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Notation for divergence

→↑,b↓ :=
)︄

i

↑ibi, in particular →↑,↑p↓ =
)︄

i

↑i(↑ip) =
)︄

i

↑2
i p =: !p.

• b : Rd ↔ Rd
and p : Rd ↔ R

• Not to confuse the scalar →↑,↑p↓ with the matrix ↑2
p

[︄
→↑p(x),b(x)↓ dx = ↗

[︄
p(x) →↑,b(x)↓ dx

• Assuming each pbi vanishes at the boundary

• “Just” pull the scale-valued function p out of the inner product and negate the sign
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]︄
↑2

, A
⌊︄
=

)︄

i,j

↑2
ijAij, in particular

]︄
↑2

, pI
⌊︄
= !p.

• A : Rd ↔ Rd→d
and p : Rd ↔ R

• Again, not to confuse the scalar →↑2
, A↓ with the tensor ↑2

A

• We omit arguments of functions whenever no confusion will arise

– for instance, we will rewrite integration by parts simply as

[︄
→↑p,b↓ = ↗

[︄
p →↑,b↓ ↘≃

[︄
→↑p+ p↑,b↓ =

[︄
→↑, pb↓ = 0

– it should be clear that p and b are functions, whose arguments are being integrated over
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Neural Ordinary Di!erential Equations (ODE)
xt+1 ⇐ xt + ωt · vt(xt) =: Tt(xt)

dxt = vt(xt) dt

• Suppose xt ⇒ pt

• Apply the change-of-variable formula we know xt+1 ⇒ pt+1, where

log pt+1(xt+1) = log pt(xt)↗ log | det↑xTt(xt)|
= log pt(xt)↗ log | det[Id + ωt ·↑xvt(xt)]|
⇐ log pt(xt)↗ ωt · →↑x,vt(xt)↓

• Continuous change-of-variable formula:

d log pt(xt)

dt
= ↗→↑x,vt(xt)↓

T. Q. Chen, Y. Rubanova, J. Bettencourt, and D. K. Duvenaud. “Neural ordinary di!erential equations”. In: Advances in Neural Information
Processing Systems. code available at https://github.com/rtqichen/torchdiffeq/tree/master. 2018, pp. 6572–6583.
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d log pt(xt)

dt
= 1

pt
[εtpt + →↑xpt;vt↓] = 1

pt
[↗→↑x; ptvt↓+ →↑xpt;vt↓] = ↗→↑x;vt(xt)↓

• Can compute the log-likelihood along the trajectory of xt:

⌋︄
ẋt = vt(xt,u)

l̇t = ↗→↑x;vt(xt,u)↓
, with initial condition x0 and l0. (1)

• More importantly, can solve (1) in reverse, from end contition x1 and l1, so that

log p1(x1)↗ log p0(x0) = l1 ↗ l0
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MLE for Neural ODE

Ẋt = vt(Xt;w), X0 ⇒ pnoise, e.g., N (0, I)

• Learn the vector field vt(·;w) so that X1 ⇒ pdata

Representation

Can every pdata be obtained through some vector field vt?

• Maximum likelihood estimation:

min KL(pdata⇑p1) = KL(q0⇑pnoise)

– p1 is obtained by running ODE forward with initialization pnoise
– q0 is obtained by running ODE backward with initialization pdata
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Y. Song et al. “Score-Based Generative Modeling through Stochastic Di!erential Equations”. In: International Conference on Learning
Representations. 2021.
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• KL(pdata⇑p1) ⇓ ↗Epdata log p1(X)

– have a sample from pdata

– can compute log p1(X1) using change-of-variable:
d log pt(xt)

dt = ↗→↑x,vt(xt)↓

– but X1 ⇒ p1 ⇔= pdata !

• KL(q0⇑pnoise) ⇓ ↗Eq0 [log pnoise(X0)↗ log q0(X0)]

– can sample from q0: Ẋt = vt(Xt;w), X1 ⇒ pdata

– can compute log q0(X0) using change-of-variable:
d log pt(xt)

dt = ↗→↑x,vt(xt)↓

– of course, can compute log pnoise(X0)
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A Little Bit of Math
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Markov Process

Xt = X0 +

[︄ t

0

bs(Xs) ds+

[︄ t

0

Gs(Xs) dBs

dXt = bt(Xt) +Gt(Xt) dBt, given X0

For any bounded and continuous function f :

↖t ↙ s, Ex[f(Xt)|Fs] = E
x[f(Xt)|Xs]

• Ex
: when we start with X0 = x

• Given the past, future only depends on the present
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Brownian Motion

A stochastic process {Bt : t ↙ 0} is called Brownian motion if

• Initialization: B0 ⇓ 0

• Independent increment: ↖n, ↖t0 ∝ t1 ∝ · · · ∝ tn, Bt1 ↗ Bt0 ′ · · · ′ Btn ↗ Btn→1

• Stationary increment: ↖s ∝ t, Bt ↗ Bs ∞ Bt↑s↗B0

• Gaussian: Bt ∞ N (0, t)

• Continuous sample path: for (almost) all ϑ, t ∈↔ Bt(ϑ) is continuous

Brownian motion is a (continuous) Gaussian process with covariance kernel

ϖ(s, t) := E(BsBt) = s ∋ t
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Transition and Semigroup

• Let p(s,x, t, dy) be a Markov transition kernel, satisfying Chapman-Kolmogorov:

↖s ∝ ϱ ∝ t, p(s,x, t, dy) =

[︄
p(s,x, ϱ, dz)p(ϱ, z, t, dy)

• Two bounded (in fact, contractive) and positive linear opeators:

Ps,t : b” ↔ b”, Ps,tf(x) = (Ps,tf)(x) :=

[︄
p(s,x, t, dy)f(y)

P↓
s,t : M(”) ↔ M(”), µP↓

s,t(dy) = (µP↓
s,t)(dy) :=

[︄
p(s,x, t, dy)µ(dx)

• From Chapman-Kolmogorov we derive a semigroup:

Ps,t = Ps,ωPω,t, Pt,t = Id, Ps,t1 = 1.
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Adjoint and Generator

→f ;µ↓ :=
[︄

f(x)µ(dx) = Ef(X), where X ⇒ µ

• Adjoint, as “transpose”:

→Ps,tf ;µ↓ =
]︄
f ;µP↓

s,t

⌊︄

• Generator, as infinitesimal change:

Lt := lim
h↔0

Pt,t+h↑Id
h , L ↓

t := lim
h↔0

P↑
t,t+h↑Id

h . [recall Pt,t = Id]

• Formally,
dPs,t

dt = Ps,tLt and
dP↑

s,t

dt = P↓
s,tL

↓
t
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Di!usion Process
Under mild conditions, a Markov process has generator

Ltf(x) =
1
2

]︄
A(t,x),↑2

f(x)
⌊︄
+ →b(t,x),↑f(x)↓ , where A(t,x) △ 0

i! the following holds for all t and x: for all compact nhood K(x),

lim
h↔0

1

h

[︄

X\K(x)

p(t,x, t+ h, dy) = 0,

lim
h↔0

1

h

[︄

K(x)

(y ↗ x) · p(t,x, t+ h, dy) = b(t,x),

lim
h↔0

1

h

[︄

K(x)

(y ↗ x)▽ (y ↗ x) · p(t,x, t+ h, dy) = A(t,x).

pL ↓
t = 1

2

]︄
↑2

, pA
⌊︄
↗ →↑, pb↓
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Tracking the Mean and Covariance

lim
h↔0

E[Xt+h|Xt]↗ Xt

h
= b(t,Xt), lim

h↔0

E[(Xt+h ↗ Xt)▽ (Xt+h ↗ Xt)|Xt]

h
= A(t,Xt).

dmt := dE[Xt] = lim
h→0

E[Xt+h ↗ Xt]

h
= E

⌈︄
lim
h→0

E[Xt+h ↗ Xt|Xt]

h

⌉︄
= E[bt(Xt)]

d!t := dE[(Xt ↗mt)▽ (Xt ↗mt)]

= lim
h→0

E[(Xt+h ↗mt+h)▽ (Xt+h ↗mt+h)]↗ E[(Xt ↗mt)▽ (Xt ↗mt)]

h
,

= lim
h→0

E[(Xt+h ↗ Xt)▽ (Xt+h ↗ Xt)] + E[(Xt ↗mt)▽ (Xt+h ↗ Xt)] + E[(Xt+h ↗ Xt)▽ (Xt ↗mt)]

h

= E[At(Xt) + (Xt ↗mt)▽ bt(Xt) + bt(Xt)▽ (Xt ↗mt)]
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Ornstein-Uhlenbeck Process: A"ne Drift and Di!usion

When the drift bt(Xt) and di!usion At(Xt) are a"ne in Xt:

dmt = bt(mt) =: Ctmt + at

d”t = At(mt) + ”tC
↗
t + Ct”t.

Introducing the flow #(t, s) (fundamental matrix, solution of the homogeneous ODE):

mt := #(t, s)ms +

[︄ t

s

#(t, ϱ)aω dϱ

”t := #(t, s)”s#
↗(t, s) +

[︄ t

s

#(t, ϱ)Aω (mω )#
↗(t, ϱ) dϱ.

When Ct = ct · C, we simply have #(t, s) = exp(
{︄ t

s cω dϱ · C).
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Fokker-Planck-Kolmogorov (FPK) Equation

• Recall that formally,
dPs,t

dt = Ps,tLt, hence

→f ; εtp(s,x, t, ·)↓ = εt →f ; p(s,x, t, ·)↓ = Ps,tLtf(x) = →Ltf ; p(s,x, t, ·)↓
= →f ;L ↓

t p(s,x, t, ·)↓

• For a di!usion process:

εtp = L ↓
t p = ↗→↑, pb↓+ 1

2

]︄
↑2

, pA
⌊︄

(forward)

↗εsp = Lsp = →b,↑p↓+ 1
2

]︄
A,↑2

p
⌊︄

(backward)
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FPK for SDE
Consider the stochastic di!erential equation

dXt = bt(Xt) dt+Gt(Xt) dBt, Ltf(x) := →bt(x),↑f(x)↓+ 1
2

]︄
Gt(x)Gt(x)

↗
,↑2

f(x)
⌊︄

Apply Itô’s formula to obtain

df(Xt) = ↓bt(Xt),↔f(Xt)↗ + 1
2

)︄
Gt(Xt)G

→
t (Xt),↔2f(Xt)

[︄
dt + ↔f(Xt) · Gt(Xt) dBt.

Take expectation from s at position x to t on both sides:

dE[f(Xt)] = E
]︄
↓bt(Xt),↔f(Xt)↗ + 1

2

)︄
Gt(Xt)G

→
t (Xt),↔2f(Xt)

[︄⌊︄
dt

ωt ↓f ; p(s,x, t,y)↗ = ↓f ; ωtp(s,x, t,y)↗ = ↓Ltf ; p(s,x, t,y)↗ =
⌋︄
f ; L↑

t p(s,x, t,y)
⌈︄

εtp = L ↓
t p = ↗→↑, pb↓+ 1

2

]︄
↑2

, pGG
↗⌊︄

εsp = Lsp = →b,↑p↓+ 1
2

]︄
GG

↗
,↑2

p
⌊︄

• Continuity equation when G = 0
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Heat Equation

The heat equation

εtp(t,x) = !xp(t,x)

corresponds to the (trivial) SDE

dXt =
̸
2 dBt.

• Note that Gt =
̸
2I, not merely

̸
2

• With X0 = 0 we have Xt =
̸
2Bt ⇒ N (0, 2t)

• Since p(t,x) is the density of Xt, the Gaussian N (0, 2t) solves the heat equation

– can also be verified directly through tedious calculation
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Itô Process

dX(t,ϑ) = F(t,ϑ) dt+ G(t,ϑ) dB(t,ϑ)

X(t,ϑ) = X(0,ϑ) +

[︄ t

0

F(s,ϑ) ds+

[︄ t

0

G(s,ϑ) dB(s,ϑ)

• The 1st integral is the familiar Riemann or Lebesgue integral

• The 2nd integral is Itô’s stochastic integral

Itô’s formula:

df(Xt,Vt) = fx(Xt,Vt) dXt + fy(Xt,Vt) dVt +
1
2fxx(Xt,Vt) d[X]t

• [X]t := limn↘≃
}︄n

k=0(Xtk+1
↗ Xtk)

2 = G↗G · [B]t, [B]t = t
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Itô’s Stochastic Di!erential Equation (SDE)

dXt = b(t,Xt) dt+G(t,Xt) dBt

Xt = X0 +

[︄ t

0

bs(Xs) ds+

[︄ t

0

Gs(Xs) dBs

• t ∈↔ Xt is continuous

• We assume b and G are continuous

• The 1st integral is the usual Riemann integral

• The 2nd integral is Itô’s stochastic integral

But, does such Xt actually exist?
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Geometric Brownian Motion

dSt
St

= b dt+ ς dBt, or equivalently dSt = bSt dt+ ςSt dBt

• b(St) = bSt

• G(St) = ςSt

• Apply Itô’s formula to f(St) = ln(St):

d ln(St) =
1
St
dSt ↗ 1

2S2
t
d[S]t =

1
St
dSt ↗ ε2

2 dt = (b↗ ε2

2 ) dt+ ς dBt

St = S0 · exp
⟨︄
(b↗ ε2

2 )t+ ςBt

⟩︄

• Take expectation:

dE[St] = bE[St] · dt =≃ E[St] = E[S0] · exp(bt)
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Langevin’s Equation

dXt = ↗bXt dt+ ς dBt

• Xt is the velocity of a particle

• b is the friction coe"cient

• ς models random perturbation

Xt = exp(↗bt) · X0 + ς

[︄ t

0

exp[↗b(t↗ s)] dBs

E[Xt] = exp(↗bt) · E[X0], E[X2
t ] = exp(↗2bt) · E[X2

0] +
ε2

2b [1↗ exp(↗2bt)]

• As t ↔ ↦, Xt ↔ N (0, ε
2

2b )
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Brownian Motion on a Riemannian Manifold

X(t) = (cosBt, sinBt)

⌋︄
dX1 = ↗1

2X1 dt↗ X2 dBt

dX2 = ↗1
2X2 dt+ X1 dBt

↘≃ dX = ↗1
2X dt+ JX dBt, J =

⌈︄
0 ↗1
1 0

⌉︄

dE[X] = ↗1
2E[X] dt =≃ E[X] = E[X(0)] · exp(↗1

2t)
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Brownian Bridge

dXt =
↗Xt

1↗ t
dt+ dBt, 0 ∝ t < 1, X0 = 0

Xt =

[︄ t

0

1↗ t

1↗ s
dBs, E[Xt] ⇓ 0

L01 25/61



Existence and Uniqueness

Xt = X0 +

[︄ t

0

bs(Xs) ds+

[︄ t

0

Gs(Xs) dBs

There exists a unique continuous solution of SDE, if

• b and G are locally Lipschitz continuous (e.g., continuously di!erentiable)

– i.e., |b(x)↗ b(y)| ∝ L · |x↗ y| for all x,y ∀ B(0, r)

• b and G have linear growth

– i.e., |b(x)|2 ∝ K · (1 + |x|2)

– trivially holds if b is linear in x

L01 26/61



Euler-Maruyama

Xt = Xs +

[︄ t

s

bω (Xω ) dϱ +

[︄ t

s

Gω (Xω ) dBω

⇐ Xs + bs(Xs) · [t↗ s] +Gs(Xs)[Bt ↗ Bs]

• Divide 0 := t0 < t1 < · · · < tn < tn+1 = t

• For k = 1, . . . , n, compute

Xtk+1
= Xtk + btk(Xtk) ·!tk +Gtk(Xtk) ·!Btk

– ”Btk
i.i.d.∞ N (0,”tk)

• Interpolate

– X̂t :=
}︄

k Xtk · !tk ∝ t < tk+1"
– X̄t := T (X̂t)
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“I did not hear any reaction from other mathematicians about my paper
until long after the end of the war, when Gisiro Maruyama told me in person
that he had been drafted into the army and had read my paper in the barracks
in 1942. Perhaps he and I were the only researchers then interested in the
problem of sample paths.”

— Kiyosi Itô
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Langevin again

dXt = ↗b(Xt) dt+ ςt dBt

• Euler-Maruyama:

Xk+1 = Xk ↗ b(Xk)!tk +N (0, ς2
k!tk)

• Let !tk =: ωk and b(Xk) =: ↑f(Xt)

Xk+1 = Xk ↗ ωk[↑f(Xk) +N (0, ς2
k/ωk)]

• In typical SGD, ωk = O(1/
̸
k) and ς

2
k/ωk = O(1), meaning ςk = k

↑1/4

• In Langevin gradient, ςk ⇓ 1
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Complexity

It can be shown that the Euler-Muruyama scheme has

• weak convergence of order O(!t)

• strong convergence of order O(
̸
!t)

More generally, for a scheme with convergence order O(!t)p, to achieve φ accuracy:

• Need !t = φ
1/p

• Need to evaluates b and G roughly 1/!t times

• For p = 1/2, obtain the familiar rate 1/φ2 for SGD

L01 31/61



Reverse-time SDE

dXt = bt(Xt) dt+Gt(Xt) dBt (forward-SDE)

d
!
Xt =

!
bt(

!
Xt) dt+

!
Gt(

!
Xt) d

!
Bt (reverse-SDE)

• FPK to reverse-SDE (negation due to time reversal:
!
Xt = X1↑t):

↗εs
!
p(s,x, t,y) = ↗

/︄
↑,

!
p

!
b
\︄
+ 1

2

/︄
↑2

,
!
p

!
A

\︄
, where

!
A :=

!
G

!
G

↗

• FPK to forward-SDE for p(s,x, t,y) and q(s,x):

↗εs log p =
→b,↑p↓+ 1

2 →A,↑
2
p↓

p
, ↗εs log q =

→↑, qb↓ ↗ 1
2 →↑

2
, qA↓

q
, A := GG

↗

B. D. O. Anderson. “Reverse-time di!usion equation models”. Stochastic Processes and their Applications, vol. 12, no. 3 (1982),
pp. 313–326.
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Let r = pq (the joint density of Xs and Xt). We add the above two equations:

↗εs log r =
→b,↑p↓+ 1

2 →A,↑
2
p↓

p
+

→↑, qb↓ ↗ 1
2 →↑

2
, qA↓

q

= →b,↑ log p↓+ 1
2p

]︄
A,↑2

p
⌊︄
+ →↑ log q,b↓+ →↑,b↓ ↗ 1

2q

]︄
↑2

, qA
⌊︄

= 1
r [→↑, rb↓+ q

2

]︄
A,↑2

p
⌊︄
↗ p

2

]︄
↑2

, qA
⌊︄
]

= 1
r [→↑, rb↓+ 1

2

]︄
qA,↑2

p
⌊︄
↗ 1

2 →p↑,↑ · (qA)↓]
= 1

r [→↑, rb↓+ 1
2

]︄
qA,↑2

p
⌊︄
+ 1

2 →↑p,↑ · (qA)↓ ↗ 1
2 →↑p,↑ · (qA)↓↗

↗ 1
2 →p↑,↑ · (qA)↓]

= 1
r [→↑, rb↓+ 1

2 →↑, (↑p) · (qA)↓ ↗ 1
2 →↑, p↑ · (qA)↓]

= 1
r [→↑, rb↓+ 1

2 →↑,↑ · (pqA)↓ ↗ →↑, p↑ · (qA)↓]

= 1
r

⟨︄/︄
↑, r(b↗ 1

q↑ · (qA))
\︄
+ 1

2

]︄
↑2

, rA
⌊︄⟩︄
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↗εsr =
/︄
↑, r(b↗ 1

q↑ · (qA))
\︄
+ 1

2

]︄
↑2

, rA
⌊︄

• Dividing both sides by q(t,y) (and noting that ↑ and ↑2
are w.r.t. x):

↗εs
!
p(s,x, t,y) =

/︄
↑,

!
p(b↗ 1

q↑ · (qA))
\︄
+ 1

2

/︄
↑2

,
!
pA

\︄

=
/︄
↑,

!
p(b↗ Asq +

1
2As!

p
↗ 1

2↑ · A)
\︄

• Comparing with the FPK for reverse-SDE, we may identify

!
G1↑t = Gt,

!
b1↑t = ↗bt +

1
q↑ · (qGtG

↗
t ), or,

!
G1↑t = 0,

!
b1↑t = ↗bt +GtG

↗
t sq ↗ 1

2GtG
↗
t s!

p
+ 1

2↑ · (GtG
↗
t )
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Doob’s h-transform
Let Xt be a Markov process with transition kernel p(s,x, t, dy). Fix an end time T .

• Define

h(t,y) := p(t,y, T, A) = Pr(XT ∀ A|Xt = y)

• Conditioned on the event XT ∀ A, we have a new Markov kernel:

p̃(s,x, t, B) := Pr(Xt ∀ B|Xs = x,XT ∀ A) =
Pr(Xt ∀ B,XT ∀ A|Xs = x)

Pr(XT ∀ A|Xs = x)

=

[︄

B

h(t,y)p(s,x, t, dy)/h(s,x),

or written more succinctly in terms of the balance equation:

h(s,x)p̃(s,x, t, dy) = p(s,x, t, dy)h(t,y), i.e., p̃ = h
↑1
ph.
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p̃(t,x, t, dy) = h(t,y)p(t,x, t, dy)/h(t,x) = ↼x(dy)

p̃(s,x, t, dy) = h(t,y)p(s,x, t, dy)/h(s,x)

= h(t,y)

[︄

z

p(s,x, ϱ, dz)p(ϱ, z, t, dy)/h(s,x)

=

[︄

z

h(ϱ, z)p(s,x, ϱ, dz)/h(s,x) · h(t,y)p(ϱ, z, t, dy)/h(ϱ, z)

=

[︄

z

p̃(s,x, ϱ, dz)p̃(ϱ, z, t, dy)

p̃(s,x, T, A) = 1 =≃ Pr(X̃T ∀ A) = 1
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More Generally

• Everything remains true for any positive h that is consistent:

E[h(t,Xt)|Xs] = h(s,Xs), i.e., h = Ps,th.

• In particular, for Markov densities we may set

h(t,y) := p(t,y, T,xT ), h(T,y) = p(T,y, T,xT ) = ↼xT (y),

where xT is a fixed value that the process ends at.
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h-transform for Di!usions

Consider the di!usion process

dXt = bt(Xt) dt+Gt(Xt) dBt, L f = →↑f,b↓+ 1
2 →↑

2
f, A↓ , A = GtG

↗
t

The generator of the conditional Markov kernel p̃ is

L̃sf = 1
h(εs + Ls)(hf) = →↑ log h▽↑f, A↓+ Lsf = →↑f, A↑ log h↓+ Lsf,

corresponding to the SDE:

dXt = [bt(Xt) +Gt(Xt)Gt(Xt)
↗↑ log h(t,Xt)] dt+Gt(Xt) dBt.
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L̃sf = lim
ϑ↔0

E[f(X̃s+ϑ)↗ f(Xs)|Xs]

↼
= lim

ϑ↔0

E[f(Xs+ϑ)
h(s+ϑ,Xs+ε)

h(s,Xs)
↗ f(Xs)|Xs]

↼

=
1

h(s,Xs)
lim
ϑ↔0

E[f(Xs+ϑ)
/︂
h(s,Xs+ϑ) + εsh(s,Xs+ϑ)↼ + o(↼)

\︂
↗ f(Xs)h(s,Xs)|Xs]

↼

= 1
h(εs + Ls)(hf).

• Setting f ⇓ 1 we know
1
h(εs + Ls)h = 0

• Simplify
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Brownian Bridge

Consider a Brownian motion with transition density p:

↖t ∀ [0, T ], dXt = dBt, X0 = 0

• Define

h(t,x) := p(t,x, T,0) ∃ exp

⎛
↗⇑0↗ x⇑2

2(T ↗ t)

⎞

• Thus, ↑ log h(t,x) = ↗ x
T↑t

• The conditional process corresponds to the SDE:

dXt = ↗ Xt
T↑t dt+ dBt,

namely the Brownian bridge.
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Back to Machine Learning
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Di!usion Models

Y. Song et al. “Score-Based Generative Modeling through Stochastic Di!erential Equations”. In: International Conference on Learning
Representations. 2021.
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Stochastic Di!erential Equations (SDE)

dXt = vt(Xt) dt+ ςt dBt

Xt+1 ⇐ Xt + ωt · vt(Xt) + ςt
̸
ωt · ω, where ω ⇒ N (0, I)

• Intuitively, Xt+1 is now a deformed, noisy version of Xt

– drift term vt: the infinitesimal change of E[Xu | Xt] when u ¬ t

– di!usion term ωt: the infinitesimal change of E[(Xu ↗ Xt)(Xu ↗ Xt)↑ | Xt] when u ¬ t

• Kolmogorov forward equation (a.k.a. Fokker-Planck equation):

↑tpt = ↗→↑x, ptvt↓+ 1
2ς

2
t

]︄
↑x↑↗

x , pt

⌊︄
, xt ⇒ pt

• Kolmogorov backward equation (with fixed end time t > s):

↗εsps = →vs,↑xps↓+ 1
2ς

2
s↑x↑↗

x ps
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ODE ∅ SDE

dxt = vt(xt) dt

dXt = vt(Xt) dt+ ςt dBt

• Any ODE is a (trivial) SDE with ςt ⇓ 0

• Conversely, any SDE is “equivalent” (meaning marginal preserving) to an ODE:

vt ℜ vt ↗ 1
2ς

2
t↑x log pt

• The score function plays an important role:

s(x) = sp(x) := ↑x log p(x)
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A Naive Approach

dXt = vt(Xt) dt+ ςt dBt, X0 ⇒ pnoise

Xt+1 ⇐ Xt + ωt · vt(Xt) + ςt
̸
ωt · ω, where ω ⇒ N (0, I)

• KL(pdata⇑p1) ⇓ ↗Epdata log p1(X)

– have a sample from pdata

– can compute log p1(X1) using Fokker-Planck εtpt = ↗→εx, ptvt↓+ 1
2ω

2
t

]︄
εxε↑

x , pt
⌊︄

??

– but X1 ⇒ p1 ⇔= pdata !

• KL(q0⇑pnoise) ⇓ ↗Eq0 [log pnoise(X0)↗ log q0(X0)]

– can we even run an SDE backwards to get q0?
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Sampling from a Distribution on Rd
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Sampling from a Distribution on Rd
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Path Space and Path Measure

• x = (xt)t⇐[0,1] is a path

• Disintegration (fancy name for joint = marginal x conditional):

p(x) = p0(x0) · p(x|x0) = p1(x1) · p(x|x1)
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Time Reversal

dXt = vt(Xt) dt+ ςt dBt

dX̄t = [vt(X̄t)↗ ς
2
t↑ log pt(X̄t)] dt+ ςt dB̄t

H. Föllmer. “An entropy approach to the time reversal of di!usion processes”. In: Stochastic Di!erential Systems Filtering and Control.
Springer, 1985, pp. 156–163.
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Reverse-time SDE

dXt = vt(Xt) dt+ ςt dBt

dX̄t = v̄t(X̄t) dt+ ςt dB̄t, where

v̄t = vt ↗ ς
2
t εx log pt

• Time flows backwards for the bar quantities

• Forward SDE: di!uses date into noise

• Reverse SDE: molds noise into data

• vt and ςt together specify v̄t: key is to estimate the score εx log pt

B. D. O. Anderson. “Reverse-time di!usion equation models”. Stochastic Processes and their Applications, vol. 12, no. 3 (1982),
pp. 313–326.
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Likelihood Ratio

dXt = ut(Xt) dt+ ςt(Xt) dBt

dZt = vt(Zt) dt+ ςt(Zt) dBt

Theorem: Girsanov’s Change of Variable

dX

dZ
(X) = exp

⎡[︄ ⎛
ut(Xt)↗ vt(Xt)

ςt(Xt)

⎞
dBt +

1

2

[︄ ⎤⎤⎤⎤
ut(Xt)↗ vt(Xt)

ςt(Xt)

⎤⎤⎤⎤
2

dt

⎣

Under mild conditions:

KL(X⇑Z) := EX

⌈︄
log

dX

dZ

⌉︄
= KL(X0⇑Z0) +

1

2

[︄
E

⎤⎤⎤⎤
ut(Xt)↗ vt(Xt)

ςt(Xt)

⎤⎤⎤⎤
2

dt

I. V. Girsanov. “On Transforming a Certain Class of Stochastic Processes by Absolutely Continuous Substitution of Measures”. Theory of
Probability & Its Applications, vol. 5, no. 3 (1960), pp. 285–301.
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Di!usion Model

dXt = 0 dt+ ςt dBt

dX̄t = ↗ς
2
t↑ log pt(X̄t) dt+ ςt dB̄t

dZ̄t = ↗ς
2
t st(Z̄t;ε) dt+ ςt dB̄t

• Applying Girsanov’s change of variable:

KL(X̄⇑Z̄) =!!!!!!""""""KL(X̄1⇑Z̄1) +
1

2

[︄
E[ς2

t

⎤⎤↑ log pt(X̄t)↗ st(X̄t;ε)
⎤⎤2
] dt

– this is nothing but (weighted) score matching!

• Can sample X̄t = X1↑t by simulating the forward SDE:

X0 ⇒ pdata, dXt = 0 dt+ ςt dBt

• But, how to avoid the true score ↑ log pt in the objective?
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Denoising Score Matching

Theorem: Tweedie’s Formula

Let X = Y + Z where Y ′ Z ⇒ N (0,”). Then,

↑ log pt(x) = ↗”↑1 · E[Z|X = x]

dXt = ςt dBt =≃ Xt = X0 + ωt , where ωt ⇒ N (0; ↽2t I), ↽
2
t =

[︄ t

0

ς
2
s ds

=≃ ↑ log pt(xt) = E
⟨︄
X0↑Xt

ϖ2t
| Xt = xt

⟩︄

2KL(X⇑Z)=
[︄
E[ς2

t ⇑↑ log pt(Xt)↗ st(Xt; ⇀)⇑2] dt

=

[︄
E[ς2

t ⇑E
⎦
X0↑Xt

ϖ2t
| Xt

⎢
↗ st(Xt; ⇀)⇑2] dt ⇓ Et,X0,Xt

⟨︄
ς
2
t ⇑X0↑Xt

ϖ2t
↗ st(Xt; ⇀)⇑2

⟩︄
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Y. Song et al. “Score-Based Generative Modeling through Stochastic Di!erential Equations”. In: International Conference on Learning
Representations. 2021.
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Score-based Di!usion Generative Models

dXt = vt(Xt) dt+ ςt dBt

Xt+1 ⇐ Xt + ωt · vt(Xt) + ςt
̸
ωt · ω, where ω ⇒ N (0, I)

• Key is to estimate the score st(x) = ↑x log pt

• Apply denoising score matching: E[↑x log p(x|z) | x] = ↑x log p(x)

min
ω

Ê
t⇒µ,(Xt,X0)⇒p(xt,x0)

⇁t⇑st(Xt;ε)↗↑x log p(Xt|X0)⇑22

– X0 ⇒ pdata(x), the data density

– p(xt|x0) can be derived from the forward SDE, in closed-form if vt is a"ne
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Inference After Learning

dXt = vt(Xt) dt+ ςt dBt

dX̄t = vt(X̄t)↗ ς
2
t st(X̄t;ε) dt+ ςt dB̄t

dx̄t = vt(x̄t)↗ 1
2ς

2
t st(x̄t;ε) dt

• Run the reverse SDE or the equivalent ODE

– sample x ⇒ N (0, Id)

– apply numerical SDE or ODE solver (e.g., Euler-Maruyama)

D. J. Higham. “An Algorithmic Introduction to Numerical Simulation of Stochastic Di!erential Equations”. SIAM Review, vol. 43, no. 3
(2001), pp. 525–546.
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Y. Song et al. “Score-Based Generative Modeling through Stochastic Di!erential Equations”. In: International Conference on Learning
Representations. 2021.
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Y. Song et al. “Score-Based Generative Modeling through Stochastic Di!erential Equations”. In: International Conference on Learning
Representations. 2021.
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Y. Song et al. “Score-Based Generative Modeling through Stochastic Di!erential Equations”. In: International Conference on Learning
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Stable Di!usion

R. Rombach, A. Blattmann, D. Lorenz, P. Esser, and B. Ommer. “High-Resolution Image Synthesis with Latent Di!usion Models”. In:
IEEE/CVF Conference on Computer Vision and Pattern Recognition. 2022, pp. 10674–10685.
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Simple or Sophisticated?

Consider two stochastic processes and their reverse processes:

dXt = dBt, X0 ⇒ p0, d
!
Xt = ↗↑ log pt(

!
Xt) + dBt,

dZt = dBt, Z0 ⇒ q0, d
!
Zt = ↗↑ log qt(

!
Zt) + dBt.

Then, applying Girsanov’s theorem twice we obtain

KL(X⇑Z) = KL(p0⇑q0) + 0 = KL(
!
X⇑

!
Z) = KL(XT ⇑ZT ) +

1

2

[︄ T

0
E[⇑↑ log pt(Xt)↗↑ log qt(Xt)⇑22] dt,

Thus,

lim
T↘≃

KL(XT⇑ZT ) ↔ 0 =≃ KL(p0⇑q0) =
1

2

[︄ ≃

0

E[⇑↑ log pt(Xt)↗↑ log qt(Xt)⇑22] dt.

L01 61/61




