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CESARI CONVERGENCE OF THE GRADIENT METHOD 
OF APPROXIMATING SADDLE POINTS OF 

CONVEX-CONCA VE FUNCTIONS 

A. S. NEMIROVSKii AND D. B. JUDIN 

Let G and c
1 

be nonempty closed convex subsets of Hilbert spaces E and EI> and let 
F(x [) . c x G - R be a continuous function convex in x E G and concave in / E G , · I I· 
Assume that the set of saddle points is nonempty. We pose the problem of an approximate 
construction of any point of this set. This is a well-known problem. In order to solve it 
one most often employs various versions of the Arrow-Hurwicz method [1] • In the simples~ of 
these versions, a sequence (x;, I;) E G x G1 of successive approximations of a saddle point 
is constructed according to the rules 

Here, 1rG(x) is the point of G closest to x, rrG1 is defined in a similar way, F;(u, v) 
(Flu, v)) is a functional supporting Fas a convex function of x (concave function of Q, 
and pi > 0 are properly regulated shifts. 

(1) 

Unfortunately, the version indicated does not, generally speaking, converge for any 
rule of shift adjustment (a simple example: F(x, I) = xi , - 1 ~ x ~ 1, -1 ~I~ 1). In order 
to guarantee the convergence, one must impose additional requirements of strict convexity• 
concavity [2] , [3] . If these conditions do not hold, then one must modify the method 
by either regularizing F (perturbing it so that it becomes strictly convex-concave), or choos• 
ing distinct shifts in the x- and /-coordinates ( even by an order of the rate of convergence 
to Oas i-+ oo). 

The purpose of this work is to show that the methods indicated are, in essence, super· 
fluous. The point is that , under sufficiently general assumptions, the trajectory (1) con· 
verges to the set of saddle points in Cesari's sense. Namely, let 

( . . 1 }:i 
x',l')=---:-- p-(x l -) 

I J J, J 

Li Pi i = I 
i = l 

be the trajectory of convex combinations of points of trajectory (1). It turns out that, 
under nat_ural assumptions, the trajectory (xi, l) is bounded and converges to the set of 
saddle pomts of the function Fin the following sense. Let 
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:.p (x) = sup F (x, l), 
leG 1 

F (l) = inf F (x, l). 
,ceo 

•···· fhep ~r- F(x')=i~fF(x), F(l')--supE_(l) 
... i -+oo I 

•.~.;'.- ergence described is, so to say, convergence with respect to the f t· al· . th {'(the conv . . . . . unc 10n , m e 
~,fjnite-dimensional case, it immediately imp~1es the convergence of (x', 11) to the set of saddle 
/ oiJltS of the function F). From the practical viewpoint, the convergence of the trajectory 
J, P ull replaces the convergence of ( 1). 
'f:__ (

2
) f T~e precise assertion consists in the following. 

THEOREM. Let G, GI• and F satisfy all the conditions formulated at the beginning of 

';·. the section and, moreover, let the _values II F~(x, !)II, IIF1tx, !)II of the norms of supporting 

:' functionals in (1) be bounde~ on b~unded s~bsets of G x GI (in particular, Fis Lipschitzian 
,, on such subsets). Let the shifts Pt m (1) satisfy the following conditions:(1) 

' {A) if G and GI are bounded, then Pt -'\-+oo 0, r,
1
p, = oo; 

(B) if G x GI is unbounded, then P; --..,_
00 

0, "E;P; = oo, 

Then the trajectory (xt, i) defined by (2) is bounded, and 

(i) if G x GI is bounded, then the values 

v;=max {.F(x)-inf.F(x), supF(l)-F(l 1)} 

~ I 

tend to O as i ~ 00 and 

d2(G G) L p.Z . X I + i= I 
v' ~ . . a2 (F), 

' ' 
2 L p; 2L p; 

j=i ;= t 

where d(G x GI) is the diameter of G x GI in the Hilbert space E x EI and 

a
2 
(F) = sup ( IIF.,' (x, l) II 

2+ IIF1 '_(x, l) 11
2

) ; 

:r:, l 

(ii) if G x GI is unbounded , then every limit point of the trajectory (x', I;) in the 
Weak topology of E x EI is a saddle point of F. 

(3) 

(4) 

PROOF . By obvious symmetry, it is sufficient to verify that, in the case (i) , the 

value of F(xi) - infxF (x) = F (x') _ F (x*) converges to O and satisfies th~-estimate (4) . . 

(h~re, x* is the first component of the saddle point of F) and, in the case (11), any weak hm1t 

Point of the sequence {xi} is the first component of a saddle point of F. 
In order to prove this , we fix an / E G

1 
and look at the changes of V1(x;, I;) = ---(1) It will be shown that su ch a choice of shifts is possible in empl oy ing th e mel h od. 
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In the snmc way, 
(li+

1
-l) •~2pi(F (x1, lJ)-F (~1, l)) +p/TJl+ (lJ-l) 

2

• 

; •; . ~ 

,,., .. ·. 

Hence. 

In particular, 

(6) 

(/ is the /-component of the saddle point of F). 

The relations (6) and (3) imply at once that the trajectory (x;, 11) is bounded. Clearly, 

the condition (8) can easily be satisfied, e.g., by the rule 

1 1 
P; = --;::::::======-. 

i l's/+TJ,z+1 

With this choice of p1, (3) holds and Pj ---+i➔ °" 0. Therefore, the trajectory (x1, 11) is 

bounded. But then ~J + r,J ~ c(F) < 00 by the condition imposed on F, and P; = O(1/j), 

i.e., "i,jP; = 00 , as required by (B). 

We now add the inequalities (5) for j = 1, 2, ... , i. After obvious transformations, 

we obtain 

1 '"1 V 1 ( x l ) -~ p/ 
+---i--k.J p/(s/+ri/)~ /' 1 + c(F) 

1
=

1
. • 

.E P1 i- • 2 ~ P· 2 ~ p· 
J= t J ~ ] 

i = l j=1 

(7) 

al
Hered, c(F)h = a2(F) for (i); for (ii) , c(F) = sup/(~/2 + fl12) < oo since we have established 

rea y t at the tra · t { } · ' ·ty 
f F . . Jee ory x,, 1, is bounded. By the definition of x; and by the conveXl 

o m x , it follows from (7) that 

' 
F ( ; l) - V (x l ) ~ p/ 

x' -F(x')~ i /' s +c(F) J-• . 

2 .E P1 2 _E p; 
i = t 

(8) 

j=1 
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··_,/_.\ -~ ·• . ... ': :. ' 
~. '· .. : _: ~ ; 

~ .. ,,,.•.-.;:,... . 

~!{::.··wt .. · ,0t-Aod-01 lU'O bounded, the maximization of both 'd f . t;\ 11n · _ P' 1 .,.. - • 81 es o (8) with respect to I 
1~,.::/-.,1·1·~, tha ,athnl\tO. (4) for (x ) F(;c ), which proves (4) in view of th I 
,> ~O "~ 1 t·l •Utt 1 .. (A) e symmetry a ready ~-3 .' · CJoarly om,or · ,o. cool o,,s O tho right-hand std f (4) (.;: nat~d, • ' e o tends to o as i -+- oo, 

~;;. loh prov•• (l), 
~(~ :wh · 

1
-1 ...,.0,a!ns to verify thnt, under the condl lions of {8) any w k 1. . . 

~~-~ '. · 1¥ • • ea inut pomt of the 
r.t ·:- , {~'} l!i the f\rst component ol u suddlc point of F let - b h . . . 
~i:"..1tQ\lt1\Ct, • , • .._ 

00 
• x e sue a hrrut point, 

~.,_.· I(~) •-nklv converge t.o x, l(k) us k -+ oo. Assume tllat - . h ti t:1; l ~ "" · 1 
• _ x ts not t e 1rst 

f/ ~::woneut of n saddle_ point of F, I.e., thut F (x ) > F (x•). We choose an/ so that F (x, T) > 
t·--. 1 (x•) (obviously tl:ls IS possible>: Since F(x, I) is weakly lower semicontinuous in x' we 
~~ b•~ .f\.A', /) F (x 2 + _e, e. > ~ II~ II nolghborl~ood U (in tl~e weak topology) of the point 
~ X' for this I und i .- i(k), cons1de1 tho Inequality (8). Passmg to the limit in this inequality 
- • i. _. OQ wo obtnm 

as"' ' 
lim F (xi(">, l) ~F (x'). 
11 ...... 

But, for all k sufficiently large, x'(k) E U, and the last inequality contradicts the definition 
of u. The contradiction thus obtained completes the proof. 

REMARKS, 1. lt is clear from the proof of the theorem that, if one of the sets is 
bounded, say G 1 for definiteness, then we have convergence with respect to the functional 
of the corresponding components of (x1

, 11) (in our case x1) to the corresponding component 
of the saddle point of F. In our case, 

( ') 2+d2 C (F) .E p/ 
F (x')-F (x') ~ - X1-x (G1) + J=1 

i i 

2 .E Pi '2,E p; 

(here, d(G1) is the diameter of G1; of course, we assume that the condition (B) is satisfied). 
2. Assume that G and G1 are bounded and that , instead of precise information con­

cerning F~ and Fj, information distorted by noise is used, so that the trajectory (1) is 
described by the stochastic difference equations 

Xl+l =J1o (X1- p1~ (X; 1 ~; W1)) 1 'li+l =J101 ( l;+p1T} (X;, l;; W;)_) 1 

where w1 is a point of a Polish space .n with Borel probability measure F w ' where the 
random variables c,;1 are independent and each has the distribution F. The functions 
«x, l, w) and r,(x, /, w) are assumed to be Borel with respect to the totality of arguments 
and such that 

M,.£(x, l, w) = F,/(x, l), Miori(x, l, w) = F/(x, l); 

Where M · h F w 1st e result of averaging with respect to w· 

Further, assume that the noise is bounded, e.g., by the condition 

Mwll~(x, l, '1>) 112~ £\ Mcol111(x, l, w) 112::;;;;L\ (x, l,) e GXG,. 

. It t ) I · I . . · . urns out (and it can easily be derived from the proof of the theorem t mt 111 t ll s 

·. &l~Uation (xi, I') converges " in the mean,, to a saddle point of F. Namely, if we denote by 
"' :::: (w • · ti fi ·st i steps of the run of the 1, • • • , w1) the realization of the noise during ie 11 
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• 5.E plL' 
5d

1
CGXG,) +-'--'--._ . . 
.t p, E p, 

j ... l J ... t 
.... · ' ··~ 

(hero, .M 
1
_ 

1 
Is the nvcrngo with respect to tJu, noise during the Orat I steps of the run uf 

the motl~d). Thus we have v1 -+- 1_,. .. 0 If (A) holds. . 

3. Let us say II few words concerning the rate of convergence of the method. Asaume 

thut. under the conditions of the theorem, G and GI ure bounded• We choose p1 In the 

form 0(1/VJ). Then we obtain v1 <; O(ln i/vT). If the accuracy v with which the problem 

is to be solved is given a priori, then we cun take Pt = p(v) = O(v) ( we assume that an 

estimate of IIF_; II and II F,'11 from above on G x GI is known a priori) and make N = O(t/vl) 

steps. With u proper choice of p and N of the form indicated, we shall have ,,N <; v. 

Similar facts hold also in the stochastic situation (see the previous remark) with respect to 

the values v1
• 

We note thut, in upplication to the general convex-concave game, the rate of con­

vergence of the traditional versions of the Arrow-Hurwicz method (based on regularization 

type devices or on making use of distinct shifts in x and {) turns out to be less by an order 

of magnitude tJ1an the above-indicated rate of convergence of the version proposed. 
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