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Problem

Find zero of a maximal monotone map

e A.B:R?—= R can both be multi-valued
e Allow a unified treatment of many algorithms

® Dual problem:

find z* st. 0 € T*z*, where T*:=[-A"'o(-Id)+ B



Some Definitions

e A multi-valued map T : RY — R? is monotone iff for all w,z € dom T, and all
w* e Tw,z" € Tz,

(W—z,w"—2z") >0

A monotone map is maximal if its graph is not contained in that of another
monotone map:

gph T :={(z,2") : 2" € Tz}

® Inverse: z* € Tz < ze T 'z*
® Resolvant: JI:= (Id+nT) ! ie. z* € J{z < ze€z"+nTz*
® Sum: (A+B)(z) ={u*+v*:u* € Az,v* € Bz}
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Example: Convex minimization

Subdifferential of a convex function is maximal monotone.

Example: Convex composite minimization

For convex / and ¢, let




Example: Convex-concave minimax

convex in x and concave in v, is maximal monotone.

, i.e. a Nash equilibrium.
® 0c o f(x,y) < fixing y, x € argmin f(-,y)
® 0cdy f(x,y) <= fixing x, y € argmax f(x,-)

Example: Constrained convex-concave minimax

convex in % and concave in convex and concave, let
-/) and -

, i.e. a Nash

equilibrium.




A Product Space Trick

m

n}hiln Z fi(w)
i=1

m users, each having an objective f; to optimize
® Users share the same model w

® |ntroduce local copies w,...,w,,, and add consensus constraint:

m

min Z fiwy) + e (Wi, ..., W)
Wi,....;,Wm
=1
SOE= (Wl:~-~~wrn> W1 = Wa = :Wm}
— — — - . 1

® Jouy (Wi, W) =Py(wy, ..., wy,) = (W, W, -+, W), where w := = 3" w;
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Algorithm 1: Forward-Backward Splitting

Input: wy € domA
fort =0,1,2,... do
choose any a; € Aw;,

Wi Jg" (W, — may) // ;>0 is the step size
t — . . _ t
Z < z:kzi)UAkVVk // ergodic averaging, 7 = nx/H:, Hp = §22:07M

G. B. Passty.
Applications, vol. 72, no. 2 (1979), pp. 383-390, R. E. Bruck.
. Journal of Mathematical Analysis and Applications, vol. 61, no. 1 (1977), pp. 159-164.

. Journal of Mathematical Analysis and

6/29


https://doi.org/10.1016/0022-247X(79)90234-8
https://doi.org/10.1016/0022-247X(77)90152-4
https://doi.org/10.1016/0022-247X(77)90152-4

Theorem:

o If 5" ||ma; +b*||3 < oo and H, — oo, then either no solution, in which case
|z|| — oo; or z, converges to a solution



Gradient-Descent-Ascent (GDA)

For simplicity, suppose we can choose b* = 0:

2 t * 2 ¢

Wo—W||5 + —o 1Mk3y 7

I 12 2§ko||7 ill2 > ek (Wi — w, ar)
¢ k=0

_ Zﬁt,k [(xx — X, O f (Xk, Yi))+ (Y& — ¥, Oy f (Xk, Y&))]

t

2 Zk::o ﬁt,k [7f(Xa yk’) + f(Xka Y)]

Z _f(X7 yt) + f(itv Y)* where (ih S’t) = Zk:o T_]t,kwk

1 1 1
W(H_l)p? JAS (§> 1]

A. S. Nemirovskii and D. B. Judin. “Cesari convergence of the gradient method of approximating saddle points of convex-concave
functions”. Soviet Mathematics Doklady, vol. 19, no. 2 (1978), pp. 482—486.
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To satisfy >, ||:a7]|3 < oo we may choose 7, =



https://cs.uwaterloo.ca/~y328yu/classics/NemirovskiiJudin78.pdf
https://cs.uwaterloo.ca/~y328yu/classics/NemirovskiiJudin78.pdf

Algorithm 2: Backward-Backward Splitting

Input: wy € domA
1 fort=20,1,2,... do

2 Wil < J.'B”JX’Wf // ny >0 is the step size
t = . .
3 Zi <— ZA::() Nt kW // ergodic averaging, T := nx/Hy, H; := Zi;:() Nk
Theorem:

and , then either there is no solution, in which case

converges to a solution.

G. B. Passty. . Journal of Mathematical Analysis and
Applications, vol. 72, no. 2 (1979), pp. 383—-390, P.-L. Lions. . Israel
Journal of Mathematics, vol. 31, no. 2 (1978), pp. 204—208.


https://doi.org/10.1016/0022-247X(79)90234-8
https://doi.org/10.1007/BF02760552

Comparing FB with BB

F:=Jo(Id —nA) vs. B :=J1J], where JI:=(Id+nT)™*

o Let us define 7A = "% such that 7A — OA C A if n—0
® Then, backward—backward on A + B is forward-backward on 7A -+ Bl
- Id—n-"A=J,
e Consider A = 0 f for a convex function [:
— JX — 7;
- A =P oMy
- backward backward on f + g is the same as forward-backward on M? + ¢!

® For small 7, J! = (Id +nA) ' ~ Id — A when A is linear

H. H. Bauschke, P. L. Combettes, and S. Reich. “The asymptotic behavior of the composition of two resolvents”. Nonlinear Analysis:
Theory, Methods & Applications, vol. 60, no. 2 (2005), pp. 283—301.
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https://doi.org/10.1016/j.na.2004.07.054

Algorithm 3: The Barycenter Method

Input: w
1 fort=0,1,2,...do
2 t Wi — Avg(P; ... >P’ik<t>)wf
® let H,:={w:(w,a;) = b;} and P, be the orthogonal projection onto it

e Kaczmarz's method: /() = 1

e Cimmino's method: k(1) =m

® A randomized version of backward-backward!

S. Kaczmarz. . Bulletin International de I’Académie Polonaise des Sciences et
des Lettres, vol. 35 (1937), pp. 355—-357. “Approximate solution of systems of linear equations”’, English translation in International Journal of
Control, 1993, vol. 57, no.6, pp. 1269-1271, G. Cimmino. . La Ricerca

Scientifica, vol. 9, no. 1 (1938), pp. 326—-333.
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https://www.tandfonline.com/doi/abs/10.1080/00207179308934446
https://cs.uwaterloo.ca/~y328yu/classics/Cimmino.pdf

r+y=0
T—y=
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Algorithm 4: Extragradient for finding a zero of T = A + B

Input: wy € domA C domB
1 fort=0,1,2,...do
choose step size 7, > 0
\ JXf (W/, - ’]LBW/)
Wiyl = J/T(Wz — B )

A W

// peek
// update with peeked information




Theorem: Convergence of extra-gradient
be | -Lipschitz and . Set [0,1/L]. Then, for

t

S (i — w, B +a”) <

HWn - W\ 2

2H,

k=0

G. M. Korpelevich. . Ekonomika i matematicheskie metody, vol. 12,
no. 4 (1976), pp. 747-756.


https://cs.uwaterloo.ca/~y328yu/classics/Korpelevich76.pdf

If [, — oo, then either no solution and ||z;|| — oo, or z, converges to a solution

If 0 < liminf, 7, < limsup, 7, < 1/L and assume a solution exists, then
w; —w; — 0 and w, converges to a solution

With 7, = 7) we obtain O(1/¢) rate of convergence for the averaged sequence 7,

Significantly faster than FB and BB (at best O(1/+/%)), under the additional
assumption that B is Lipschitz continuous

The direct sequence w, converges at the slower O(1/+/7) rate!

. Golowich, S. Pattathil, C. Daskalakis, and A. Ozdaglar.
. In: Proceedings of Thirty Third Conference on Learning Theory. 2020, pp. 1758-1784.
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http://proceedings.mlr.press/v125/golowich20a.html
http://proceedings.mlr.press/v125/golowich20a.html

Algorithm 5: Khobotov's linear search

N $— 21
w; < Bw,
repeat
N < My /2
Wi < Ji(Wy — W)
until 7, < 7%

® |nspecting the proof to see where L is used

® A constant number of line searches = same convergence rate

E. N. Khobotov.
Computational Mathematics and Mathematical Physics, vol. 27, no. 5 (1987), pp. 120-127.

. USSR


https://doi.org/10.1016/0041-5553(87)90058-9

Algorithm 6: Past extragradient for solving a smooth monotone VI
Input: wo=w_; € C CdomT

1 fort=0,1,2,...do

choose step size 7, > 0

wy, = Po(wy — T )

Wi = Po(we —nTwy)

A W

® Only requires | evaluation of the operator T
® But still 2 projections per step

® Compared to the extragradient, simply recycle the past evaluation Tw, ; to
replace Twy, saving us 1 evaluation of T

L. D. Popov.

. Mathematical notes of the Academy of Sciences of
the USSR, vol. 28, no. 5 (1980), pp. 845-848.


https://doi.org/10.1007/BF01141092
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Algorithm 7: Tseng's modified forward-backward splitting

Input: wo € C CdomT
fort =0,1,2,... do
choose step size 7, > 0
w; = Po(wy — i Twy)
Wi = Wy — i (Twy — Twy)

® Only requires | projection
e But still 2 evaluations of T per step

® This variant requires say dom T = R?

P. Tseng.
vol. 38, no. 2 (2000), pp. 431-446.

. SIAM Journal on Control and Optimization,


https://doi.org/10.1137/S0363012998338806

Algorithm 8: Optimistic extragradient for solving a smooth monotone VI

Input: wo=w_; € C CdomT
1 fort=0,1,2,... do
choose step size 7, > 0
w; =Po(wy — i Twyi_q)
w1 =wy — e (Twy — Twy_q)

A W

® Obviously, we can combine the previous two ideas

e Obtain a variant that only requires | projection and | evaluation of T per step!

C. Daskalakis, A. llyas, V. Syrgkanis, and H. Zeng.

. In: The 6th International Conference on Learning
Representations. 2018.


https://openreview.net/forum?id=SJJySbbAZ

Algorithm 9: Reflected extragradient for solving a smooth monotone VI

Input: wo=w_; € C CdomT
1 fort=0,1,2,... do
choose step size 7, > 0
W, = 2W; — Wy_1
W1 = Po(wy — n, Twy)

A W

e Uses reflection and also enjoyes | projection and | evaluation of T per step

® Requires say dom T O 2C" —

Y. Malitsky. . SIAM Journal on Optimization, vol. 25, no. 1
(2015), pp. 502-520.


https://epubs.siam.org/doi/abs/10.1137/14097238X

Reflectors

° Rq— o= 2]-? —1d C (Id —nT)(Id + 77T)_1
— a backward step, followed by a forward step

o (Id—nT)(Id+7nT) ' # Id+7nT)'(Id —nT) =
(Id +nT)"YId — 5 T)(Id + nT)"(Id + T)

e weRlw < we Jl(w) < 0eTw
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W N =

Algorithm 10: A general splitting algorithm based on reflectors

Input: w
fort =0,1,... do
choose step size 7, > 0 and relaxation size , € |0,
L Wiyl = (1 = “,,,)W, I W'Z,RQRK(WI) + € // allow error €

return z € JXW // assuming the for-loop returns w and 7 =17

® 4, = 1: Peaceman-Rachford (PR) splitting
® +, = : Douglas-Rachford (DR) splitting
® -, €[5, 1]: over-relaxation; 7; € [0, 1]: under-relaxation

J. Eckstein and D. P. Bertsekas.
. Mathematical Programming, vol. 55 (1992), pp. 293-318.


https://doi.org/10.1007/BF01581204
https://doi.org/10.1007/BF01581204

General Convergence

Let A, B : R? — R? be maximal monotone and T = A + B. Suppose
Sl = %) = 00 7 = 7> 0, and 3, ez < o

o If T'0=(A+B) '0=10, then {w,;} is unbounded.
e If T'0 # 0, then w, — wo, = RLRiW,, 2z, := Jiw, = Jlw,, € T710 and

z' = "Aw;, — "TAw,, € T*7'0, where recall that T* := —B~' o (—Id) + A~! and
1A = (Id — J) /.

B. F. Svaiter. “On Weak Convergence of the Douglas-Rachford Method”. SIAM Journal on Control and Optimization, vol. 49, no. 1 (2011),
pp. 280-287.
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https://doi.org/10.1137/100788100

Convergence of PR

Let A, B : R? = R be maximal monotone and T = A + B. Consider PR with 7, = 1,
m=mn>0,and > |l&|s < co. Assume A is strictly monotone:

® There exists at most one zero z of T
® Ifz=T7"10=(A+B) 0 exists, then z, := Jjw, — z

® If T'0=(A+B) '0 =10, then {w;} is unbounded

P.-L. Lions and B. Mercier. . SIAM Journal on Numerical Analysis, vol. 16,
no. 6 (1979), pp. 964-979.
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Non-convergence of PR

Consider the rotation in R?:

0

1 Ol}, where (A+B)z=0 < z=0.

-

Since (w, Aw) = 0 for all w, we know A is maximal monotone. We have

g1 _ 1 1 n n _ 1 1—n? 2n
AT (L+n)2 |- 1)’ AT (A4n)2| —2n 1-n?"

Since both J, and R} are rotations (i.e. det = 1), with 7, = 1 and €, = 0,
|z¢||> = ||wo||2 hence may not converge to any point (hence also 0, the unique zero of
A -+ B). Moreover, w, may not converge (to any point) either.

We verify that A is not strictly monotone and convince yourself that z, and w; do
converge if we choose say v, = v € (0, 1).



Alternating Direction Method of Multipliers (ADMM)

Consider the generic minimization problem

inf g(La) + h(a), or equivalently ing' g(b) + h(a), s.t. La=Db,

and its Fenchel-Rockafellar dual

—inf h*(—L7 ) + g (n).
"

where g : R? — R U {00} and /: R — R U {oo} are closed proper convex and
L:RY— R” is linear.
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Introducing the Lagrangian multiplier 1z we obtain the

ing' sup g(b) +h(a)+ (La—b;pu) = sup ing' g(b) + h(a)+ (La—b; p) .
a, ©n " a,

L(p)

e May apply Uzawa's algorithm to maximize the dual function L ()
® Nonsmooth hence requires diminishing step sizes

Instead, consider the Lagrangian, where the penalty parameter 7) need

increase to oo:

sup ing g(b) + h(a) I } = sup |:SllpL(V) — }UHI/ — 3
I ® v

® smooth inner function
® May apply Uzawa's algorithm with constant step size 7:

Py < My + n(Lag1 — beyr)



® Solving a and b simultaneously in the augmented Lagrangian is challenging

® Fortunately, may apply

toaandb
sequentially:

a;+1 € argmin h(a) + (La — by; p,) + 2||La — by||3 = h(a)

a

+ 2||La — by + p./1|3
buas = argunin g(b) + {Lavss—b; o) + 3 Lavss = bl = g(b) + HLacss—b + /o

To understand the above updates, let us apply the Fenchel-Rockafellar duality again:
a7, —nlag: = —nby+ p, a,, — argmin & [la® +nby — 1,2+ h*(—LTa’)
by +nbepr = nlag + py, by = argmin 5o lIb" = nLags — pyl3 + g*(b")

It can be shown that p, = b;.
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From the optimality conditions of b}, ; and a,; we verify that:

(b:+17bt+1) € gphdg” = b7+1 = Jgg*Wz,Jr'l,
(a;f+1, a;11) € gph[Oh”* o (*LT)} — aiii= ']ﬁLoah*o(_LT)(*nLatH +ay,,)

( since p, = b}) = ']iLoi)h,*o(fLT)(_let + b;})
Therefore, we deduce that
= nbey1 +by, =nlag +p; =aj, +nby = ‘]iLoah*o(fLT)<_7/bt +by) + nby

= ']iLoah,*o(—LT)(Qb: —wy) +w; —bj :

Exactly the Douglas-Rachford algorithm applied to the dual problem, with the maximal
monotone maps Jh* and —L o Jg* o (—L ")l

D. Gabay. “Applications of the Method of Multipliers to Variational Inequalities”. In: Augmented Lagrangian methods: Applications to the
numerical solution of boundary-value problems. Vol. 15. 9. 1983, pp. 299-331.
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