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A sequence of directions determined by the vectors 1, =(a,) #0, a; = (ail’ Gty e, Where

will be called basic, if for a certain domain D of e ,, &
“dimeyp.

a.. are real numbers and =1, 2, **",
i . ‘ .
’ xn)’ continuous in the

sional euclidean space and an arbitrary function f(%), % = (xl, Xyt
., k, each continuous in the corfesponding interya]

domaiy

there are functions gbik(ti), i=1,2,--

inf (G‘X) < tl: < sup (a‘x); aix = ailxl +...+ ainxn’ k . 1’ 2; Tty

x€D x€ED

such that the sequence of sums

"
(1) = X ¢y (a;x) (1)

converges uniformly inside D to the function f(x).

In this note we give necessary and sufficient conditions satisfied by any basic system of direc-

tions.
To formulate these necessary and sufficient conditions we shall consider the coordinates

@y, a,, *++, a of a vector 1 #0 as homogeneous coordinates of a point 4 = (a) = (al, By, * an)

of the (n - 1)-dimensional projective space Hn -1
Theorem. For a sequence of directions determined by the vectors 1, =(e) £0,i=1, 2, to be
basic it is necessary and sufficient that the sequence of the points A; =(a;) of the space 0, does

not belong to any (n ~ 2) dimensional algebraic surface of this space.

From this theorem it follows in particular that a sequence of vectors l; = (ﬂ,-) determining a basic

sequence of directions cannot be entirely contained in any hyperplane of the n-dimensional vector
SpaCc.

. 1.. Proof of the necessity. We will show that if (a‘.) €EM,i=1,2,---, where M is some (nTZ)'
imensional algebraic surface of the space I _,, then in any domain D of the n-dimensional euclid-

ean space th i : . . eo
P €re exist continuous functions which are not uniform limits of any convergent sequent
sums of the form (1),

Let

m m "'n =0
14.2...0 '
",m:l ) n

P(al’“z"",a)= 3 .
n . myma

ml m2+',--+mn=m
ml’ Cm y*'tr, e are co . . th surface M
2 mp nstants, m;20,j=1,2,--+,n, be the equation of the bt

W i

- n
K, 2 (x -x )2 N
S\ J°<o i .
i=p ¢ T0i" =0, 1s 10 the domain D. Let us consider the operator |
d

|
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0, ) =\\u () L 1o ()] dx, ayx =dy, . . 4y,
) ,

_ P(0/3x%,,0/ 0%y, * ,0/0x.) and v(x) i
X which vanishes on the boundary of the sphere K together wj

der (m — 1) inclusive; we shall call such functions admissible,

¢ (ax), (o) € M, annihilates

stitute an arbitrary admissible

hc or . T
ypto? fanction u(x) continuous in the sphere K and of the form u =
r : s i
Evea:'or 0 (u) for every admissible function v(x), In fact, let us sub
er v : i
the op  o(x) and the function z = ¢p(ax) in the operator Ov () and, ass

factio i o uming that a, # 0 (which does
estrict generality) let us make under the integral Sign in the operator [, a change of varjable
pot I
setting
y1=a1xl+azx2+...+anxn, y2=x21--.’yn=xn. (2)
7e shall have ‘ i
ax) L = T
.,RS‘P( )L [v (x)] dx Y SSq)(yl)L (v (4)] dy, (3)

X’
where K' is the image of the sphere K and L results from transformin

g the operator L by means of
the formulas (2).

Since
L ¢y )] =L [¢(ax)] =P(a;, a,, ---, a,) ™) (ax) = 0

foragy m_times differentiable function ¢, it is easy to see that the coefficient of d"/9yT in the

operator L is equal to 0. Furthermore let us observe that the function 9(y) = v(x) vanishes on the

boundary of the domain K' together with all its partial derivatives. Using this and applying in the

right side of (3) a single termwise integration with respect to.a variable not coincidin

g with y, we see
the validity of the equation

Ov[tﬁ (ax)] = 0

for any admissible function v(x).

From this and the additiveness of the integral and the possibility of passing to the limit in the
Operator Ov(u) for a fixed function v(x) it follows that if the functions i lax), i=1,2, -+ k
5,2, ... » are continuous in the sphere K, then every function f(x) which is the limit of a se-

Wence of sums of the form (1) uniformly converging in K also annihilates the operator Ov(u) for
Every admissible function v (x).

To com

. s : i = : tinuous in
" Plete the proof it is necessary to show the existence of a function u uo(.x) con
¢ domajq )

and not annihilating the operator Ov(u) for any admissible function v (x).

k i i i <o h a func-
m? m9 0 is a nonzero coefficient of the polynomial P(a,, a,, , @) then suc
» 2’“"”‘" .
tion will n0 m0 m0 . _
be, for €xample, the function uo(x) =%, lxz 2... xn". For it and the function

n

v, (%) = (62 - _?l(xi - xoi)zlm

We sha]] have

01) (uo) # 01
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- is established,
and thus the necessity of the conditions of the theorem 1s €8

irections determined by the vectors
i sequence of dire
2. Proof of the necessity. Letas

1"”("‘-)740, iﬂl, 2,-0-.

be such that the corresponding sequence of points

A‘, = ((1‘-)

n — 2)-dimensional algebraic surface, We may,

(4)

of the space ”n-l does not belong to any ( Obviously,

; v irwise noncollinear.
consider the vectors l‘-, i=1, 2, , as pairwise

For any natural number m and any aggregate of points '(akr)l C l(“i) b where l‘,, isa natural pyp

[ o ider the identities
ber, r=1, 2,"',N,N=Cnm+n.l=l, 2, , let us consid

(agpxr - apexe .o F Ap,nXn)™
m m
2 e Al a0, )

“mylmyl.m!
myf-my-.f-wi==m

m,}O, ] ],2,...,/1,

which we shall treat as a system of linear equations in the quantities

m! my m; mpy
—_—X) Xo ... X
ml myl ... m, 17 72 n
(6)
The determinant of this system is equal to
my m Mmp
A (ak., ‘e ey (ZkN) = I a,,,'la,,r’z co o Aponl|,

m +my + ... +my=m, mp>0, j=12...,n.

We shall call a system l(ak B, r=1,2,---,N for which A(akl, cen, akN) # 0, a nondegenerate sys-
T
tem of points of order m.

Let now n = 2, In this case for the sequence l;,i=1, 2,--+, we may take any sequence of pair-
wise noncollinear vectors, It is also easy to see that when n = 2 any sequence of distinct points of
the sequence (4) contaning m + 1 points is a nondegenerate system of order m, m = 1, 2, -+ . Hence
putting k_=r,r=1,2,+-, m+1 and solving the system (5) with respect to the unknowns (6) we
find that every product lexr;z, Mmy+my=m,m;,m,2>0, and consequently any homogeneous poly-
nomial of degree m in the variables X1, %,, is representable as a linear combination of the powers
(a,»x)m. i=1,2,+++,m+ 1. From this and the arbitrariness of m it follows that every polynomial
P, (x) of degree k is representable in the form

k+1
P, (x) = £§1 ¢, (a,2), ()

where the functions b, (¢) are also polynt:;mials of degree £ in t.

Hence taking a sequence of polynomials (P (x)}, k=1, 2, - - | uniformly approximatiag the f2€

tion f(x) in D, and using the equation (7) we obtain the proof of sufficiency in the case 7= 2

For n> 2 an arbitrary system of points {(a, )}, r=1,2, ..., N, from the sequence (4) GEEL 20
nondegenerate, Ye shall show, however, that for rnn

points belonging to the indicated sequence,

quence (4) any system of distinct points {(a

t be

. ms ©
y natural mthere exist nondegenerate syste

. e s¢°
For this end assume the contrary and select from th

and make run th ini : * , PIUR
7 ¢ remaining point, say (aki) through all the points of the sequence (a), i = 1, 2
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* int$
k,)!’ r=1,2,+++,N. Ve fix any N — 1 among thes¢ po

el



Zya}:;’p (n - 2)-dimenslional “1Bejbmic surﬁﬁce, all mino[rl:](c); tShl:(;:hdt]:w“:fti: s(;q“cm_te does not belong
A(az AR aZN) -are equ:fl to 0; In view of the arbitrarine € determinant
K“k,ﬂ and the vimablc point (ak ) among the points of thi
genctallyr any minor of order (N = 1) of the determinant A(a
tem of points of the sequence (4) is equal to 0. Repeating t
we find that all minors of order (N - 2)

kp "t GkN), taken for an arbitrary sys-

o his argument for each minor of order (N - 1)

B " . .

ofe f eterminant under consideration are also equal to 0 for

all possible systems of points of our sequence. Continuing in the same way we arrive at the identical
e identica

‘b 11 minors of order 1 of the determi :
vanishing of all m ¢ determinant A(akl’ . "N) for all points of the sequence

0,i=1,2’..._

- ’ a
(ai)’ i=1,2"" and this contradicts the hypothesis since li #

uence (a,), i = s i
Hence the seq ( ,): Sy » contains nondegenerate systems of points of any order m

For each m we fix one such system and substitute the coordinates of the points of this system into

the relations (5). If now Pk(x) is an arbitrary polynomial of degree k, then solving the so obtained

system (5) with respect to the unknowns 6) for m=1, 2, ..
mi_m2  _mp

*» k, and replacing in the polynomial
Pk(x) the powers X%, N

"Xp My tmytcecdm o =m, m; > 0, by the solutions we arrive at the
equation
Ni

P, (x) = _21 ¢;(a,2),
i=

where ¢; (¢),i=1,2, -+, N, are certain polynomials in ¢ of degree not exceeding k. The proof of
the sufficiency of the conditions of the theorem then reduces to the possibility of a uniform approxi-
mation of the function f(x) in the interior of the domain D by polynomials.

Using the preceding result we can, for example, assert the following.

Let ¢, i=1,2,---, be a sequence consistiﬁg of inﬁnite;l.y many distinct real numbers and con-
vetging to some number £,. Then the sequence of directions (ti, e* 1),i=1,2,..., in the three-dimen-
sional space is basic.

This assertion follows from the fact that the end points of the vectors taken in the plane II; do

not lie on any algebraic curve.
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