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ON THE NEWTON METHOD *

One of the most effective methods for finding the roots of an algebraic
equation in the case when approximations to the roots are known is the
Newton method, sometimes called the method of tangents. In this method
the successive approximations are determined by formulas of the form

. f@)
BT T )

The convergence of this method was studied by Cauchy and later by Os-
trowski [1)-[3]. This method was generalized to systems of algebraic equa-
tions. The convergence conditions in this case were given by Willers [4],
Stenin [5], and Ostrowski [6]. However, it turns out that this method is ap-
plicable to the case of arbitrary non-linear equations. In particular, at my
suggestion, it was applied by D. N. Zagadsky [7, 8] to the case of non-linear
integral equations.

In order to consider all the cases simultaneously, it is most profitable to
develop and study the method in the general case of arbitrary functional
equations. In order to simplify the unterstanding of this paper, readers who
are not familiar with operator theory can find the necessary information for
the sequel in Sections 1-3.

In Section 4 we establish the main theorem on the convergence of the
Newton process. In it we give conditions which are in a certain sense conple-
tive for the convergence of the method and establish the rate of convergence.
This theorem is simultaneously a certain existence and uniqueness theorem
for non-linear equations and therefore has purely theoretic significance.

In Section 5 we describe a modified method which has certain advantages
in specific cases.

*L. V. Kantorovich, O metode N’yutona, Trudy MIAN SSSR, 1949, 28, pp. 104-144.
In the original text the author uses the terms ‘operation’ and ‘functional operation’. For
the present collection, the terminology of this paper was modernized throughout without
further comments. —FEd.note.
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In Section 6 we present applications of the method to algebraic equations
and systems and in Section 7, to non-linear integral equations; Section 8
contains the development of a certain method for finding the eigenvalues
and eigenvectors obtained by applying the Newton process to this method.

1. Linear Functional Operators

A normed linear space’ is any linear or vector set, i.e., a set X = {z}

of elements of any nature for which the operations of addition z + y and
multiplication of an element by a real number Az are defined and satisfy the
ordinary laws of algebra, and which also possesses a norm of elements ||z||
which is a number obeying the ordinary properties of the length of a vector.

To be more precise, the following conditions for the norm must be met:

1) ||lz|| > 0 and ||z|| = 0 if and only if z = 0;

2) |lz + yll < =]l + [lyll;

3) 1Az = |l ||]l.

Since the norm is defined, it is possible to introduce the notion of conver-
gence: we say that z, — x or lim,_ = z if ||z, — || — 0 as n — oo. The
space is called complete or of type B (from S. Banach’s name) if the Cauchy
test for convergence holds, i.e., if lim,_c ||Zn — Znyp|| = 0 uniformly in p
implies the convergence of the sequence to some element z, i.e., z, — =z.
Let us present the examples of spaces which we shall use in the sequel.

1. The set of real or complex numbers is obviously a space of type B,
if the operations  + y and Az are defined in the ordinary way for numbers
and the norm is simply the absolute value of a number, i.e., ||z|| = |z|.

2. The Euclidian space R", or which is the same, the space of n-
dimensional vectors

z = (f(l),f(z), ey f("))
is a space of type B, if the operations z + y and Az are carried out for vectors

conventionally (componentwise) and the norm is defined as the length of a
vector, i.e.,

lall = /(e + (@) + -+ (€.

3. Using the same elements as in the previous example, we can constitute
a different space m, by defining the norm in a different way, namely, by
taking as the norm the greatest absolute value of the components ||z| =
max |€)|. Obviously, in this case all the conditions will hold. In particular,
the space will be complete and the convergence of a sequence z,, — = means
here, as in the previous case, that we have componentwise convergence:
ED - D asm — o0 (1= 1,2,...,n).

!Concerning the main notions of functional analysis see, for example, [9].
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4. The space C of continuous functions defined in some interval (a,b)
with the norm

ol = max [z (t)

This is also a complete space and convergence in it is uniform convergence:
z, — z means that the sequence of functions z,(t) converges uniformly to
z(t).

5. The space L? of square integrable functions defined on the interval
(a,b), for which the norm is

» 1/2
Jall = [ / x’(t)dz] :

while convergence is that in mean.

A mapping which transforms one such space X into another Y is a
function y = U(z) which assigns an element y of the space Y to every
element z of the space X. In particular, if Y is the space of real numbers,
then the operator is known as a functional. An operator y = U(x) is called
linear if it is additive

Uz, +2,)=U(z,) + U(z,)

and continuous, i.e., if U(z,) — U(z) as ¢, — z. A linear operator is always
homogeneous. This means that U(Az) = AU(z). Instead of continuity, we
could have required the equivalent condition that there exists a constant
C such that ||U(z)|| < CJ|z|l. The least constant C ensuring that this
inequality holds is called the norm of the given linear operator and is denoted
by ||U||.

Let us note the main inequality

U @I <101 ll=l- (1)

The set of linear operators from X to Y will be denoted by (X — Y); it is
also a linear set and a complete normed space under the norm ||U|| defined
as above.

An operator inverse to the given operator y = U(z) is any operator
z = UCY(y) which takes Y to the X and satisfies U(U(-Y(y)) = y. Such
an inverse operator does not always exist. Note the following case in which
its existence is guaranteed [10].

If U is a linear operator from X into X with norm ||U|| < 1 and I is the
identity operator in X, i.e., Iz = z, then the operator I — U possesses an
inverse operator and we have

=) <= o ()
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To prove this, consider the operator
Hzr=z+4+Uz+ Uz +---.

This series converges and defines a linear operator so that we have

[zl < llzll + U2l + -+ < Nl = MU~ HHI< Q= o)—

Further, it is obvious that
(I-U)Hz=(z+Uz+ Uz +--)— Uz + U’z +--) =z,
which shows that H is an operator inverse to I — U. Therefore,
I-U)y'=H, |I-0)"'"=IHI<A-IUID

Let us give some examples of linear operators.

Example 1. Consider the linear operators y = U(z) from the space X = m,

to Y = m,. Introduce the elements
z, =(1,0,...,0), z2=(0,1,...,0), ... z,=(0,0,...,1)
and suppose
yi = U(z:) = (air, @iz, - - -, Gin), i=1,2,...,n;
then for any

c=(M,....6M) = ans“)
i=1

we have
y= U(.’L’) = ('7(1)» '7(2)’ LK) 77(”))’

where "
=Y a;e®,  j=1,...,v
i=1
Thus, the operator U is a linear transformation determined by the matrix
A = ||aijll, i=1,..., j=1,...,v

Let us show now that the norm of the operator is expressed as
101 = max 3 fais .
i
Indeed, we have

ol = 1V @ = max|n| = max 3, |37 6Day

®)

4)
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= ;(8) " el = " e
= max|2i®| max 37 fag| = (max " fa]) lell.
1 ] i=1 i i=1

Hence, it is clear that ||U]|| is not greater then the right-hand side of (4), but it is
easy to check that we actually have an equality.
The relation (4) implies the obvious estimate

WU <nL; L =maxlagl. (42)

Example 2. Consider the case in which X = R",Y = RY are Euclidean
spaces. Then linear operators are presented in the same form as linear transforma-
tions (3) except that their norm is defined in a different way. It can be shown that
in the case when the matrix A is symmetric

U1l = [An], (®)

where A, is the greatest eigennumber in absolute value of this matrix. In the case
when the matrix A is not symmetric,

U1l = VA, (6)

where A, is the greatest eigenvalue of the matrix AA*. These facts are easily
obtained from theorems on the extremal properties of eigenvalues of matrices known
from the course of algebra, or by using considerations similar to the ones given above
in our study of Example 5.

Besides the exact expression for the norm, the following estimate for it is often

useful: .
wi< (35 63) . )

The latter is established as follows:

i =3 =3 (O e6) < (X 30 a3) ¢
< (T30 a3) lel

Example 3. Consider linear operators in the space of complex numbers
X = {z}; ¢ = z, + iz,. Such an operator in general is determined by a certain
matrix, but we shall only consider operators of particular form

y="U(e) = we, (8)

where w is a complex number. Then we obviously have |y| = |w||z|. Since in the
given case the norm of an element equals its modulus, we obviously have

WUl = [wl- @
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Example 4. Consider operators from C to C. Here we only consider operators
of integral type

y=U(z); y(s) = /o K(s,t)z(t)dt (10)

and assume that K(s,t) is continuous. This operator is obviously additive. Let us
estimate its norm

lyll = max|y(s)] = max

1 1
/0 ]&(s,t)z(t)dt' < ”1”0122(1/(; |K(s,t)| dt.

We see that the norm of U is no greater than the second factor, but it is easy to
show that the former is actually equal to the latter:

1
Wil = Orél’asxl/o | K (s,t)| dt. (11)
In particular,
Ul < M it |K(s,0)] < M, (11a)

Example 5. Now suppose that X =Y = L? is the space of square integrable
functions. We confine ourselves to considering only operators of the special form

o(s) = o(s) — /0 K(s,t)2(t) dt, (12)

first in the case when the kernel K(s,t) is symmetric.

Denote by ); the eigenvalues of the kernel K (s,t) and by ¢;(t) its eigenfunctions.
Supplement the system of functions ¢;(t) by the functions ¢,(t),é_,(t),... so that
the resulting system becomes a complete system in L?. Here we assume that A\, =
A_, = A_, =---=oo. Further, denote by & and 7; the Fourier coefficients of z(t)
and Y (t) with respect to the system ¢;. Then substituting the bilinear expansion
of K and the expansions for z and y

i(t) i
Ko =32 20O o= Fesw, w0 = na
in the expression for the operator (12), we find

1
m=&— /\—ifi.

This mean that if we take L equal to the least upper bound of the numbers [1-1/);|,
we get

1\2
W0 =7 = Yt =3 (1- 1) € =275 ¢ = Ll
i i i
Therefore, in the given case

VIl < L=sup|l—1/X] (13)
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if |[K(s,t)] < M then |);| > 1/M implies the inequality
Ul <1+ M. (13a)

From this it is also easy to estimate the norm of the inverse operator. Indeed, we

have .
IN\-
el = g = 3 (1-%) <,
where L, = sup |1 — 1/;|”". Therefore,
IUNL, = sup |1l —1/\]7" (14)

In the case of a non-symmetric kernel K (s,t) it is easy to check that

/y’(s)ds:/gf(s) ds+//f(u,t)x(u)z(t) dudt,

where
K(u,t) = K(u,t) + K(t,u) - /K(u,s)K(s, u) ds. (15)

Therefore, if A; denotes the eigenvalues of the symmetric kernel K (u,t); then,
arguing as above, we find

-1

ol < sup , (16)

1
1— —
A;

1t
UM < sup |1 -+ (17)

2. Bilinear Operators

Consider the linear operator u = B(z) which acts from the space X to the
space of linear operators mapping X into Y, i.e.,, u € (X — Y). Let us
compute its value for an arbitrary element =’ € X. Then putting

B(z,2') = w(z”) = B(z)(z'), (1)

we obviously obtain an operator which is defined on pairs of elements = and
!, is additive with respect to each of its arguments and satisfies

1Bz, )| < [l ll='Il < oIl {1 XIIX7]|- (2)

An operator meeting the last conditions is called bilinear, and the least
acceptable constant factor in the equality of the form (2) is its norm.
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Conversely, suppose we are given a bilinear operator B(z,z’) which is
additive in both of its arguments and satisfies the condition

I1B(z,z)|| < Cll=zl||="||-

Then it is clear that for fixed z B(z,z’) is a certain linear operator u(z’)
from X to Y. Putting B(z) = u we get

I1B(2)Il = llull < Clle|l-

Hence, B(z) is an additive operator in « and it follows that u = B(z) is a
linear operator taking X to (X — Y) with norm ||B|| < C. Thus it follows
from the above that it is essentially equivalent to consider B as an operator
from X to (X — Y) or as a bilinear operator. The values of the norm in
both cases are the same. Let us present some examples of bilinear operators.

Example 1. Consider a bilinear operator acting from the space X = m, to
the space Y = m,. It is easy to see that it is of the form

y=B(z,z)= {Z:jﬂaiik&%}k:l o @

i.e., its value is the vector y whose components are quadratic forms. Clearly, we
have

llvll = [1B|| = max

n n
Yoo eeeds] <max (37 losiel) llal ',
which implies that
n
IBI| < max 3 lasal < n* M, 0)
i,5=1

where |a;jx| < M. However, these estimates do not give the exact value of the
norm.

Example 2. A bilinear operator from R" to R’ has the same form as in
the previous example. However, its norm is defined differently and has a different
estimate.

Namely,

2
S sl < (S (L) - (S (£e) (So

i,j=1 i,j=1 i,j=1 5,j=1 j=1

Hence,

v n 2 v n
Mol =18l =>_ D et | <3 adillzlPll='1?;
k=1i,j=1

k=1 \i,j=1
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and, therefore,

k=1ij=1

1/2
IBIl < (Z Z a?jk) <nWwi (5)

if all the a;j; satisfy |aije| < L.

Example 3. If X and Y are spaces of complex numbers, then an example of
a bilinear operator will be an operator of the form

y = B(z,z') = wzz', (6)
where w is a complex number. It is easy to check that for this operator

lIBIl = |wl]. ©)

Example 4. An example of a bilinear operator mapping C into C is the
integral operator of the form

1,1
y= B(z,7'), y(s) = /0 /0 K(s,t,u)z(t)z'(u) dt du; (8)

its norm is estimated as

141
[|1B|| < sup// |K(s,t,u)| dt du 9)
s JoJo

if | K (s,t,u)] < M.

Example 5. The same operator (8) may be viewed as an operator mapping
L? into L. In this case its norm can be estimated as

1Bl < [/01/01/01 K?(s,t, u) ds dt du]m. (10)

3. Differentiation of Non-linear Operators

Suppose that y = P(z) is a non-linear operator acting from the spaceX to
Y. We say that it is Fréchet differentiable [11] if for each fixed value z there
is a linear operator U € (X — Y) satisfying

I[P(z + Az) — P(z)] — U(Az)|| < || Az] (]| Az])); e

here £(6) is a function which tends to zero as § — 0. This operator U is said
to be the derivative of the operator P(z) at the given z:

P(z)=U. (2)
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As we mentioned before, P'(z) is an element of the space (X — Y).

In turn, U = P'(z) is a non-linear operator which takes the space X to
the space (X — Y). It can also turn out to be differentiable. Its derivative
is called the second derivative of the non-linear operator P(z)

V = [P(a)) = P'(a). )

This second derivative V is an element of the space [X — (X — Y)), i.e,,
of the space of linear operators from X to (X — Y). As we saw before, the
consideration of this operator is equivalent to that of a bilinear operator from
the space X to Y so that P”(z) may be viewed as such a bilinear operator.
In this connection by ||P'(z)|| and ||P”(z)|| we may mean the norms that
are calculated respectively in the spaces (X — Y) and [X — (X — Y)] (see
[12)).

Let us note some propositions concerning derivatives which we shall use
in the sequel.

1. If y = é(z), then z = F(y) = F[¢(z)), where the functions ¢ and F
are differentiable and

dz dz dy

G dy 4o = PG (4)

Here we mean that the linear operators written side by side dz/dy and
dy/dz must be applied successively (the chain rule). This rule is established

in the same way as for the conventional derivatives of functions of one or
several variables.

2. If y = P(z) is a linear operator from X to Y, then obviously
P'(z)=P; P'(z)=0, (5)

i.e., the derivative of a linear operator coincides with the operator itself.
3. If U is a linear operator from Y to Z, then

[U(P(=))) = U(P'(2)), (6)

i.e., a constant operator may be factored out of the bracket being differen-
tiated. This immediately follows from rules 1 and 2. Here

U(P'(z))=V e(X = 2) and V(') =U[(P'(2))()).
4. If P(z) is a differentiable operator, then we have the inequality [14]
IP(= + Az) — P(z)|| < sup {||P'(Z)||, [|Az(]}, (M

T=z+0Az, 0<0<I,
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which is an estimate of the increment similar to that for functions of one
variable known as the finite increment formula.

For the proof we put P(z+Az)— P(z) = y and choose a linear functional
T on the space Y such that |T|| = 1, T(y) = ||y||, which is always possible
[20]. Consider the real-valued function f(t) = T[P(z + tAz)] of the real
parameter ¢. For its derivative, using the rules 1 and 3, we obtain the
expression f'(t) = TP'(z + tAz)Ax.

Further, using the definition of f(z) and applying the ordinary formula
of finite increments, we get

T(y) = T[P(z + Az) — P(z)] = f(1) — f(0) = f'(6) = TP'(¢ 4+ 6Az)Ax.
This implies
1P(z + Az) = P(2)|| = llyll = T(y)) < TN P'(= + 6Az)]| | A]]
< sup || P'(T)| || Az]|, 0<0<1, T=z+0Az.
5. If P(z) is a twice differentiable function, then we have the following
inequality
1 "=
1Pz + Az) — P(z) - P'(2)Az] < 5 sup |P"(@)] [|Az]?, ®)

T=z+0Az

related to the Taylor formula just as the previous statement is related to the
finite increment formula.

The proof follows along the lines of the previous one. Denoting by y
an element on the left-hand side of (8) whose norm must be estimated, we
introduce a linear functional T satisfying ||T|| = 1 and T'(y) = ||y||. Further,
we construct the auxiliary function f(t) = T[P(x + Az)] for which

f'(t) = T[P'(z + tAz)Az], f'(t) = T[P"(z + tAz)AzAz],

where the expression in the square brackets means that the bilinear operator
P"(z+tAz) must be computed for the pair of arguments equal to Az. Then,
applying the ordinary Taylor formula, we obtain

[[P(z + Az) - P(z) - P'(z)Az| = |lyll = T(y) = f(1) - f(0) - f(0)

1 1
= 5/"(8) < STl sup || P"(= + tAz)]| | Az]*.

Let us give some examples of the derivation of operators.

Example 1. Consider a non-linear operator mapping n-dimensional space to
a v-dimensional one. It is defined by a set of v functions of n variables:

y=P), m=filf, &), k=1...,n 9)
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We assume that the function f; has continuous partial derivative of the second
order. Then for the differentials we have

d"k_zz‘gkdﬁn k:l,...,l/, (10)

while the increment Ay = {Ani}r=1,2,...,» is expressed by the same system of forms
of differentials up to infinitesimals of higher orders. This implies, in the case in
question, that P’(z) is given by the matrix of partial derivatives

ofe

Pl( )_ ast

(11)

:_ [ )

I,...,v

or, to be more precise, P/(z) is the linear transformation corresponding to this
matrix (see (2) Section 1).
In a similar way, considering the increment of P'(z) that corresponds to the

increment of the argument Az’ = (A€],..., A€)), we see that the second derivative
is determined by a matrix depending on three indices
02 fx
pP" . 12
(=)= ’3{.3{, by —11,...,n (12)
=1,...,v

If we consider it as bilinear operator, then it will be determined by a system of v
bilinear forms

P'(z)zz’ = Z a?gg &&; . (13)
ij=1

k=1,...,v

If we choose a specific norm in n-dimensional spaces corresponding to the norms
of R™ or my,, we can find estimates for ||[P’(z)|| and ||P"(z)|| by using the results
of sections 1 and 2.

Example 2. If in the space of complex numbers we consider an analytic
function y = P(z), then in the given case Ay = P'(z)Az up to infinitesimals of
higher order; hence, the operator P/(z) is multiplication by the complex number

P’'(z) and its norm is
IP'(2)ll = |P'(z)]- (14)

In the same way, in the given case, the second derivative coincides with the

ordinary second derivative if we consider the latter as a bilinear operator over pairs
of complex numbers P"(z) -z - 2'.

Example 3. Consider a non-linear integral operator in the form

y=P@E), y(s)= /0 ' K(s.0)a20) dt, (15)

where K(s,t,u) is a twice continuously differentiable function of its arguments.
Then up to infinitesimals of higher order, we have

Ay(s) = /0 K'(s,t, z(t)Az(t dt)
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whence it follows that P’(z) in the given case is a linear integral operator with
kernel K(s,t) = K.(s,t,z(t)):

1 1
P'(z))Az = /0 K(s,t)Ax(t) dt = /0 K'(s,t, 2(1)) Az(2) dt. (16)

If we now give z(t) the increment A’z(t), it is easy to check that up to infinitesimal
expression of higher order we have

[P'(z + A'z) — P'(z)]Az = [AP'(2)]Az = /0 K., (s,t,z(t))A'z(t)Az(t) dt,

which implies that the second derivative in the given case is a bilinear integral
operator of special form

1
P"(z)AzA':z::/(; K,(s,t)Az(t)A'z(t) dt,

where
K,(s,t) = K2, (s,t,z(t)). 17)

4. Convergence of the Newton Process

Consider the application of the Newton process to non-linear functional
equations of the form

P(z)=0 (1)

where P(z) is an operator mapping the space X into Y; P(z) is assumed
twice differentiable. Formulas relating successive approximations are con-
structed on the basis of ideas similar to the ones applied for real equations.

Suppose that z, is an initial approximation to a solution. Replacing the
increment P(z) — P(z,) by the differential at the point z,, we can replace
the given equation approximately by a linear one

P(z) = P(z,) + P'(2,)(z — z,) = 0. (2)

A solution z, of this equation gives a new approximation for the root. If
the operator P’'(z,) possesses an inverse operator [P'(z,)]™! € (Y — X),
then, using it, the expression z, may be obtained in explicit form. Indeed,
applying this operator [P'(zc,)]~! to both parts of relation (2), we find

T, =7, — [Pl(xo)]_lp(xo)' (3)

In a similar way, we can successively express the subsequent linear ap-
proximations in terms of those foregoing:

Znt1 = 2o = [P(20)]" P(22). (4)
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Conditions for convergence of the sequence z, to an exact solution of
equation (1), which are at the same time sufficient conditions for the exis-
tence of such a solution, are given by the following theorem.

Theorem 1. (On existence of solutions and on convergence of the New-
ton process). Suppose the following conditions are met:

1) for each initial approximation z,, the operator P'(z,) from X to Y
possesses an inverse operator I') = [P’(z,)]~! whose norm has the following
estimate:

IT|l < B, (5),

2) the element z, meets equation (1) approximately, an estimate of the
expression I'; P(z,) known:

1T P(z,)I < 7, (6)

3) the second derivative P”(z) is bounded in the domain that interests
us and is determined by inequality (9) below; namely,

IP"(2)Il < K, (7)
4) the constants B,,7,, K satisfy the relations
h, = B,n, K < 1/2. (8)

Then equation (1) has a solution z*, which lies in the domain about z,
determined by the inequality

) 1-/1-2h,
o = ")l < N(h)n, = ——L =", 9)

)

and the successive approximations of the Newton process z,, converge to the
solution, the rate of convergence being characterized by the estimate

llzn = 2|l < 2'7"(2h,)*" "1, (10)
Proof. Introduce the notation
F,(z)==z -T,P(z). (11)
Using it, formula (3) (which relates z, and z,) may be written as
z, =z, = [P'(z,)]7'P'(g,) = F,(z,)- (12)

Let us show that when we pass from the value z, to z,, all the conditions
1-4 will still hold. First of all, we have

”zl - zo" = ”FoP(xo)” < o+ (13)
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Further, applying an analogue of the Lagrange formula ((7) in Section
3) to P'(z), we obtain an estimate for the norm of the following operator
which maps X into X:

IT,(P'(2,) = P'(z))Il < B, sup | P (@) ||z, — <l < B K7, = hy <1,

T==z, +6(z, —z,). (14)

Hence, using the theorem of S. Banach ((2) of Section 1), we see that the
inverse operator

H=[I-T,(P(z,) - P'(z,))"

exists, where I is the identity operator taking X to X, and that for its norm
we have the following estimate

1

< . 1
11 < 1= (15)

Hence, putting I', = HT', and using the rule for operator inverses [AB]™! =
B-'A-!, we find

T, = HT, = {I = T,[P'(z,) = P'(z,)]} " [P'(=,)]™"

= {P'(z,)(I - T,[P'(z,) = P'(2,))} " = [P'(z,)]"",

which proves the existence of the sought inverse operator. Hence, on the
basis of inequalities (15), we obtain an estimate for it

B

T, = NP < 2 = B, (16)
Thus condition (1) has been checked.
Now, using the fact that
F(z,)=1-T,P'(z,) =0 (17)

(it follows from rules 2 and 3 of Section 3) and using (11) for z = z,, we get
—FOP(IE‘) = Fn(mx) - Fu(mu) - Fu,(mo)(a:x - a:o)‘

Then applying an analogue of the Taylor formula (8) of Section 3 to P = F,
and Ar =z, — z , we get

1 =
T, P(z)l| < 5 sup || ' (@)l|2, = 2,I°

1 1 1
< Esup ”FuP”(E)"xl - :Eo||2 < EBoan < Ehonov (18)
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T=2z,+0(z, —z,).
Finally, using (15) and (18), we get

1 h,n,

I, PGl = IHT PG < IHI - IT, PG )l € 372 =, (19)
Condition 3 holds for the point z,, since the corresponding ball, as we check
below, is contained inside the ball defined by inequality (9).

Finally, condition 4 can be checked directly by using (16) and (19). In-
deed,

B, 1 hym ha

. (] < 3 L
1-h,21-h S 2h; <

hl = BlnlI( = - 2(1 _ ho)’

1
= 20
: > ()
since h, <1/2.

Thus for z = z, conditions of the form 1-4 with the numbers B, 7, and
h, replaced by B,,n, and h, hold. This allows us to continue the successive
determination of elements z_ and the related numbers B,,,n, and h, that

satisfy formulas similar to (13), (16), (19) and (20)

”-’E,, - zn+l” S Tns (133,)
_ Bn-l
Bn - 1 _ h"_l , (163')
_ 1 hn—lnn—l
M = 21— hn_l ’ (19a)
1 AL,
S Tee (20
Further, we have the following estimates for them
. 1 n
h,<2h*<8h, ... h,< 5(2h0)2 , (21)
1 hn—l

h = 5 1- hn_lnn—l < hn—lnn—l << hy_ih,_o ...hono

n—-32

< 272k, )7 (2h,)7T L (2R}, = 277(2h,) g, (22)

Finally, note the following identity
N(hn)nn - N(hn+l)7’n+l =T (23)

which can be checked by direct computation

1= VT= s _ 1 bt 1= V1~ oy

[ T 21—h, %_h,’._

N(hn+1)7]n+1 =M
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1-h, —+1-2h, _
=Tn h = nnlv(h") = Tn-

Using (13a), (23), and (22), we find

"znﬂ’ - :L‘,,” < ”wn+l - :l:,,” +ot ”xnﬂ’ - zn+p—1”

S Tn + -4 Tin4p-1
= N(hn)ﬂn - N(hn+p)nn+p < N(hn)nn <27, < 21_"(2’%)2“-1770' (24)

This proves the existence of the limit

lim z, = z*. (25)

n— 00

This also implies that as p — oo the inequality (10) holds and if we then
take n = 0, inequality (9) is also verified.

The fact that z* is a root of equation (1) follows by passing to the limit
in the relation

P'(2n)(Zn41 — 2n) + P'(25) = 0.
Indeed, since ||zp41 — z4|| — 0 and || P'(z,)]|| is bounded since
12" (za)ll < NP ()l + 1P (2n) = (=)l

SNP (@)l + Kllzn — 2l < 1P (zo)ll + KN (ho)my,

we see that |P(z,)|| — 0 and since z,, — z* the continuity of P(z) implies
P(z*) =0.
Note also that the statement used in the proof that the ball

”23 - ZL‘,,“ S N(hn)nn (26)

is contained inside the ball (9) is now completely obvious. Indeed, if = is
inside the ball (26), then

llz = zo|l < llen — 2|l + [z — 2all

< [N(ho)n, = N(ha)na] + N(ha)n. = N(ho)n,,
i.e., z is also inside the ball (9). Thus the theorem is proved entirely.

Theorem 2. (On uniqueness of solution and convergence of the process
for other initial conditions). Suppose conditions 1-4 of the previous theorem
hold with the only difference that inequality (7)

IP*(2)Il < K
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now be assumed to hold inside the ball determined by inequality (27). Then
the solution of equation (1) in the domain

1+ /1= 2",

”.’1: - 1130” < L(ho)no = h—nu (27)
is unique (in the case when h, = 1/2 the strict inequality < in this relation
must be replaced by the sign <). The process of successive approximations
converges to the solution if we begin with any value of x which satisfies the
inequality
1-2h
—27,. 28

T (28)

o

lz -zl <A =

Proof. To establish uniqueness, let us assume that we have another
solution Z of the equation P(z) = 0 which satisfies the conditions

“i - zo“ < 0L(ho)no’ 0<f<1 (29)

(we first confine ourselves to the case when h, < 1/2). Since for the given
value z = Z we have P(Z) = 0 it follows that (see (11)) F,(£) = Z. As above
in the proof of Theorem 1 (compare (17) and (18)) we have:

“i - z1” = ”Fo(i) - F°($°)|| = ”Fo(i) - Fo(‘zo) - Fo(zo)(i - wo)"

< SBKIE - ol < B KO L2(h)r = € L(h)n.  (30)

The validity of the last relation can be checked by direct calculations

L(k,)n, 1+ \/1—2h V (1 2;. )2

L%
2

(1 2hy)?

l—h +\/1—2h

= (L(ho) = ).,

%B.,Khon., _ %ho [2 2h, +2\/_2h

0

] (L(h‘o)_ 1)770'

Inequality (30) that we have proved shows that for the elements Z and z,
we have a condition similar to (29) except that 6 is replaced by 6°. Hence,
we can continue the estimates, taking z, instead of the element z_, then z,
and so on. As the result, we get

n

B, I”
the last inequality following from the fact that L(h,) < 2/h,,.

“:E - znll S 92"14(’1")77" = 02 (31)
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Since B —n > B, and 0 < 1, the estimate (31) that we have obtained

shows that ||z, — Z|| — 0. Hence,
= lim z, =z (32)
which proves uniqueness.

The case in which A, = 1/2 must be considered separately. Here, due
to the fact that in condition (27) the equality sign is possible, in relations
(29) and (31) we must take @ = 1, but, in the case h, = 1/2, as is clear from
(16), we have B —; = 2B, and generally B, = 2"B,, so that as before on
the basis of (31) we conclude that ||z, — &|| — 0, which implies uniqueness.

Now let us assume that for the initial value we have taken some z’
contained in the ball (28):

1-2h
ah,

and let us prove that the sequence of approximations beginning with this
value also converges to z*.

Let us show first that for z = z’ we have the same conditions as 1-4 of
Theorem 1 for £ = z,. Partly repeating the argument in Theorem 1, we
obtain the relation

llz" - z,|| < A = “Tlo» (33)

[T [P (z,) = P(e)]Il < B,KA < 1. (34)
Hence, (compare (15)),
/ /(111 1
|t = T, [P'(z,) = P2 < T-B.KA’ (35)
P < I = WHT S = gpg = B (9)

thus, condition (1) has been verified.
Further, we have (compare (6) and (34)):

T, P(=")| < IV [P(2") = P(z,) — P'(2,)(" = 2, )]l

1
HIT[P(zo) + P'(z,)(2" = 2]l < 5B K A* 471, + A (37
Then
1 1
/ ’ - ’ ’ < - 2 —
"F P(x )” ”H FOP(w )“— l_BOI(A(2BOKA +7]°+A) 7” (38)

i.e., condition 2 has also been checked. The validity of condition 3 will be
verified a little further. First we prove condition 4. We have
%BOKA2 +7n,+A h, + B,KA + ;B2 KAz

hI=BIIr /:
YT - B KA (1= B,KA):

B,KA =
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1 h,—L+2BKA 1 h,-1+(i-h) 1

=3t a-BrEKay "2t (-Bkay 2
Thus, condition 4 also holds. This allows us to conclude that the sequence
of approximations z, beginning with 2/ = 2’ converges to some solution z*

contained in the ball

N 1 1- B KA
lz =<'l < N < 5 = 5 = (39)

“BK - BK
But this ball is located inside the ball (27). Indeed,
Iz — 2|l < ll=’ = 2l + lI2" — =]l

1-B,KA _ 1 _n,

< = =
SAY =B K TBEK h,

< L(ho)n,.

Therefore, the solution z*' is also contained in the ball (27) and by
the uniqueness theorem, which we have already proved this solution must
coincide with z*. Thus lim,_ .z} = z*.

Note in passing that the fact that the ball (39) is inside (27), where the
inequality ||P”(z)|| £ K holds, means condition 3 is verified for the point
z = z’, so that our proof is complete. Let us make several remarks on both
proofs of the theorems.

Remark 1. Note that condition 2 could have been replaced by the
following simpler condition 2’ consisting in inequality

I1P(z)Il < 75, (40)

which directly characterizes the order of accuracy of the initial value as
compared with a solution of equation (1). Condition 2’ implies condition 2
for n, = B,n.. Indeed,

||F0P($o)“ < “Po” * “P(xo)“ < Bon; =T

In this connection, if instead of condition 2 we have condition 2’, then
the number h, in inequality (8) will appear as

1
h, = B,Kn, = B2Kn, < > (41)
In passing let us also note that condition 2 itself possesses a different

form that is sometimes more convenient in the applications. Namely, using
(13), condition 2 can be written as

IT, Pz )l = llz, — 2|l < 7, (42)
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which is easy to check once we have found the first approximation.

Remark 2. The domain in which the solution z* must be contained
under the assumptions of the theorem is given by inequality (9). However, it
is relatively easy to obtain a more exact inequality for z*. Namely, knowing
T,, we can determine that z, = =, — T P(z,) and P(z,); then applying
Theorem 1 to z, instead of z, (compa.re (9) and (6)) and using the estimate
for ||T, || (16), we get

llz —z*|| < N(R)IIT, P(2)l| < N(R)IT, |- |1 P(=)]]

< V)T IPEI = N g7 ,fB° 1P,
(h )nl )“ - [no h ) 7’0 |)"
s T 3 2
- hg BOIIP(.'L“)” - 1-— ho + \/l _27730”13(31)”‘

The estimate obtained

llz —2"|| < B, || P(z, )l (43)

2
1—h,++1-2h
will be used later on. Note that for small h, it is of order B, || P(z,)||-

Remark 3. Note that the estimates (8), (9) and (27) obtained in The-
orems 1 and 2 cannot be improved even in the case of a real equation of the
second degree, as we see from the following example

1
P(z):gz’—z+h=0, h >0, z,=0.

Indeed, in the given case

/ _ 1 — =
P(ZBO)--I, m—l, B, —l,

"FoP(xo)" =1-h= h" N = h’ ”PU(I)” =1=K, ho = Bol(no =h.

But then roots of the equation will be
_lj:”]‘_ N(h)no or L(h)no)

and therefore they can be real numbers only under the condition that h, =
h < 1/2. But then the first root is located at the distance N(h,)n, and
the second, at the distance L(h,)n,. This shows that the bounds of the
domain where the root is contained and the uniqueness domain have been
determined exactly.
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Remark 4. Note that in the case of real and complex equations the-
orems similar to Theorem 1 were obtained by A. Ostrowski [1, 2]. These
theorems follow from Theorem 1 proved above in the case of a real equation
directly and, in the case of complex equations, if we take into consideration
the meaning of the operators and the value of the norm in this case in ac-
cordance with the examples considered above (Example 3 in subsection 1
and Example 2 in subsection 3), namely,

PN = [P(z)l, [Tl =[|[P'(z,)] 7| =

|P' [P'(z,)I’
K = max | P"(z)] = max |P“(z)),
P(z,
T = IP(xo)lv T = :T,((x—))lr

In accordance with this, Theorems 1 and 2 for the case of real and
complex equations may be stated as follows:
If we have the condition

AT

1 .
o= Py S K =maxIPa),
o

then the Newton process converges to a solution of the equation P(z) = 0
which exists and is contained in the domain

2 — 2] < N(hy)n, = =1 = 2RI ()

and unique in the domain

2 = 2| < L(h,)n, = SEV1 _i'h°)lp(x°)|'

Note that the convergence of the Newton method was also considered
under other conditions ([15, 3], and [16], where this theorem was extended
to general functional equations); but in these theorems the boundedness of
the expression [P(z,)|~! was assumed in on entire interval rather than only
at the point z_, which is less convenient for verification.

Remark 5. Note that in particular, if the value z, = z* is a root
of the equation, then A, = 0 and 7, = 0, but L(h,)n, must be replaced by
2(B,K)~!. In this connection we must conclude that z, serves as the unique
solution to the equation in the domain

llz —2%|| <

2
44
B K (44)
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and that the method of successive approximations converges to the solution
if the initial value is chosen in the domain

1
4B K’

o =o'l < A = (45)

Remark 6. In the case of a compact operator P, the existence of the
solution inside the ball (9) under conditions 1-4 may be obtained also on
the basis of the Schauder fixed-point theorem [17]. Namely, the equation
P(z) = 0 is replaced by the equivalent equation z = F,(z) and, as may be
checked, the operator F,(z) maps the ball (9) into itself. It is necessary to
say, however, that this verification requires most of the arguments used in
the theorem and at the same time this method does not yield several other
important results — the convergence of the Newton process and the unique-
ness theorem. The Cacciopolli-Banach [17] principle would allow the proof
of existence of a solution under essentially rougher conditions, approximately
h, =0.1.

Remark 7. Note finally certain important aspects of the proof of the
theorem. Namely, not only the convergence of a certain algorithm is es-
tablished, but in fact existence and uniqueness theorems are proved and the
domain where the solutions are located is found. Here the essential condition
for applying these theorems is that we must know an initial approximation
z, which is a rough approximation to the solution. This initial value z,
satisfying the conditions of Theorems 1 and 2 always exists if the solution
exists and is simple, i.e., if it satisfies ||[[P’(z*)]7}|| < +oc. Indeed, in this
case all the conditions will be met by every point z, sufficiently close to z*.

Such an initial value z, can in practice be obtained by using rough nu-
merical or approximate solutions of the problem. In particular, in mechanics
and other fields of applied mathematics such an approximation may be ob-
tained by considering the problem under simplified assumptions. After an
approximate solution has been found and it turns out to satisfy conditions
1-4, we can conclude on the basis of the theorems obtained above that the
exact solution exists, is unique and is contained in a certain domain, i.e., we
can carry out sufficiently complete theoretic study of the problem.

Thus the theorems found show that the approximate solution of the
problem is useful not only for obtaining certain numeric results, but also for
the theoretic analysis of the question.

5. Modifications of the Newton Process

Applying the Newton process, we must at each successive approximation
find the inverse operator [P’(z,)]~! or at least solve the equation

P'(23)(Zn = Znta) = P(2n), (1)
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which may turn out to be difficult. Therefore, for the practical applica-
tion of the Newton process, it is recommended to modify it, replacing each
time [P'(z,)]"! by [P'(z,)]”! = T, or, which is the same, by successively
determining the approximations from the equation

P'(zo)(z), — z,,,,) = P(zn), (2)

whence
Tnr = T = [P(20)] 7 P (zn). (3)
Obviously, the first step in the two processes coincides, i.e., =) = z,. In the
following theorem we establish the convergence of such a modified process.

Theorem 3. If the assumptions of Theorem 1 hold and h, < 1/2, then
the Newton process for which the successive approximations are determined
by (3) converges to the solution

lim z/ = z". (4)

n—oo

Here the convergence has the rate of a geometric progression, to be more

exact
llzt, — z*|| < " e, —2*|l, g¢=1-4/1-2h, <1 (5)

Proof. To prove this theorem, let us first establish a preliminary state-
ment: if for the element £ we have the conditions

llz = 2*|l < gllz, — =7, (6)

“(E - xo” < N(ho)no) (7)
then for the element ' = F,(z) we shall obtain

l|lz" = 2*|| < ql|lz — =], (62)
”.’L‘/ - zoll < N(ho)no‘ (73‘)

Indeed, we have
2" = 2*|| = |F;(=) = F;(=")I| < |F; (@)l sup ||z — =7, (8)

T=z+0(z" - z).
Further, (compare (13), (7), and (9) in Section 4):
IE,(@) = [|1F;(z) = F, ()|l < sup ||F)(@)|| |17 - =*||
< B, K max{||z — z,|, ||z, — ="||} < B,KN(h,)n,

=1-4/1-2h =g, i=z,+6,(T-z,).
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This inequality, together with the previous (8), yields (6a). It remains to
establish (7a). Indeed,

e’ = 2]l = I1Fy(2) = 2]l = llz = T, P(z) - 2,1
= ILL[P(z) - P(z)(z = 2
<IN, PG|+ IT[P(2) — P(z,) - P(a)](z - 2,)]
<Mt 3Bz = 2l < 7, + 3B K [N(2h)n,]

1-vi-2h ,:_%) no] = n,N(h,). 9)

Thus the preliminary statement is proved. Determining the successive ap-
proximations beginning with z,, we find 2’ = F,(z,) = z,. For this approx-
imation the conditions (6) and (7) are obviously valid. Then for the next
approximation z, = F,(z'), according to the preliminary statement used for
z = z!, we find

=<1, [1 + %B,,K (

(]

e} = 2°ll < g, - ="l

Continuing in the same manner, we come to (5), which again implies (4).

D. A. Grave [18] proposed and studied a different modification of the
Newton process for the case of equations with real variables: Namely, the
modification in which the successive approximations for the root of the equa-
tion f(z) = 0 are determined by the formula

_ .S
Tngl = Tn Qf,(z")y (10)

where @ is a number, 0 < @ < 1. For abstract equations a similar formula
relating successive approximations acquires the form

Zast = 0 — QP (2] P(en). (11)
Convergence of this process may be proved under the same conditions as in

Theorem 1, namely, for A, < 1/2.

Theorem 4. Under the assumptions of Theorem 1, the generalized
process due to D. A. Grave (see (11)) converges to a solution of the equation.

Proof. Introduce the function Fo(z) = = — QT P(z). Then the approx-
imation of z, in terms of £, may be expressed as:

z, =%, — QFOP(zo) = FQ(zo)‘

We first have
”zl - xo” < QlerP($o)|| < Qno' (12)
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Arguing as in the proof of Theorem 1, we find

I/ 1 I [ —
1Fo(z,) = Fo(zo)ll < 1Fo(2,)(z, = zo)ll + 5 sup | Fo ()| |z,

1 .
< ”I - QI" ”zl - 1‘0” + §QBOI‘ "‘rx - 1‘0”3

= (1-Q)Qn, + 3@B,K(@n), T=2,+0(z, - 1,)

IT,P(z,)[| = équ(z,) ~ 2, = GllFe(z,) - Fe(al

1
< (1 - Q)no + EQahono'

Further,

IT,[F'(z,) = P'(z)ll < K(n,)B, = Qh, < 1,

= [Pl(xx)]_l = [I - Fo(Pl(xl))]_l = HPO

1 B, _

1 < f=gr IS =g = Be

Finally,
I, P(&)ll = BT P(z,)| € ——sr—{1 — Q + 2Q7hJn, =
1 1 - [ 1 —I_Qho 2 0770_771’
B, K 1
hx - BIKUI - (1 Qh )2 [1 - Q + §Q ho]no

_hl_Q+;Qho_l_ %_ho
C 0 (1-@h): 2 (1-Qh,)

7

- 1‘0”’

L (13)

This shows that since h, < 1/2, we also have h, < 1/2, i.e., the process
of successive approximations can proceed. To establish its convergence and
estimate its rate, we confine ourselves to the least advantageous case when

h, = 1/2. Setting h, = 1/2 in (13), we find

n = %Q/Q(l -Q+ %Q’)m =(1-Q/2)n,

Therefore, continuing the process, we get
T < (1-Q/2)"n,
and since we have (12),

|£n41 — Zall < Qs
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it is clear that the following limit exists

lim z, = z*

n— 00

and
lzn — 2"l £ Q(n + Magr +-+-) £ 2(1 = Q/2)"n,.

Thus even in this case (the worst one) the rate of convergence has the
order of a geometric progression.

6. The Newton Method for Systems of Algebraic Equations

The Newton method for solving a system of m algebraic equations in m
unknowns

1D = fi(6W,.. €M) =0, i=1,...,m (1)
is a natural generalization of the same method for one equation. Succes-
sive approximations for the root — the first approximation (€M), ..., £(m))

obtained from the initial one (£, ...,£(™)) — are found via the system of
equations

> (;’;{;)) (B — By + £(eM,.. €M) =0, i=1,...,m.

k=1

In this form the method is indicated in a work of Runge. A certain
attempt to give conditions for convergence of the process was undertaken
by Willer [4] for two equations using derivatives of the third order. In the
general case of n equations, certain sufficient conditions using only deriva-
tives of the first and the second orders were given by N. P. Stenin ([5], see
also [19]). In the case of two equations with two unknowns, the most precise
conditions were given by A. Ostrowski [6]. This theorem is presented as
Corollary 1 to Theorem 5.

Here we apply general theorems on the convergence of the Newton pro-
cess to systems of algebraic equations. The given system may be treated as
one equation

y=P($)=0v (2)

where P is an operator mapping an m-dimensional space into itself. In
particular, applying the metric from Example 1 of Section 1, we obtain the
following theorem.

Theorem 5. If we have the conditions
1) |fi(€£l)""7€§m))‘ Sﬁ9 1= 1;*"9m> (3)
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2) the matrix " (6("‘)) " has a non-zero determinant A and if A;; denotes
the algebraic complement to its elements we have the condition

1
TA] ma.xz |Aix| < B, (4)
3) ibt(ﬁae(” < L in the domain under consideration, (5)

4) h = B*Lm* < 1/2, (6)
then the given algebraic system has a solution which may be obtained by
the Newton process.

Proof. Indeed, let us check that the stated conditions guarantee condi-
tions 1-4 of Theorem 1 (concerning condition 1, see Remark 1).
For the given case, the operator P'(z,) is determined by the matrix

” (3_2%)0” or the transformation (compare (1)) in Section 3):

; = [ 0f; .
A = ( - ) , i=1,...,m.
2 (5w,

The inverse operator I, = [P/(z)]~! is determined by the inverse matrix
|Aie/All; 4=y, > its norm, according to (4) of Section 1, may be estimated
as follows:

|Azk|
IT, || < maxz |A|

i.e., condition 1 holds.
Further, we have

1P(z,)ll = max | fi(€D, €2, €V) < 7,

so that condition 2’ also holds (cf. (40) in Section 4).
Further still, according to (12) of Section 3 and (4) of Section 2, we have
the following estimate for || P"(z)||

0° fi

IP"(2)]| < max Z ‘36(‘)36(” < m’L (= K),

i.e., condition 3 also holds.

Finally, comparing the estimates obtained, we can check that condition
4 also holds. Therefore on the basis of Theorem 1 we conclude that the
Newton process converges. In the same way we can state for the given case
the other conclusions of Theorems 1-4.
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Corollary 1. Consider the case of a system of two equations in two un-
knowns. Here the statement of the conditions may be somewhat simplified;
namely, let us denote the maximum of absolute values by !

0f;
e® | =

then, taking into consideration the fact that in the given case the determi-
nant A is of second order and so its minors are its own elements, we have
|Aix| < I. Therefore, we can set 2

; 2 (a_aLT) 21
malelA'i' kz szB.

In accordance with this, condition (6) will acquire the form

4l 1
= 2 < —
b= AT % S 3
or
2Ly < |APP.

In this form the theorem was obtained by A. Ostrowski [6]. It is curious
that in applying a similar argumentation in this particular case his proof
turns out to be more complicated than that of the more general Theorem 1
and apparently this complexity compels him to confine his research to the
case of two equations. Also in his paper he draws no conclusions about the
domain of uniqueness.

Remark. Note that we could have applied condition 2 as well. It has
the form

”xl - xo” = ”Fop(xo)" < 1.

In the given case this will be an estimate of the first increments
"xx - 1‘0” = m‘a‘xlsft) - EE‘)| <.
When we introduce such an expression, condition 4 must be replaced by

h, = BLm*n < 1/2.

af,
()

2As a more exact value of B we can take

af,
B=max{ —L + (Y(;)) ‘, +
o o

af,
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Another theorem about systems of algebraic equations will be obtained
if we use the metric of the space R™.

Theorem 5a. Assume the following conditions:
1) the matrix || (6}}/65("))0” has the inverse matrix ||4:x /Al and

a] (Z* IZ: =1 "‘)1/2 =

(for B we may take any estimate of the norm of the inverse matrix),
m

2)2 €9 — €91 <,

? i (sewaew) <&

3,j,k=1
(we can take K = my/mL, where l
4)n, = BKn<1/2.
Then the Newton process converges. The solution of the system z* =
(€M, ..., €0™*) lies in the domain

ag(k)ag(n < L)’

) mo e o V21— /1= 2k,
e = zoll = [l - €] T < =5 —=2n.

Proof. The proof is carried out as in Theorem 5 by reducing it to
Theorem 1. Only in the given case we must use the expressions for the
norm of operators mapping R™ into R™ (cf. (7) of Section 1 and (5) of
Section 2).

As an example, consider the following system [20, 6]
f=2' -y —-1=0, g=2y —y—4=0.
For the first approximation take the point T, with z, = 1.2, y, = 1.7. Then
f(T,) = —0.434,  ¢(T,) =0.1956.

The system for finding the first increments Az, = z, —z, and Ay, =y, —y, =
0.0390. is of the form

fu(T)Az, — fi(T,)Ay, + f(T,) =0,  8.64Az, —3.4Ay, +0.434 =0,

9:(T,)Az, — g, (T,)Ay, + 9(T,) = 0, 4.913Az, —9.404Ay, + 0.1956 = 0,

so that their values will be
Az, =z, —z, =0.0349, Ay, =y, —y, = 0.0390.

Here the determinant of the system is A = 97.95.
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First let us estimate h, according to Ostrowski. Let us take

(act0),

In order to find L, let us compute the second derivatives

| = max

na =9.404,  7=max{|f(T,)],|9(T,)]} = 0.434.

7z = 122, :I:Iy =0, ;,Iy =-2, g¢z.=0, ylxly =3y, glyly = bzy,

and estimate them in the rectangles 0 < z < 1.3, 0 < y < 1.8 within which the
sequence of approximations must lie; we obtain L = 12-1.3 = 15.6. Therefore, the
value of h; will be

_ 1607 16-9.404-0.434-15.6
°T A T 97.952

Thus on the basis of Ostrowski theorem we cannot conclude that the convergence
of the process occurs.

Let us try to apply Theorem 5a.

To find B, consider the matrix

\(f;)o (fy)o
(92)0  (9y)o

The norm of the linear transformation in R? effected by matrix (7) is according to

Example 2 of Section 1.
ITe]l = v/ Amax,

where Anay is the greatest eigenvalue of the matrix T oI'%, e, the greatest root of
the equation

h

=0.998>10.5.

-1 -1

r - 864 —3.4
4.913 9.404

0 =

™

8.642 + 3.4 + 4.9132 + 9.4042 1
- As A+ E =0,

A2

i.e., the equation
A? —0.02072A + 0.00010422 =0

whence

Amax = 0.01036 + +/0.00010733 — 0.00010422 = 0.0121

B =||Ty|| = V/Amax = 0.11.

As 1 we take the magnitude

n=|T, - T,|| = \/Azz + Ayz = 0.0524.

Finally estimate K (in the same rectangle) according to Example 2 of Section 2

and

K < (15.62 + 22 +2-9.72% + 14.04%)1/2 = \/631.72 = 25.14.

Now find A,
h, =BKnp=10.11-25.14-0.0524 = 0.15< 0.5.

This shows that the process converges quickly.
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7. The Newton Method for Non-linear Integral Equations

We consider non-linear integral equations of the form

2(s) = /01 K(s,t,2(2)) dt, 1)

where K is a continuous function in its arguments. If we introduce the
operator

y=P(),  y(s)=z(s)— /0 "K(s,to(t) dt, @)

the equation will acquire the form considered in Section 4.

The Newton process for this equation is constructed as follows. Choose
an initial approximation z,(s). Then the next approximation, the function
z,(t), must be determined from the linear integral equation

29 =26~ [ Kotz 0)m (0 -2 ) dt = (), @)

where .
e(s) = [ Kotz (0)dt = 2,(s).

This equation may be obtained directly or from the general formula
relating z, and z, (see (2) in Section 4): P'(z,)(z, — z,) = —P(z,) if we
also take into consideration the meaning of P’(z,) in the given case (compare
(16) in Section 3).

Thus in order to find successive approximations, it is necessary to solve
a linear integral equation at each step.

The convergence of this process for the given case was studied directly
at my suggestion by D. M. Zagadsky in [7, 8]. However, the condition of
convergence obtained there (h, < 1/10) is stricter than the ones that we get
by using the general theorems in Section 4. They imply Theorem 6 below if
we consider the operator (2) as an operator in the space C.

Theorem 6. If we have the following conditions
1) for the initial value z,(s), the kernel

I(;(sytyxo(t)) = I((svt)‘ (4)

has the resolvent G(s,t) and
1
/ IG(s,t)|dt< B, 0<s<1, (5)
0

2) le,(3)] = lzo(s) — [y K(s,t,2,(t)) dt| < 7, (6)
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3) |[K!,(s,t,u)] < K (7)in the domain determined by the equation (9)

(or (10)),

4) h = (B+1)nK <1/2, (8)
hold, then the Newton process for the integral equation (1) with initial value
z,(s) converges to a solution of the equation which exists and is contained
in the domain

|2*(s) — z,(s)] < N(R)(B + 1) (9)

and is unique in the domain
la(s) — 24(s)| < L(R)(B + 1)7. (10)

Proof. For the proof it suffices to apply Theorems 1 and 2 (with condi-
tion 2’ instead of 2), choosing the space C as the spaces X and Y. Here for
the estimate of the operator [P'(z,)]~! we must take in consideration the
fact that in the given case the operator P'(z), is the one on the left-hand
side of equation (3) and the operator inverse to T, gives the expression for
the solution involving the constant term and can be written by using the
resolvents

=T, 2 =3() - [ Gloiuo)

Hence, T, is easily estimated according to (11) of Section 1 or directly

o) < Iu(o) + [ 16,00l de < (14 max [ 16,0 dt) ol

Therefore, ||T,|| < 14 B and it follows that condition 1 is satisfied with
B, =1+ B.

Condition 2’ is obviously valid too because ofcondition 2 of this theorem,
since €,(s) coincides with P(z,). Finally, if we have in mind the fact that
the second derivative of the identity operator is zero, it follows according
to Example 3 of Section 3 that P”(z) is a bilinear operator with kernel
K!.(s,t,z,(t)) and, therefore, according to (9) of Section 2 and condition 3
of the present theorem we have ||P”(z)|| < K.

Finally, condition 4 is equivalent to the form of condition 4 indicated in
Example 1 of Section 4. Thus all the conditions of Theorems 1 and 2 are
satisfied; therefore, if we apply these theorems, we come to the statement of
the theorem under consideration.

As we mentioned above, a theorem similar to Theorem 6 was obtained
by D. M. Zagadsky. It differs from the one proved here only in that the
number 1/2 is replaced by 1/10 in condition 4.

Designing the space L? as the spaces X and Y, we obtain the following
theorem.
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Theorem 7. Suppose we have the following conditions
1) /l[a:o(s) - /1 K(s,t,z,(t)) dt]’ds < n*.
2) Vefe have the 0inequa.lity

where ), are the eigenvalues of the kernel
K. (s,t,z,(t)) = K(s,t)

if the latter is symmetric; if the kernel is not symmetric, then we must
require the inequality AL
n 2
ll - Anl S B ’

where A, are the eigenvalues of the symmetric kernel constructed from the
given one according to formula (15) from Section 1.

3) |K,(s,t,u)| < K for all finite values u.

4) B*Kn<1/2.
Then equation (1) has a solution which may be found by the Newton process.

The proof of Theorem 7 is obtained directly from Theorem 1, since it
is possible to verify without difficulty that all the assumptions of the latter
are satisfied.

Example. For an example of the application of Theorems 6 and 7 consider
the integral equation (compare [7])

1
z(s) =1-0.4854s + s +/ starctan z(t) dt,
0

whose exact solution is z*(s) = 1 + s2.

Take the initial approximation z,(t) = 3/2 and apply the Theorem 6. The
kernel is

K(s,t) = K (5,1, 2,(1)) = 4/(13)st;

hence, its resolvent G(s,t) must be of the form G(s,t) = Cst. The constant C can
be determined from the integral equation for the resolvent

1
G(s,t) = K(s,t) +/ K(s,u)G(u,t)du

which gives )
4 4 2
C= 13 + @C, C= 35

Now we find B

1
6
B= m’ax/o 1Gls, )l dt = .
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Determine 7. Since

1
g (s) = 1—0.4854s+s’+s/ t(arctan3) dt — § =52+0.006s — 0.5,

0

we have
7 = max e, (s)] = €,(1) = 0.506.
Finally,
2stu 2\/1/3
_ -1 _ — —
K = ogsl??)én |Ky,(s,t,u)| = max Grw)y|-Gx13r - 8
Computing h gives
2
h=(B+172Kfj= (‘3‘—;) £0.506- i = 0.451 < 0.5.

Thus the convergence of the process is guaranteed.?
Let us find the next approximation. According to the general theory, the in-
crement can be determined from the equation

! st
s)= [ — _Az(t)dt+e(s),
0= [ FEpse0a+ee
1e.,
4 1
Az(s) = Es/ tAz(t)dt+ s> +0.006s —0.5.
0

Therefore,
1
Az(s) = s> +0.006s— 0.5+ / G(s,t)(t* +0.006t — 0.5) dt
0

1
=5?+0.0065—-0.5 +/ %st(t2 +0.006¢—0.5)dt = s> +0.0065—0.5.
0

Thus, the first approximation is
z,(s) = z,(s) + Az(s) = s> + 0.0067 s + 1,
which differs from the exact solution less than by 0.001.

Note that in the cases when the kernel K'.(s,t,z,(t)) is especially sim-
ple, the next approximation can be found more conveniently by using the
modified process. Actually for the given example this is not essential since
it is purely illustrative in character. The exact solution can easily be found
by reducing it to an algebraic equation.

In the solution of many problems related to non-linear differential equa-
tions it is also possible to apply the Newton method. Doing this, we can
study the process directly by applying Theorem 1 or first reduce the problem
to a non-linear integral or integral-differential equation.

3The application of Theorem 7 yields a considerably lesser value for k, namely, h =
0.141.
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8. The Newton Method for Eigenvalue Problems

We shall consider the problem of finding eigenvalues in the case when X = H
is a Hilbert space (for example L2 or R™) while the operator A is self-adjoint.
and compact (with isolated eigenvalues). The problem consists in finding
pairs (z, ) satisfying the conditions

Az — Az =0,

where z # 0. Such a value z is called an eigenvector and the A an eigenvalue.
If it is possible to find a solution z # 0, then it is also possible to find a
solution z such that * ||z||* = (z,z) = 1. As a rule, under this supplementary
condition as a rule the problem ceases to be undetermined and we can state
it in the following form:

(1)

Az — Az = 0, }
[(z,z)-1]/2=0.

If we introduce the operator
A ([(=z,z)—1]/2
P(z) - ( Az — Xz )’ )

which maps the space X' of pairs (z,A), where 2 € H and ) is a real number,
into the same space, then the system of equations (1) may be replaced by

one equation
A
P (z) =0. (3)

Let us consider the application of the Newton method just to this equation.
As a preliminary step, let us find the derivatives of the operator P(:) We
have

P(,\+ AA) _ ( (z,2)/2 + (z,A)) + (Az,Az)/2 - 1/2 )

2+ Az) = \Az + AAz — ¢AX — MAz — Az — ANAZ

whence without losing magnitudes of the first order, we get

A\ (A L [Ax (z,Az)
dP(a:) =F (a:) h (A:v) - ((A — M)Az — :z:A/\)' (4)

*In general (z,y) denotes the scalar product of the vectors z and y. In the case when
X = L3, we have

(z,9) = /0 z(t)y(t) dt.
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Similarly for the second derivative written as a bilinear operator, we
obtain

PO E) G- Cra) ()] ()

_ (A'z,Az) (5)
T \=ANAz - A'zAN)T
For the initial values of A and z let us choose the following. We assume that
z is normalized or at least that (z,z) &~ 1. Then after its substitution into

equation (3), we get
—(Az - Az),

A t
P(z) - _(y)’ f —[(z,z) - 1}/2.

The equation for finding the increment Az = z,_, by the Newton method
in the general case is of the form: P'(z,)(z, — z,) + P(z,) = 0 (see (2) in
Section 4) and hence in the case under study it can be written as

P() &) =) C)

or keepng in mind the expression for P/ (2)(3}),

(6)

(A= M)Az — zAX =y, } )

(z,Az) =1t.

These linear equations can be used to determine the succeeding increment.
Here in the case of the Newton method the values of z and A on the left-
hand side are successively replaced by their updated values, but in the case
of the modified process (Section 5) the changes are introduced only into the
constant terms of system(7).

In order to study the convergence of the Newton process, it is necessary
first of all to constitute the inverse operator

)

that can be found by solving system (7) in general form. Namely, for arbi-
trary y and t it turns out that

(&2)-7() .
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If such an expression is found, we have an opportunity to estimate it directly

Q)

Then ||T'|| is estimated as the norm of the operator mapping the space of
pairs (}) into itself and the norm of the element in this space is taken to be

()

Further, to apply the theorem it is necessary to estimate the norm

)

This may be done in general form on the basis of the expression (5) for P”.

We have
pr A (A'z,Az)
Az A’)\Aa: — A'zAM

= (A'z,Az) + (A'AAz + A'zAN, A'AAz + A'zAN)
< Az|7l|Azl” + [A'X7||Az|)* + [AXP||A'Z]|? + 2[| Az - ||A'z]|
<NAz|P|Az|l” +|A'AP | Az|)” + [AX]||A'z||?
1ol AP + AR A" + Az
(&)
(l}

2
3
< SUlAz]l + |AXF)(||A"]| + [ATA?) = ”( )
A \/3
p’ <i/=.
Thus in accordance with Theorem 3 the condition of convergence of the
Newton process and the modified process may be written in the form

3 A
L=y (3)

where, as we said before, ||T'|| must be estimated directly from its expression
(9); Az and A\ are the values of the increments when we pass from the

= [IT]I-

= Vel + D = V/(z,2) + ¥ (10

2

This implies

: (12)
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initial values to the first approximation, i.e., solutions of system (7), while
the norm is defined according to (10).

It is necessary to note that if condition (12) holds, we may claim the
existence of an eigenpair and the convergence of the Newton process to it.
However, we cannot guarantee that this is a pair which satisfies certain
specific conditions, for example, that this pair corresponds to the smallest
eigenvalue.

The given process, in particular, may be applied to finding the eigenval-
ues of a matrix operator which, as is known, is equivalent to solving of the
so-called secular equation.

In this case the application of the process requires solving a system of
n + 1 linear algebraic equation in each step, since this is precisely the form
that the system (7) will have in this case. Here, when applying the modified
process, the coefficients of this system will be the same in each step of the
process. This system may also be somewhat simplified if the second of the
equations (1) can be replaced by the simpler one (z,U) = 1, where U is a
constant vector, for example U = (1,0,...,0).

Let us prove that the condition of convergence of the Newton process
(12) will be necessarily satisfied if the operator A possesses isolated simple
eigenvalues and the initial approximation is close enough to it. Actually, for
a certain simplification of the expression we shall carry out our arguments
when the spectrum of the operator A is discrete.

Suppose A, and z, are the given eigenvalue and element. The other
eigenvalues and elements will be denoted by A, and z, (n = 1,2,...), among
the A, some may be equal but the elements z,, are all orthogonal to each
other. Suppose A, is the value which is nearest to A,. Further add elements
Z_1,T_3,...s0 that together with the elements z¢, z;, 5, ... they constitute
a complete orthogonal system. Assume that A, = 0 (r = —1,-2,...). Let

-1
us try to estimate the norm of the operator T' = [P' (’;)] . This operator is

an expression of the solution of system (7) (compare (9)) which in the given
case is of the form

(A-AX)Az — 2z, AN =y, (z,,Az) =t. (7a)
Suppose that
400
Y=Y Quln.

We shall look for the solution in the form Az = " §,z,. Then the system
(7a), if we keep in mind that Az, = A\,z,, is of the form

400
Zﬂn()‘n - Au)xn - ZOAA = Zanzm ﬂo =t.
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Hence, setting the appropriate coefficients equal to each other, we get

and, therefore,

i

= |az|? + AN = a2 + Y 52

2
_ | Az
| &

_a’+t +2(A ) ,,/\2 Za’

on=-1

M—M}E%

3

2

5t’+max{1 .

Y
t

- ’ IAolz, |A| - ’\o|2

This clearly shows that

Il =

If the initial values z and X are close to z, and A, then ||T'|| will be bounded
while 7 will be small, because Az and A are small so that condition (12)
will certainly be satisfied.

The bounds for the domain of convergence may be determined differently
by using Remark 5 in Section 4. Here the corresponding inequality ( (45) in
Section 4) will acquire the form

N
T z,
i.e., the domain satisfies this inequality for the pair of values (}) chosen as

the initial value and guaranteeing convergence to the eigenpair (:z)

1
=Vllz =2 P+ (A= A) < s
v 4|7l v/3/2°

References

[1) A. Ostrowski. In: In memoriam D. Grave, 1940, pp. 213-234.
[2] A. Ostrowski. Matem. Sbornik, 1937, 2, p. 1073-1094.
[3] A. Ostrowski. Matem. Sbornik, 1938, 3, pp. 253-258.



SELECTED WORKS: PART II 325

[4] F. A. Willers. Methoden der praktische Analysis, Berlin, 1928.

[5] N. P. Stenin. In: Konformnoe preobrazovanie odnosvyaznykh i mnogosvyaznykh
oblasteji (Conformal transformation of connected and multiply connected regions),
Moscow-Leningrad, 1937

[6] A. Ostrowski. Comment. Math. Helv., 1937, 9, pp. 79-103.

[7] D. M. Zagadskii. Dissertation, Pedagogic. Inst., Leningrad, 1946.
[8] D. M. Zagadskii. Doklady AN SSSR, 1948, 59:6, pp. 1041-1044.
[9] L. A. Lyusternik. Uspekhi Matem. Nauk, 1936, 1, pp. 77-140.
[10] S. Banach. Théorie des opérations linéaires. Warszawa, 1932.
[11] M. Fréchet. Annales Ec. Norm. Super. (3), 1925, pp. 293-323.
[12] M. K. Gavurin. Doklady AN SSSR, 1939, 22, pp. 547-556.

[13] L. V. Kantorovich. Doklady AN SSSR, 1948, 59:7, pp. 1237-1240. — See Paper 17
of this Volume

[14] M. Kerner. Studia Math., 1931, 3, pp. 157-173.

[15] A. Cauchy. Buvres Compl. (II), 4, p. 273.

[16] L P. Mysovskikh. Trudy MIAN SSSR, 1949, 28, pp. 145-141.

[17] V. V. Nemytskii. Uspekhi Matem. Nauk, 1936, 1, pp. 141-175.

[18] D. Grave. Zhurnal instituta matematiki AN USSR. 1936, 2, pp. 3-20.

[19) L. V. Kantorovich. Uchen. zapiski Len. Universsteta, 1937, 3:7, pp. 17-33.

[20] C. Runge and H. Konig. Vorlesungen tiber numerisches Rechnen, Berlin, 1924.





