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Fokker-Planck-Kolmogorov (FPK) Equation

® Recall that formally, d’fjt = X512, hence

<fa 8tp(8,x,t, )> = 8t <f;p(S7Xa t) >> = ﬁs,tﬁf(x) = <°%f;p<saxa t7 )>
= <fa .,ij(é’, X, t? ))
® For a diffusion process:
op=Lp=(V,pb) + % <V2,pA> (forward)
Osp = Zp = (b, Vp) + 1 (A, V?p) (backward)



FPK for SDE

Consider the stochastic differential equation
dX; = by(Xy) dt + G (X)) dBy, L f(x) = (by(x), Vf(x)) + % <Gt(X)Gt(X)T7 sz(X)>

Apply Itd's formula to obtain

df(Xe) = (Be(Xe), V(X)) +  (Gr(Xe)G{ (Xe), V2 F(Xe) ) dt + V(Xe) - G (Xe) dBy.

Take expectation from s at position x to t on both sides:

dE[f (X)) = E [(be (X¢), VS (X)) + 3 (G1(X)G{ (Xe), V7 £ (Xe) )] dt

¢ (fip(s,%x,t,y)) = (f;0¢p(s, %, t,y)) = (L fip(s, %, t,¥)) = (f; L (s, %, t,y))

Op = L'p=—(V,pb) + 1 (V* pGGT)

dsp = Zp = (b, Vp) + (GG, V?p)

e Continuity equation when G =0



ODE < SDE

dXt == Vt(Xt) dt
dXt = Vt(xt) dt + oy dBt

® Any ODE is a (trivial) SDE with 0y =0

e Conversely, any SDE is “equivalent” (meaning marginal preserving) to an ODE:

Vi Vi — afo log p;

® The score function plays an important role:

s(x) = sp(x) := Vi log p(x)




Path Space and Path Measure

® X — (Xt)tE[O,l] is a path
¢ Disintegration (fancy name for joint = marginal x conditional):

p(x) = po(%o) - p(x[x0) = p1(x1) - p(x|x1)



Time Reversal

dXt = Vt(Xt) dt + O¢ dBt
dX; = [vi(X,) — 07V log py(X,)] dt + o, dB,

H. Fdllmer. . In: Stochastic Differential Systems Filtering and Control.
Springer, 1985, pp. 156-163.
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https://doi.org/10.1007/BFb0005070

Likelihood Ratio

dXt = ut(Xt) dt —+ Ut(xt) dBt
dZt = Vt<zt) dt = O't(zt> dBt

Theorem: Girsanov's Change of Variable

Under mild conditions:

KL(X|Z) = Fx [wj?] KL(Xo[20)+ 5 [ B

w(X,) — vi(X) ||?

dt
O¢ (Xt)

I. V. Girsanov. . Theory of
Probability & Its Applications, vol. 5, no. 3 (1960), pp. 285—-301.


https://doi.org/10.1137/1105027

Diffusion Model

dXt: 0dt+0’tdBt
dxt = —O'th logpt(xt) dt + o0y dBt
dzt = —O'tQSt(zt; 0) dt —+ O¢ dBt

® Applying Girsanov's change of variable:

KL(X12) = KA ZiT + 5 [ Bio? [V logpi(%,) ~ su(%: )1 d

— this is nothing but (weighted) score matching]!

e Can sample X, = X;_; by simulating the forward SDE:
Xo ~ Pdata, dXy = 0dt + 0, dB;

® But, how to ?



Denoising Score Matching

Theorem: Tweedie's Formula
Let X=Y +Z where Y L Z ~ N(0,%). Then,

Viogpi(x) = =X 7' - E[Z|X = ¥]

t
X =0y dB, = [Xe=Xo T &) where e ~N(0;), ¢ = / o2 ds
(0]

= Vlogpt(xt) = ]E [Xoéxt | Xt = Xt:|

2KL(X||2) :/E 21V 1og pi(Xe) — s4(Xy; 0)||?] dt

— [ BB %] = 5% )Pt = By, [o7]1%05% = si(Xis )|




Score-based Diffusion Generative Models

dXt = Vt(xt) dt + Ot dBt

Xt+1 ~ Xt + - Vt(Xt) + Ut\/ﬁ - €, Where € v N(O, I)
® Key is to estimate the score s;(x) = V log p;
® Apply denoising score matching: [V logp(x|z) | x] = Vi log p(x)

min D Mells:(Xi; 0) — Vi log p(Xe[Xo)||?
0 trop,(Xe,Xo)~p(x¢,%0) t“ t( t ) gp( tl 0)“2

— Xg ~ pdata(x), the data density

— p(x¢|x0) can be derived from the forward SDE, in closed-form if v; is affine
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Simple or Sophisticated?

Consider two stochastic processes and their reverse processes:
X, = dB,, Xy ~ po, dX; = —V log ps(X;) + dBs,
dz, = dB,, Zo ~ q, dZ, = ~Vlog g,(Zy) + dB,.
Then, applying Girsanov's theorem twice we obtain
KL(X]1Z) = KL(pollgo) + 0 = KL(X[|Z) = KL(X7l|Zr) + ;/OTE[HVlOgPt(Xt) — Vlog g:(Xy)[I3] dt,
Thus,

1 oo
jlgn KL(XTHZT) -0 = KL(p0||q0) = 5/ ]E[HVlogpt(Xt) — Vlog Qt(xt)”%] dt.
o0 1}



Flow



Neural Ordinary Differential Equations (ODE)

Xt = vi(Xe; W), Xo ~ Proise; Xip1 = Xy + ¢ - vi(Xy)

e Continuous change-of-variable formula:

d log p; (Xt)

dt = — (V;vi(xt))

Logprlxe) — LAy, + (Vpy; vi)] = o= (Vipeve) + (Vs vi)] = — (Vi vi(xy))

T opt

® Can compute the log-likelihood along the trajectory of x;:

{Xt = vi(xy4, 1)

, with initial conditions x, and

lt = — <Vx;Vt<Xt,LI)>
T. Q. Chen, Y. Rubanova, J. Bettencourt, and D. K. Duvenaud. . In: Advances in Neural Information
Processing Systems. code available at . 2018, pp. 6572—6583.
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http://papers.nips.cc/paper/7892-neural-ordinary-differential-equations
https://github.com/rtqichen/torchdiffeq/tree/master

MLE for Neural ODE

® |Learn the vector field v,(-; w) so that X; ~ pgata

Representation

Can every pqai» be obtained through some vector field v,?

o Maximum likelihood estimation:

min KL(pdatale) — KL(QOHpnoise)

— p1 is obtained by running ODE forward with initialization ppeise

— qo is obtained by running ODE backward with initialization pga¢a



Y. Song et al. “Score-Based Generative Modeling through Stochastic Differential Equations”’. In: International Conference on Learning
Representations. 2021.
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https://openreview.net/forum?id=PxTIG12RRHS

Dynamic Optimal Transport

® Let pg and p; be two given densities, with 2-Wasserstein distance

W3 (po, p1) = pai | Bixego [TX — X|2,  where  po(x) = p1(Tx) - det T'x

— 3 a (unique) T = V1) for some convex 1
® Consider the ODE:
Xt(x) =by(X;), where Xy~ pg
— densities X; ~ p; satisfy the continuity equation and boundary conditions:

Oipy = — <V7Ptbt> ) Po = Po, P1 = P1

Y. Brenier. . Communications on Pure and Applied
Mathematics, vol. 44, no. 4 (1991), pp. 375-417.
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https://onlinelibrary.wiley.com/doi/abs/10.1002/cpa.3160440402

DOT (cont’)

[CLam]
1
W3(po, p1) = H;)in/ 10epel7, dt,  s.t. po = po,p1 = p1, where
& 0]
o, = min [ pIVaBdx st op =~ (V.nVia).
® Strikingly similar to the distance on a !

® The optimal {p;} acts as “geodesic” connecting two densities py and p;

J.-D. Benamou and Y. Brenier. . Numerische
Mathematik, vol. 84 (2000), pp. 375-393.


https://en.wikipedia.org/wiki/Geodesic
https://en.wikipedia.org/wiki/Riemannian_manifold
https://doi.org/10.1007/s002110050002

1 1 1
= -po(x)dx = X (x)||12 dt - po(x) dx
/ /0 P () [be () |3 dt dx = / /0 b (X ()3 d - po(x) / /0 X ()13 - po(x) d

> [ [ *eoa 2

> W3(po, p1)

o) dx = / po(x)[X1 — x|3 dx
2

® The first inequality is attained if X; is affine in ¢
® The second is attained if X;(x) = Vi (x) for some convex 9
® Thus, minimum is attained iff X;(x) = (1 — t)x + tV(x) and
by(Xe) = Xi(x) = (V¢ = 1d)(x) = (V¢ — Id) o [ld + £(VY — Id)] ' (X,)



Summary

1
W32 = ' b 2dtd
)= i [ pebolax

1
= min / min /pt(x) by (x)||3 dx dt
0

P+:P0=p0, P1=P1 b¢:0tpt=—(V,pibt)

1
_ / i /m@wv%@m&mw
0

Pt:P0=pP0, P1=p1 pt:0tpt=—(V,pt Ver)

® The optimal vector field b, is potential (gradient of convex function)
e 3 vector field b; so that X; = b, (X;) connects any pair p; and p;

® |n fact,



Calculus of Variation

Alternatively, we may examine the minimizer b; by perturbing its objective:

[l + cerl)ldx, st =~ (T.bi) = (V. per).

® To maintain the continuity equation we must have (V,p;c;) =0

® Take derivative w.r.t. € at 0:
d
E le=0= 2/ <ptcta bt> dx =10

Thus, b; L (pic;) for any p,c; such that (V, p,c;) = 0. According to the
, there exists a potential function ¢; such that the minimizer b, = V.


https://en.wikipedia.org/wiki/Helmholtz_decomposition
https://en.wikipedia.org/wiki/Helmholtz_decomposition

Action Matching

Given a trajectory {p;}, learn a potential field V), to solve the continuity equation:

Opy = — <V§ptv¢t> ) Xt = V?/Jt(xt)

e We already know such vector fields exist (albeit not necessarily potential)

® Match it:
mén E[[V(Xe) — be(Xe) I3

® Don't know by... Integration by parts comes to rescue!

K. Neklyudov, R. Brekelmans, D. Severo, and A. Makhzani. . In:
Proceedings of the 40th International Conference on Machine Learning. 2023.


https://proceedings.neurips.cc/paper/2021/hash/93a27b0bd99bac3e68a440b48aa421ab-Abstract.html

/ [V41(3) — by(3)|12 - po(x) dx = / IV () - pe(x) dx — 2 / (Vahu(x); pr ()b (x)) dx
— [ 170618 1o dx-+ 2 [ {460 V(b)) dx
- / V9013 - pe(oc) dx — 2 / 0,00 By

Integrating over ¢:

1
BV (%) —bi () [ = B V000l =2 | [ w0 - o

1
= B3 -2 / / i) it / O e B T

e V1) is essentially the potential part of by



Preserving the Marginals

Consider the most general SDE:
dX¢(w) = w(w) dt + o1(w) dBt(w)
Theorem: Mimicking
Under mild conditions, the process X; admits representation
dX¢(w) = vi(X(w)) dt + o (X(w)) dBe(w),

where v;(X) = E[w|X;, s < t] and 04(X(w)) = o4(w). Moreover, 3 a process

d>~<f = \71(5(1&) dlL + 6}(5(1) dBt

such that for all £, X, ~ X;, where v(x) := E[w,|X, = x] and 62(x) := E[02|X, = x].

. Gydngy. . Probability Theory and Related
Fields, vol. 71 (1986), pp. 501-516


https://doi.org/10.1007/BF00699039

Rectified Flow

e Sample a pair (Xg,X;) ~ 7 and interpolate X; = (1 — )Xo + tX;
e Approximate the velocity field by a neural net u(-):

min Eff|u,(X;) = E(X | X)[13] = |min Effju,(Xe) = Xell3] [-E[I X~ E(X, | X)|2]

ug () u(+)

e Solve the ODE X, = u,(X;) with initial condition X, (or end condition X;)
— effectively update the coupling 7 into a deterministic one that lowers convex transport cost
e Reflow: repeat the above

e Distill: T'(Xp) := Xo + up(Xo) where uy minimizes the loss
min  E[[|X; = Xo — uo(Xo) 3]

uo(-)

X. Liu, C. Gong, and Q. Liu. . In: The Eleventh
International Conference on Learning Representations. 2023.


https://openreview.net/forum?id=XVjTT1nw5z

® [nterpolation process X; is non-causal, possibly crossing

X. Liu, C. Gong, and Q. Liu. “Flow Straight and Fast: Learning to Generate and Transfer Data with Rectified Flow". In: The Eleventh
International Conference on Learning Representations. 2023.
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https://openreview.net/forum?id=XVjTT1nw5z

e After rewiring: causal, non-crossing

X. Liu, C. Gong, and Q. Liu. “Flow Straight and Fast: Learning to Generate and Transfer Data with Rectified Flow". In: The Eleventh
International Conference on Learning Representations. 2023.
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https://openreview.net/forum?id=XVjTT1nw5z

Flow Matching

Xt = mt(Xdata) aF Ut(xdata) ° (&, Where Xdata 1 e~ N(O, I)

Y. Lipman, R. T. Q. Chen, H. Ben-Hamu, M. Nickel, and M. Le. “Flow Matching for Generative Modeling”. In: International Conference on
Learning Representations. 2023.
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https://openreview.net/forum?id=PqvMRDCJT9t

St(Xt | Xdata) = VIngt(Xt | Xdata) = = [ Xt — mt<Xdata)]

oy (xdat

7t (Xdata)

0t(Xdata) [Xt — (Xdata)]

Vi(Xt, Xdata) = X¢ = My (Xdata) +

Y. Lipman, R. T. Q. Chen, H. Ben-Hamu, M. Nickel, and M. Le. “Flow Matching for Generative Modeling”. In: International Conference on
Learning Representations. 2023.
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https://openreview.net/forum?id=PqvMRDCJT9t

Xt = thata aF (]_ — t)E + ote

o—1 )
Vt(xt; Xdata) = Xdata T m(Xt - txdata) = Xdata — (1 - 0)6 = Xt

Y. Lipman, R. T. Q. Chen, H. Ben-Hamu, M. Nickel, and M. Le. “Flow Matching for Generative Modeling”. In: International Conference on
Learning Representations. 2023.
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https://openreview.net/forum?id=PqvMRDCJT9t

Image Generation: Score Matching with Diffusion Path

Y. Lipman, R. T. Q. Chen, H. Ben-Hamu, M. Nickel, and M. Le. “Flow Matching for Generative Modeling”. In: International Conference on
Learning Representations. 2023.
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https://openreview.net/forum?id=PqvMRDCJT9t

Image Generation: Flow Matching with Diffusion Path

Y. Lipman, R. T. Q. Chen, H. Ben-Hamu, M. Nickel, and M. Le. “Flow Matching for Generative Modeling”. In: International Conference on
Learning Representations. 2023.
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https://openreview.net/forum?id=PqvMRDCJT9t

Image Generation: Flow Matching with Straight Path

Y. Lipman, R. T. Q. Chen, H. Ben-Hamu, M. Nickel, and M. Le. “Flow Matching for Generative Modeling”. In: International Conference on
Learning Representations. 2023.
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https://openreview.net/forum?id=PqvMRDCJT9t

Let's Build Bridges



Doob's h-transform

Let X; be a Markov process with transition kernel p(s,x,¢,dy). Fix an end time 7.

® Define

h(t,y) == p(t,y,T,A) = Pr(Xp € A|X; =y)

e Conditioned on the event Xy € A, we have a new Markov kernel:

Pr(X; € B, Xp € A[X, =
ﬁ(S,X,t,B) o= Pr(xt€B|XS:X’XT€A): I'( t € ; T € | X)

Pr(Xy € A|X, = x)
= /Bh(t,y)p(S,X,t>dY)/h(S’X)>

or written more succinctly in terms of the balance equation:

h(&X)ﬁ(S,X,t, dy) = p(S,X,t, dY)h<t7Y)7 i'e'v ﬁ = h_lph'



More Generally

® Everything remains true for any

E[h(t, X,)|Xs] = h(s,X,), d.e., h= P, h.

® |n particular, for Markov densities we may set

h(t’ Y) = p(ta Yy, T7 XT>7

where x7 is a fixed value that the process ends at.



h-transform for Diffusions

Consider the diffusion process

dX; = by(X;) dt + G(X;) dBy, ZLf=(Vfb)+ % (V2f,A), A=GG/

The generator of the conditional Markov kernel p is
Lof = 105+ Z)(hf) = (Viegh®@ Vf, A) + 4, f = (Vf, AViogh) + £,
corresponding to the SDE:
dX; = [b(Xe) + Ge(Xe)Ge(Xe) "V log h(t, X)] dt + G4 (X;) dB.



Brownian Bridge

Consider a Brownian motion with transition density p:
\V/t € [O,j—v]7 dxt = dBt, XO = 0

® Define

h(t,x) == p(t,x,T,0) o< exp (_HQ?T_——X!))

® Thus, Vlogh(t,x) = —7
® The conditional process corresponds to the SDE:

dXt = = Xtt dt+ dBt,

=

namely the Brownian bridge.



Schrodinger Bridge

in KL(Q|P
veip=, KHEIP)

® P is the reversible Brownian motion: P = dx; - By,



