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Notation for divergence

(V,b) ZV b;, in particular (V,Vp) = ZV = Zpr =: Ap.

. b.]Rd—>]Rdandp.Rd—>R
® Not to confuse the scalar (V, Vp) with the matrix V?p

/7 5 b0 - AF(X> = beo P(@( — j 23] d b(v()
[ (@060 b dx = [ p0) (7. b0 dx

e “Just” pull the scale-valued function p out of the inner product and negate the sign



<V2,A> = ZV%AM, in particular <V2,p]> = Ap.

1,7
e A:R* 5 R™ andp: R - R

® Again, not to confuse the scalar (VZ A) with the tensor V2A

e \We omit arguments of functions whenever no confusion will arise

— for instance, we will rewrite integration by parts simply as

[ b= [p(v.0) = [(@p+pv.b)= [(v.pb) =0

— it should be clear that p and b are functions, whose arguments are being integrated over



Neural Ordinary Differential Equations (ODE) = TO9

—

X1 R X+ - V(%) = Ty(xy) P(‘Dﬂ‘a = prglx
dx; = vy(x;) dt

(D> by —
® Suppose x; ~ p; ? ” @

® Apply the change-of-variable formula we know x;,1 ~ p;;1, where _ '
= by,
log i) = logpe) —log [ det VL)l 1
= log p(x¢) — log | det[Id + 1 - Vvi(xt)]]
~ log pe(x:) — i - (Vix, V(X))

o . X) v
e Continuous change-of-variable formula: () v X

dlog p;(x:) _
T (Vx, vi(x2))

. In: Advances in Neural Information

T. Q. Chen, Y. Rubanova, J. Bettencourt, and D. K. Duvenaud.
. 2018, pp. 6572—6583.

Processing Systems. code available at



dl
BP0, + (Vi vl] = 2 (Vi evi) + (Vb vl] = = (T )

® Can compute the log-likelihood along the trajectory of x;:

{Xt = vi(x4, 1)

. , with initial condition xo and l. (1)
e == (Vi vi(xq, 1))

® More importantly, can solve (1) in reverse, from end contition x; and [, so that

log p1(x1) —logpo(x0) = I — lo
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MLE for Neural ODE

Xt ES Vt(xt; W), XO "~ Pnoise, €-9-, N(O’ ])

® |earn the vector field v,(-; w) so that X; ~ pgata

Representation

Can every pqaia be obtained through some vector field v;?

o Maximum likelihood estimation:

min KL(pdatale) - KI—(QOHPnoise)

— py is obtained by running ODE forward with initialization ppeise
— qo is obtained by running ODE backward with initialization pga¢a



Forward SDE Reverse SDE
dz = f(z,t)dt + g(t)dw 4)@— dz = [f(z,t) — ¢*(t)V: logp(x)] dt + g(t)dw

p(z) =——————————————> py(z)

Y. Song et al. . In: International Conference on Learning
Representations. 2021.



* KL(paatallp1) = —Ep,,,., log p1(X)
— have a sample from pgata
— can compute log p; (X1) using change-of-variable: dlo%f(xt) = — (Vx, vi(x¢))
= but X1 ~ p1 # paata !
® KL(qol|Pnoise) = —Eqg, [10g Proise(Xo) — log qo(Xo)]
— can sample from qq: ) = vi(Xe; W), Xi ~ Pdata
— can compute log go(Xo) using change-of-variable: dk’%g(xt) = — (Vx, vi(xz))

— of course, can compute 10g Proise(Xo)
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A Little Bit of Math



Markov Process

t t
X, = Xo + / by(X,) ds + / G.(Xs) dB,
0 0 A
dXt = bt(XtL;_ Gt(Xt) dBt, given X()

For any bounded and continuous function f:

Vt = s, EX[f(Xe)|Fs] = EX[f(Xe)[X]
e [£*: when we start with Xy, = x

® Given the past, future only depends on the present



Brownian Motion /I\B r/"‘

A stochastic process {B; : ¢t > 0} is called Brownian motion if
e |nitialization: By =0 >

® Independent increment: Vn, Vi, <t; <---<t,, By, — By L--- LBy, — By, ,
e Stationary increment: Vs <t, B, — B, ~ B,_,—Bj
* Gaussian: B, @ N(0,t) = [ . /(/[0 |>

r

e Continuous sample path: for (almost) all w, t — B;(w) is continuous

Brownian motion is a (continuous) Gaussian process with covariance kernel

k(s,t) == E(BsB:) = sAt



Transition and Semigroup k@: AT) Jdmesﬁ 4::«

® let p(s,x,t,dy) be a Markov transition kernel, satisfying Chapman-Kolmogorov:

I A resls
Vs <7<t p(s,xt,dp) = Lp(sax> m,d2)p(r,2,%, ) TS m,vE ](:,)%3

® Two bounded (in fact, contractive) and positive linear opeators: Pt 2\sy

Poui 5, P = (P = [ ploxt.dy)f(y
Prus M(S) > M), pZ%(dy) = (1 P5,)(dy) =

® From Chapman-Kolmogorov we derive a semigroup: =

@s,t = 93,7"@7—,157 f@t,t = Id; f@s 1
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Adjoint and Generator

(i) 1= [ FO9u(dx) = BF(X). where
¢ Adjoint, as “transpose’:
%
(Paafim) = (FiuPy)

e Generator, as infinitesimal change:

. Py an—1d . @, 1d
%, = lim —““;Lh , £ = lim —““;Lh
h10 h10

e Formally, 9%t = 2, , %, = DLy

— t’f—l}l‘
MZ"GM:@% oo T4,

= 1%

X~

[recall Z;; = 1d]
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Diffusion Process

Under mild conditions, a Markov process has generator

Zif(x) =1 (A(t,x), V?f(x)) + (b(t,x), Vf(x)), where A(t,x) =0

iff the following holds for all £ and x: for all compact nhood K (x),

lim— / p(t,x,t+ h,dy) =0,
X\K (x

hl0 h
lﬁgh /K( y —x)-p(t,x,t + h,dy) = b(t,x),
i / ) pltx,t 4 hydy) = At,x).

pZ) = 1(V? pA) (V,pb)

ot

%



Tracking the Mean and Covariance Xy €%,

E[Xt+hlxt] B Xt ]E[<Xt+h - Xt) ® (Xt+h - Xt)‘xt]

%.06)= %
E[X — X E[X — X¢|X

dm, = dB[X,] = lim EXosn = X T _g lim P = X] - Pad) b (x)
dZt = dE[(Xt = mt) X (Xt = mt)}

i E[(Xe+h — myin) @ Kepn — myyp)] — E[(X — my) @ (X — my)]

= hio h ’

— lim E[(Xt4n — Xt) @ (Xen — Xe)] + E[(Xe —my) @ Kepn — X¢)] + E[(Xegn — X¢) ® (X¢ — my)]

h10 h

= E[A:(X;) + (X; — my) @ by (X¢) + by (Xy) @ (X; — my)]



Ornstein-Uhlenbeck Process: Affine Drift and Diffusion

When the drift b;(X;) and diffusion A;(X;) are affine in X;:

dmt = bt(mt) =: C’tmt —+ ay
dEt = At(mt) = EtCtT = C’tEt.

Introducing the flow ®(¢, s) (fundamental matrix, solution of the homogeneous ODE):
t
m,; = P(¢, s)my +/ O(t,7)a, dr
4
5, = Bt 5)5,87 (4, 5) + / B(t, 7) A, (m, )BT (t, 7) dr.

When C; = ¢; - C, we simply have ®(¢,s) = exp(fst c.dr-C).



Fokker-Planck-Kolmogorov (FPK) Equation

® Recall that formally, d’fjt = X517, hence

<fa 8tp(8,x,t, )> = 8t <f;p(S7Xa t7 )> = ﬁs,tﬁf(x) = <°%f;p<saxa t7 )>
= <fa .,ij(é’, X, t? ))
® For a diffusion process:
op=Lp=(V,pb) + % <V2,pA> (forward)
Osp = Zp = (b, Vp) + 2 (A, V?p) (backward)



FPK for SDE

Consider the stochastic differential equation

AX; = by(Xe) dt + GASIIB. Zf(x) i (bi(x), V1(0) + 1 (Gux)G ()T, V2F(x)

Apply Itd's formula to obtain

df (Xe) = (be(Xe), VI (Xe)) + & (Ge(Xe)G{ (Xe), V2 F(Xe) ) dt + VF(Xe) - G (Xe) dBy.

Take expectation from s at position x to t on both sides:

B (X)) = B [(be (X0), VFX0) + 3 (Ge(X)G] (X0), V2 1 (Xe))] at
¢ (fip(s,%x,t,y)) = (f;0¢p(s, %, t,y)) = (L fip(s, %, t,¥)) = (f; L (s, %, t,¥))

o0 = 2= (V.ob) + (5] 2V v I yr)

dsp = Zp = (b, Vp) + (GG, V?p) — (V 'PI>
e Continuity equation when G = 0 [7 ’} [ O-I




Heat Equation

The heat equation = P; V/f,.: F
atp(t7 X) = Axp(tv X)
corresponds to the (trivial) SDE + +
dXt—\/_dBt X, = SD dx, :£5&35
T8,

e Note that G; = v/21, not merely \/_ BB Cﬁ“ B=> =)z Bt
e With X, = 0 we have X, = v/2B, ~ N (0, 2t)

® Since p(t,x) is the density of X, the Gaussian N (0, 2t) solves the heat equation

— can also be verified directly through tedious calculation



It6 Process

dX(t,w) = F(t,w) dt + G(t,w) dB(t, w) M el
X(t,w) = X(0,w) +/0 F(s,w)ds +/0 G(s,w) dB(s,w) @ﬂ%e)m 5

| U{ + dB >
® The 1st integral is the familiar Riemann or Lebesgue integral ©
® The 2nd integral is 1té's stochastic integral @ <
%)
L
Itd's formula:

N\
df(Xe, Vi) = fo(Xe, Vi) dXy + [, (X, Vi) AV, + %fm(xt,vt@

* [X]t = limy, 00 ZZ:O(th+1 - th)Q =G'G- [B]t- [B]t =1

19/61



1t6's Stochastic Differential Equation (SDE)

dXt = b(t, Xt) dt i G(t, Xt) dBt

il t
xt:x0+/ bS(XS)ds+/ G,(X,) dB,
(0] (0]

t — X, is continuous

® \We assume b and G are continuous

The 1st integral is the usual Riemann integral

The 2nd integral is Itd's stochastic integral

But, does such X; actually exist?




Geometric Brownian Motion

dTStf = bdt + o dB;, or equivalently | dS; = bS; dt + S; dB;

b(S,) = bS,
G(S,) = oS,
Apply Ité's formula to f(.S;) = In(S;):
dIn(Sy) = £ dS; — 5% d[S)y = £ dS, — S dt = (b— %) dt + 0 dB,

232

Sy = Sp-exp |(b— "72)25 + aBt]

Take expectation:

dE[S,] = bE[S] - dt = E[S] = E[Sy] - exp(bt)
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Langevin's Equation

dXt = —bXt dt = @ dBt
® X, is the velocity of a particle
® ) is the friction coefficient

® o models random perturbation
t
Xy = exp(=bt) - Xo + 0/ exp[—b(t — s)] dBs
0
E[X,] = exp(—bt) - E[X], E[X?] = exp(—2bt) - E[X2] + 2 [1 — exp(—2bt)]

e Ast — o0, Xt—>N(O,;—Z)



Brownian Motion on a Riemannian Manifold

X(t) = (cos By, sinBy)

— dX=—iXdt+ JXdB,, J= {0 _11

dX1 = —%Xl dt - XQ dBt
10

dX2 = _%XQ dt T X1 dBt

dEX] = —1E[X]dt = E[X] = E[X(0)] - exp(—1¢)
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Brownian Bridge /)\ //\’\/\/

X
dX, = —Ldt+dB,, 0<t<1, Xo=0

AN

1—-t

b1 —¢
X, = ——dB,, EX,] =0
1—s

0 —
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Existence and Uniqueness

i t
xt:x0+/ bs(Xs)der/ G,(X,) dB,
(0] (0]

There exists a solution of SDE, if

® band G are Lipschitz continuous (e.g., continuously differentiable)
— Qe [b(x) = b(y)| < L-|x —y] for all x,y € B(0,7)

® ) and G have
~ e, )2 < K- (1+ x?)

— trivially holds if b is linear in x



Euler-Maruyama

t t
xt:XS+/ bT(XT)dr+/ G,(X;)dB,
~ X+ bg(X) - [t — s] + Gs(X,)[By — By
® Divide 0:=tg <ty < -+ <t, <tp1=t
® For k=1,...,n, compute

th+1 - th + btk (th) ’ Atk + Gtk (th) ’ ABtk

— AB,, "K' N(0, Aty)

® |nterpolate
— Xp =3 Xey - [tr <t < trga]
— Xi = T(Xe)
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“I did not hear any reaction from other mathematicians about my paper
until long after the end of the war, when told me in person
that he had been drafted into the army and had read my paper in the barracks
in 1942. Perhaps he and | were the only researchers then interested in the
problem of sample paths.”



Langevin again

dX, = —b(X,) dt + o, dB,

Euler-Maruyama:
Xpp1 = Xp — b(Xp) Aty + N (0, 07 Aty,)
Let Aty =: mg and b(Xg) =: Vf(X¢)
Xt = Xi — nu[V f (Xe) + N(0, 07 /)]
In typical SGD, nmx = O(1/Vk) and o7 /m = O(1), meaning o}, = k= /4

In Langevin gradient, o, = 1



Complexity

It can be shown that the Euler-Muruyama scheme has

e weak convergence of order O(At)
® strong convergence of order O(vAt)

More generally, for a scheme with convergence order O(At)?, to achieve € accuracy:
® Need At = €l/P

® Need to evaluates b and G roughly 1/At times

® For p = 1/2, obtain the familiar rate 1/¢? for SGD



Reverse-time SDE 0 %, Xy o, L) Ha, 7, D

{6

Y
dX, = by(X,) dt + G, (X,) dB, (forward-SDE) 34 /o
d;(t = Bt(it) dt + &t (;(t> dét (reverse-SDE) \ 3

® FPK to reverse-SDE (negation due to time reversal: §<t = Xi_y): [
— “— “— — T
—0,p(s,x,t,y) = — <V7Eb> + % <V2,pA> ,  where A:=GG
e FPK to forward-SDE for p(s,x,t,y) and ¢(s,x):

b,V i, v? V,gb) — (V2% ¢A
—aslogp:<’ p)+p2< : p>’ _8slong< ,qb) q2< .q >7 A T

B. D. O. Anderson. . Stochastic Processes and their Applications, vol. 12, no. 3 (1982),
pp. 313—-326.



Let » = pq (the joint density of X, and X;). We add the above two equations:

p q
, Viegp) + 5, (A, V?p) + (Vlogg, b) + (V,b) — o (V*,¢A)

= (b
= l[(V rb) + 4 <A V2p> 4 <V2 qA>

—0slogr =

= 1[(V,7b) + 5 (¢4, V?p) — 3 (pV, V - (¢4))]
H(V,rb) + 5 (¢4, V2p>+ (Vp,V - (qA)) — 5 (Vp, V- (¢A4)) —
—3 <pV,V - (qA))]
SV, 1) 4+ 5(V, (VD) - (¢A)) — 5 (V,pV - (¢A))]
L(V,rb) + 1(V,V - (pgA)) — (V,pV - (¢A))]

(V.r(b =1V (qa))) + 1(V2,ra)]



Klple) 2 x(Tpll o)

—0sr = <V, r(b—-=V- (qA))> + 2(V% rA)

1
q

e Dividing both sides by ¢(¢,y) (and noting that V and V? are w.r.t. x):
~0p(s,%,t,y) = (V,p(b— 1V - (¢4))) + £ (V2 pA)
— (V. p(b— 4s, + }4s; - 1V - 4))
e Comparing with the FPK for reverse-SDE, we may identify
Gi_y = Gy, bi_y = —b; + 1V - (¢G:GY), or,
Giy =0, bis = —b; + GiG[s, — 1GiG's; + 1V - (G,G])



Doob's h-transform

Let X; be a Markov process with transition kernel p(s,x,t,dy). Fix an end time T'.
® Define

h(t,y) == p(t,y,T,A) = Pr(Xp € A|X; =y)

e Conditioned on the event Xy € A, we have a new Markov kernel:

Pr(X; € B, X AlX, =
p(s,x,t,B) :=Pr(X; € BJX, =x,Xr € A) = r(X; € B, Xr € AlX; = x)

Pr(Xy € A|X, = x)
= /Bh(t,y)p(S,X,t>dY)/h(S’X)>

or written more succinctly in terms of the balance equation:

h(&X)ﬁ(S,X,t, dy) = p(S,X,t, dY)h<t7Y)7 i'e'v ﬁ = h_lph'



p(t,x,t,dy) = h(t,y)p(t,x,t,dy)/h(t,x) = 0x(dy)
p(s,x,t,dy) = h(t,y)p(s,x,t,dy)/h(s,x)

= h(t,y) | p(s,x,7,dz)p(7,2,t,dy)/h(s,x)

VA

_ / h(r, 2)p(s, %, 7, dz) [h(s, %) - h(t, y)p(r 2,1, dy) /h(r, 2)

z

:/p(SXTdZ) p(T,2z,t,dy)

VA

(
(

(s, x,T,A)=1 — Pr(Xp € A) =1



More Generally

® Everything remains true for any

E[h(t, X,)|Xs] = h(s,X,), d.e., h= P, ,h.

® |n particular, for Markov densities we may set

h(t’ Y) = p(ta Yy, T7 XT>7

where x7 is a fixed value that the process ends at.



h-transform for Diffusions

Consider the diffusion process

dX; = by(X;) dt + G(X;) dBy, ZLf=(Vfb)+ % (Vf,A), A=GG/

The generator of the conditional Markov kernel p is
Lof = 105+ L) (hf) = (Viegh®@ Vf, A) + Z,f = (Vf, AViogh) + %,
corresponding to the SDE:
dX; = [b(Xe) + Ge(Xe)Ge(Xe) "V log h(t, X,)] dt + G4 (X;) dB.



E[f(Xors) — F(Xo)|Xs] B[f (Xors) M5r2gs8) — £(X,)[X,]

jsf:l}iﬁl 5 = 5
o 1 Ii E[f(XS+6) (h(S,X5+5) + ash<saxs+6)6 + 0(6)) _ f(XS)h(S,XS)‘Xs]
= (s, X,) 60 5
= 30 + Z)(S).

o Setting f = 1 we know + 7(0s + Z)h =

e Simplify
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Brownian Bridge

Consider a Brownian motion with transition density p:
\V/t € [O,j—v]7 dxt = dBt, XO = 0

® Define

h(t,x) == p(t,x, T, 0) o< exp (_HQ?T_——X!))

® Thus, Vlog h(t,x) = —7
® The conditional process corresponds to the SDE:

dXt = = Xtt dt+ dBt,

=

namely the Brownian bridge.



Back to Machine Learning



Diffusion Models

Forward SDE (data — noise)
dx = f(x,t)dt + g(t)dw

score function

x,1) — g7 (1} log (x) dt + g(t)aiw

Reverse SDE (noise — data)

Y. Song et al. . In: International Conference on Learning
g g
Representations. 2021




Stochastic Differential Equations (SDE)

dXt = Vt<xt) dt + oy dBt
Xt+1 %Xt—{—?’]t 'Vt(xt) —I—Ut\/ﬁ-e, Where € NN(O,I)

® Intuitively, X, is now a deformed, noisy version of X;
— drift term v the infinitesimal change of E[X,, | X;] when u \ ¢
— diffusion term oy: the infinitesimal change of E[(X, — X;)(Xy, — X¢) T | X¢] when u N\t

e Kolmogorov forward equation (a.k.a. Fokker-Planck equation):

Vipy = — (Vi PeVe) + Ut <V Vx7pt> ) Xt ~ Pt

e Kolmogorov backward equation (with fixed end time t > s):

asps = <Vsa vxps> + %O-szxv;crps
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ODE < SDE

dXt == Vt(Xt) dt
dXt = Vt(xt) dt + oy dBt

® Any ODE is a (trivial) SDE with 0y =0

e Conversely, any SDE is “equivalent” (meaning marginal preserving) to an ODE:

Vi Vi — afo log p;

® The score function plays an important role:

s(x) = sp(x) := Vi log p(x)




A Naive Approach

dX; = vi(X¢) dt + 0;dB;, Xo ~ Pnoise
Xey1 &= X+ 0 - vi(Xe) + op/1 - €, where € ~ N(0,1)
® KL(paatallp1) = —Epq,, log p1(X)
— ez & sle O Hea
— can compute log py (X,) using Fokker-Planck dyp; = — (0. pyve) + 207 (6507 . pi) 77
— but X ~ p1 # Pdata !
® KL(o|[Pnoise) = —Eqgy[l0g Proise(Xo) — 1og go(Xo)]

— can we even run an SDE backwards to get ¢y?
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Sampling from a Distribution on R?

=
»
>

"
b}

- D

P




Sampling from a Distribution on R?




Path Space and Path Measure

® X = (X¢)¢e[o,1] is a path

¢ Disintegration (fancy name for joint = marginal x conditional):

p(x) = po(%o) - p(x[x0) = p1(x1) - p(x|x1)



Time Reversal

dXt = Vt(Xt) dt + O¢ dBt
d>_<t = [Vt(xt> — va 1ngt<>_<t)] dt + oy dBt

H. Follmer. . In: Stochastic Differential Systems Filtering and Control.
Springer, 1985, pp. 156-163.



Reverse-time SDE

dXt = Vt(xt) dt + o0y dBt
d)_(t = ‘_/t()_(t) dt + oy dBt, where

Vi =V — af Ox log p;

Time flows backwards for the bar quantities

Forward SDE: diffuses date into noise

Reverse SDE: molds noise into data

v; and o; together specify v;: key is to estimate the score dy log p;

B. D. O. Anderson. . Stochastic Processes and their Applications, vol. 12, no. 3 (1982),
pp. 313—-326.

50/61



Likelihood Ratio

dXt = ut(Xt) dt —+ Ut(xt) dBt
dZt = Vt<zt) dt = O't(zt> dBt

Theorem: Girsanov's Change of Variable

Under mild conditions:

KL(X]|Z) = Fx [wj?] KL(Xo[20)+ 5 [ B

w(X,) — vi(X) ||?

dt
O¢ (Xt)

I. V. Girsanov. . Theory of
Probability & Its Applications, vol. 5, no. 3 (1960), pp. 285—-301.



Diffusion Model

dXt: 0dt+0’tdBt
dxt = —O'th logpt(xt) dt + o0y dBt
dzt = —O'tQSt(zt; 0) dt —+ O¢ dBt

® Applying Girsanov's change of variable:

KL(X12) = K ZiT + 5 [ Bio? [V logp(%,) ~ su(%: )1 d

— this is nothing but (weighted) score matching!

e Can sample X; = X;_; by simulating the forward SDE:
Xo ~ Pdata, dXy = 0dt + 0, dB;

® But, how to ?



Denoising Score Matching

Theorem: Tweedie's Formula
Let X=Y +Z where Y L Z ~ N(0,%). Then,

Viogpy(x) = —X 7" - E[Z|X = x]

t
X =0y dB, = [Xe=Xo T &) where e ~N(0;), &2 = / o2 ds
(0]

= Vlogpt(xt) = ]E [Xoéxt | Xt = Xt:|

2KL(X||2) :/E 21V 1og pi(Xe) — s4(Xy; 0)||?] dt

— [ BB %] = 5% )Pt = By, [o71%05% = si(Xes )|




Forward SDE Reverse SDE
dz = f(z,t)dt + g(t)dw 4)@— dz = [f(z,t) — ¢*(t)V: logp(x)] dt + g(t)dw

p(z) =——————————————> py(z)

Y. Song et al. . In: International Conference on Learning
Representations. 2021.



Score-based Diffusion Generative Models

dXt = Vt(xt) dt + Ot dBt

Xt+1 ~ Xt + - Vt(Xt) + Ut\/ﬁ - €, Where € v N(O, I)
® Key is to estimate the score s;(x) = V log p;
e Apply denoising score matching: [V logp(x|z) | x] = Vi log p(x)

min D Mells:(Xe; 0) — Vi log p(Xe[Xo)||?
0 trop,(Xe,Xo)~p(x¢,%0) t“ t( t ) gp( tl 0)“2

— Xo ~ Ppdata(x), the data density
— p(x¢|x0) can be derived from the forward SDE, in closed-form if v, is affine
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Inference After Learning

dXt = Vt(Xt) dt + ¢ dBt

d)zt =

d)_(t =

Vt(Xt) - 0152 St(xt; 0)

dt + 0y dBt

Vt(}_(t) = O'tQ St()_(t;e)

dt

® Run the reverse SDE or the equivalent ODE

— sample x ~ N (0, 1d)

— apply numerical SDE or ODE solver (e.g.,

D. J. Higham.
(2001), pp. 525-546

. SIAM Review, vol. 43, no. 3
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ODE Evaluation Points NFE=548
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Simple or Sophisticated?

Consider two stochastic processes and their reverse processes:
X, = dB,, Xy ~ po, dX; = —V log ps(X;) + dBs,
dz, = dB,, Zy ~ q, dZ, = ~Vlog g,(Zy) + dB,.
Then, applying Girsanov's theorem twice we obtain
KL(X]1Z) = KL(pollgo) + 0 = KL(X[|Z) = KL(X7l|Zr) + ;/OTE[HVlOgPt(Xt) — Vlog g:(Xy)[[3] dt,
Thus,

1 oo
jlgn KL(XTHZT) -0 = KL(p0||q0) = 5/ ]E[HVlogpt(Xt) — Vlog Qt(xt)”%] dt.
o0 1}





