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Abstract

Recently, deep multi-agent reinforcement learning (MARL) has demonstrated
promising performance for solving challenging tasks, such as long-term dependen-
cies and non-Markovian environments. Its success is partly attributed to condi-
tioning policies on large fixed context length. However, such large fixed context
lengths may lead to limited exploration efficiency and redundant information. In
this paper, we propose a novel MARL framework to obtain adaptive and effective
contextual information. Specifically, we design a central agent that dynamically
optimizes context length via temporal gradient analysis, enhancing exploration to
facilitate convergence to global optima in MARL. Furthermore, to enhance the
adaptive optimization capability of the context length, we present an efficient input
representation for the central agent, which effectively filters redundant information.
By leveraging a Fourier-based low-frequency truncation method, we extract global
temporal trends across decentralized agents, providing an effective and efficient
representation of the MARL environment. Extensive experiments demonstrate that
the proposed method achieves state-of-the-art (SOTA) performance on long-term
dependency tasks, including PettingZoo, MiniGrid, Google Research Football
(GRF), and StarCraft Multi-Agent Challenge v2 (SMACv2).

1 Introduction

Multi-agent reinforcement learning (MARL) has drawn increasing interest in recent years, which
provides a promise for facing many complex real-world challenging problems such as transportation
management [1], robot control [2], and finance [3]. However, due to the long-term dependencies
and non-rigorous Markovianity of complex tasks, contextual information is introduced to assist
policy making [4, 5, 6]. Accordingly, this places a substantial demand on how to leverage contextual
information and to what extent [7, 8].

Existing methods are mostly applied to single-agent reinforcement learning (RL), where contextual
information performs reasonably well in simple tasks [9, 10, 11]. In comparison, multi-agent
reinforcement learning (MARL) involves significantly more complex tasks [12, 13], where relying
solely on short context lengths or individual observations often results in suboptimal performance.
To address this, one natural approach is to extend the context length. However, the expansion of the
context length leads to two significant challenges: the first is an increase in necessary computation,
and the second is the difficulty of high dimensionality of the input representation and generalization
[14].
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To address the challenge of increasing computation, references [9, 15] optimized the needed context
length and the utilization efficiency; references [16, 17] adopted parallel computation; and reference
[18] enhanced the performance of modern hardware. However, the above methods involve a long-time
pre-training process, and eventually only obtain static context length. These static context lengths
are difficult to adapt to changing environments, which potentially leads to suboptimal solutions or
inefficient use of computational resources.

The challenge of input representation and generalization remains unresolved in the field of multi-agent
reinforcement learning (MARL) [14]. While recent improvements in processing long sequences
that came with attention models significantly alleviate requirements for generalization, an effective
representation is still crucial for obtaining optimal contextual information [19, 20, 21]. Regarding
the fields where the contextual information is also significant, natural language processing (NLP)
typically involves leveraging large language models (LLMs) to autonomously learn and generate
prompts, which does not align well with the principles of MARL [22, 23]. Therefore, a tailored input
representation for MARL is required.

According to the aforementioned analysis, we propose an adaptive context length optimization with
low-frequency truncation (ACL-LFT) for MARL. Specifically, a senior central agent is introduced
to adaptively optimize context length, and a tailored attention-based reward is designed to align
with the central agent. Via real-time interacting with environment, the central agent determines the
optimal context length to address the challenge of increasing computation. Besides, we apply the
Fourier transform to map the data from the time domain to the frequency domain, facilitating more
effective redundancy filtering compared to direct processing in the time domain. Via truncating the
low-frequency band, we obtain an effective input representation for the central agent, which captures
the global temporal trends from the decentralized agents. With the above designs, our method
effectively solves the dual challenges of increasing context length, achieving efficient leverage of the
contextual information.

We benchmark the proposed method across various environments including Sample Spread in
PettingZoo [24]; MiniGrid Soccer Game in OpenAI Gym [25]; Academy 3 vs 1 with Keeper, and
Academy Counterattack-Hard in Google Research Football (GRF) [26]; 3s5z_vs_3s6z, 5m_vs_6m,
and corridor in StarCraft Multi-Agent Challenge v2 (SMACv2) environments [27]. Combined with
several types of experiments, including state-of-the-art (SOTA) sequence processing algorithms
and different fixed-length methods, we show that the proposed method significantly enhances the
performance of the baseline algorithm in changing environments. The main contributions of this
paper are summarized as follows:

• To the best of our knowledge, ACL-LFT is the first framework to systematically address the
dual challenges of increasing context length in MARL. Equipped with the central agent, our
framework achieves adaptive and efficient leverage of contextual information to enhance the
decision-making of decentralized agents. Additionally, we present a theorem to theoretically
demonstrate the superior performance of adaptive context length over static ones in dynamic
environments.

• We propose a novel Fourier-based low-frequency truncation to obtain the global tempo-
ral trends from context, effectively addressing the challenge of representing the MARL
environment and providing an efficient input for the central agent.

• We empirically demonstrate that the proposed method outperforms SOTA sequence pro-
cessing algorithms across various long-term dependency environments. We also provide
experimental results to demonstrate the superior performance of the proposed method over
different fixed lengths in dynamic environments.

2 Preliminaries

2.1 Decentralized Partially Observable Markov Decision Process with Historical Information

The Decentralized Partially Observable Markov Decision Process with historical information is
defined as a tupleM = (N;S;A; P;R; 
), where N is the set of n agents, S denotes the global state
space, and A represents the joint action space. At time t, the environment evolves according to the
transition function P (s′tjst; at), which specifies the probability of reaching the next state s′t given the
current global state st = fs1t ; s2t ; � � � ; snt g; s 2 S and the joint action at = fa1t ; a2t ; � � � ; ant g. The
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environment then produces a global rewardr t = R(st ; at ). In this decentralized setting, each agent
follows a local policy� that seeks to maximize the expected cumulative discounted reward, given by

J (� ) = E
hP 1

t =0 
 t R(st ; at )
�
�
� �

i
; where
 2 [0; 1) is a discount factor that balances the importance

of immediate versus future rewards. The classical Markov property assumes that state transitions
depend only on the current state and action.

However, in decentralized partially observable environments, agents cannot directly access the full
global statest ; instead, they rely on local observations that are incomplete and noisy. In many
scenarios, the assumption that decision-making can be based solely on the current observation is
insuf�cient. To address this, the framework incorporates **historical information** to approximate
the underlying dynamics and capture long-term dependencies. Formally, the extended model can
be written asfM = ( N; eS; eA; eP ; eR; 
 ), where eS includes not only the current stateS but also a
contextual information spaceS� 1 representing observation histories, andeA = A. At time t, the
transition is expressed as

P( es0
t jest ; eat ) = P

�
es0 = s0

t [ s0;� 1
t

�
� est = st [ s� 1

t ; eat = at
�
;

and the reward is given by

R(est ; eat ) = R(est = st [ s� 1
t ; eat = at ):

Unlike the standard Markov Decision Process, this extended Decentralized Partially Observable frame-
work enables modeling of complex dynamic environments with long-term temporal dependencies,
where leveraging historical information is essential for effective coordination among agents.

2.2 The Fourier Transform and Littlewood–Paley Theory

The Fourier transform provides a fundamental tool for analyzing functions in the frequency domain
by decomposing signals into their constituent frequency components. Formally, for a function
f 2 L 1(Rd), the Fourier transform is de�ned as:

F f (� ) = f̂ (� ) =
Z

Rd
e� i (x j � ) f (x) dx; (1)

where(xj� ) denotes the inner product inRd. As a continuous linear map fromL 1(Rd) into L 1 (Rd),
it satis�es jf̂ (� )j � k f kL 1 , ensuring boundedness in the transformed domain. Besides, for any
function' 2 L 1 and an automorphismL onRd, the transformation obeys:

F (' � L ) =
1

j det L j
'̂ � L � 1: (2)

By mapping state representations from the time domain to the frequency domain, the Fourier transform
captures underlying structural patterns, where low-frequency components effectively encode global
trends while �ltering high-frequency noise [28][29].

Littlewood–Paley theory provides a decomposition that functions or distributions are easier to deal
with if split into countable sums of smooth functions whose Fourier transforms are compactly
supported in a ball or an annulus [30]. In the complex non-Markovianity environments, such
decomposition renders a localization procedure in frequency space, which the derivatives act almost
as homotheties on distributions. This property establishes fundamental bounds on the behavior
of derivatives in differentL p spaces, leading to the following Bernstein inequalities. LetC be an
annulus andB a ball. There exists a constantC such that for any nonnegative integerk, any pair
(p; q) 2 [1; 1 ]2 with q � p � 1, and any functionu 2 L p, the following holds:

Supp û � �B ) k D k ukL q
def= sup

j � j= k
k@� ukL q � Ck+1 � k+ d( 1

p � 1
q ) kukL p ; (3)

Supp û � � C ) C � k � 1� k kukL p � k D k ukL p � Ck+1 � k kukL p : (4)

The above inequalities highlight a key property: if a function's Fourier spectrum is restricted within
frequency� , its � -th order derivative ampli�es high-frequency components by a factor of� j � j . This
property enables an ef�cient truncation of low-frequency information, which serves as an effective
representation of contextual information while preserving stability in the decision-making process.
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3 Methodology

In this section, we propose a novel MARL framework for obtaining adaptive and effective contextual
information, which systematically tackles the dual challenges of increasing context length in MARL.
The overall framework is shown in Fig. 1, which is comprised of three main components: (1) the
Fourier-based low-frequency truncation module, (2) a central agent of adaptive select contextual
information, and (3) the structure of learning with spatio-temporal decoupling.

Figure 1: Schematics of our ACL-LFT. At each timet, the historical states� 1
t is �rst processed via the

Fourier-based low-frequency truncation module. The central agent leverages the truncated information
sc

t as input and then adaptively optimizes the context length. Subsequently, the decentralized agents
then integrate the optimized contextual informations� opt

t with the current state to achieve decision-
making.

3.1 Fourier-based Low-Frequency Truncation

To achieve an ef�cient representation of the MARL environment and enhance its effectiveness as
input for the central agent, we introduce a low-frequency truncation method. By �ltering out high-
frequency �uctuations while preserving low-frequency parts, this method captures global temporal
trends across decentralized agents and provides a more stable basis for downstream decision-making.
Speci�cally, given the discrete nature of historical state datas� 1

t = f sj gt � 1
j =0 , we �rst leverage the

Discrete Fourier Transform (DFT) to convert time domain data to frequency domain data:

S[k] =
t � 1X

u=0

su e
� i 2 �ku

t ; k = 0 ; 1; : : : ; t � 1; (5)

whereS[k] represents the frequency-domain coef�cient corresponding to frequency indexk, while
each coef�cient encodes a particular oscillatory component of the historical sequence. For real-valued
signals, the DFT exhibits conjugate symmetry:S[k] = S[t � k]� , re�ecting periodicity in the
frequency domain. This transformation effectively disentangles different frequency components of
the input sequence, allowing for a more interpretable and structured representation of historical states.

Building upon the Littlewood–Paley theory, we then introduce the Dyadic Partition of Unity method
and extend it to the discrete space to truncate the low-frequency information [30]. The Dyadic
Partition of Unity method for measurable functions is provided in Appendix A.1. We extend this
method to adapt discrete frequency domain historical states. Speci�cally, we aim for the sum of the
window functions to approximate unity across the entire frequency domain:

X [k] +
J � 1� mX

j =0

� j [k] � 1; 8k = 0 ; 1; : : : ; N � 1; (6)

whereX [k] is a low-pass window function that retains only the low-frequency components.� j [k]
represents band-pass window functions that separate different frequency bands in a dyadic manner.
J is the maximum decomposition level, and for simplicity, we assume thatt = 2 J . m is a tunable
parameter that determines the truncation frequency, ensuring that2m < t= 2.

Within this method, the low-frequency region is de�ned fork � 2m or k � N � 2m , where we set
X [k] = 1 and ensure that� j [k] = 0 for all j , thereby preserving the low-frequency informationsc.
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In the band-pass regions, corresponding to frequency indices satisfying2j + m � k < 2j + m +1 (or
their symmetric counterparts), a single window function� j [k] is activated with a value of 1, while
all other� j 0[k] remain zero forj 0 6= j , ensuring a well-de�ned partitioning of frequency bands. At
transition points, such ask = 2 j + m , minor gaps may arise due to non-overlapping support. But as
the signal lengtht increases, the gaps become negligible with an error proportionally decreasing as
O(1=t), thereby maintaining a stable approximation of equation 6.

The details of Dyadic Partition of Unity in Discrete Form and its rigorous proof are provided in
Appendix A.2. By leveraging low-frequency truncation, the above method effectively captures the
global temporal trends across decentralized agents, reducing the redundancy of contextual information
and serving as an ef�cient input representation for the subsequent central agent.

3.2 The Central Agent of Adaptive Contextual Information Selection

The central agent in our framework serves as a global information processor, adaptively determining
the optimal contextual information length for decentralized agents. It is designed to process and
analyze only historical information, without directly handling the current state. Speci�cally, its
decision-making process is structured around three key components: state representation, action
space, and reward formulation.

Firstly, the state of the central agent is derived through the Fourier-based low-frequency truncation
module, which is elaborated in section 3.1. For the discrete historical statess� 1

t = f sj gt � 1
j =0 at timet,

this module extracts the truncated representationsc
t , which effectively represents the global temporal

trends across decentralized agents.

Then, the action space of the central agentAc is de�ned as the selection of different low-frequency
truncation levels, given by:

ac
t 2 Ac = f m1; m2; : : : ; mM g; (7)

whereM represents the dimension ofAc, and each actionmi corresponds to a different range of
preserved low-frequency bands, with each band representing temporal trends with varying degrees of
long-term dependency. Given the selected truncation levelmi , the corresponding optimal contextual
informations� opt

t is obtained by truncation domain.

Finally, to guide its adaptation process, the reward of the central agent is tailored via the multi-head
attention mechanism, which weights the in�uence of decentralized agents. Speci�cally, the value
function estimates and the policy distributions of decentralized agents serve as keys, while the value
function estimate and the policy distributions of the central agent serve as the query. We denote the
concatenated representation of the value estimate and the policy distribution of agenti asF i , and that
of the central agent asF c. For each attention headg, F i andF c are projected into the query and key
spaces via transformation matricesW g

Q andW g
K :

Qg
c = W g

Q F c; Kg
i = W g

K F i : (8)

The attention weight assigned to each decentralized agent is then computed as:

! g
i =

exp
�

Q g
c � (K g

i )T
p

dk

�

P
i exp

�
Q g

c � (K g
i )T

p
dk

� ; (9)

wheredk represents the dimensionality of the key matrixK, ensuring numerical stability. The
�nal attention weight for each agent at timet is obtained by averaging across all heads! i

t =
1

head

P head
g=1 ! g

i . At time t, for the weightsf ! i
t g

n
i =1 , the reward for the central agent is then derived

as a weighted aggregation of the rewards of decentralized agentsr i
t :

r c
t =

nX

i =1

! i
t r

i
t : (10)

where
P n

i =1 ! i
t = 1 .

Combined with these three components, the parameters of the central agent are updated using gradient-
based optimization with advantage estimation. The value functionV (sc

t ) is trained to approximate
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the expected return through the temporal difference error:

� c
t = r c

t + 
V (sc
t +1 ) � V (sc

t ); (11)

wheresc
t +1 denotes the next state. The policy parameters� are then adjusted by maximizing the

advantage-weighted objective:

�  � + � r � log � (ac
t jsc

t )� c
t ; (12)

while simultaneously minimizing the value function errork� c
t k2 through gradient descent.

Building upon the above design, the central agent achieves adaptive optimization of the context
length, ensuring that decentralized agents receive the optimal contextual informations� opt

t .

Furthermore, to theoretically establish a long-term advantage lower bound of the proposed method
over �xed-length methods, we present Theorem 1.

Theorem 1 (Long-Term Advantage Lower Bound of Adaptive Length) : At time t, let
L adap be the adaptive context length,L �x be a �xed context length, and the mutual information
loss ofL be denoted asL t (L ). Under mild assumptions , the expected cumulative reward
difference between adaptive and �xed context length satis�es the following regret bound:

TX

t =1

(L t (L �x ) � L t (L adap)) � 
( T) � O(T � )

= 
( T) (whenT is suf�ciently large)

(13)

where0 � � < 1, with � being a non-deterministic parameter whose formal de�nition is
provided in Appendix B.

This theorem demonstrates the long-term advantage of adaptive length policies with the increasingly
unstable environment. The result suggests that adaptively adjusting the context length enables more
effective information retention over time, leading to signi�cantly lower regret accumulation. The
details and proof are provided in Appendix B.

3.3 Structure of Learning with Spatio-Temporal Decoupling

In this section, we discuss how to leverage the spatio-temporal decoupling to train the proposed
learning framework. Speci�cally, the training process is divided into two components: the central
agent, which is responsible for selecting the optimal contextual informations� opt

t ; and the decen-
tralized agents, which leverage this information and their current statest to optimize their policies.
In this framework, the central agent is trained independently to optimize the temporal information
component, while the decentralized agents undergo joint training to re�ne their policies with �ltered
temporal information and their spatial information. The policy-making and training process of the
ACL-LFT algorithm is illustrated in the pseudocode provided in Appendix C.3.

The global optimization objective of the framework is given by the expected sum of discounted
rewards over time for decentralized agents:

J i (� ) = E

"
1X

t =0


 t Ri (est ; eat ) j �

#

(14)

The central objective is:

Jc(� ) =
1X

t =0


 t
nX

i =1

! i
t E[Ri j � ]: (15)

By structuring training in this manner, our framework mitigates the challenge of the excessively large
parameter search space that typically arises from the joint optimization of both contextual and current
information, a factor known to hinder convergence. As a result, our framework not only accelerates
the learning process but also ensures that agents can ef�ciently leverage temporal trends, thereby
improving decision-making in complex multi-agent environments.
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4 Experiments and Analysis

This section evaluates the proposed ACL-LFT framework across various MARL environments.
Section 4.1 outlines the experimental setup and baselines. Section 4.2 and Section 4.3 compare
ACL-LFT with sequence processing and �xed-length methods. Section 4.4 and Section 4.5 present
ablation and case analyses. Finally, Section 4.6 examines the decentralized setting without cross-agent
information sharing.

4.1 Experiment Setup

Environments We consider various tasks, including Sample Spread in PettingZoo [24], MiniGrid
Soccer Game in OpenAI Gym [25], Academy 3 vs 1 with Keeper, and Academy Counterattack-Hard
in Google Research Football (GRF) [26]. The overview of environments is shown in Fig. 2, while
the details of environments and their reward design are provided in Appendix C.1. All experiments
are implemented based on the Multi-Agent Proximal Policy Optimization (MAPPO) algorithm [31].
Furthermore, to verify the effectiveness of our proposed method under both complex and large-scale
scenarios, as well as to analyze the impact of removing the MAPPO backbone, we conduct additional
experiments based on MAPPO, QMIX [32], and QPLEX [33] in the StarCraft Multi-Agent Challenge
v2 (SMACv2) environments [27], including3s5z_vs_3s6z, 5m_vs_6m, andcorridor. The detailed
experimental results are presented in Appendix C.4.

(a) Sample Spread(b) Minigrid Soccer Game(c) 3 vs 1 with Keeper (d) Counterattack-Hard

Figure 2: Sample Spread (a) is a search game where agents learn to cover all the landmarks while
avoiding collisions. Minigrid Soccer Game (b) is a 15×15 environment where agents (triangles) earn
rewards by kicking the ball (circle) into same-colored goalmouths (squares). Academy 3 vs 1 with
Keeper (c) is a scenario where three offensive agents attempt to score against one defender and a
goalkeeper. Academy Counterattack-Hard (d) is a scenario where four agents must execute a rapid
counterattack while avoiding defenders.

Given the varying maximum episode lengths across different environments, we adapt the context
length accordingly for each case. Speci�cally, the maximum episode steps for Sample Spread,
MiniGrid Soccer Game, Academy 3 vs 1 with Keeper, and Academy Counterattack-Hard are 25,
512, 400, and 400, respectively. Therefore, the corresponding context lengths are set to 4, 64, 64,
and 64 steps. These values de�ne the maximum selectable context lengths for the proposed method,
consistent with the central agent's input dimension. Further details are provided in Appendix C.2.

BaselinesWe �rst benchmark the sequence processing algorithms, including Transformer [34], Token
Statistics Transformer (ToST) [35], and AMAGO [36]. The introduction of these methods is provided
in Appendix C.2. Then, we benchmark the proposed method against different �xed context lengths.

4.2 Performance Comparison with Sequence Processing Methods

In this section, we benchmark the proposed method against Transformer, ToST, and AMAGO. As
shown in Fig. 3, the performances are depicted via data from every 100 episodes and averaged over 5
seeds. It is seen that the proposed method outperforms in all scenarios. Speci�cally, Transformer
and ToST need more time to explore sophisticated policies and demonstrate large oscillations in
the exploration process. AMAGO demonstrates strong performance during the policy exploration
phase, owing to its effective handling of long sequences in parallel. However, due to the fact that
its contextual information is of �xed length, which tends to have a lot of noise, it performs poorly
compared to the proposed method after convergence.
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(a) Sample Spread (b) Minigrid Soccer Game (c) 3 vs 1 with Keeper (d) Counterattack-Hard

Figure 3: Performance Comparison with Sequence Processing Methods in Four Environments

In the Sample Spread, Academy 3 vs 1 with Keeper and Academy Counterattack-Hard, the proposed
method demonstrates the fastest exploration ef�ciency and consistently achieves the highest post-
convergence performance. Notably, as the complexity of the scenarios increases—from Sample
Spread to Academy 3 vs 1 with Keeper and Academy Counterattack-Hard—the performance gap
between the proposed method and the baseline methods becomes more evident. In the Minigrid
Soccer Game, the proposed method and AMAGO exhibit comparable exploration ef�ciency; however,
AMAGO converges prematurely and fails to achieve strong �nal results. In contrast, the proposed
method utilizes low-frequency truncation of historical information, signi�cantly mitigating the impact
of redundant data. By adaptively selecting the optimal context length, the proposed method achieves
superior performance across all environments.

4.3 Performance Comparison with Fixed-Length

(a) 3 vs 1 with Keeper

(b) Counterattack-Hard

Figure 4: Performance Comparison with
Different Fixed Lengths on GRF

In section 3.2, we presented the Theorem 1, which demon-
strates the long-term advantage of adaptive length policies
over �xed-length. In this section, we benchmark the pro-
posed method against different �xed context lengths (8,
16, 32, and 64 steps) in Academy 3 vs 1 with Keeper and
Academy Counterattack-Hard.

We computed the average performance of the proposed
method and four �xed-length methods during two rela-
tively stable periods after convergence. Speci�cally, the
results were averaged from the 0.9 millionth to the 1 mil-
lionth episode in the Academy 3 vs 1 with Keeper, and
from the 1.4 millionth to the 1.5 millionth episode in the
Academy Counterattack-Hard. As shown in Fig. 4, the
proposed method signi�cantly outperforms all �xed-length
methods, further demonstrating the effectiveness and ef-
�ciency of adaptive context length optimization. Notably,
among the �xed-length methods, the 16-step and 8-step
show the best performance in Academy 3 vs 1 with Keeper
and Academy Counterattack-Hard, respectively. These
�ndings suggest that longer context lengths do not neces-
sarily lead to better performance, as excessive historical
information may introduce signi�cant noise. This observation further underscores the critical role of
our low-frequency truncation in enhancing overall performance.

4.4 Ablation Experiments

To understand the contribution of each component in the proposed ACL-LFT framework, we carry
out ablation studies to test the contribution of adaptive context length (ACL) and low-frequency
truncation (LFT). Speci�cally, we utilize the best-performing �xed-length con�gurations in the
Academy 3 vs 1 with Keeper (32-step) and Academy Counterattack-Hard (16-step) environments.
These con�gurations are applied to evaluate ACL-LFT-NO-ACL and ACL-LFT-Raw, which test the
performance of the methods without ACL and without both ACL and LFT, respectively. Furthermore,
the ACL-LFT-NO-LFT is input with 32 and 32 steps, which align with the maximum step that can be
selected by the ACL-LFT.
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