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CESARI CONVERGENCE OF THE GRADIENT METHQp
OF APPROXIMATING SADDLE POINTS OF
CONVEX-CONCAVE FUNCTIONS
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Let G and G, be nonempty closed convex subsets of Hilbert spaces E ang E,, ang ket
F(x, I): G x G; — R be a continuous function convex in x € G and concave in | ¢ G,
Assume that the set of saddle points is nonempty. We pose the problem of an approXimage
construction of any point of this set. This is a well-known problem. In order tgo solve it,
one most often employs various versions of the Arrow-Hurwicz method [1]. In the simplest of
these versions, a sequence (x;, I;) € G x G, of successive approximations of a saddle point
is constructed according to the rules

Tip =T (.'Ei—p.-F:’ (-Ti, li) )3 liyy =16, (li+piF', (.’E{, li) ) . (1)

Here, n;(x) is the point of G closest to x, g ;s defined in a similar way, F,(x, v)
(F((u, v)) is a functional supporting F as a convex function of x (concave function of 0,
and p; > 0 are properly regulated shifts.

Unfortunately, the version indicated does not, generally speaking, converge for any
rule of shift adjustment (a simple example: F(x, [) =xI, - 1 <x <1,—1 <I<1). In order
to guarantee the convergence, one must impose additional requirements of strict convexity-
concavity [2], [3]. If these conditions do not hold, then one must modify the method
by either regularizing F (perturbing it so that it becomes strictly convex-concave), or choos-
ing distinct shifts in the x- and /coordinates (even by an order of the rate of convergence
to 0 as i — o0),

The purpose of this work is to show that the methods indicated are, in essence, Super
fluous. The point is that, under sufficiently general assumptions, the trajectory (1) con-
verges to the set of saddle points in Cesari’s sense. Namely, let

(', li)—__‘.-“i‘ ij (21, 1)) @
Xp; =

be the trajectory of convex combinations of points of trajectory (1). It turns out that,

under natural assumptions, the trajectory (x', ) is bounded and converges to the ¢t o
saddle points of the function & in the following sense. Let
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F(z)=sup F(z,1),

PO E0= e,
3 Then i 2
F(2') f—»-mfF(a:), F(l'y — sup F (1)
—+0 x i+ ¢ -

. {he convergence described Is, so to say, convergence with respect to the functional; in the
- gimensional case, it immediately implies the convergence of (x', 1) to the set of saddle

i of the function F). From the practical viewpoint, the conyer
20 fully replaces the convergence of (1).
(2) The precise assertion consists in the following,

gence of the trajectory

THEOREM. Let G, Gy, and F satisfy all the conditions

, , formulated at the beginning of
& fhe section and, moreover, let the values || F (x,

DI, IIF,'(x, D\l of the norms of supporting
ﬁ,nctioﬂal-‘ in (1) be bounded on bounded subsets of G x Gy (in particular, F is Lipschitzian

5 sk subsets). Let the shifts p; in (1) satisfy the Jollowing conditions:(1)

(A) if G and Gy are bounded, then p; e 0, Z;p; = oo;

(B) if G x G; is unbounded, then Pi e 0, Z; p, = oo,
Z piz(llF:tl (xt, ll) "2+"Fl, (xi) ll) ”2) <m. (3)

Then the trajectory (xi, li) defined by (2) is bounded, and
(i) if G x G is bounded, then the values

vi=max {F(x) —iEEF(x), sup F () —F (I') }

tend to 0 as i — °° gnd

2 Piz
2 .
; <d (GXG;) J=:

: a*(F), @)
23 p; 23 pq

i=1 i=1

where d(G x Gy) is the diameter of G x G ; in the Hilbert space E x E; and
@*(F) = sup (|F:' (z, 1) |I*+IF.’ (, 1) ]1%);
x,l
() if G x G, is unbounded, then every limit point of the trajectory (x', 1') in the
veak topology of £ x ; 15 a saddle point of F.

Proor. By obvious symmetry, it is sufficient to verify that, in the case (i), the
Value of Fix!) - inf, F'(x) = F (x") — F (x*) converges to 0 and satisfies the estimate (4)
(hére, X* i the first component of the saddle point of F) and, in the case (ii), any weak limit
Point of the sequence {x} is the first component of a saddle point of F.

In order o prove this, we fix an / € G and look at the changes of V;(x;" Iy =
\

Nir s o . _
OVt will pe shown that such a choice of shifts is possible in employing the method
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Denoting for brevity &
xity of Fin X, we have
—2*) 20y (B &) TIE < (B—27)

1Y — -—z‘)""(x .
Sfﬁﬁ,(; (Lf l;()miﬁ? (’5; 1)+ttt (zma) 42 (F @) —F (2 b)) by

(x P 1, dhd v
o = x%? + (= D = FyGep 1) and 1 = Filep 1), and g,
into account the conve

In the same way, z z
(U1 —1) <2, (F (3 1) _F(z, 1)) Feinit+ )

Hence,

Vi(@ss: L) <Vi(2i, L) '*'ZPJ(F(@") —F(zy 1) ) o, (ES+nf). ()

In particular,

Vi@, b)) <Vi(zs b) +p (EF+07) ©

(7 is the I-<component of the saddle point of F). .
The relations (6) and (3) imply at once that the trajectory (x;, /;) is bounded. Clearly,

the condition (B) can easily be satisfied, e.g., by the rule

1 1
=

j V& +ntt+1
With this choice of p;, (3) holds and p; e 0. Therefore, the trajectory (x]-, l’-) is
bounded. But then £ + n? < ¢(F) < by the condition imposed on F, and p; = O(1}j),
ie., Zjp; =, as required by (B).

We now add the inequalities (5) forj =1, 2, ..., i. After obvious transformations,
we obtain
Ly [ACRARACTY:
i 2 ij (xh l) —F (x')g 1\ L1y ‘)— A 1\Zity, i+1)
Xp 2% o
Jumi 2
: o 0
! Vi(zy, 1 2_:' 0;
B 2 P’Z(Efz+nj2)<M+ c(F) =,
i§1pj - 2 E Pj 2 Z Pj
i=1 =1

H (F) = 2 ¢ 1) i :

a]cre, ¢(F) = a*(F) for (i); for (ii), c(F) = SUP/(Eiz + 1?1_2) < o, since we have established
rede 1ha't the trajectory {x,, I, } is bounded. By the definition of x' and by the convex!tf

of Fin x, it follows from (7) that

i
. N 3o
Fa, ”*F(m‘)<ﬂM+c(F) = i
22[)’ 25 p;
=t i=t
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- \‘w,gnr@’“‘“ 4 6 we bﬂ.u_n?ed' the maximization o
e (i the estimate (@) for F (") = F(x*), which prove
;;".'Ylewd Clearly, under the conditions of (A) the right-h
Jpotel

ii.*:f‘:hich proves (.

|t romalns 10 verify that, under the conditions of (B), an

,, ' - {xt} {s the flrst cunwuncnt of u saddle point of £ {.e‘tv?kbfl:l:lnt:hp:"llitns: :)}::nt

¥ ‘“xi(n weakly converge to x ! ffk) e “f__k T . Assume that ¥ is not the first |
r;mnpnnem of u saddle poin t, of b Le",ﬂmt ! (x? > I (%), We choose an I so that G.n>
T (obvious’ly this is possible). Since F(x, /) is weakly lower semicontinuous in x, we
e A ) > F(x® +ee> 9.in a ncighborlfood U (in the weak topology) of the point

~ . For this [ and i = i(k), consider the inequality (8), Passing to the limit in this inequality
;;k — o0, we obtain

f both sides of (8) with respect to !
3 (4) in view of the symmetry already
and side of (4) tends to 0 as { — o9,

lim F (2', ) <P (27).

A=r ™

But, for all & sufficiently large, x'®®) € U, and the last inequality contradicts the definition
y. The contradiction thus obtained completes the proof.

ReMARKS. 1. It s clear from the proof of the theorem that, if one of the sets is
pounded, say G for definiteness, then we have convergence with respect to the functional

of the corresponding components of (x, ) (in our case x") to the corresponding component
of the saddle point of F. In our case,

of

o\ 2 2 C(F) 2 sz
F(z')=F (.‘L")g_'(xi_x )‘. +d (G)) 4 i_,-zi
22‘ Ps 23 Pi
i=t i=1

(here, d(G)) is the diameter of G,; of course, we assume that the condition (B) is satisfied).

2. Assume that G and G, are bounded and that, instead of precise information con-
cerning F; and F, information distorted by noise is used, so that the trajectory (1) is
described by the stochastic difference equations

Tt =g (xi—PtE (-Ti, li; (l)i)), -l{+1=ﬂ01(li+p{n (x.-, l; (ﬂi)),

where w; is a point of a Polish space §2 with Borel probability measure £, where the
1andom variables @, are independent and each has the distribution F. The functions

x|, w) and n(x, I, w) are assumed to be Borel with respect to the totality of arguments
and such that

M (z, l, 0)=F/(2,1), Mun(z, !, 0)=F'(z,1);

W , .
wre M, is the result of averaging with respect to F,.

Further, assume that the noise is bounded, e.g., by the condition
Mt (z, 1, 0) )<L, M.n(z, !, 0)IP<L (v, L)E6GXG6.
‘ muation (xl'
i
W = (wl’

(and it can easily be derived from the proof of the theorem) th.zn in this
' ") converges “in the mean” to a saddle point of F. Namely, if we denote by

(s . ; ' , first ¢ steps of the run of the
*++, w;) the realization of the noise during the first 7 stej
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mothod, and by (e’ (W™ 1)) the ith polnt of the trajectory (2) (Cxy, Il).ﬁ',?' :

‘ holds:
deterministic), then the following Inequality :
g'omM e max {F (&' (@) ~int F (2),sup £(1) ~E(I' (')}

! |
52 p'L! '
5 GXG)) 0
‘ i + []
X p
Jemi Jri

(here, M ;_ is the average with respect to the noise during the first 7 steps of the ryy of
L3 w —

the method). Thus we have vl — e 0iF (A) holds.
3. Let us say a few words concerning the rate of convergence of the method, Assum

that. under the conditions of the theorem, G and G, are bounded. We choose p/ in the
form O(1/v/7). Then we obtain ¥ < O(ln il/7). If the accuracy v with which the proplen,
is to be solved is given a priori, then we can take p; = p(v) = O(v) (we assume that an
estimate of £, 1l and || F/ll from above on G X G, is known a priori) and make N = 0(] 1)
steps. With a proper choice of p and N of the form indicated, we shall have ¥ < p,

Similar facts hold also in the stochastic situation (see the previous remark) with respect to

the values .

We note that, in application to the general convex-concave game, the rate of con-
vergence of the traditional versions of the Arrow-Hurwicz method (based on regularization
type devices or on making use of distinct shifts in x and [) turns out to be less by an order
of magnitude than the above-indicated rate of convergence of the version proposed.
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