is overloaded to denote element-wise equality. Observe the correspondence
between (3.6) and (4.2). The outer products in (4.2) are used to align the tensor
dimensions. Intuitively, if we write (s, s’) as an index, where s € State(Y}) and
s' € State(X}), then we should have (01 : ug + -+ + 6, : u,)[(s,8)] = >i, 0; -
[[u;]s = s']. That is, the tensor’s value at index (s,s’) is the probability of
transitioning to state s’ from state s when the mixture of updates U is executed.

Interpreting modules. Section 3.2 interprets a module mj as a function
[mi] : Action(M) — State(Yy) — D<oo(State(X})). Accordingly, we define the
tensor interpretation (myg) : Action(M) — Tensorg (State(Y) W X)) as follows:

(]mkD Y QweXk [IxEYk ® 1ch = 1Yk ® IJ'EX;J if a ¢ Action(mk),
Z[a]g%UGCom(mk,a) ( {(]gDY]C + 0} ® 1Xk) ©® (U) otherwise.
(4.3)

Observe the correspondence between (3.7) and (4.3). Intuitively, (m]) a is a tensor
whose value at index (s, s’) is the unnormalized probability of transitioning to
state s’ from state s when my, is executed with action a. When multiple commands
have overlapping guards, the sum ), (mz) a[(s, s)] equals the number of enabled
commands in state s; normalization to a probability distribution occurs at the
model level rather than at the module level (see (4.6)).

Interpreting models. Section 3.2 interprets a model M as a function Step[M] :
State — D(State). Following the way that modules are interpreted as tensors,
we could interpret M as a tensor (M) : Tensorg(State(Vars(M) W Vars(M))).
However, this tensor would be of order 2|Vars(M)|, effectively materializing
the full state-transition matrix. For space efficiency, we instead interpret M as
a function (M) : Tensorg(State) — Tensorg(State), representing the transition
dynamics as a tensor transformer (i.e., code) rather than as a tensor (i.e., data).

Corresponding to En[mg]as and En[M]as in (3.8) and (3.9), we define
tensors En(mg) a € Tensory(State(Yy)) and En(M) a € Tensory(State):

1y, if a & Action(my),

. (4.4)
Z[a] g— U € Com(my,,a) [(lgl)yk # 0} otherwise,

En(mg) o = {

K
En(M)als] == ][ Enlma) a[sly,] (4.5)
k=1
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Define L = ) En(M)a as the tensor counting the total number of enabled
command combinations in each state.

We define (M) by specifying how it transforms a tensor T' € Tensorg(State)
representing the current-state distribution into a tensor representing the next-
state distribution. Specifically, for any s’ € State, (M) T weights the probability
of transitioning to s’ from each state s by the probability T'[s] of being in s:

K ’
Za Hk:l (]mzl)[;[(s\yk 8 |Xk)] if L[s] > 0,

M) T)[s] = ) Tls]- (4.6)

sEState [s = ¢ otherwise.

The transition probability is given by a case analysis, similarly to (3.10). The
branching control flow in (4.6) hinders parallelization over the index space State,
however. Fortunately, we can encode the branching logic as pure tensor flow,
through a sum of two terms. We redefine (M) as follows:

(M)T = (Z Pa> + (T ® [L = Ovars(ar)]) (4.7)

) < = )[s} L b al (sl s'lxg)] (48)

seState \ A% (Lv 1Vars(M))

v

e

o,

=
I

The two terms in (4.7) correspond to the two branches of (4.6).

— The first term ) P, rearranges the first branch of (4.6): it pushes ) inside

>, and weights the input tensor T' by 1 @ max(L,1), as required by the
averaging semantics. In particular, when L[s] = 0, the normalization factor
max(L[s], 1) = 1, while (mz) a[(sy,,-)] is zero for some module k for every
action a, so the term vanishes.
Notice that P, as defined in (4.8) is a tensor contraction over dimensions s
corresponding to the current state. The output dimensions s’ correspond to
the next state. The tensors in this contraction are the masked input tensor
and the K module tensors (mg]) a. This tensor contraction is the main work
performed by the tensor transformer (M)]).

— The second term T ® [L = 0] weights the input tensor T by the mask [L = 0].
This mask is 1 exactly where no actions are enabled, leaving the probability
mass in those states unchanged and zeroing out the mass in all other states.

4.3 Casting Probabilistic Model Checking as Tensor Computations

With the tensor-transformer interpretation defined, we can now cast probabilistic
model checking as tensor computations. In words, step-bounded reachability
probabilities can be computed via repeated applications of the tensor transformer
(M). Specifically, for model M with goal expression e, we write Prys (T 154 05"6)
to denote the probability of reaching a state satisfying expression e within n
steps when starting from a state drawn from the distribution represented by
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—(s1=2 A s2=2) n+1 steps remain n steps remain
1 1 1 Too|To1 | To2 Too|To1|Tos2 T(;o Tél T(;2 T2, goal state mass
(M) in T, is moved
1 1 1| ® |Tw|Ti1|Ti2| = |Tvo|Ti1|Th2| ————— Tl'0 Tl’1 Tl/2 to the accumulated
apply tensor probability of reach-
1(1]0 Ta0|T21|T22 Tao|Toy| 0 | transformer T50|T51|T52| ing the goal.

mask A_. current tensor T AT next tensor (M) (A-.©T)

Figure 3. Visualizing the computation in (4.10) of the reachability probability.
The probability mass Toy at the goal state (s;1 = 2,89 = 2) is extracted and
accumulated to the reachability probability. The remaining mass is transformed
by the model’s tensor-transformer interpretation to produce the next-state tensor.

tensor T' € Tensorg(State). It is defined inductively as follows, where A, =

[(]eDVarS(M) # Ovars(ar) | and A_, = [(]e[)Vars(M) = OVars(M)} are mask tensors:
%(T 2 0=%) = (A.,T) (4.9)
IAD}(T 05" e) = (A, T) + IX}(QM[) (A OT) & O="e) (4.10)

The definition mirrors that of Pra¢(p = 0="G) in (2.4) and (2.5). In the base
case (4.9), the probability of being in a goal state is given by the Frobenius
inner product (A¢, T) = 3, cgiare Aels] - T'[s]. In the inductive case (4.10), the
next-state tensor is given by (M) (A-e ® T'), which is the result of applying the
tensor transformer (M) to the current-state tensor masked by A_.. The mask
tensor A_. ensures that only the non-goal states in the current-state tensor
contribute to the next-state tensor. Figure 3 illustrates (4.10) for the 2-professor

example.

4.4 Discussion

The correctness of Pry, (T 54 03”6) with respect to the verification problem
stated in Section 2 will be established in Section 5. The close correspondence
between the definitions of Pr g (u - OS"Q) and Prj, (T = ()S”e) makes short
work of proving the correctness of tensor probabilistic model checking.

Two factors contribute to the efficiency of tensor probabilistic model checking.
One factor is that the computations in (4.7), (4.8), (4.9), and (4.10) avoid
materializing the full 3% x 3V transition matrix of the DTMC (using the N-
professor example for concreteness). Instead, the transition matrix is implicitly
encoded as tensor computations (i.e., code rather than data) that transform the
order-N tensors.

A more important factor contributing to the efficiency is that the tensor
computations in (4.7), (4.8), (4.9), and (4.10) are composed of standard opera-
tions over dense tensors and, therefore, can be implemented as first-order array
programs in an array programming language such as JAX [9]. In other words, we
have essentially compiled the probabilistic model checking problem for DTMCs
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into array programs of the kind that are otherwise ubiquitous in machine learning.
These array programs can then be optimized by machine-learning compilers and
exploit the massive parallelism offered by hardware accelerators such as GPUs.

Finally, compiling to tensor computations makes it possible to search for model
parameters satisfying reachability properties, via gradient-based optimization.
Since the generated array programs are differentiable, we can compute gradients
of distributional properties with respect to model parameters using automatic
differentiation, which is readily supported by JAX.

5 Correctness of Tensor Probabilistic Model Checking

In this section, we establish the correctness of tensor probabilistic model checking.

In the following, let M be a PML model, and let p € D(State[M]). Theo-
rem 5.1 establishes the correctness of the tensor-transformer interpretation (M)
with respect to the standard interpretation Step[M].

Theorem 5.1. (M) =(n) = Z (>, p(s) - Step[M] s). That is, the diagram below

commutes.
>os 1u(s) - Step[-] s

> @
[ ]

M o

Let M = (State[M]), Init]M], Step[M], Goal[M]) be the DTMC represented
by M per Section 3.2. Let e be the goal expression specified in M. Let G :=

Goal[M] = {s € State[M] ‘ [el(s) # 0} be the set of goal states in M. Theo-
rem 5.2 follows from Theorem 5.1.

Theorem 5.2. Pry(Z(p) & 0="e) = Pra(u > 0="G) for any n € N.

Proofs of Theorem 5.1 and Theorem 5.2 are available in the technical report [32].
Theorem 5.3 establishes the ultimate correctness of tensor probabilistic model
checking with respect to step-bounded reachability probabilities.

Theorem 5.3. Pry (Z(Init[M]) (7 0="e) = Pra(0="G) for any n € N.

Proof. Let ¢ = Init[ M] be the initial-state distribution of the DTMC M. Starting
from the left-hand side:

lj?/lr(E(L) (0 OS"e) = PA’}{(L - 0="G) (by Theorem 5.2)
= }/\);(()Sng) (by Theorem 2.1)
O

The proof of Theorem 5.3 reveals that Pra¢(c>0="G) bridges tensor-based
reachability and the standard definition of reachability probability.
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6 Accelerating Tensor Computations with JAX and XLA

At this point, we have reduced the verification of DTMCs (with respect to step-
bounded reachability properties) to dense tensor computations. But that alone
does not guarantee efficiency.

Efficiency hinges on how fast the tensor computations can run. In the last
decade, training and inference in machine learning (ML) have driven significant
advances in compiler optimizations for tensor computations, as well as hardware
acceleration for them. It is thus natural to leverage off-the-shelf ML compilers
and hardware accelerators to speed up tensor probabilistic model checking.

Specifically, Tessa compiles DTMC models to array programs in JAX [9].
JAX, embedded in Python, is a popular array programming language for high-
performance numerical computing and machine learning. A just-in-time compiler
traces the JAX program. The resulting intermediate representation is then handed
off to XLA (Accelerated Linear Algebra) [2], a domain-specific compiler designed
to optimize tensor computations.

XLA performs whole-program optimizations that are critical for performance
on modern hardware accelerators. Importantly, it applies kernel fusion, merging
multiple element-wise operations (such as those in Sections 4.2 and 4.3) into a
single GPU kernel. Fusion significantly reduces memory footprint and the pressure
on memory bandwidth, as it avoids materializing intermediate results between
operations to the GPU memory. Such optimizations enable our tensor-based
verification algorithm to fully saturate the massive parallelism offered by GPUs.

Moreover, by compiling to JAX, Tessa leverages ML compiler optimizations
transparently. The user does not write any GPU kernel code or manage GPU
memory explicitly. Future improvements in ML compiler technology and hardware
accelerators will directly benefit Tessa without changes to its implementation.

7 Evaluation

We have implemented Tessa in Python. In this section, we evaluate Tessa on two
fronts: model checking and parameter synthesis.

7.1 Model Checking

Evaluation methodology. We adopt benchmarks directly from Rubicon [19].
These benchmarks consist of DTMC models with dense transition dynamics.
Future work could expand the scope of the evaluation to include a more com-
prehensive set of benchmarks. Nevertheless, the current selection is already
representative of challenging Markov chain verification tasks in the dense regime.

All experiments ran on a machine with an Intel Core i7-7820X CPU, 128 GB
RAM, and an NVIDIA GeForce RTX 2080 Ti GPU (11 GB VRAM). At first
glance, comparing CPU-bound methods against a GPU-accelerated tool might
seem like comparing apples to oranges. However, this hardware distinction is
precisely the point. Prevailing methods rely on representations that induce
irregular memory access. Consequently, they do not map naturally to GPUs.
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In contrast, Tessa generates dense tensor workloads at which GPUs excel. We
are therefore comparing methodologies on the hardware they naturally map
to—rather than comparing the hardware per se.

We note that the GPU used in our experiments is an older consumer-grade
model in the hardware vendor’s lineup. While we already observe substantial
speedups over state-of-the-art tools, access to frontline hardware is expected to
yield even greater gains.

Baseline methods. For Rubicon [19], the authors use Storm (Sparse) and
Storm (MTBDD) as baselines in their evaluation. We include both, as well as
Dice (via the Rubicon transpiler [19]).

— Storm (Sparse). In this engine of the Storm model checker, the transition dy-
namics of a DTMC model is represented as a sparse matrix in the standard com-
pressed sparse row (CSR) format. The engine uses efficient sparse matrix—vector
multiplication kernels from off-the-shelf libraries such as Figen and Gmm-++.

— Storm (MTBDD). This engine of Storm represents the DTMC transition
dynamics using multi-terminal binary decision diagrams. Random access to
entries of the transition matrix is not as efficient as in the sparse-matrix engine,
but the MTBDD engine can be more memory-efficient for certain models.

— Dice. In this approach, the DTMC model specification is first lowered to the
Dice probabilistic programming language [18] using the Rubicon transpiler [19].
The Dice compiler then represents the set of paths from the initial state to the
goal states effectively as a BDD. This approach is shown to excel on models
with certain structures.

All methods are configured to use the double-precision floating-point format.

Results. We now report results for each of the benchmarks on which the
Rubicon/Dice method is evaluated [19]: Queues, Weather Factories, and Herman.

Queues. The Queues model consists of K queues, each with capacity 3. Tasks
arrive probabilistically at every step. Three queues are designated type 1, while
the remainder are type 2. The goal states are those in which all type 1 queues
and at least one type 2 queue are full. We compute the probability of reaching a
goal state within horizon H. Figure 4 shows how each tool scales with K (left
two plots) and with H (right two plots).

The first plot compares all methods as K varies, with H =10 fixed. All
methods scale exponentially with K. On the hardest instance that any baseline
method can solve (K =10), Tessa shows over 100x speedup over the next fastest
method.

The second plot zooms in on the performance of Tessa. Since JAX and XLA
perform just-in-time (JIT) compilation, we measure two runs to show the effect
of JIT compilation: in the second plot, the difference between the two Tessa
curves indicates the JIT compilation overhead.?

3 Technically, the Tessa (1st) curve also includes the time taken to compile the model speci-
fication into JAX. Since this compilation happens entirely in Python, we measure it after
warm-up runs and add it to the 1st-run time.
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Figure 6. Scaling on the Herman benchmark.



18 Jianlin Li, Nick Guo, Peter Ye, and Yizhou Zhang

The right two plots show how the methods scale as H varies, with K =9 fixed.
Storm (MTBDD) and Dice reach time limits at lower K values. Storm (Sparse)
and Tessa scale linearly with H, but Tessa is ~40x faster at H = 500.

Weather Factories. This model consists of N factories, each in a binary state:
striking or operational. Transition probabilities are local but conditioned on
a Markov process, weather. We verify the reachability of the state where all
factories are simultaneously striking within a given horizon H.

Figure 5 shows how each method scales on this model. We additionally include
the Geni probabilistic programming language (PPL) as a baseline; the benchmark
is part of its evaluation suite [33]. The methodology of using Geni for DTMC
model checking is similar to that of Dice: both repurpose a PPL for DTMC model
checking. The difference is that Geni’s compiler targets generating functions,
while Dice’s compiler targets BDDs.

All methods scale exponentially with N. Unlike in the Queues benchmark,
here Dice scales better than Storm (Sparse) as N increases. On the hardest
instance that any baseline method can solve (N =16), Tessa shows over 100x
speedup over the next fastest method, Geni.

All methods (that run at N =13) scale linearly with H. At H =500, Tessa
shows over 100x speedup over the next fastest method, Storm (Sparse).

Herman. Herman’s protocol [17] is a well-known example in the literature of
probabilistic model checking [30]. It is a randomized self-stabilization algorithm
for leader election in a distributed ring of processors. We verify the probability
that a system of N processors stabilizes within a horizon of H steps. Figure 6
shows how each method scales on this model.

Due to state explosion, all methods scale exponentially with N, but the effect
is not felt by Tessa until a larger N. On the hardest instance that any baseline
method can solve (N =17), Tessa shows over 100x speedup over the next fastest
method, Storm (MTBDD).

The right two plots in Figure 6 show that Tessa scales effectively with H as
well. At H =500, Tessa demonstrates over 300x speedup over the next fastest
method, Storm (Sparse). While the speedup inherently includes the hardware
advantage of a GPU, it underscores the value of mapping the verification problem
to an accelerator-friendly representation.

Discussion. We caveat that Tessa outpaces these baseline methods for models
that fit within the VRAM limit. For sparse models, Storm (Sparse) and Storm
(MTBDD) are in general more space-efficient than Tessa. Nevertheless, that Tessa
achieves these speedups under the 11 GB VRAM constraint indicates that the
method is reasonably space-efficient for the class of models it targets (thanks to
the Tessa implementation and XLA optimizations exploiting model structure to
reduce memory footprint), whereas baseline methods may run out of memory or
time out on the same dense models.
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Figure7. (a) A parametric DTMC encoding a Knuth—Yao die roller. In gray
(resp. white) states, a coin of bias p (resp. ¢) is flipped. (b) KL divergence and
parameter values as gradient descent progresses. (¢) Optimization landscape over
parameters p and ¢ as a contour plot. As Figure 7(c) indicates, optimal values are
p=0.5 and ¢=0.5, which are found by gradient descent as shown in Figure 7(b).

7.2 Parameter Search

We further evaluate Tessa on parameter synthesis using the Knuth—Yao algorithm
[24]. This model generates a target distribution using coin flips. Figure 7(a) depicts
the Markov chain [20, 21]. The task is to find the coin biases (p and ¢) that
produce this target distribution. We formulate this search as an optimization
problem. The objective is to minimize the Kullback-Leibler (KL) divergence [26]
between the model’s output and the target.

Tessa compiles the model into a differentiable tensor program, whose result
can be programmatically composed with distributional properties including but
not limited to state reachability—in this case, the KL divergence. The resulting
objective can then be directly composed with JAX’s automatic differentiation
framework and gradient-based optimizers [11]. Figure 7(b) shows that, starting
from random initialization, gradient descent successfully converges to the optimal
parameter values well within 100 steps in a few seconds. This experiment high-
lights the flexibility with which Tessa can be used to optimize for distributional
properties beyond state reachability.

8 Related Work

GPU-accelerated probabilistic model checking. Bosnacki et al. [7, 8] study
CUDA-accelerated sparse matrix—vector multiplication for DTMCs. Our approach
differs fundamentally from Bosnacki et al. in data representation, memory access
patterns, engineering simplicity, and the class of models targeted. Bosnacki et al.’s
approach is best for DTMCs with sparse transition dynamics, representing the
transition dynamics as a flattened sparse matrix. To mitigate the overhead of
indirect memory access inherent of this storage format, they build on the modified
CSR format [27] and develop custom CUDA kernels for sparse matrix—vector
multiplication (SpMV). Ceska et al. [34] adapt similar sparse-matrix techniques
to parameter synthesis for continuous-time Markov chains through custom GPU
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kernels. Also using sparse matrices, Heemstra and Wijs [15] perform explicit state
space exploration as well as model checking entirely on the GPU.

In contrast, our approach is less suitable for sparse models but effective for
dense ones. It compiles to JAX’s dense tensor operations and does not require
GPU programming. Rather than materializing the model into a sparse matrix
(i.e., data), we map the model to tensor transformations (i.e., code), which XLA
can fuse and optimize. This allows our system to make good use of the high-
throughput dense linear algebra units on modern accelerators, which are often
underutilized in sparse regimes.

Bak et al. [6] use GPUs to accelerate statistical model checking (SMC) of
extended timed automata. SMC is fundamentally different from probabilistic
model checking (PMC): while PMC computes exact probabilities by exhaustively
exploring the state space, SMC estimates probabilities via sampling, thus trading
accuracy for feasibility. Achieving low error margins in SMC is at the cost of high
demands on computational resources for Monte Carlo simulations.

State explosion. Techniques for mitigating state explosion have been heavily
studied. They either compress, abstract, or prune the state space [5, 4, 28, 23,
13, 14, 22, 12]. State-of-the-art probabilistic model checkers (e.g., Storm [16] and
PRISM [29]) integrate such sophisticated state-space reduction techniques.
Compared to these techniques, Tessa takes an orthogonal approach. The
translation to tensor computations is largely oblivious to the state-explosion issue.
Rather, we rely on a tensor compiler for fusion and optimization. In a sense,
we cast state-space reduction as compiler optimizations, offloading much of the
complexity of extracting high performance to a mature compiler stack.

Distribution transformers. Our tensor transformer semantics is akin to the
distribution transformer semantics of Kozen [25], which has found many uses in
the analysis of probabilistic models (e.g., [3, 33]). We recast it and establish the
formal ties between the tensor transformer semantics and DTMC model checking.

9 Conclusion

We cast model checking of finite-horizon Markov chains as dense tensor compu-
tations, for which compiler and hardware support is readily available. This new
perspective delivers sizable performance gains for models with dense transition dy-
namics while maintaining mathematical soundness. We hope our approach makes
a useful addition to the toolbox of probabilistic model checkers, extends their
practical reach, and inspires future work on tensor-based verification methods.
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