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Beyond Separability
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• Balancing between margin maximization and the soft-margin loss:

min
w,b

1
2
∥w∥22 + C ·

∑
i(1− yiŷi)

+, s.t. ŷi := ⟨xi,w⟩+ b

L05 1/18



L05 2/18



Soft-margin SVM

min
w,b

1
2
∥w∥22

s.t. yi(⟨xi,w⟩+ b) ≥ 1,∀i

• Hard constraint: must respect;
“live or die”

min
w,b

1
2
∥w∥22 + C ·

n∑
i=1

(1− yiŷi)
+

s.t. ŷi = ⟨xi,w⟩+ b,∀i

• Soft penalty: the more you
deviate the heavier the penalty

• 1
2
∥w∥22: margin maximization

• (1− yiŷi)
+: i-th training error, 0 if yiŷi ≥ 1 and 1− yiŷi (grow linearly) otherwise

• C: hyper-parameter to control tradeoff

C. Cortes and V. Vapnik. “Support-vector networks”. Machine Learning, vol. 20, no. 3 (1995), pp. 273–297.
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https://doi.org/10.1007/BF00994018


The Hinge Loss
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zero-one: J−yŷ ≥ 0K
hinge: (1− yŷ)+

square hinge: (1− yŷ)2+
logistic2: log2(1 + exp(−yŷ))

exponential: exp(−yŷ)
Perceptron: (−yŷ)+
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Zero-one Loss and Generalization Error

Pr(Ŷ ̸= Y) = E J−Yf(X) ≥ 0K , where Ŷ = sign(f(X))

• f : X → R is our real-valued predictor, e.g., f(x) = ⟨x,w⟩

• Training error after sampling

1

n

n∑
i=1

J−Yif(Xi) ≥ 0K

• Even with linear predictors, minimizing the above training error is NP-hard

A. L. Blum and R. L. Rivest. “Training a 3-node neural network is NP-complete”. Neural Networks, vol. 5, no. 1 (1992), pp. 117–127,
S. Ben-David, N. Eiron, and P. M. Long. “On the difficulty of approximately maximizing agreements”. Journal of Computer and System
Sciences, vol. 66, no. 3 (2003), pp. 496–514.
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https://doi.org/10.1016/S0893-6080(05)80010-3
https://doi.org/10.1016/S0022-0000(03)00038-2


Classification Calibration

• Want to minimize the 0-1 loss, but often end up with minimizing something else

• Is this sensible?

Definition: Bayes rule

Let η(x) := Pr(Y = 1|X = x). The optimal Bayes classifier is sign(2η(x)− 1).

Definition: Classification calibrated
We say a (margin) loss ℓ(yŷ) is classification calibrated iff

ŷ = ŷ(x) := argmin
y∈R

η(x)ℓ(y) + [1− η(x)]ℓ(−y) \\ = E[ℓ(yY)|X = x]

has the same sign as the Bayes rule.
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Theorem: Characterization under convexity

Any convex (margin) loss ℓ is classification calibrated iff ℓ is differentiable at 0 and
ℓ′(0) < 0.
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zero-one: J−yŷ ≥ 0K
hinge: (1− yŷ)+

square hinge: (1− yŷ)2+
logistic2: log2(1 + exp(−yŷ))

exponential: exp(−yŷ)
Perceptron: (−yŷ)+

P. L. Bartlett, M. I. Jordan, and J. D. McAuliffe. “Convexity, classification, and risk bounds”. Journal of the American Statistical
Association, vol. 101, no. 473 (2006), pp. 138–156.
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https://doi.org/10.1198/016214505000000907


A Simpler Way to Derive Lagrangian Dual

C · (t)+ := max{Ct, 0} = max
0≤α≤C

αt

• Apply above to each term:

min
w,b

max
0≤α≤C

1
2
∥w∥22 +

∑
i αi[1− yi(⟨xi,w⟩+ b)]

• Swap min with max:

max
0≤α≤C

min
w,b

1
2
∥w∥22 +

∑
i αi[1− yi(⟨xi,w⟩+ b)]

• Solving the inner unconstrained problem by setting derivative to 0:

∂

∂w
= w −

∑
i

αiyixi = 0,
∂

∂b
=

∑
i

αiyi = 0
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Lagrangian Dual Cont’

• Plug in back to eliminate the inner problem (of w and b):

max
0≤α≤C

∑
i

αi − 1
2
∥
∑

i αiyixi∥22

• Changing max to min and expanding the norm:

min
0≤α≤C

1
2

∑
i

∑
j αiαjyiyj ⟨xi,xj⟩ −

∑
i αi

• What happens if C →∞?

• What happens if C → 0?
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Comparison

min
w,b

1
2
∥w∥22 +

n∑
i=1

ι1−yiŷi≤0

s.t. ŷi = ⟨xi,w⟩+ b,∀i

min
α≥0

−
∑
i

αi +
1
2

∑
i

∑
j αiαjyiyj ⟨xi,xj⟩

s.t.
∑
i

αiyi = 0

min
w,b

1
2
∥w∥22 + C

n∑
i=1

(1− yiŷi)
+

s.t. ŷi = ⟨xi,w⟩+ b,∀i

min
C≥α≥0

−
∑
i

αi +
1
2

∑
i

∑
j αiαjyiyj ⟨xi,xj⟩

s.t.
∑
i

αiyi = 0
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Complementarity Slackness

C · (t)+ := max{Ct, 0} = max
0≤α≤C

αt

• t > 0 =⇒ α = C, while α = C =⇒ t≥ 0

• t < 0 =⇒ α = 0, while α = 0 =⇒ t≤ 0

• Apply to each term in soft-margin SVM:

– 1 > yiŷi =⇒ αi = C, while αi = C =⇒ 1≥ yiŷi (wrong side of H±1, correct/incorrect)

– 1 < yiŷi =⇒ αi = 0, while αi = 0 =⇒ 1≤ yiŷi (correctly classified, on/beyond H±1)

– 1 = yiŷi =⇒ 0 ≥ αi ≥ C, while 0 < αi < C =⇒ 1 = yiŷi (correctly classified, on H±1)
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A Simple Example

min
w,b

1
2
w2 + C(1− w + b)+ + C(1− w − b)+

min
C≥α≥0

1
2
(α1 + α2)

2 − α1 − α2

s.t. α1 − α2 = 0

α1 = α2 =
1
2
∧ C, w = 1 ∧ (2C), |b| ≤ 1− w

−1 0 1

x1 x2

1
2C
∨ 1 1

2C
∨ 1
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Recovering b

• W.l.o.g., there is always (at least) one data point sitting at one of H±1

– suppose not, move the hyperplanes up or down until touching a data point

– one of the directions must not increase the soft-margin loss

– or simply pick a data point with αi ∈ (0, C)

• This point can be used to recover b: y(⟨x,w⟩+ b) = 1

– can average if multiple points are (close to be) on H±1
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A Word About Stochastic Gradient

min
w,b

1

2λ
∥w∥22 +

1

n

n∑
i=1

ℓ(yiŷi)

• Gradient descent costs O(nd):

w← w − η

[
1

n

n∑
i=1

ℓ′(yiŷi)yixi +
w

λ

]
• A random sample suffices:

w← w − η

[
�
�
�
�S

S
S
S

1

n

n∑
i=1

ℓ′(yI ŷI)yIxI +
w

λ

]
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zero-one: J−yŷ ≥ 0K
hinge: (1− yŷ)+

square hinge: (1− yŷ)2+
logistic2: log2(1 + exp(−yŷ))

exponential: exp(−yŷ)
Perceptron: (−yŷ)+

• ℓ′hinge(t) =


−1, t < 1

0, t > 1

[−1, 0], t = 1

while we choose ℓ′Perceptron(t) =

{
−1, t ≤ 0

0, t > 0

• What about the zero-one loss? Other losses?
L05 16/18



Multi-class

∀i, ŷi = Wxi + b ∈ Rc,

min
W,b

1
2
∥W∥2F

s.t. ŷyi,i ≥ Jk ̸= yiK + ŷk,i, ∀i,∀k = 1, . . . , c

min
W,b

1

2
∥W∥2F + C

n∑
i=1

max
k=1,...,c

{Jk ̸= yiK + ŷk,i − ŷyi,i}

K. Crammer and Y. Singer. “On the Algorithmic Implementation of Multiclass Kernel-based Vector Machines”. Journal of Machine Learning
Research, vol. 2 (2001), pp. 265–292.
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https://jmlr.csail.mit.edu/papers/v2/crammer01a.html


Regression

min
W

1

2
∥W∥2F + C

n∑
i=1

(∥y − ŷi∥ − ϵ)+

−3 −2 −1 0 1 2 3

0

1

2

3

y − ŷ

ℓ

square
ϵ-insensitive

absolute
Huber

H. Drucker et al. “Support Vector Regression Machines”. In: Advances in Neural Information Processing Systems 9. 1996.
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https://papers.nips.cc/paper/1996/hash/d38901788c533e8286cb6400b40b386d-Abstract.html



