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a b s t r a c t

Classic linear dimensionality reduction (LDR) methods, such as principal component analysis (PCA) and

linear discriminant analysis (LDA), are known not to be robust against outliers. Following a systematic

analysis of the multi-class LDR problem in a unified framework, we propose a new algorithm, called

minimal distance maximization (MDM), to address the non-robustness issue. The principle behind

MDM is to maximize the minimal between-class distance in the output space. MDM is formulated as a

semi-definite program (SDP), and its dual problem reveals a close connection to ‘‘weighted’’ LDR

methods. A soft version of MDM, in which LDA is subsumed as a special case, is also developed to deal

with overlapping centroids. Finally, we drop the homoscedastic Gaussian assumption made in MDM by

extending it in a non-parametric way, along with a gradient-based convex approximation algorithm to

significantly reduce the complexity of the original SDP. The effectiveness of our proposed methods are

validated on two UCI datasets and two face datasets.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Many researchers have pointed out that principal component
analysis (PCA) is not robust against outliers [1–4]. Similar non-
robustness issue has been confirmed to exist in linear discriminant
analysis (LDA) [5–8]. For the latter, when the reduced dimension is
strictly less than c�1 (c is the number of classes), this non-robustness
issue becomes much more severe, causing LDA being far from (Bayes)
optimal [8]. The reason, as we discuss in details later, is that both PCA
and LDA try to maximize the sum of squared (pairwise) distances,
which inevitably make the ‘‘outliers’’ unnecessarily important.
Various algorithms have been proposed to address this issue [1–12],
and we postpone the detailed discussions about them into Section 2.

In this paper, under the homoscedastic Gaussian assumption
(see Assumption 1), we first provide a systematic analysis for the
multi-class LDR problem in a unified framework. After exposing
the deficiencies of current methods, a new algorithm, called
minimal distance maximization (MDM), is then proposed. MDM
tries to maximize the minimal between-class distance in the
output space. This makes sense both intuitively and theoretically
since the minimal distance is the bottleneck and is not affected by
distant class centroids (i.e., ‘‘outliers’’). MDM is formulated as a
Semi-Definite Program (SDP) [13], which is immune to local
ll rights reserved.

s@gmail.com (Y. Yu),

edu.cn (L. Zhang).

Department of Electronic
minima. Interestingly, we show that the dual problem of MDM
reveals a close connection to ‘‘weighted’’ LDR methods, for
example, aPAC in [5]: It tries to learn the weights by minimizing
the sum of the largest eigenvalues of the ‘‘weighted’’ between-
class scatter matrix. However, the key difference is that the dual
of MDM dynamically adjusts the weights in the output space
while previous work such as aPAC empirically determines the
weights in the input space beforehand. A sufficient condition is
also given to determine the optimality of MDM. When two (or
more) centroids overlap, MDM will output randomly because the
minimal between-class distance is trivially 0. To tackle this
problem, a ‘‘soft’’ version of MDM, in which LDA is subsumed as a
special case, is developed correspondingly.

Since it is not easy in practice to test if the homoscedastic
Gaussian assumption applies, we drop it in Section 4 by extending
MDM in a non-parametric way. Following the same principle as
behind MDM, we argue that the minimal distance of differently
labeled samples well assesses the separability of all classes, while
the maximal distance of each class evaluates its compactness. We
propose to Simultaneously Maximize the minimal distance of
differently labeled samples and Minimize the sum of maximal
distances of each class (SMM). After examining the dual problem,
a similar relationship to non-parametric ‘‘weighted’’ LDR methods
[9–12] can also be established. However, the difference again lies in
how the weights are determined. Furthermore, to make the
algorithm scalable to large-size problems, the ‘‘softmax’’ inequality
is employed to give a smooth convex approximation of the original
SDP formulation in SMM. Projected gradient descent is then used to
optimize the smooth convex approximation.
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The effectiveness of our proposed methods (MDM and aSMM)
is evaluated in two databases of the UCI repository and two face
databases, i.e., the ORL face database and the YALE face database,
comparing with state-of-art LDR methods and metric learning
(ML) algorithms. In most cases, our methods perform promisingly,
especially when the reduced dimension is fairly small.

This paper is organized as follows: We briefly review related
work in Section 2. The unified framework is provided and
analyzed in Section 3, as well as our new algorithm, discussion
and extension. To drop the homoscedastic Gaussian assumption,
Section 4 extends MDM non-parametrically. A gradient-based
convex approximation algorithm is also proposed to speed up
SMM. We present experimental results in Section 5, and finally
conclude in the last section.
2 Without loss of generality, M is assumed to be symmetric throughout this

paper.
2. Related work

There have been two main streams of works relevant to us.
One is metric learning (ML), which learns the Mahalanobis
distance, parameterized by a semi-definite matrix M, directly
from data; the other being LDR methods, which learn a linear
transformation W instead. Note that the two are closely related by
the equation M¼WWT.

Among the first category, the pioneering work [14] maximizes
the sum of (square) distances between dissimilar samples while
constraining the sum of distances between similar samples to be less
than a threshold. An encouraging improvement in semi-supervised
clustering by employing the learned Mahalanobis distance instead
of the Euclidean distance is shown in [14]. Recently, two fully
supervised ML algorithms are proposed in [15,16]. Based on large
margin theory, large margin nearest neighbor (LMNN) [15] pulls the
within-class nearest neighbors while pushes between-class points
out of a margin. Maximally collapsing metric learning (MCML) [16]
tries to collapse data from the same class to a point while separates
data from different class as much as possible. Actually, MCML can be
treated as a linearization of stochastic neighborhood embedding
(SNE) [17]. Results of [15,16] show significant improvement in
classification problems when using the learned Mahalanobis
distance. Other notable work include metric learning by kernel
alignment [18], kernel classification rule with the data-dependent
Mahalanobis distance metric [19], and incremental ML methods
[20,21], etc.

In dealing with W, the most famous instances are arguably PCA
[22,23] and LDA [24–26]. PCA, which works unsupervisedly, tries to
minimize the reconstruction error or maximize the variance,
equivalently. Several researchers have pointed out that PCA is not
robust against outliers [1–4]. This non-robustness of PCA is generally
attributed to the L2 norm utilized in its criterion and L1 norm is
favored instead in [1–3]. By adopting a probabilistic model, the
univariate Laplace distribution, which is more heavy-tailed than the
Gaussian distribution, is chosen in [4]. However, none of [1–4]
belongs to convex optimization, thus they all suffer from poor local
minima. LDA, closely related to PCA, has been confirmed to have
similar non-robustness issues in [5–8]. Considerable efforts have
been put in improving LDA. Approximate pairwise accuracy criterion
(aPAC) [5] proposes to weigh all pairs of class centroids according to
their distances to each other. A similar ‘‘weighting’’ strategy is
utilized in [6], which also reduces the dimensionality incrementally.
In [7], the multi-class problem is decomposed into a series of
pairwise problems and an approximation of the (optimal) Bayes
error is directly minimized. Bayes LDA [8] proves that when reduced
to one-dimensional space, the optimal Bayes decision plane can be
found by solving c!/2 convex sub-problems (c is the number of
classes), under homoscedastic Gaussian assumption. However, the
optimality of Bayes LDA can only be guaranteed in one-dimensional
space and it adopts a similar ‘‘sub-optimal’’ strategy as in [6] to
successively reduce the dimensionality. Besides, both [7] and [8] lack
a straightforward non-parametric extension. Recently, inspired by
manifold learning algorithms, much work has been focused on
‘‘weighted’’ discriminant analysis [9–12], which can be regraded as
non-parametric extensions of aPAC [5]. All of these ‘‘weighted’’ LDR
methods end up with (generalized) eigen-decomposition, however,
weights in these methods are generally computed in the input space
and never change once determined.
3. Minimal distance maximization

In this section, we propose a new method (MDM), which
maximizes the minimal distance in the output space and is
immune to local minima, to address the non-robustness issue of
LDA. We formalize the problem in Section 3.1 and then lay our
homoscedastic Gaussian assumption in Section 3.2. A unified
framework is proposed next, followed by our new algorithm,
discussion, and extension. Note that we will drop the
homoscedastic Gaussian assumption in Section 4.

3.1. Problem setup

Let training data be {xi,yi}i¼1
n , where xiARm is associated with

its class label yiAf1,2, . . . ,cg. Training data is assembled in
X ¼ ½x1,x2, . . . ,xn�ARm�n, y¼ ½y1,y2, . . . ,yn�ARn, and Cg is a set
defined as fhjyh ¼ gg, ng ¼ jCg j, mg ¼ ð1=ngÞ

P
hACg

xh.
The Mahalanobis (square) distance between xi and xj is defined

as

dM
ij ¼ ðxi�xjÞ

T Mðxi�xjÞ, ð1Þ

where M$0 is a positive semi-definite matrix.2 The objective of
most metric learning algorithms is to learn M in some appropriate
manner such that the classification error is minimized.

3.2. Homoscedastic Gaussians

Like LDA and many previous works [5–8], our main
assumption about the data in this section is:

Assumption 1 (Homoscedastic Gaussian). Each class follows the
Gaussian distribution with common covariance matrix but
different means.

Although it might seem rare to meet this assumption in
practice, we emphasize that even in this ideal setting, there is no
effective algorithm capable of finding the optimal Bayes plane in
polynomial time, except in trivial cases such as when the reduced
dimension is exactly c�1. Note however that it is necessary to
reduce the dimension to less than c�1 in many applications
arising in biology, medicine, psychology, and anthropology [8].

Our intention here is to clearly expose our idea under the ideal
assumption, while in the next section this assumption will be
dropped by working fully non-parametrically. On the other hand,
albeit the questionability of their assumptions, parametric
methods like LDA are still widely used, mainly due to their
simplicity, efficiency and mysterious effectiveness. The latter is
also confirmed in our experiments. Notice that the Gaussian
assumption is partly responsible for the quadratic form of the
Mahalanobis distance in (1).

It is well known that, for two homoscedastic Gaussian distribu-
tions, the hyperplane perpendicular to the line connecting the two
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means in the whitened space is the optimal Bayes decision plane. Not
surprisingly, one natural strategy to deal with the general problem is
then to decouple the multi-class problem into a series of pairwise
subproblems [7]. Of course, in which way these separate pairwise
subproblems are integrated becomes particularly relevant.

3.3. A unified framework

We first propose the following unified framework for general
linear dimensionality reduction problems:

max
W

EuðWÞ ¼
X
g4h

dp
gh

0
@

1
A

2=p

s:t: d2
gh ¼ ðmg�mhÞ

T WWT
ðmg�mhÞ

WT SwW ¼ I: ð2Þ

Here p is a constant, WARm�r reduces the dimension from m to r

and I denotes the identity matrix with appropriate sizes throughout
the paper. Sw is the within-class scatter matrix defined as

Sw ¼
X

g

X
hACg

ðxh�mgÞðxh�mgÞ
T :

Framework (2) can be regarded as integrating pairwise subproblems
in an Lp/2-norm way. Clearly, LDA is a special case (p¼2) of our
framework.

When Sw is non-singular, we can first whiten3 the data:
~xi ¼ S�1=2

w xi. This reduces (2) to

max
~W

Eð ~W Þ ¼
X
g4h

~d
p

gh

0
@

1
A

2=p

s:t: ~d
2

gh ¼ ð ~mg� ~mhÞ
T ~W ~W

T
ð ~mg� ~mhÞ

~W
T ~W ¼ I: ð3Þ

To avoid ambiguity, the superscript ~ is adopted to denote
variables in the whitened space, for example, ~mg means the
centroid of the g-th class in the whitened space.

Unfortunately, (3) is not convex. We next introduce the
symmetric positive semi-definite matrix M¼WWT, and
transform (3) to

max
~M

Eð ~MÞ ¼
X
g4h

~d
p

gh

0
@

1
A

2=p

s:t: ~d
2

gh ¼ ð ~mg� ~mhÞ
T ~Mð ~mg� ~mhÞ

~M
2
¼ ~M , rankð ~MÞ ¼ r: ð4Þ

Note that (4) is equivalent to (3), though not convex either. Since
~M is constrained to be idempotent, its rank (which is not a convex

function) can be equivalently replaced by its trace (which is a
convex function). Thus the only ‘‘unpleasant’’ constraint so far
preventing us from ‘‘seemingly convex’’ is ~M

2
¼ ~M . After relaxing

it to 0$ ~M$I, we arrive at

max
~M

Eð ~MÞ ¼
X
g4h

~d
p

gh

0
@

1
A

2=p

s:t: ~d
2

gh ¼ ð ~mg� ~mhÞ
T ~Mð ~mg� ~mhÞ

0$ ~M$I, Trð ~MÞ ¼ r: ð5Þ
3 In this paper, unless otherwise stated, by whiten we always mean whitened

by the within-class scatter matrix Sw.
Now, (5) formally becomes convex according to the following
theorem:
Theorem 1. Problem (5) is a convex program, when pr2 and pa0.

Proof. Since Eð ~MÞ is the Lp/2 norm4 of ~d
2

gh, which itself is a linear
function of ~M . According to the concavity of Lq norm, we know
that Eð ~MÞ is concave when pr2 and pa0 (note that we are
maximizing a concave function). Besides, the constraints 0$ ~M$I

and Trð ~MÞ ¼ r are easily verified to be convex and linear,
respectively. &

Before going any further, we would like to introduce a
technical lemma which will be used subsequently:

Lemma 1 (Alizadeh [27, Theorems 4.1 and 4.3]). For the sum of the

largest r eigenvalues of a symmetric matrix A, the following SDP

characterization holds:

MaxEigSumrðAÞ ¼max
M

TrðAMÞ

s:t: 0$M$I, TrðMÞ ¼ r,

and its dual

MaxEigSumrðAÞ ¼min
b,S

brþTrðSÞ

s:t: bIþS$A, S$0:

Here we use MaxEigSumr(A) to denote the sum of the largest r

eigenvalues of matrix A.
The following observation is a simple consequence of the

previous lemma:

Corollary 1. When p¼2, problem (5) degenerates to LDA.

Proof. p¼2 simplifies (5) to

max
~M

Eð ~MÞ ¼
X
g4h

ð ~mg� ~mhÞ
T ~Mð ~mg� ~mhÞ

pTr½ ~Sb �
~M �

s:t: 0$ ~M$I,Trð ~MÞ ¼ r: ð6Þ

Here ~Sb :¼
P

gð ~mg� ~mÞð ~mg� ~mÞ
T is the between-class scatter

matrix (in the whitened space) while ~m :¼ ð1=cÞ
P

g
~mg is the

overall mean.

By Lemma 1, (6) is equivalent to maximize the sum of the

largest r eigenvalues of ~Sb. Since ~Sb is a constant matrix, one can

then recognize that M% ¼ VVT is the optimal solution of (6),

where V is an orthogonal base of ~Sb’s principal eigenspace

(corresponding to the first r largest eigenvalues). &

The importance of our unified framework is to provide a
platform for proposing new LDR or ML algorithms: one has the
freedom of choosing the value of p. One natural question arising is
what can we say about p in a certain optimal sense? Let us first
check this with p¼2, a case corresponding to the classic LDA (see
Corollary 1 above).

As mentioned before, LDA is not robust against ‘‘outliers’’.
In the whitened space, LDA is shown to maximize the sum of
pairwise distances between centroids [5]. This sum nature of
LDA’s criterion makes it aggressive in pushing distant pairs even
more far apart but reluctant in pushing nearby pairs to some
extent, i.e., the result of LDA is dominated by some particular pairs
of centroids (which have large distances to each other). Besides,
4 The Lq norm is defined as: JaJLq
¼ ð
P

ijaij
qÞ

1=q . When q¼0, JaJL0
denotes the

number of non-zero elements of a.
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the square distance employed in LDA’s criterion aggravates the
problem and this disadvantage becomes much more severe when
the reduced dimension is lower than c�1, as shown in the
following example.

In Fig. 1(a), three classes of data are sampled from three
homoscedastic Gaussian distributions. After reducing the
dimension from two to one, two classes are heavily overlapped
in LDA’s result, see Fig. 1(b). The reason becomes apparent by
recalling that LDA tries to maximize the sum of all pairwise
(square) distances.

Among others, there have been two attempts (relevant to our
work) to improve LDA. One popular way, pioneered in aPAC [5], is to
adopt a weighted sum criterion to alleviate LDA’s dominating
problem. The general principle behind is to assign smaller weights to
distant pairs and bigger weights to nearby ones. However, the
weights in general are computed in the input space and never
change. In Fig. 1(c), aPAC fails like LDA, which clearly illustrates that
a static weighting strategy is not adequate. Interestingly, the dual
problem of our new algorithm is to adjust the weights dynamically
in the output space (see Section 3.5). On the other hand, one can try
to change p¼2 to some smaller value, say, p¼1 in our unified
framework (5) [14]. However, as can be argued, changing p to any
finite value can not help much in addressing LDA’s non-robustness
issue. To see this, suppose p40 (po0 respectively), the effect of
reducing p can be simply neutralized by scaling up (down
Fig. 1. A toy example. Data are sampled from three homoscedastic Gaussian distributio

the results produced by both LDA and aPAC, while all three classes are well separated
respectively) the data. The only option remains to try is thus
p¼�1, which we will discuss in the next subsection.

3.4. Primal formulation

We propose to ‘‘exaggeratively’’ put p¼�1 in the unified
framework (5). After some simple algebra, we get

max
~M

min
g4h
ð ~mg� ~mhÞ

T ~Mð ~mg� ~mhÞ

s:t: 0$ ~M$I, Trð ~MÞ ¼ r: ð7Þ

The objective of (7) tries to maximize the minimal distance
among all pairwise distances in the output space. This
is meaningful since the minimal distance (in the output space)
is the bottleneck. We can also see that this choice of p leads to
the most robust formulation against outliers in the family (5).
Fig. 2 schematically illustrates the proposed new method,
which we call minimal distance maximization (MDM).
Note that (7) has completely avoided the sum-type criterion
of LDA.

Eq. (7) is easily recognized as an instance of SDP, thus can be
solved by many existing numerical packages such as SeDuMi [28]
or CSDP [29]. The result of MDM is also shown in Fig. 1(d). It is
clear that three classes are well separated in the reduced space.
ns. After reducing to one-dimensional space, two classes are heavily overlapped in

in the result produced by the proposed method MDM.



Fig. 2. Schematic illustration of MDM. Among all pairwise distances of class

centroids (dashed line), the minimal one (solid line) is the bottleneck.

5 We have set p¼�1 throughout this subsection.
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3.5. Dual formulation

Dual problems usually play an important role in deeply
understanding the primal ones. The dual problem of (7) can be
derived as

min
a,b,S

brþTrðSÞ

s:t: ~SbðaÞ$bIþS
aghZ0,

X
g4h

agh ¼ 1

S$0, ð8Þ

where ~SbðaÞ :¼
P

g4haghð ~mg� ~mhÞð ~mg� ~mhÞ
T . By Lemma 1, we can

identify (8) as an eigenvalue optimization problem:

min
a

MaxEigSumr ½
~SbðaÞ�

s:t: aghZ0,
X
g4h

agh ¼ 1: ð9Þ

Clearly, (9) can be interpreted as dynamically learning a set of
(normalized) weights for all pairs of centroids. Note that ~SbðaÞ has
the form of the ‘‘weighted’’ between-class scatter matrix proposed
in [5]. However, the weights agh in our formulation is obtained
through optimization in the output space other than empirically
or statically determined in the input space.

The optima of primal problem (7) and dual problem (8) should
satisfy the Karush–Kuhn–Tucker (KKT) conditions [13]:

a%

gh � ½ð ~mg� ~mhÞ
T ~M

%

ð ~mg� ~mhÞ�t%� ¼ 0, ð10Þ

½ ~Sbða%Þ�b%I�S%

� � ~M
%

¼ 0, ð11Þ

ðI� ~M
%

Þ � S%

¼ 0, ð12Þ

where t% ¼ming4hð ~mg� ~mhÞ
T ~M

%

ð ~mg� ~mhÞ. We have used the
superscript % to denote the optima of (7) and (8).

Now we can see a good sparse property of the dual variable
a: agh is non-zero only when the pair (g,h) achieves the minimal
(Mahalanobis) distance (in the output space). We call these pairs,
which have a non-zero weight agh, support centroids.
3.6. Optimality

The KKT conditions (11)–(12), along with the strong duality of
primal–dual convex problems, also reveal a close relation
between our convex relaxation (5) and the original non-convex
problem (4).5 By exploiting these KKT conditions, we are
sometimes able to recover the globally optimal solution of the
non-convex problem (4) by solving its convex relaxation (5).

To see that, we first derive the following equation from
(11)–(12):

Tr½ ~Sb ða%Þ ~M
%

� ¼ b%rþTrðS%

Þ ¼MaxEigSumr ½
~Sb ða%Þ�,

where the last equality follows from the strong duality between
(8) and (9). From this equation, we conclude that ~M

%

is an
optimum of the following eigenvalue optimization problem (see
Lemma 1):

max
~M

Tr½ ~Sb ða%Þ ~M �

s:t: 0$ ~M$I, Trð ~MÞ ¼ r: ð13Þ

Another lemma will be needed in our next theorem:

Lemma 2 (Alizadeh [27], Lemma 4.2). Let S1 be the convex

hull of the set f ~W ~W
T
: ~W ARm�r , ~W

T ~W ¼ Irg, and S2 be defined as

f ~M : ~M ¼ ~M
T
ARm�m,Trð ~MÞ ¼ r,0$ ~M$Ig. Then S1¼S2.

Theorem 2 (Sufficient condition). If the largest r+1 eigenvalues

of ~Sb ða%Þ are all different, then ~M
%

¼ ~W
% ~W

%T , where ~W
%

assembles

eigenvectors of ~Sb ða%Þ associated with its largest r eigenvalues.

Proof. Through Lemma 2 it is easy to verify that ~M
%

, a maximizer
of problem (13), is a convex combination of ~W

%

i
~W

%

i
T , where ~W

%

i is
constituted by an orthonormal base of the eigenspace
of ~Sb ða%Þ, associated with its largest r eigenvalues. If the largest
r+1 eigenvalues of ~Sb ða%Þ are all different, then 8ia j, ~W

%

i
~W

%

i
T ¼ ~W

%

j
~W

%

j
T (the eigenspace is uniquely defined). This

concludes the proof. &

Note that when the condition in Theorem 2 is satisfied,
~M

%2 ¼ ~M
%

and the rank of ~M
%

is exactly r, hence the global
optimality of ~M

%

to the non-convex problem (4).
3.7. L1-norm soft MDM

One obvious drawback of MDM is when two or more centroids
in the whitened space overlap, MDM will output a trivial solution
since the minimal (Mahalanobis) distance will always be zero. By
introducing slack variables, we get the following L1-norm soft
MDM to overcome this deficiency:

max
~M ,x

min
g4h
½ð ~mg� ~mhÞ

T ~Mð ~mg� ~mhÞþxgh��C �
X
g4h

xgh

s:t: 0$ ~M$I, Trð ~MÞ ¼ r

8g4h, xghZ0:

Here xgh are the introduced non-negative slack variables. C is a
tuning parameter to balance the two terms, and its meaning will
become more clear by exploring the dual eigenvalue optimization
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problem:

min
a

MaxEigSumr ½
~SbðaÞ�

s:t: CZaghZ0,
X
g4h

agh ¼ 1: ð14Þ

Through constraints on a in (14), we immediately realize that C

should lie in the range ½2=cðc�1Þ,1�. Recall that c is the number of
classes and we have cðc�1Þ=2 different pairs of centroids.
Interestingly, at the two extreme points, C¼1 degenerates
L1-norm soft MDM to MDM while C ¼ 2=cðc�1Þ degenerates
L1-norm soft MDM to LDA, again.

Similar as in support vector machines (SVM) [30], it is also
possible to investigate the L2-norm soft MDM, which penalizes the
slack variables x in its L2 norm. It turns out that L2-norm soft MDM
prefers a non-sparse solution of the dual variable a. Since it is not
clear to us what benefits could be brought in by non-sparsity, we
will not pursue L2-norm soft MDM any further in this paper.
4. Non-parametric extension

We now present our non-parametric extension of MDM, to
drop the homoscedastic Gaussian assumption. A gradient-based
convex approximation algorithm is also proposed to reduce the
time complexity.

4.1. Minimal distance of differently labeled samples

We use the minimal distance between xi and any other
differently labeled samples to assess their separation:

MDDLSi :¼ min
jjyj ayi

ðxi�xjÞ
T Mðxi�xjÞ:

Again, to avoid being dominated by some particular instances, we
will use the minimal one among all MDDLSi to represent the
separation of all differently labeled data:

MDDLS :¼ min
i

MDDLSi:
Fig. 3. In the left part, dashed lines denote the pairwise distances between all differentl

right part, dashed lines denote the pairwise distances among each class, while the soli
Note that MDDLS is itself a function of M. The solid line in the left
panel of Fig. 3 illustrates the concept of MDDLS.

4.2. Maximal distance of each class

Likewise, the compactness of the g-th class is defined as its
maximal within-class distance:

MDECg :¼ max
i,jjyj ¼ yi ACg

ðxi�xjÞ
T Mðxi�xjÞ:

We sum up all MDECg to represent the compactness of the whole
data:

MDEC :¼
X

g

MDECg :

Note also that MDEC is itself a function of M. The solid line in the
right panel of Fig. 3 illustrates the concept of MDEC.

4.3. A naive formulation

After defining MDDLS and MDEC, our objective now simply
converts to Simultaneously Maximize MDDLS and Minimize MDEC

(SMM), formulated as

min
M

X
g

max
i,jjyi ¼ yj ACg

dM
ij �r � min

i,jjyi ayj

dM
ij

s:t: 0$M$I, TrðMÞ ¼ r: ð15Þ

Here dij
M is defined in (1) and r is a tuning parameter. Fig. 3 shows

the main idea of SMM (15).
Eq. (15) is easily recognized as an instance of SDP and its dual

problem can be derived as
min
a,b,b

brþTrðSÞ

s:t: Lða,bÞ :¼ L1ðaÞ�L2ðbÞ$bIþS
bijZ0,

X
i,jjyi ¼ yj ACg

bij ¼ 1

aijZ0,
X

i,jjyi ayj

aij ¼ r

S$0, ð16Þ
y labeled samples, while the solid line shows the minimal one among them. In the

d lines show the maximal one in each class.



Table 1
Acronyms for different methods compared in our experiments.

PCA Principal component analysis [22,23]

LDA Linear discriminant analysis [24–26]

BLDA Bayes linear discriminant analysis [8]

aPAC Approximate pairwise accurate criterion [5]

MFA Marginal Fisher analysis [11]

LMNN Large margin nearest neighbor [15]

MCML Maximally collapsing metric learning [16]

MDM Minimal distance maximization

L1-MDM L1-norm minimal distance maximization

aSMM Approximate simultaneous maximization and minimization
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where

L1ðaÞ :¼
X

i,jjyi ayj

aijðxi�xjÞðxi�xjÞ
T ,

L2ðbÞ :¼
X

g

X
i,jjyi ¼ yj ACg

bijðxi�xjÞðxi�xjÞ
T :

Note that L1ðaÞ and L2ðbÞ have the form of the ‘‘weighted’’
between-class scatter matrix and the ‘‘weighted’’ within-class
scatter matrix [11,12].

Eq. (16) can also be identified as an eigenvalue optimization
problem:

min
a,b

MaxEigSumr ½Lða,bÞ�

s:t: bijZ0,
X

i,jjyi ¼ yj ACg

bij ¼ 1

aijZ0,
X

i,jjyi ayj

aij ¼ r: ð17Þ

Again, we see that the dual problem of SMM adjusts the weights a,b
for the ‘‘weighted’’ scatter matrices dynamically in the output space,
instead of setting them empirically and statically in the input space.
This not only makes our algorithm quite different from recent
‘‘weighted’’ LDR methods [9–12], but also provides an intuitive way
to set the weights: After solving the dual problem (16) to obtain
the weights (a,b), one could also apply them in those ‘‘weighted’’
LDR methods [9–12]. Note that in this case, we do not need to
empirically build an adjacency graph, which is usually needed in
[10–12]. Moreover, as in the parametric case, by writing out the KKT
conditions (omitted), we can see that the dual variables a,b will be
sparse, i.e., only a small portion of them will be non-zero.

Following the same procedure as in MDM, it is also possible to
develop soft versions of SMM by introducing slack variables. The
detailed analysis has been omitted due to similarity. On the other
hand, since the time complexity of (16) is as high as
O([n2+m2]2m2.5), we will focus on reducing the computational
burden in the next subsection.

4.4. Convex approximation

Although one can use interior-point-based numerical packages
like SeDuMi or CSDP to solve the SDP problem in (15), the time
complexity of these SDP routines does not scale very well with the
size of practical problems. On the other hand, gradient-based
algorithms, though typically require more iterations, do scale very
well due to the low cost of each iteration step.

To address the non-smoothness of the objective function in
(15), the well-known softmax inequality [13]:

maxfa1, . . . ,angr log
Xn

i ¼ 1

eai rmaxfa1, . . . ,angþ logn

is employed to approximate the original problem (15):

min
M

X
g

log
X

i,jjyi ¼ yj ACg

edM
ij þr � log

X
i,jjyi ayj

e�dM
ij

s:t: 0$M$I, TrðMÞ ¼ r: ð18Þ

We call (18) approximate SMM (aSMM). Note that recently the
softmax inequality was also used in [31] to learn a large margin
hidden Markov model.

An important fact of (18) is that it remains to be convex,
therefore we can safely use projected gradient descent to
optimize it. In each step, after updating M by a fraction of the
negative gradient of the objective function, we alternatively
project it back to the two convex constraints A¼ fM : 0$M$Ig
and B¼ fM : TrðMÞ ¼ rg, until convergence. Since A \Ba|, it is
guaranteed to find a (unique) point in the intersection of the two
convex constraints.

Let us write out the gradient of (18):

rM ¼
X

g

X
i,jjyi ¼ yj ACg

pijxijx
T
ij�r �

X
i,jjyi ayj

qijxijx
T
ij , ð19Þ

where xij :¼ xi�xj, and

pij ¼
edM

ij

P
i,jjyi ¼ yj ACg

edM
ij

, qij ¼
e�dM

ij

P
i,jjyi ayj

e�dM
ij

: ð20Þ

Note that here pij indicates the soft probability of pair (i,j) being
MDECg, and qij indicates the soft probability of pair (i,j) being
MDDLS. One can also rewrite (19) in a more compact form
rM ¼ XBXT . The detailed description of the Laplacian matrix B is
postponed to Algorithm 1.

The gradient (19) is very similar to the ‘‘weighted’’ scatter
matrices in [9–12]. However, we emphasize that the weights
(pij,qij) are themselves a function of M, meaning that they are
varying from step to step, rather than empirically or statically
determined beforehand.

Algorithm 1 gives the pseudo-code of aSMM. The time and
space complexity have been reduced to Oðt1½m

2nþt2m3�Þ and
O(m2+n2), respectively. Here t1,t2 are two iteration steps needed
by the algorithm for convergence. Note that the same
approximation can also be made in MDM. In fact, MDM can be
treated as a special case of SMM where each class only has one
sample.
5. Experiments

In this section, we will compare MDM and aSMM to state-of-
art LDR algorithms such as PCA [22,23], LDA [24–26], aPAC [5],
BLDA [8], MFA [11] and ML algorithms such as LMNN [15] and
MCML [16] in two databases of the UCI repository and two face
databases. For clarity, these acronyms are summarized in Table 1.
Note that the two databases of the UCI repository we chose in this
paper have already been split into training and testing set so that
experimental results can be easily repeated. We divide the above-
mentioned methods into two categories: parametric methods
including LDA [24–26], aPAC [5], BLDA [8] and L1-MDM; non-
parametric ones including PCA [22,23], MFA [11], LMNN [15],
MCML [16] and aSMM.

For LMNN, MCML, L1-MDM and aSMM, we perform singular
value decomposition (SVD) on the learned Mahalanobis metric
M and truncate its eigenvectors corresponding to the largest
r eigenvalues when reducing to the low r-dimensional space. We
did not test SMM because its computational cost is prohibitive
even in moderate-sized database. Note that nearest centroid
classifier is employed for parametric methods when classifying a
test sample while nearest neighbor classifier is used for non-
parametric methods.
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Algorithm 1. Approximate SMM

Classification accuracies (%) of parametric methods on the image segmentation

dataset (best accuracy in bold).

r¼1 r¼2 r¼3 r¼4 r¼5 r¼6
Input: X: input data matrix, y: corresponding label, M0: initial
guess, r: tuning parameter, r: reduced dimensionality
Output: M: learned Mahalanobis matrix
LDA 50.90 66.19 81.90 87.90 89.86 90.47

1: M
’ðM0þMT

0 Þ=2
aPAC 64.81 66.10 83.29 87.48 89.71 90.62
2: r
epeat

Bayes [20] 71.24 80.86 85.24 88.05 89.95 90.47
3:
 for all (i,j) do

L1-MDM (C ¼ 4

21) 63.29 81.81 87.43 90.71 90.29 90.29
4:
 if yi ¼ yjACg then
5:

Aij’

edM
ij

P
i,jjyi ¼ yj ACg

edM
ij
Table 3

6:
 else if yiayj then
Classification accuracies (%) of L1-MDM vs. the value of C on the image
7:

segmentation dataset.
Aij’�r �

e�dM
ij

P
i,jjyi ayj

e�dM
ij
r¼1 r¼2 r¼3 r¼4 r¼5 r¼6
8:
 end if
1

9:
 end for
C ¼ 21
50.71 66.29 81.90 87.76 89.57 90.62

2

10:
 A’AþAT
C ¼ 21
57.81 71.57 87.14 88.86 90.62 90.62

C ¼ 3 61.90 81.62 86.76 90.67 90.71 90.29
11:
 B’diagðsumðAÞÞ�A

21

C ¼ 4 63.29 81.81 87.43 90.71 90.29 90.29
12:
 line search stepsize Z

21

C ¼ 5 51.95 78.95 87.76 90.71 90.29 90.29
13:

21
M’M�Z � XBXT
C ¼ 6
21

46.00 79.62 87.10 90.62 90.29 90.29
14:
 repeat

C ¼ 7

21
46.33 78.90 87.24 90.43 90.19 90.19
15:
 [V,D]¼eig(M)
C ¼ 8
21 2 20

21
41.81 73.81 85.57 90.38 90.00 89.95
16:
 d¼diag(D)
C¼1 41.81 73.81 74.38 81.00 80.48 80.24
17:
 d’minðmaxðd,0Þ,1Þ

18:
 M’V � diagðdÞ � VT
19:

M’M�

TrðMÞ�r

sizeðM,1Þ
� I
20:
 until Convergence

21: u
ntil Convergence
5.1. Image segmentation database

The image segmentation database in the UCI repository [32]
has seven classes and 2310 samples, of which 210 instances (30
samples per class) are divided into the training set while the rest
2100 instances (300 per class) constitute the testing set. Each
sample has 19 attributes, which are extracted randomly from a
3�3 region of seven different outdoor images (brickface, sky,
foliage, cement, window, path, and grass). To avoid singularity of
scatter matrices, we have eliminated the 3rd attribute since it is
constantly 9, thus each sample is left with 18 attributes. Note
that the second class and the seventh class can be regarded as
‘‘outliers’’ in this dataset since their average distance (in the
whitened space) to other classes are 3–4 times larger.

Table 2 gives the classification accuracies of all relevant
parametric methods. From the table, we can clearly see that
L1-MDM is much better than LDA and aPAC in most dimensions.
Compared with the very latest work BLDA [8], L1-MDM wins in all
reduced dimensions but the first and the last dimensions. Note
that it is expected that BLDA wins in the first dimension, since it is
guaranteed to be optimal in one-dimensional space (although
achieved by solving c!/2 convex sub-problems and under the
homoscedastic Gaussian assumption). However, when the
reduced dimension exceeds one, the optimality of BLDA is lost
due to its successive procedure. This is indeed verified by the
results in Table 2. Another potential drawback of BLDA is its
computational cost since it needs to solve c!/2 convex sub-
problems in reducing the dimension only by one.

Since the training set and testing set are fixed in this database,
we can further explore some interesting properties of L1-MDM.
First, we check the sparsity of the dual variable a, which has 21
different entries in this database. The number of non-zero
elements in a (C ¼ 4
21) is 9 (r¼1,2), 7 (r¼3,4), 6 (r¼5,6)

respectively, showing that almost 2
3 of a are zeros. Next we check

the optimality of the relaxed framework (5). Recall that in (5) we
have relaxed the constraints ~M

2
¼ ~M and rankð ~MÞ ¼ r to 0$ ~M$I

and Trð ~MÞ ¼ r. In three different dimensions (r¼2,3,4), the optimal
solution ~M

%

of (5) is found to be idempotent and its rank exactly
equals r, which means the convex relaxation (5) finds the
(globally) optimal solution of the non-convex problem (4). This
conclusion can also be drawn through the sufficient condition
stated in Theorem 2. For example, when r¼2, the largest three
eigenvalues of ~Sbða%Þ are 7.4299, 5.3025 and 5.1666. Apparently,
they are all different to each other. However, in other dimensions
(r¼1,5,6), by checking the rank and idempotentness of M, the
relaxed framework (5) is verified not to be equivalent to (4) but
could still be treated as a good approximation. One can also
observe that when the relaxation (5) coincides with the original
non-convex problem (4), the performance of L1-MDM is much
better (even compared with the latest work BLDA). On the other
hand, the performance of L1-MDM might suffer from the non-
equivalence since we need to truncate the eigenvectors of M in
this case.

We then evaluate the effect of the parameter C in L1-MDM. We
run L1-MDM 21 times and each time with a different C. Since this
dataset has seven classes, C should lie within the interval ½ 121 ,1�,
thus we start with C ¼ 1

21 and incrementally increase C by 1
21.

Results are tabulated in Table 3. One can observe that the
performance of L1-MDM is moderately stable in a large range of C.
The second (C ¼ 1

21) and last (C¼1) row in Table 3 deserve a
detailed explanation. When C ¼ 1

21, L1-MDM is expected to be
equivalent to LDA, and their actual performances are indeed very
close (the minor difference is possibly caused by numerical
precisions). While C¼1, L1-MDM degenerates to MDM, however,
the performance is not as good as those of other C’s. After
checking the pairwise distance of centroids in the whitened
space, we find that several centroids are very near to each other,
which explains the degradation of MDM’s performance and in
turn emphasizes the importance of introducing slack variables
in MDM.



Table 4
Classification accuracies (%) of non-parametric methods on the image segmentation dataset (best accuracy in bold).

r¼1 r¼2 r¼3 r¼4 r¼5 r¼6 r¼8 r¼10 r¼12 r¼14 r¼18

PCA 41.57 61.43 61.67 81.62 83.62 83.71 87.33 87.67 87.67 87.67 87.67

MFA 51.05 75.19 85.00 87.10 89.57 89.76 89.71 89.05 89.05 87.62 84.33

LMNN 50.43 72.76 74.86 75.95 75.95 75.95 75.95 76.19 84.86 90.81 92.76
MCML 55.90 69.00 79.10 84.14 84.38 84.38 84.38 84.43 84.62 84.62 84.67

aSMM 67.71 78.62 83.95 89.24 89.90 91.67 91.86 91.90 92.00 92.00 87.67

Table 5
Classification accuracies (%) of parametric methods on the satellite imagery

dataset (best accuracy in bold).

r¼1 r¼2 r¼3 r¼4 r¼5

LDA 53.60 72.35 82.65 83.10 83.95
aPAC 67.30 77.70 82.35 83.20 83.95
Bayes [20] 69.65 80.65 82.80 82.55 83.15

L1-MDM (C ¼ 2
15) 57.10 82.20 83.10 83.60 83.95

L1-MDM (C ¼ 1
15) 53.40 72.65 82.25 83.20 83.95

L1-MDM (C¼1) 48.80 70.75 73.60 80.40 71.90
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The last experiment on this dataset is to assess the perfor-
mance of non-parametric methods. Comparing Tables 2 and 4, it is
interesting to note that the performances of non-parametric
methods are even worse than those of parametric methods
when the reduced dimension is fairly small. However, the
performances of non-parametric methods continue to improve
when dimensionality exceeds 6 and finally are comparable to or
better than those of parametric methods. Our proposed method,
aSMM, shows an encouraging behavior in all dimensions. We
notice that aSMM’s performance dropped to 87.67% in the full
dimensional space (r¼m), which is predictable since M is
tightened to be a trivial identity matrix by the constraints
0$M$I, Tr(M)¼m (recall that MARm�m) and the learned
Mahalanobis metric M reduces to the ordinary Euclidean metric.
6 http://www.cam-orl.co.uk/facedatabase.html
7 http://cvc.yale.edu/projects/yalefaces/yalefaces.html
5.2. Satellite imagery database

Our second experiment is implemented in the satellite
imagery database of the UCI repository [32]. This database
consists of the multi-spectral values of pixels in 3�3
neighborhoods in a satellite image, and the classification is
associated with the central pixel in each neighborhood. There
are 6435 samples in total, with 4435 instances for training and the
rest 2000 samples for testing. Each sample has 36 attributes and
belongs to one of the six classes. The first class and the second
class in this dataset can be regarded as ‘‘outliers’’ since their
average distance (in the whitened space) to other classes are 4–5
times larger.

Table 5 lists the results of parametric methods. L1-MDM
(C ¼ 2

15) performs best in the last 4 dimensions while BLDA is
again the best in the first dimension. L1-MDM shows a consistent
improvement upon LDA, however, as dimensionality increases,
the discrepancy between different methods decreases. We have
also evaluated the effect of the parameter C. Again, we find that
when C ¼ 1

15 (recall that there are six classes in this database),
L1-MDM’s performance is very close to LDA; and when C¼1, the
performance of MDM is not so good.

The performances of non-parametric methods are reported in
Table 6. We only list the results of the first 12 dimensions since
the performances saturate from the 12th dimension. Our method,
aSMM, outperforms other methods in most dimensions especially
when the reduced dimensionality is fairly small. An interesting
phenomenon in this database is that PCA’s performance is
remarkably good when the reduced dimensionality exceeds 4.

5.3. Face recognition

To further test our approximation algorithm aSMM, we have
applied it to the face recognition task. Two face databases, i.e., the
ORL face dataset6 and the YALE face dataset7 are chosen in our
next experiment.

The ORL face dataset contains 40 different people while each
person has 10 images with size 112�92. The Yale face dataset is
composed of 15 people and each person has 11 images with size
256�256. We have performed some pre-processing on the raw
images to align the eyes and eliminate the non-relevant back-
ground. Each image is finally normalized to 32�32 pixels, with
256 gray levels per pixel.

In the experiment, five images per person in each database are
randomly selected to constitute the training set and the rest are used
as the testing set. Experiments are repeated 50 times for each
database and the average result is reported. Note that since the
original dimensionality of face images (1024 after pre-processing) are
too high, PCA (with 100% energy) is employed to reduce the
dimensionality first (to avoid the small sample size problem).

Figs. 4 and 5 show the error rates of all methods with respect
to the reduced dimensionality on ORL and YALE face database,
respectively. As can be seen, aSMM exhibits a consistent
advantage over other methods on most dimensions. However,
the computational cost of aSMM is the heaviest if one needs to
search for the best reduced dimensionality r since we need to
re-run aSMM with a different r. Error rates of all methods in the
YALE database are observed to be much larger than those in the
ORL database, possibly because images in the YALE database are
acquired with much heavier illumination variations.
6. Conclusions

In this paper, under homoscedastic Gaussian assumption, we
first provide a unified framework to analyze the multi-class LDR
problem. After exposing the deficiency of existing methods, a new
ML algorithm, called minimal distance maximization (MDM), is
proposed to address the non-robustness issue in LDA. The
principle behind MDM is to maximize the minimal between-class
distance in the output space and is formulated as an SDP. To drop
the homoscedastic Gaussian assumption, MDM is extended in a
non-parametric way. Interestingly, the dual problems of MDM
and SMM are shown to be related to, but fundamentally
different from, the ‘‘weighted’’ LDR methods: our dual problems
dynamically adjust the weights in the output space rather than

http://www.cam-orl.co.uk/facedatabase.html
http://cvc.yale.edu/projects/yalefaces/yalefaces.html


Fig. 4. Error rates on the ORL face database.

Fig. 5. Error rates on the YALE face database.

Table 6
Classification accuracies (%) of non-parametric methods on the satellite imagery dataset (best accuracy in bold).

r¼1 r¼2 r¼3 r¼4 r¼5 r¼6 r¼7 r¼8 r¼9 r¼10 r¼11 r¼12

PCA 40.80 78.35 84.35 85.55 87.40 89.00 89.35 89.90 89.50 89.80 89.70 89.95

MFA 47.05 66.00 71.30 71.80 73.85 73.85 75.90 77.90 77.40 78.05 80.50 81.95

LMNN 50.70 68.55 72.50 76.65 81.75 84.30 85.95 86.50 88.65 88.75 89.80 90.35
MCML 52.50 78.40 83.70 85.20 86.90 86.55 86.65 86.90 87.45 87.40 87.60 87.70

aSMM 54.95 78.75 84.95 86.00 87.65 89.25 89.75 89.55 89.90 90.05 89.80 89.75
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empirically or statically determines them in the input space. A soft
version of MDM, in which LDA is subsumed as a special case,
is developed to overcome the triviality when two (or more)
centroids overlap. Finally, to significantly reduce the computa-
tional burden, we give a gradient-based smooth convex approx-
imation algorithm to the original SDP formulation by employing
the ‘‘softmax’’ inequality. Experimental results on various data-
bases demonstrate the effectiveness of our proposed methods.

Evaluating the compactness of a class by the maximal distance
within it, as we did in this paper, might be problematic for multi-
modal distributions. In the future work, we are planning to
incorporate ideas like ‘‘sub-class’’ in [33] into our non-parametric
method. On the other hand, since the proposed methods in this
paper are linear in nature, we are expecting a further improvement
by investigating their kernel counterparts.
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