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Course Logistics

e Course web:

® Learn:

® Piazza:

® Part |: Necessary technical background (me)

® Part Il: Paper presentation and discussion (you)

e Evaluation: presentation 30% + participation 20% + proposal 10% + project
report 40%



Introduction

Deep learning-based generative models:

® text generation, text-to-image generation, protein structure prediction

ChatGPT
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Auto-Regressive (AR) Flow Recalled

(Tyr)(x) =r(z) / det (VT(I)Z) / det (VT(2)Z1) / det (VT(3)Z2) / det (VT(4)Z3)

T; = Zj - €Xp (ozj(zl, .. .,zj_l)) + pi (21, ..o, 25m1) = Tj(21, . . ., -1, 25)

’Now let the number of layers approach oo!‘




Forward SDE (data — noise)
dx = f(x,t)dt + g(t)dw

She
SSREREEAT

score function

[£(x, 1) — g () log e (x)] dt + g(t)dw

Reverse SDE (noise — data)

Y. Song et al. . In: International Conference on Learning
g g
Representations. 2021




Data Forward SDE Reverse SDE

dz = f(z, t)dt + g(t)dw

Y. Song et al. . In: International Conference on Learning
Representations. 2021
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Plan

e Foundations: GAN, OT, diffusion, bridge, flow, discrete
® Training: architecture, scheduling, loss, evaluation

® |nference: chain-of-thought, speculative decoding

e Guidance: conditional sampling, alignment

e Distillation: one-step models, provenance

® Memorization: privacy, unlearning, erasure

® Deconvolution: noisy data, consistency

® Purification: removing adversarial pertubation, watermarking

® QOther



What Is a Random Variable? (X <) = Fo)

® We fix a standard sample space (€2, F, ) \7\[( Klw) € \[\;)D/Q’\?J >
— FC22 pu:F — [0,1] assigns probability =
— eg Q=1[0,1] and 1 the Lebesgue measure

® A random variable (r.v.) is a function X : (0, F, ) — (3, B)

— § is the state space (range), e.g., $ =R

— the distribution of X is a probability measure on B C 2%;
VB e B, (Xgn)(B):=pu{w:X(w) € B}) = (X~ 1(B))

— for this to always make sense, need X~1(B) C F (so-called measurability)
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Transport by Push-forward

VB e B, (Xuu)(B):=p({w:X(w)e B}) =

® The function (r.v.) X “pushes” the probability ;i forward to the state space

X (Q,F, 1) = (S, B,Xp0)

— by pulling the computation on B back to the sample space (£2, F, 1) through X1

® In particular, if w >~ p, then X(w) ~ X,p

pX~(B))

® This is one of the main ideas behind generative modeling




Example

e X~ N(0,1), meaning, X: (2, F,u) — (R, B) and Xyp = N(0,1)

- w~p = X(w)=N(0,1)

Y ~ x2, meaning, Y : (Q, F,p) = (R, B) and Yyu = x3

- wrp = Y(w) ~x?

Consider the function f : (R, B) — (R, B), z+ 2?

Then, the composition f(X) : (2, F, u) — (R, B)

What is the distribution of f(X)?



Function — Distribution

ulf(X) € 8] = ulX € f7H(S)] = pXT (f71(9)] = Xaud (F7(5)) = [fa(Xem)](S)
® The distribution of f(X) is thus (f o X)up = fu[Xup]
— recall that X4 pu is the distribution of X
® For our choice of f, we know f(X) >V, ie., fu[Xupu| =Yun
— in other words, X ~ Xyp = f(X) ~ Yupu
® Two equivalent views
— foX as composition: X : (2, F, ) — (R, B), f : (R, B) = (R, B)
— abstract 1 layer away: f: (R,B,N(0,1)) — (R, B)

® From one probability 4 on €2, each function f induces a distribution fx/ on $



Function «<— Distribution

Inverse problem: given distributions P and @, find f such that f+P = Q

® In generative models, P = N(0, I) is pure noise, Q data distribution
e |f possible, draw X ~ P to get f(X) ~ @ (a.k.a. sampling or inference)

Theorem: Representation through Push-forward

Let P be any continuous distribution on R™. For distribution @ on RY, there
exist maps f : R™ — R? such that

Z~P = f(Z)~Q, ie, faP=0Q.

® |n reality, only have empirical Q which is discrete



Example: X ~ A(0,1), Y ~ x?

® By definition, Y ~ X? hence f(z) = 2 works
® What is the distribution of ®(X), ® being c.d.f. of N'(0,1)?
Pr(®(X) <u) =Pr(X < & 'u) = ®[0 ' (u)] = u

® What is the distribution of U=1(®(X)), ¥ being c.d.f. of x??
Pr(¥(®(X)) < 1) = Pr(®(X) < ¥(1)) = W(1)

® Thus, f(z) = [¥~! o ®](x) also works



Generalization

Forward: X -5 1
- XX B X B I X~

Backward: Y < )

hin h h h
—YRY, & Y Y

f =hog brings X to Y; will stretch n — oo

Difficulty?






Maximum Likelihood Estimation (MLE)

® Given training data {x1,X2,...,X,} ~ ¢(x), the data density
® Parameterize pg(x), the , e.g., Gaussian mixture
e Estimate € by minimizing some “distance” between ¢ (the unknown data density)

and pg (the chosen model density): q %g/ﬁ} _ U%q,\ 9—[%?9

. 3 1
i KL(q||ps) = —log pe(x) - q(x) dx ~ - ;108;299(&')

o After training, can generate new data X ~ pg(x)

® Need a training sample {xy, ..., X, } from ¢ and an explicit form of pg
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Generative Adversarial Networks

Q

. _ 1 O
win Klglpo) = [ ~logpa(x) - a(x)dx el

e What if we do not have an explicit form of pgy?

® Would a sample from pg suffice?
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p(x) = (2m)~"[det($)] 2 exp | — 1(x — 1) TS (x - )]
Draw n ~ N(0,1d)

se

Recall: linear transformation of Gaussian is Gaussian
- Ex)=E(In+p)=p

- Ex—-—p)(x—p)'=L-E@mn") - LT=LLT = S

Let pg(x) = N (p,S) and we have found a way to sample from pg



Push-forward Maps

Theorem: Representation through push-forward

Let r be any continuous distribution on R". For distribution p on R?, there exist
maps T : R" — R? such that

Z~r = T(Z)~p

Result is false if r has a delta mass at some point

W.l.o.g. we may

Mapping T is not unique; can add additional restrictions to induce uniqueness

Mapping T can be weird if h < d...



A Whole New World

e Given training data {xi,...,x,} ~ ¢(x), the data density

e Can now parameterize the pe(x) as the push-forward of standard
Gaussian, i.e., the density of Ty(Z), where Z ~ N (0,1d) is noise

e Estimate € by minimizing some “distance” between ¢ (the unknown data density)
and pg (the chosen model density):

. . _ 1 <&
mn Kale) = [ Clospet) w3 st

e After training,



Minimizing KL with Both Inputs

e f:R, >R, t—tlogt—1t +1 isa convex function /‘)’\;}
S

Definition: Fenchel conjugate

The conjugate of any function f is the function f*(s) := max, st — f(t).

Moreover, if f is convex and continuous, then f = f**.



f(s) = mtaxst—f(t)] :mtaxst—tlogt—l—t -1

e Setting derivative to 0 we obtain s = logt, i.e., t = exp(s)

® Plugging back in we obtain
1*(s) = exp(s) —1

® Since f is convex and continuous, we have

ft) = [msax st — f*(s)] = [msax st —exp(s) +1



thgt—t+1 exp(s)_l

/ : /
/ o /
/ L, /
/ 1 /
_ o
1 3 4 -2 -1 0 1 2
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Duality

$
g flx)« 2 PQCK)=O

o= (M 4\K)

= [ [ s~ esptsima] ax

— Imnax
S:RI—-R

max
S:RI—SR

[ 1561a) = exp(3G0)o()] ax
%iS( ——Zexp (To(z)))



Putting Things Together

min KE(g[pe)i S amintmax EZS(,{)(XZ') - EZGXP [S6(Te(z;))]
=1 j=1

® Ty: generator, mapping latent noise z to observation x

® S, discriminator, distinguishing data x from generation Ty(z)

Both are neural networks parameterized by weights @ and ¢, resp.

A minimax game between generator and discriminator

At equilibrium: generator learns data and discriminator cannot distinguish
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Support Considerations

i KL(qlpo) = [ 10g ]je((’;)) - q(x) dx

e What happens if pg(x) =~ 07

mein KL(pel|q) = /log p;(if)) - pe(x) dx

e What happens if pg(x) ~ 07

po(X)

-q(x) + log —— - pe(x) | dx

q(x)

q(x)

po(x)

mjn KL(gln) + KLipall) = [ g



Generative Adversarial Networks

J8(qllpe) = KL(q||“£2) + KL(po||“E2)

e f:R, - R, t—tlogt— (t+1)log(t+ 1)+ log4 is convex
* f*(s) = —log(1 — exp(s)) — log 4

I. Goodfellow et al. . In: Advances in Neural Information Processing Systems. 2014.



tlogt — (£ + 1)log(t + 1) +log4 —log(1 — exp(s)) — log 4

1.5 \ 05
JB\ /
05 . ! /
—0.5 » )
-1.5
0 1 3 4 =5 —y -1
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‘ ' 1 n 1 m
min JS(qllpe) =~ min max — Z Se(xi) + p— Zlog [1 — exp(Sg(Te(z;)))] — log 4
i=1 =1

® Apply change of variable: Sy < log Sg:
min JS(q|lpe) =~ min max — ;log Se(xi) + P jzllog [1— S4(To(z;))]

1, ifxe{xy,...,x,} is real

® |et =
e {0’ if x € {To(21),...,To(zn)} is generated

® Let pi(x) := S4(x) € [0,1] be the probability of x being real, and py =1 — py:

ML i E log py (X)



How to Optimize GAN?

1 m
meln s Ex log py (X Zlog Se(x) E Z log [1 — S4(Te(z;))]
j=1
9(0)

® Run SGD on the generator 6: need gradient of ¢(0)
® Fix 6, run SGA on the discriminator ¢

- - Vg(8) can be computed by fixing (optimal) ¢
® |n practice, run SGA steps on the discriminator ¢

— often lead to the so-called model collapse: min max 6¢
9€[—1,1] p€[—1,1]

— better algorithms exist; can also perform averaging on 6 and ¢









https://www.whichfaceisreal.com/
https://thispersondoesnotexist.com/

T. Karras, S. Laine, and T. Aila. “A Style-Based Generator Architecture for Generative Adversarial Networks”. In: IEEE/CVF Conference on
Computer Vision and Pattern Recognition (CVPR). 2019, pp. 4396—4405, T. Karras et al. “Analyzing and Improving the Image Quality of
StyleGAN". In: IEEE/CVF Conference on Computer Vision and Pattern Recognition. 2020, pp. 8107—8116, T. Karras et al. “Alias-Free
Generative Adversarial Networks”. In: Advances in Neural Information Processing Systems 34. 2021.
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More Generally

min | Dy(qllpe) := /f ( alx) )po(X) dx

Po(x)

m

, l 1 i
~ 1’11011’1 mgx ﬁ ZZZI: S¢(X¢) - E ;f [S¢ (TG(Z]))]
® Choose any function f : R, — R, with normalization f(1) =0
® The f-divergence D such that D(¢||p) > 0, with equality iff ¢ = p

— f(t) =tlogt —t +1 gives KL
— f(t) = —logt gives reverse KL
- f(t)=tlogt— (t+1)log(t + 1) +log4 gives JS

I. Csiszar. “Eine informationstheoretische Ungleichung und ihre Anwendung auf den Beweis der Ergodizitdt von Markoffschen Ketten”. A

Magyar Tudomanyos Akadémia Matematikai Kutaté Intézetének kézleményei, vol. 8 (1963), pp. 85-108, S. Nowozin, B. Cseke, and R. Tomioka.
“ f-GAN: Training Generative Neural Samplers using Variational Divergence Minimization”. In: Advances in Neural Information Processing

Systems. 2016.
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CycleGAN

Paired Unpaired

J.-Y. Zhu, T. Park, P. Isola, and A. A. Efros. . In: IEEE
International Conference on Computer Vision (ICCV). 2017, pp. 2242—-2251.
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Cycle Loss

Dy [~ Ivl Ivl [7]

. . cycle- (,Ull 15((11( y
\—/ cycle- (on M(n(‘\ __.- I Q\..-

(a)

181}1 max Ellog D, (Y)] + E[log(1 — D,(G(X)))]+

+ Eflog D:(X)] + Ellog(1 — Do (G(Y)))]
+ E[F(G(X) = X + EIG(F(Y)) = Y]

J.-Y. Zhu, T. Park, P. Isola, and A. A. Efros. . In: IEEE
International Conference on Computer Vision (ICCV). 2017, pp. 2242—-2251.






Donsker-Varadhan Divergence

KL(gllp) = max / [S(x)q(x) — exp(S(x))p(x)] dx

S:RA—

= max max/[(S(x) —1t)q(x) —exp(S(x) — t)p(x)] dx

= max max/S(x)q(x) dx—t—exp(—t)-/exp(S(x))p(X) dx

S:RI-R teER

® Setting derivative w.r. t t to zero, we obtain ¢ = log [ exp(S(x))p(x) dx

L) o) [ S(x)a) dx ~ log [ exp(S(x))p(x) dx

log E, exp(S(X)) —Sup]E S(X) — KL(q|[p)



Projected GAN

A (converged)

Projected GAN (converged)

<
a
<
N
Z
<
O]
3
>
wn

" ]
17x faster —

L2
0.6x FIDl ‘

10 15 20 %
Training Time [hours]

Projected GAN

minmax » _ Ellog Di(P(X))] + Ellog(1 — Dy(P(G(2))))]

SauerCMG21.



Other Variants

o MMD-GAN. Discriminator from the unit ball of an RKHS:

min max  Exwo zwr [S(X) — S(Te(2))]?
o _max B, 2o [S(X) — S(To(D)
— reproducing property: S(X) — S(To(Z)) = (k(-,X) — k(-, To(Z)), S)
— apply Cauchy-Schwarz to eliminate S

® \Nasserstein GAN. Discriminator from all functions:

Tl e Exq, zor [S(X) = 5(T(Z2))]

J/

NV
Wasserstein distance

— parameterize S as a neural network

G. K. Dziugaite, D. M. Roy, and Z. Ghahramani. . In:
Conference on Uncertainty in Artificial Intelligence. 2015, Y. Li, K. Swersky, and R. Zemel. . In:
Proceedings of the 32nd International Conference on Machine Learning. 2015, M. Arjovsky, S. Chintala, and L. Bottou.

. In: Proceedings of the 34th International Conference on Machine Learning. 2017.
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The Matching Problem

Individual partner
preferences are
ordered left to right.

%)
=
=]
=
=)
=
o
o
-
<
E
=

® Matching co-op students with companies, organ donors with patients, etc.




Stable Matching

Definition: Blocking pair

A pair (i, j) and (i', j') where both i and j' would prefer to swap.

Example: Blocking pair

(a, ©) and (a, 0): everyone is better off after the swap...

® A stable matching is one when there is no blocking pair
® More generally, can define a cost ¢(7, j) for matching i-th man with j-th woman

® A necessary condition: ¢(z,7) + c(7, j') < c(i,7") + c(@', j)

D. Gale and L. S. Shapley. . The American Mathematical Monthly, vol. 69, no. 1 (1962),
pp. 9-15



Current partner Failed match | iiia) velationahip

|é O O O O 0 0 9 |é’ © O O  proposals are made
by the women to their
first choice. Men
accept the proposal
from their more highly
ranked choice if they
are proposed to by
more than one
woman.

Rejected——




Previous ——
match

Unmatched women
now propose to their
next choice. Men
accept the new pro-
posal if it comes from
a more preferable
partner, ending their
previous relationship.




The process repeats
® O O O until..

™
Q
=
=2
o
(=5




... everyone is paired
O O 0 O ® O O O;  andnotwo people

prefer each other to

their current partner.




Who Should Propose?

WOMEN PROPOSE

©

Current partner The group making the
O O © O 0 0 proposals is indicated

by the hash pattern.

MEN PROPOSE

On average, the group
making the proposals

will finish with more
desirable matches
than the group receiv-
ing the proposals.




i
TRACKING
~ THE
AUTOMATIC
ANT

AND OTHER MATHEMATICAL
EXPLORATIONS

DavID GALE

A Collection of Mathematical Entertainments Columns from

ROBERT J. AUMANN
LLOYD S. SHAPLEY

Values of
Non-Atomic Games

v (Fets
3 What @

—and Why

ALVIN E. ROTH

THE NOBEL PRIZE IN ECONOMICS




Linear Assignment

min c(i, T(7))
T:[n]—[n] bijective ‘=

Here T is simply a permutation

c(i,T(7)) is the cost for matching i @ ‘@

with T(3) e

Caz
Want to minimize total cost @ \@
Ca3

Some kind of “stable” permutation

WORKERS JOBS

H. W. Kuhn. . Naval Research Logistics Quarterly, vol. 2, no. 1-2 (1955), pp. 83-97.
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Discrete Optimal Transport

min g Eﬂ' c(i,7)
e Z(p,q) g

=1 j=1

® Coupling (joint distribution): Z(p,q) :={Il € R7*" : 11 =p,1I"1 = q}

— p is the marginal distribution over i = 1,...,m

q is the marginal distribution over j =1,...,n

— m;; is the probability of matching ¢ with j

the total cost > ;" 377, mijc(i, j) = Elc(Z, J)], where (I, J) ~ 11

® letm=nandp=q= % -1: a "relaxation” of linear assignment
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lterative Proportional Fitting (IPF), a.k.a. Sinkhorn's Alg

A lo xp(ﬂijm
min TiiCii + A log mi:] = min  A-KL|II || exp(—C/A
e #(pa) ;; 4§ Cij j 108 ]] MeP(p.q) [ || exp( / )}
® )\ > (0 is a small regularization constant
o I" := exp(—C/)) is an unnormalized ( - ) distribution

e [I € #(p,q) contains two types of constraints that we can treat
— row constraint II1 = p: T' + diag(p./(T'1)) * T’
— column constraint 1" 1 = q: T « T * diag(q./(I'"1))

R. Sinkhorn.
vol. 35, no. 2 (1964), pp. 876-879, W. E. Deming and F. F. Stephan.
. The Annals of Mathematical Statistics, vol. 11, no. 4 (1940), pp. 427—444.

. The Annals of Mathematical Statistics,

E. Schradinger.

. Annales de l'institut Henri Poincaré,
vol. 2, no. 4 (1932), pp. 269-310.
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's Problem

min  E[e(X, T(X))], where X ~p

Txp=q

A distribution p of soil and a distribution ¢ of holes to fill

Let X ~ p be a random pile of soil

T(X) moves X to a hole Y
Require T4p = ¢ to match the mass

— a priori, it is not even clear if such a T exists!

Want to minimize expected cost ¢ (effort)

G. Monge. . In: Histoire de I"’Académie royale des sciences avec les mémoires de
mathématique et de physique tirés des registres de cette Académie. 1781, pp. 666—705



's Relaxation

min  E[¢(X,T(X))] > min E[¢(X,Y)]

Txp=q X~p,Y g

Definition: Coupling

(X,Y) ~ 7, where the joint 7 has marginals p and ¢

® Deterministic pairing: x is matched with some y = Tx
® Stochastic pairing: x is matched to y with probability 7(y|x)

e Surprisingly, at optimality, 7(y|x) could be deterministic anyway!

L. V. Kantorovich. . Journal of Mathematical Sciences, vol. 133, no. 4 (2006). Originally published in
Dokl. Akad. Nauk SSSR, vol. 37, No. 7-8, 227—229 (1942)., pp. 1381-1382, L. V. Kantorovich. . Journal of
Mathematical Sciences, vol. 133, no. 4 (2006). Originally published in Uspekhi Mat. Nauk, vol. 3, No. 2, 225-226 (1948)., pp. 1383—-1383.



Back to Discrete

Optimal Transport Solution!

B dirt pile
Il hole




The Best U_se
of Economic
Resources

L.V.Kantorovich




Duality

min E[e(X,Y)] | = min /c(x, y)m(x,y)dxdy

XvaYNQV(XvY)Nﬂ- 720

s.t. Vx: /w(x,y) dy = p(x), Vy: /W(XJ) dx = q(y)

min max / el ) )iyl 7 sy o / u(x)p(x) dx + / o(y)a(y) dy

20 u(-)v(")

= I min / [e(x,y) —u(x)—v(y)|r(x,y) dx dy + / u(x)p(x) dx + / v(y)q(y)dy

— max [ uopedx+ [oay)dy, st uld o) < cbxy), Yy

= max B [ulX)] + By oY), 5t u(0 +0(y) < e(x.¥), V¥

L. V. Kantorovich and G. S. Rubinshtein. . Dokl. Akad. Nauk SSSR, vol. 115, no. 6
(1957), pp. 1058-1061.



Conjugacy

Ut Sw.:f’(f" 9~ vy)
vx,Vy, u(x) +v(y) < c(x,y) j

* u(x) < [miny ¢(x,y) —v(y)] = v*(x)

* v(y) < [min, c(x,y) —u(x)] =: u(y)

Since we are maximizing E[u(X)] + E[v(Y)], at optimality:

u(x) =v°(x),  o(y)=u(y)

u® > u and u®c = u; similarly for v

w is called c-concave iff u = u® (or equivalently u = v° for some v)



Complementarity

maxmin/[c(x, y)—u(x)—v(y)|r(x,y)dxdy +/U(X)p(X) dx +/U(Y)Q<Y) dy

u,v >0

T(x,y) >0 = u(x)+o(y) =c(x,y)

Recall that u¢ = v, we define the subdifferential:

Ou(x) = argglin [e(x,y) —u(y)] = {y : u(x) +u(y) = c(x,y)}

— for a c-concave u, ’y € Ju(x) <= x € Ju(y) ‘

Thus, ‘suppﬂ C gph Gu‘

— in particular, if u is differentiable, 7 is deterministic and the Kantorovich relaxation is tight!

L. Riischendorf. . Statistics & Probability Letters, vol. 27, no. 3 (1996), pp. 267—270.
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Cyclic Monotonicity

Definition: Cyclic monotonicity

We call a set ' C X x Y ccyclically monotone if for any n and
(X1,¥1)s -+ (Xn,yn) € I', any (cyclic) permutation o : [n] — [n], we always have

n

Z C(XZ;, y,;) < Z C(Xia YG(L'))

a=ll i=1

e A kind of stability: any rematch cannot further reduce cost!

Theorem: Optimal coupling
Let c: X XY — [0,00) and m € Z(p, q) be a coupling with finite transport cost. If

supp 7 is c-cyclically monotone, then 7 is optimal.

M. Beiglbock. . Ergodic Theory and Dynamical Systems, vol. 35, no. 3 (2015), pp. 710-7134
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1-Wasserstein Distance

® ¢(x,y) =d(x,y) for some

metric d:

Wi(p,q) := min E[d(X,Y)]

(X,Y)~m,Xvp,Y g

_ max E[u(X)] + E[u(Y)],

uU,v

® Lipschitz envelope: v°(x) := [miny, d(x,y)

— ¢ is Lipschitz continuous: Vx,z, v¢(x)

v(y)]

s.t. Vx,y, u

—v°(z) < d(x,z

— v° is the largest Lipschitz continuous function majorized by —v

® Thus, u = v = v and hence

(x) +o(y) <d(x,y)

SEN/IC))

V0o - YD dn )

Wi(p, ¢) = max E[u(X)]

Elu(Y)],

s.t.

Vx,y, u(x)

u(y) < d(x,y)




Wasserstein GAN

m%nWl(q, Tyr) = H}lin max Ex.,[u(X)] — Ez..[u(T(Z))], s.t. wis Lipschitz

~ min max Exq[t(X)] — Bz [u(T(Z))], s.t. uis Lipschitz

r is the noise density, e.g., standard normal

q is the data density: only a training sample is available

T is the generator network: maps noise to data

u is the discriminator network: maps data to a real scalar

— w is Lipschitz iff |Vu|| <1 = penalty on network weights

M. Arjovsky, S. Chintala, and L. Bottou.

. In: Proceedings of the 34th International
Conference on Machine Learning. 2017.



Wasserstein vs. JS/KL

e Wasserstein is a bona fide distance; JS/KL is not
e JS/KL enjoys data processing inequality; Wasserstein does not

e Wasserstein difficult to compute; JS/KL can become “flat”

Kantorovich potential (WGAN critic) | |
GAN critic, €=0.2 [
—— density of fake
— density of real
* sample points

0

G. Friesecke. “Optimal transport: A comprehensive introduction to modeling, analysis, simulation, applications”. SIAM, 2024.
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2-Wasserstein Distance

° ¢(x,y) = 3llx =yl ( ):
Wi(p,q) := min _ E[3[|X - Y|3]

(X,Y)~m,Xvp,Y g

—  max B +ERY)], st Vxy, ux)+o(y) < Lx—yl?

uU,v

. Conjugate ve(x) := [miny 3[Ix — y[|* — v(y)]

3lIx]1? — v¢(x) = maxy (x,y) — [5]lyll*> — v(y)]: convex conjugate
1
-5

® Thus, u=v"=Z|-||>— (3] - |* — v)* and hence

W3(p,q) = g E[GIXI* = £*(X)] + E[5I[Y][* = f(Y)], st. [ is convex

q=(Vf)ap|, ie. X~p = Vf(X)~q

Y. Brenier. . Communications on Pure and Applied
Mathematics, vol. 44, no. 4 (1991), pp. 375-417, R. J. McCann. . Duke

Mathematical Journal, vol. 80, no. 2 (1995), pp. 309—-323. o
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Mirror Mirror on the Wall




Fréchet Inception Distance (FID)

W2 (N (my, 1), M (my, £5)) = [lmy — my|? + tr [ + 25 — 2(51°5,5)/%)V?]

e Consider the mapping Tx = 37 /*(21/25, 521252 (x — my) + my
— T = V[ for some convex function f

® Plug into E||X — TX||* where X ~ N (my, X))

e A valid lower bound on W3 (suy, ps)

— provided that p; has mean m; and covariance ¥;

M. Heusel, H. Ramsauer, T. Unterthiner, B. Nessler, and S. Hochreiter.
. In: Advances in Neural Information Processing Systems. 2017.

M. Gelbrich. . Mathematische
Nachrichten, vol. 147, no. 1 (1990), pp. 185-203.
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Input: 299x299x3, Output:8x8x2048

A

Convolution Input: t(})ualp;:):48

299x299x3 X8X.
m’;ﬁl — Final part:8x8x2048 -> 1001
Concat
Dropout
Fully connected
Softmax




Potential GAN

min W;(q, Tyr) = i v E[ IX[I3= ()] + E GIT@)3-f(T2)],

~ mllnmjgx X]Eq[—f (X)] + ZN,,[EHT(Z)H%_JC(T(Z))]? s.t. f is convex

r is the noise density, e.g., standard normal

q is the data density: only a training sample is available

T is the generator network: maps noise to data

f is the discriminator network: maps data to a real scalar

T. Salimans, H. Zhang, A. Radford, and D. Metaxas. . In: International Conference on Learning
Representations. 2018, H. Liu, X. Gu, and D. Samaras. . In: IEEE/CVF International
Conference on Computer Vision (ICCV). 2019, pp. 4831-4840.
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Potential Flow

mfin ]D(q, (Vf)#r), s.t. [ is convex

r is the noise density, e.g., standard normal

q is the data density: only a training sample is available

V f is the generator network: maps noise to data

— e.g., [ is a Relu network with nonnegative weights

D is some “distance” function, e.g., the KL divergence

C.-W. Huang, R. T. Q. Chen, C. Tsirigotis, and A. Courville.
. In: International Conference on Learning Representations. 2021.



K-means Clustering

n
min Z min ||x; — ci||>
C1,.-,Ck p— j=1,...k

S. P. Lloyd
1957, pp. 120-137.

. IEEE Transactions on Information Theory, vol. 28, no. 2 (1982). orignally appeared

in



K-means as Wasserstein Projection

® Let fi, := 1>, 0x, be our empirical distribution; fi,(A) = £ 3" | [x; € A]

k-means solves:

Juin D, min Zm]“Xz cill3

® Define coupling (X, C) = (x;, c;) with probability 7;;
® |et &, denote discrete distributions supported on at most k& points:
in W3 (fin,
min Wy (fn, v)
. correspond to entropy regularization:

min W (jin, ) — A - entropy(»)



Wasserstein Barycenter

Consider densities py and py, say two Gaussians with different mean and variance

® How to interpolate between them?

Exists convex f such that p; = (Vf)xpo

Obviously po = (Id)4po

Interpolate the push-forward maps!

pe = [(1 — t)Id + tV f]apo = argmin (1 — ¢)W3(p, po) + tW3(p, p1)
p

R. J. McCann. . Advances in Mathematics, vol. 128, no. 1 (1997), pp. 153-179.



Distributions
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Punchline

min KL(g * N(0,021)||p * N (0, 0*1))

peEP
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