2

Theory of Speculation

LOUIS BACHELIER

Introduction

The influences which determine fluctuations on the Exchange
are innumerable; past, present, and even discounted future events
are reflected in market price, but often show no apparent rela-
tion to price changes.

Besides the somewhat natural causes of price changes, arti-
ficial causes also intervene:  The Exchange reacts on itself, and
the current fluctuation is a function, not only of previous fluctua-
tions, but also of the orientation of the current state.

The determination of these fluctuations depends on an infinite
number of factors; it is, therefore, impossible to aspire to math-
ematical prediction of it. Contradictory opinions concerning these
changes diverge so much that at the same instant buyers believe
in a price increase and sellers in a price decrease.

The calculus of probabilities, doubtless, could never be ap-
plied to fluctuations in security quotations, and the dynamics of
the Exchange will never be an exact science.

But it is possible to study mathematically the static state of
the market at a given instant, i.e., to establish the law of prob-
ability of price changes consistent with the market at that instant.
If the market, in effect, does not predict its fluctuations, it does
assess them as being more or less likely, and this likelihood can
be evaluated mathematically.

Research for a formula which expresses the likelihood of a
market fluctuation does not appear to have been published to date.
Such is the object of this study.

I have thought it necessary first to review some theoretical
notions concerning transactions in the Exchange, adding thereto
certain new insights indispensable to our ultimate investigations.

*A thesis presented to the Faculty of Sciences of the Academy
of Paris on March 29, 1900, for the Degree, Docteu;r es Sciences
Mathématiques. Originally published in Ann. Sci. Ecole Norm.
Sup. (3), No. 1018 (Paris, Gauthier-Villars, 1900). Dedicated
to Monsieur H. Poincaré, Member of the Institute, Professor
in the Faculty of Sciences, [Translated by A. James Boness,
Assistant Professor of Finance and Economics, University of
Pittsburgh.]
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Operations in the Exchange

Operations in the Exchange. There are two kinds of futures

operations: fixed futures contracts and option contracts.} These
operations can be combined in an indefinitely large number of
ways, according to how often one negotiates various kinds of op-
tions.

Fixed Futures Contracts.! Operations in fixed futures con-
tracts are entirely analogous to spot transactions, except that
price differences are settled at a predetermined time called the
""liquidation date.' This occurs the last day of each month.

The price established on the liquidation date, to which all the
transactions of the month are related, is called the '""compensa-
tion price. "

The buyer of a futures contract limits neither his potential gain
nor his potential loss. He receives the difference between pur-

- chase price and selling price if the sale is made above the pur-
chase price; he pays the difference if the sale is made below.

The seller of a futures contract who repurchases at a higher
price than he originally sold loses; he profits in the contrary case.

Contangoes. The spot buyer collects his interest and may re-
tain his certificates indefinitely. Because a futures contract ex-
pires on the liquidation date, the buyer of a futures contract, to
maintain his position until the following liquidation date, must pay
the seller a premium called a '"contango. "'*

The contango varies with each liquidation date. For govern-
ment bonds, on the average it is 18 centimes per 3% bond of 100
francs par value; but it could be higher, or nothing at all.f It
could even be negative, in which event it is called a ''backwarda-
tion.'" In this case, the seller pays a premium to the buyer of
the contract.

On the day when interest becomes due, the buyer of a futures
contract received the amount of such interest from the seller.

At the same time, the price of the security decreases by an equal
amount. Thus, immediately after the payment of interest both

t'"Fixed futures contracts'' are subsequently rendered simply
as futures contracts or futures; this is current American usage.
[Note: References designated by a dagger or double dagger are
those of the translator; superscript numbers refer to the editor's
notes given on pp. 75-78; asterisks designate author's notes.]

*For the complete definition of contango I refer to specialized
works on the subject [Charles Castelli, The Theory of Options in
Stocks and Shares, London, Matheison, 1877].

I"Government bonds, ' rentes. Whether the reference is to
bills or bonds of public or private issuers are moot points. I
follow S. Alexander's interpretation ('"Price Movements in
Speculative Markets. . ., ' Ind. Mgmt. Rev., May, 1961, p. 8).
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buyer and seller of a futures contract find themselves in the same
relative positions as before.

It is apparent that if the buyer benefits by collecting interest,
on the other hand he generally must pay contangoes. The seller,
on the contrary, receives contangoes, but he must pay interest.

Government Bonds with Contangoes. On government bonds,
the coupon amount of 75 centimes per quarter represents 25 cen-
times per month, while the contango is almost always less than
20 centimes per month. This suggests the idea of buying fixed
future contracts on government bonds with the intention of renew-
ing them indefinitely by means of contangoes.

This is called an operation of '""government bonds with contan-
goes.'" Later we will study its probability of success.

Equivalent Prices. To thoroughly understand the mechanism
of interest payments and contangoes, we will abstract from all
other causes of price changes.

Since every three months a coupon amount of 75 centimes be-
comes due on outstanding government bonds, representing inter-
est on the investment of the buyer, the bond logically must in-
crease in value by 25 centimes each month. For each currently
quoted price there corresponds a price which will be greater by
25 centimes a month later, greater by 12.5 centimes two weeks
later, etc.

All of these prices may be thought of as ''equivalents, "
Consideration of equivalent prices is much more complicated
in the case of futures contracts. To begin with, it is obvious
that if the contango is zero, the position in a futures contract
must behave like a spot position, and its price must increase
by 25 centimes per' month,
Now consider the case where

y the contango will be 25 centimes.
D R Let the x-axis represent time in
Price 6F--"""_~ Figure l; the distance OA rep-
C — resents a month included between
3 S B the two liquidation dates at O
B and A.
-0 A t

If AB is equivalent to 25 cen-
times, the logical course of spot
Figure 1 prices of a bond would be repre-
sented by the straight line OBE.*
Now consider the case where the caontango will be 25 centimes.
A little before the liquidation date, the spot and the futures con-
tract operations will be at the same price, O. Then, the buyer
of the futures contract having to pay a contango of 25 centimes,
the price of the futures contract will jump abruptly from O to C

Time

*] assume that there is no interest due date during the inter-
val, which, however, would not alter the demonstration.
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and will follow the horizontal line CB during the following month.
At B, it again will be indistinguishable from the price of a spot
position, only to increase suddenly by 25 centimes to D, etc,

In the case where the contango is a given amount correspond-
ing to the distance OF, the price must follow the line FG, then
GE, and so forth. The price of a futures contract on a bond,
then, logically must increase from one liquidation date to an-
other by an amount represented by FC, which could be called
the ""complement of the contango."

All prices between F and B on the line FB are ''equivalents"
for the different moments to which they correspond.

Actually, the distance between the prices of the futures con-
tract and the spot position does not decrease in an absolutely
regular way, and FB is not a straight line. The construction
which was made for the beginning of a one- month period may be
repeated for any moment during that month, such as the point N.

Let NA be the time which will elapse between the given mo-
ment N and the liquidation date represented by A,

During the time NA, the
spot price logically must in-
crease by AB in proportion
to NA. Let NF be the dis-

E tance between spot and fu-
tures prices. All the prices
corresponding to the line FB

y

N A T are '"equivalents. "
True Price. We will call
Figure 2 the equivalent price corre-

sponding to a moment the
""true price'' corresponding to that moment.

Understanding true price is very important. I shall now in-
vestigate how it is determined.

Designate by b the amount by which the price of a futures con-
tract logically should increase during one day. The coefficient
term b generally varies only slightly; its value each day may be
exactly determined.

Suppose that n days intervene before the liquidation date, and
let C be the distance between spot and futures prices.

In n days, the spot price must increase by 25n/30 centimes,
the futures price being greater by the amount C must increase
during these n days only by (25n/30 - C), that is, during a sin-

gle day, by
1(25n 1
_r_1<~———30 - C>_———6n<5n - 6C>.

Then,

1
b =E(5n - 6C).
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The average of the five last years gives b = 0.264 centime.

The true price corresponding to m days will be equal to the
currently quoted price plus the amount mb.

Geometric Representation of Operations in Futures. An opera-
tion may be represented geometrically in a very simple way,
the x-axis representing different prices and the y-axis represent-
ing the corresponding profits.

Suppose I had bought a futures contract at the price represented
by O, taken as origin. At the price x = A, the operation gives a
profit of x. Since the corresponding ordinate must be equal to
the profit, AB = OA. The purchase of a futures contract is there-
fore represented by the line OB inclined at 45 degrees from the
price axis.

A sale of a futures contract is represented inversely.

Options.f In the purchase or sale of a futures contract, buy-
ers and sellers expose themselves to a theoretically unlimited
potential loss. In an option
operation, the buyer pays
a higher price for his cer-
tificate than in the case of
a futures contract, but his
potential loss on the down-

0 A side is limited in advance
! X Price to a certain sum which is
45°
/ the amount of the premium.?

The seller of an option
has the advantage of selling
at a higher price, but he

Profit B

Figure 3.

can profit only by the amount of the premium.

There also are options at a discount] which limit the potential
loss of the seller; in this case, the transaction occurs at a price
less than that of a futures contract.

Options at a discount are negotiated only in speculations in
commodities. In securities speculations, one may obtain an op-
tion at a discount by selling a futures contract and simultaneously
buying an option.> To simplify the exposition, I will be concerned
only with options selling at a premium.

Suppose, for example, that 3% bonds cost 104 francs at the

f'"Options, '"" primes. These are European-type calls, which
differ from American calls in that they are generally of shorter
duration, are exercisable at a spread from current market price,
and are exercisable only on the expiration date. A more detailed
technical discussion is given by Charles Castelli, The Theory of
Options in Stocks and Shares, London, Matheison, 1877. This
work also explains straddles, call-o'-more's, contangoes, etc.

{Options at a discount are European-type puts.
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beginning of the month. If we buy a futures contract on 3000
francs par value, we expose ourselves to a potential loss which
may become considerable if a fall in the market occurs.

To avoid this risk, we could buy an option at 50 centimes,7
paying for it no longer 104 francs, but 104.15 francs, for exam-
ple. It is true that our purchase price is higher, but our poten-
tial loss remains limited to 50 centimes per 3% bond, or 15 francs,
whatever the market decline might be.

The operation is the same as if we had bought a futures contract
for 104.15 francs, this future not being able to decrease by more
than 50 centimes, that is, descend below 103.65 francs.

The price of 103.65 francs in the present case is the ''"base of
the option, "

Clearly the price at the base of the option is equal to the price
at which the option is negotiated, less the amount of the premium.

Call Date of Options. The ''call date of options'' occurs the day
before the liquidation date, that is, the second-last day of the
month. Let us return to the preceding example and suppose that
at the instant of the call the price of the bond is less than 103.65
francs; we then will abandon our option, the premium of which
will be the profit to our seller.

If, on the contrary, the price on the call date is greater than
103.65 francs, our operation will be transformed into a futures
operation. In this case, the option is said to be ''exercised. !

In summary, an option is exercised or abandoned according as
the price of the bond on the call date is greater than or less than
the base of the option.

‘Clearly, option operations do not run up to the liquidation date.
If an option is exercised on the call date, it becomes a futures
contract and is liquidated on the following day.

In all that will follow, we will assume that the compensation
price is indistinguishable from the price on the call date of op-
tions. This assumption is justifiable since there is nothing to
prevent the liquidation of transactions on the call date.

The Spread of Options.* The spread between the price of a
futures contract and that of an option depends on a great number
of factors and varies continuously.

"An option at 50 centimes, "' une prime dont 50€. Bachelier
footnotes that this is a peculiar construction even in French. The
premium payable on the expiration date of this option is 50 cen-
times per 100 francs principal amount of optioned bonds. The
premium, as in Castelli, is payable only if the option is allowed
to expire. If the option is exercised, its holder acquires the prin-
cipal amount of bonds at the exercisable price, here 104.15 francs,
and is able to sell them at the current market price on the expira-
tion date.
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At the same instant, the spread is proportionally greater for
less restrictive premiums; for example, an option at 50 centimes
obviously is higher priced than an option at 25 centimes.

The spread of an option decreases more or less regularly from
the beginning of the month to the day before the call date, when
the spread becomes very small.

But, depending on circumstances, it could diminish very ir-
regularly and be greater a few days before the call date than at
the beginning of the month.

Options Expiring Next Month., Options are negotiated not only
for the current month, but also for the next month. The spread
of the latter is necessarily greater than that of one- month options,
but it is less than one would think in comparing the price of an
option with that of a futures contract. In effect, it is necessary
to subtract the influence of the contango of the one-month option
from the apparent spread.

For example, the average spread of an option at 25 centimes
45 days before its call date is on the order of 72 centimes, but,
since the average contango is about 17 centimes, the spread is
really only about 55 centimes.

The payment of interest makes the price of an option fall by a
sum equal to the amount of the interest. If, for example, on
September 2, I buy an option at 25 centimes to expire the current
month for 104.50 francs, the price of my option will have become
103.75 francs on September 16 after the payment of interest.

The price at the base of the option will be 103.50 francs.
One-Day Options. One-day options at 5 centimes and some-
times at 10 centimes are negotiated, especially off the Exchange.

The call for these small options occurs every day at 2 o'clock.

Options in General. There are two factors to consider in a
transaction for an option of given duration: the amount of the op-
tion and the spread from the price of a futures contract,

It is indeed obvious that the smaller the spread, the greater
the premium.

To simplify the negotiation of options, they have been classi-
fied into three kinds by making three very simple assumptions
concerning the amount of the premium and the spread.

1. The amount of the premium is constant and the spread is
variable. This is the kind of option which is negotiated on
securities; for example, on the 3% bonds, options at 50
centimes, at 25 centimes, and at 10 centimes are traded.

2. The spread is constant and the amount of the premium is
variable; this is the case for options at a discount on se-
curities (i.e., the sale of a futures contract against the
purchase of an option).

3. The spread is variable as well as the amount of the pre-
mium, but the two quantities are always equal. This is
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the way that options on commodities are traded. It is ob-
vious that using this last system one can trade at a given
moment only at a single premium for the same option dura-
tion.

Remark on Options. We shall examine the law which governs
the spreads of options; however, even now we are able to make
a rather interesting comment:

An option must be more valuable, the smaller its spread. This
obvious fact is not sufficient to show that the market in options
is rational.

Several years ago, I noticed that it was possible, while ad-
mitting the above fact, to imagine operations in which one of the
traders would profit regardless of eventual prices.

Without reproducing the calculations, which are elementary
but rather tedious, I offer an example.

The following operation:

buy one unit at 1 franc,

sell four units at 50 centimes,

buy three units at 25 centimes,
will yield a profit at all eventual prices provided that the spread
between the option at 25 centimes and the option at 50 centimes
is at most one-third of the spread between the option at 50 cen-
times and the option at 1 franc.

We will see that such spreads are never found in practice.

Geometrical Representation of Operations in Options. We
propose to represent geometrically the purchase of an option.

[Ed. Note: The following paragraph replaces an unclear para-
graph in the original. ] '

The horizontal axis represents the terminal spot price and
the vertical axis, profit. The price of a futures contract at the
time of the option purchase is denoted by P. The base, or strik-
ing price, is B and what Bachelier refers to as the price of an
option is S, equal to B plus the premium, h. When the ending
price is less than B, the option is not exercised, and the loss
is equal to premium h. Above B loss is reduced by a centime

Profit F

Price

o
-
n

N

45°

Figure 4
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for every centime by which the terminal price rises above B.
The loss disappears at a price S, and becomes a profit if the
price rises still further.

The sale of an option is represented inversely.

True Spreads. Until now, ‘we have spoken only of quoted
spreads, those with which one ordinarily deals., These, however,
are not the ones which appear in our theory, but rather the ''true
spreads, ' that is, the spreads between the prices of options and
the true prices corresponding to the call date of options. These
prices are greater than quoted prices (unless the contango is
greater than 25 centimes, which is rare), from which it follows
that the true spread of an option is less than its quoted spread.

The true spread of an option traded n days before the call date
will be equal to its (quoted) spread less the quantity nb.

The true spread of an option to expire at the end of next month
will be equal to its (quoted) spread less the quantity [25 + (n- 30)b].

Call-o'-More's. In certain markets there are operations of
a kind intermediate between operations in futures contracts and
operations in options; these are *'call-o'-more's."

Suppose that 30 francs is the price of a commodity. Instead
of buying a single futures contract at a price of 30 francs for a
given duration, we could buy a call-o!'<=more for the same dura-
tion at 32 francs, for example. For any eventual price below
32 francs, we lose only on a single unit, while for any eventual
price above 32 francs, we will profit on two units.

We could have been able to buy a call-twice-o'-more at 33
francs, for example, such that, for any eventual price below 33
francs, we would lose on a single unit, while for any eventual
price above 33 francs, we would profit on three units. One can
imagine call-o'-more's of multiple orders. The geometric rep-
resentation of such transactions presents no difficulty.

There also are trades in put-o'-more!s, necessarily at the
same spread as call-o'-more's of the same multiple order.

Probabilities in Operations on the Exchange

Probabilities in Operations on the Exchange. One can con-

sider two kinds of probabilities:{

1. The probability which might be called '"mathematical, "
which can be determined a priori and which is studied in
games of chance.

2. The probability dependent on future events and, conse-
quently, impossible to predict in a mathematical manner.

This last is the probability that the speculator tries to predict.

: TThié classification of probabilities (subsequent to Bayes)
foreshadows the currently popular dichotomy of objective and
subjective probability..
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He analyzes causes which could influence a rise or a fall of mar-
ket values or the amplitude of market fluctuations. His induc-
tions are absolutely personal, since his counterpart in a trans-
action necessarily has the opposite opinion.

It seems that the market, the aggregate of speculators, at a
given instant can believe in neither a market rise nor a market
fall since, for each quoted price, there are as many buyers as
sellers. .

As a matter of fact, the market believes in a rise resulting
from the difference between interest payments and contangoes.

The sellers make a slight sacrifice for which they consider them-
selves compensated.

One could ignore this difference on condition that he consider
true prices corresponding to the liquidation date. But transac-
tions are governed by the quoted prices; the seller pays the dif-
ference.

From the consideration of true prices; one could say:

At a given instant, the market believes in neither a rise nor
a fall of true prices.

But if the market believes in neither a rise nor a fall of true
prices, it may suppose more or less likely some fluctuations of
a given amplitude.

The determination of the law of probability consistent with the
market at a given instant will be the purpose of this study.

‘Mathematical Expectation. The "mathematical expectation'
of an uncertain gain is the product of that gain and the corre-
sponding probability of its occurring.

The '"total mathematical expectation' of a player will be the
sum of the products of the uncertain gains and the correspond-
ing probabilities of their occurring.

Obviously a player will have neither advantage nor disadvantage
if his total mathematical expectation is zero.

Then the game is called a '"fair game."

Bets at race tracks and all those games of chance engaged in
at casinos are not 'fair.' The house or the bookie, in the case
of track bets, gambles with a positive expectation, and the gam-
blers wager with a negative expectation.

In these kinds of games the gamblers have no choice between

‘their side of the transaction and its opposite. As it is not the

same on the Exchange, it might seem strange that these trans-
actions are not fair, the seller accepting a priori a disadvantage
if contangoes are less than interest payments.

The existence of a second kind of probability explains this seem-
ing paradox. ‘

Mathematical Advantage. The mathematical expectation shows
whether a bet is advantageous or not; moreover, it tells what the
bet logically must win or lose, but it does not give a coefficient
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in some manner representing the intrinsic value of the bet.

This leads us to introduce a new concept, that of mathematical
advantage.

We shall call the '"mathematical advantage' of a gambler that
ratio.of his positive expectation to the arithmetic sum of his posi-
tive and negative expectations.

Mathematical advantage, like a probability, varies between
zero and one. It is equal to 0.5 when the game is a fair game.

_Principle of Mathematical Expectation. The spot buyer may
B\e compared with a gambler:’;-\ In effect, if the price of a security
might-increase after its purchase, a decrease is equally possible.
The causes of this increase or decrease derive from the second
type of probabilities.

According to the first type, the price of a security®* must in-
crease to a value equal to the amount of its interest payments.

It follows that from the point of view of this first type of proba-
bilities: ,

The mathematical expectation of the spot buyer is positive.

Obviously, it will be the same as the mathematical expectation
of the buyer of a futures contract if the contango is zero, because
his operation will be reducible to that of a spot buyer.

If the contango on the bond were 25 centimes, the buyer would
have no more advantage than the seller.

Thus one may say:

The mathematical expectations of the buyer and the seller [of
futures] are zero when the contango is 25 centimes.

When the contango is less than 25 centimes, which is the usual
case, the mathematical expectation of the buyer is positive; that
of the seller is negative.

It always is necessary to remember that only the first type of
probability is in question.

According to the preceding results, one may always consider
the contango as being 25 centimes on condition that the quoted
price is replaced by the true price corresponding to the liquida-
tion date. Then, if one considers these true prices, he may say
that: ‘

The mathematical expectations of the buyer and the seller are
zero.

As far as contangoes are concerned, one may consider the call
date of options as indistinguishable from the liquidation date; thus:
The mathematical expectations of the buyer and the seller of

options are zero. )

In sum, the consideration of true prices permits the statement
of this fundamental principle:

*I consider the most simple case of a fixed-income security;
otherwise the increase in revenue would be a probability of the
second class.

-
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The mathematical expectation of the speculator is zero.

It is necessary to evaluate the generality of this principle care-
fully: It means that the market, at a given instant, considers not
only currently negotiable transactions, but even those which will
be based on a subsequent fluctuation in prices as having a zero
expectation.

For example, I buy a bond with the intention of selling it when
it will have appreciated by 50 centimes. The expectation of this
complex transaction is zero exactly as if I intended to sell my
bond on the liquidation date, or at any time whatever.

The expectation of an operation can be positive or negative
only if a price fluctuation occurs—a priori it is zero.

General Shape of the Probability Curve. The probability that
the price y will be quoted at a given moment is a function of y.

This probability may be represented by the ordinate of a curve
the abscissas of which correspond to various prices.

Clearly the price considered most likely by the market is the
current true price:f if the market judged otherwise, it would
quote not this price, but another price higher or lower.

In the remainder of this study, we will take as origin the co-
ordinates of the true price corresponding to the given moment.
Price could vary between -x; and +w0, X, being the current arith-
metic price.

We will assume that it might vary between -o and +w, the
probability of a spread greater than x, being considered com-
pletely negligible, a priori.

Under these conditions, one may allow that the probability of
a spread greater than the true price is independent of the arith-
metic amount of the price and that the curve of probabilities is
symmetrical about the true price.}

In the following, only relative prices will be in question; the
origin of the coordinates will always correspond to the current

true price.

The Law of Probability. The law of probability can be derived
from the principle of joint probabilities.

Let px,t dx designate the probability that, at time t, price will

T'"Current true price:'" There is an apparent confusion here
between true prices and quoted prices. But in the sense that
current spot prices are discounted future true prices, current
spot prices always are true, i.e., the market is in equilibrium.
Quoted prices diverge from true prices only in the markets for
futures and options.

tBachelier here notes a problem which partly motivates a log-
normal (rather than normal, as in this thesis)distribution of price
relatives. Cf. M. F. M. Osborne, ""Brownian Motion in the Stock
Market, ' Opns. Research, Mar.-Apr., 1959, p. 146.
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be included in the elementary interval x, x + dx.

We seek the conditional probability that price z will be quoted
at the moment t; + t;, price x having been quoted at the moment
te

By the principle of joint probabilities, the desired probability
will be equal to the product of the probability that price x will
be quoted at the moment t,, i.e., Px,t dx, and the probability
that, given x quoted at the moment t,, price z will be quoted at
the moment t; + t;, i.e., multiplied by Pz-x,t, dz.

The desired probability then is Px,t,Pz-x,t, dx dz.

It being possible for price at the moment t, to be anywhere in
the intervals dx between -w and +w, the probability that price
z will be quoted at the moment t; + t, will be’

+ o0
f px,tlpz-x,tz dx dz.
- 0

The probability of this price z at the moment t; + t;, may also
be expressed as Pz,t,+t,° Thus

+ 0
dz = dx d
P toHt, /oo Peot, Pamx,t, 5 @2

or
+.00

= dx.
P tytt, foo Pe,t, Paox,t, &

This is the equation which the function p must satisfy. This
equation is confirmed, as we shall see, by the function

2
pP= Ae—BZX .
Observe henceforth that.

+ o0 + o0 2
/ pdx:A/ e-BZX dx = 1.

The classic integral in the first term hasv a value of \/'n-/B,
thus B = A\/Tr and, accordingly

b= Ae-'rrAzx2

Setting x = 0, one has A = py, i.e., A equé,ls the probability
of the currently quoted price. '
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It is necessary to establish that the function

P = Py exp (-Tpy°x?)

where p, depends on time, in fact satisfies the previous equation.
Let p; and p,; be the quantities corresponding to p, and relative
to times t; and t,. It is necessary to prove that the expression

+ao -
/ P1 exXp (-Wplzxz) P2 exp (-Tszzxz) dx
- 0
-B%x? v
may be put in the form Ae , A and B depending only on time.
This integral becomes, noting that z is a constant,

[ee]
P1P; eXp (—ﬂpzzzz)/ exp [-m(p1?+ p2?)x? + 2wpylzx] dx
) -

or
422 o 2 2
TPz 2 , z
Pi1P2€xXp <- mp2? 2, +—~I—:3———;>/ exp [- w(X\J pi? + p2’ __E_z___)]
PitpP2/J_ \/Plz +p,°
Setting

2
Z
x NP+ Pt - —EE =,

P’ + P2

we will then have

4.2 0
— PPz exp<- mptz? + j’_I_)_z__f____) exp(- mu?) du.
(2, 2 2 2
\VpP:1“ + P2 P1” t+ P2 .

The integral having a value of 1, we finally obtain

2. 2
PP exp(_ mp1°ps Zz). |

\/Pl2 + py° P+ P2’

This expression having the desired form, one must conclude
that the probability is expressed by the formula

P = Py exp (-mpy2x?)
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in which p, depends on time.

Evidently the probability is governed by the Gaussian law, al-
ready famous in the calculus of probabilities.

Probability as a Function of Time. The next to last equation
above shows that the parameters p, = f(t) satisfy the functional
relation

fz(tl + tz) = f?,(,tl)fz(tZ) .

£2(t;) + £2(t,)

We differentiate first with respect to t;, then with respect to t;.
The first term having the same form in both cases, we obtain®

£1(ty) _ £(tp) )
£(t;)  £3(tp)

This relation being true for any t, and t,, the common value
of the two relations is constant, and

£1(t) = CE3(t),

from which

f(t)=Po=-%s

H designating a constant.
Thus, for the expression of the probability, we have

H (szxz)
P=—— exp | -

JE t

Mathematical Expectation. The expectation corresponding to
price x has the value

Hx 7 < TrH2x2>
exp| - : X

Vi

The total positive expectation then is

+ o0
[ B (- e
. Ve t 2nH
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For present purposes, we take as constant the mathematical
expectation k corresponding to t = 1; then we will have

1 1
_——=21TH or H———2 e -

The definitive expression of the probability is then

p = _r exp x*
2nkqft 4nk?t

The mathematical expectation,

+ o0
f pxdx:k\ﬁ,
0

is proportional to the square root of time.

Alternate Determination of the Law of Probability. The ex-
pression for the function p may be obtained by following a dif-
ferent path from that which we used.

I suppose that two mutually exclusive events, A and B, have
the respective probabilities of pand q = 1 - p. The probability
that, of m events, there will be @ equal to A and m - @ equal to
B is expressed by

m! a m-«o

al(m - oz)!pq :

This is one of the terms of the expansion of (p + q)m.
The greatest of these probabilities occurs when

@ =mp and (m - @) = mq.

Consider the term in which the exponent of pis mp + h; the
corresponding probability is

m! mp+h mgq-h
(mp + h)! (mq - h)! E )

The quantity h is the spread.

We seek the mathematical expectation of a gambler who would
wager a sum equal to the spread when the spread is positive.

We have just seen that the probability of a spread is the term
of the expansion of (p + q)m in which the exponent of pis mp+h
and that of q is mq - h. To obtain the mathematical expectation
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corresponding to this term, it will be necessary to multiply this
probability by h. Now

h = g(mp + h) - p(mq - h);

mp + h and mq - h are the exponents of p and q in the term of
the expansion of (p + q)™. To multiply a term

IRY
qQPp

vq - pp=pq(=-E
p q/)

is to take the derivative with respect to p, subtract from it the
derivative with respect to q, and multiply the difference by pq.

To obtain the total mathematical expectation, we must then
take the terms of the expansion of (p + q)™ for which h is posi-
tive, that is,

m m-1 m(m - 1) m-2 2 m! mp mgq
p +mp Qt -3 q + +mp!m—q_!p qQ

and subtract the derivative with respect to q from the deriva-
tive with respect to p, then multiply the result by pq.

The derivative of the second term with respect to q is equal
to the derivative of the first with respect to p, the derivative
of the third term with respect to q is the derivative of the sec-
ond with respect to p, and so forth. The number of terms thus
diminishes by pairs, and there remains only the derivative of
the last with respect to p,

m! mp m
mp!mgq! P pq quQ-

The average value of the distance h will be equal to twice this
quantity.

When the number m is sufficiently large, the preceding ex-
pressions may be simplified by use of the asymptotic Stirling's
formula,

-n n
n! = e n \’ZTrn.

In this way one obtains for the mathematical expectation the
value '
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The probability that the spread h will be included in the inter-
val h, h + dh will be expressed by

__dh exp‘ <_ h? )
Ve TP

We are able to apply the preceding theory to our study. Sup-
pose that time is divided into very small intervals At, such that
t = mAt. During the period At price probably will fluctuate very
little.

We take the sum of the products of spreads which could occur
at the period At and the corresponding probabilities, that is,

® px dx, p being the probability of the spread x.

0 This integral must be finite since, according to the assumed
smallness of At, large spreads have a vanishing probability.
Moreover, this integral gives a mathematical expectation which
must be finite if it corresponds to a very small interval of time.

Designate by Ax twice the value of the above integral; Ax will
be the average of the spreads or the mean spread during the time
At,

If the number of trials, m, is very large and if the probability
is constant for all trials, we will be able to assume that price
varies during each trial At by the mean spread Ax. The increase,
Ax, will have a probability of %, as will also the decrease of
-AX,

Letting p=q = %, the preceding formula will give the probability
that, at the moment, price will be included between x and x + dx;
this will be

2dx ot exp(_ _2£2_A_t_>
Ve T

or, letting H = (2\/At/\}217)

Hdx <_ 1TH2X2> .

— QY

Ve

The mathematical expectation will be expressed by

Ve Ak
2Aryae 2T

PR ———

t
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If we take the mathematical expectation, k, corresponding to
t = 1 as constant, we will find as before,

b= 1 exp ( x? )
21rk\/1: 4rk?t

The preceding formulas give At = (1/8rk?). The average varia-
tion during this interval of time is

V2

AX = o
2\

If we set x = nAx, the probability will be expressed by

Probability Curve. The function

P = Po exp (-Tpe>x?)

can be represented by a curve the ordinate of which is maximized
at the origin and which has two points of inflection at

X =% 1 = x4/2m k\/t-.

Po\/a

These same values of x also are the abscissas of the maxima
and minima of curves of mathematical expectation, the equation
of which is

y = # px.

The probability of price x is a function of t; it increases up to
a certain moment and then decreases. The derivative dp/dt = 0
when t = (x?/27k?). Thus the probability of the price x is at a
maximum when this price corresponds to the point of inflection
of the probability curve.

Probability in a Given Interval. The integral

1 * x? c *
f exp (- ) dx = -—-—/ exp (-c?x?) dx
2nkVt 4 4mk?t \r %

cannot be expressed in finite terms, but one can give its serial
expansion -
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X S 3 () oz (cx)
\/_;[CX- 1 + 1-2 1.2.3+"':|'

The series converges rather slowly for large values of cx.
For this case, Laplace has given the definite integral in the form
of an easily evaluated continuing fraction,

1

where o = .
2c2x?
The successive reductions are

1 1 + 2a 1 + 5¢ 1 +9a + 8a?
l+a’ 1+3¢°1+4+6a +32¢2” 14 100 + 15a2°

There is another procedure for calculating the value of the
above integral when x is a large number,

0 2 5 2
/ e-X dx =f —le e'-X 2x dx.
X X

Integrating by parts, one obtains

[e0] xz 0
-x? e -x? dx
e dx el e
X b4 2x?

e_xz e_xz o0 2 13
=5z +/ e ¥ 2 ax
4X3 /X 4X4
2 2 2 0
e x e_X e x 1-3 -x% 1-3-5
== - + - - e - dx.
4x3 8x> 8x°®

The general term of the series is expressed by



THEORY OF SPECULATION 37

135 «+0 (2n - 1) -x2
2m-1 2m+l  ©
2 b4

The ratio of one term to the preceding term exceeds unity when
2n+ 1 > 4x?, The series, thus, diverges after a certain term.
One may obtain an upper limit of the integral which takes the
place of the remainder.

2
1-35---@n+1) [Pe®  _135...2n+1) X[ _dx
- 2n-1 2n+2 2n-1 2nt2
b'd - X

2 2

X

_ 10305 e o 0 (zn - l) e_xz
- 2n-1 2n+l :
2 X

Now this last quantity is the term which precedes the integral.

The complementary term, then, is always smaller than that which
precedes it.

There are published tables giving values of the integral

‘ y 2
2 -
0(y) =— ey dy.
Vo )
Obviousl : dx = s of — X
viously, pdx =5 Zk\/;\/t_ .

0

The probability

=
" ,
T L N
W: de:E——Z—_— € d)\"
. Ve ),

that price x will be attained or exceeded at the moment t in-
creases steadily with time. If t were infinite, the probability
would equal £, an obvious result.

The probability

X

2
Xy 2\/; k\/g ,
] pdx = / e—)\ dh

X

—_—1
2 'rrk\ﬁ

b
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that price will be included in the finite interval x,, x; at the mo-
ment t is zero for t = 0 and for t = 0. It is maximized when

4mk® log(x,/x,)

If we assume the interval x,, x; to be very small, we again
find the probability maximized at the moment

XZ

t = .
2mk?

Probable Spread. We shall thus name the interval £ @ such
that, at the end of time t, price would have as much chance of
being included in this interval as of exceeding the interval.

The quantity o is determined by the equation

or
9<__.._9’_.__) =1
VAV
that is,

a = 2(0.4769 k\/E\/E) = 1.688 k[t .

This interval is proportional to the square root of time.

More generally, we consider the interval £ § such that the
probability that price will be included in this interval at the mo-
ment t is equal to u. We have

p
[re

0

3

nlge

or

6 (.._ﬁ__—> = 1.

21\t

We notice that this interval is proportional to the square root
of time.
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Radiation of Probability. I will directly seek an expression
for the probability & that price x will be attained or exceeded
at the moment t. Previously we saw that, by dividing time into
very small intervals At, one was able during an interval At to
consider price as changing by the fixed and very small quantity
AX.

I presume that, at the moment t, prices Xn-20 X 10 Xps X4
Xn42s +++ differ among themselves by the quantity Ax and have
respective probabilities p,, 2, Pn_1s Pps Pntl: Pp2s . From
the knowledge of the distribution of probabilities at the moment
t, one easily deduces the distribution of probabilities at the mo-
ment t + At. We assume, for instance, that price Xn is quoted
at moment t. At moment t + At, price x ;) or x,,_) will be quoted.
The probability p, that price x,, will be quoted at the moment t
decomposes into two probabilities at the moment t + At. Price
Xp- 1 by this event will have a probability of p,/2, and price x,
by the same event will have a probability of p, /2. '

If price x ) is quoted at the moment t + At, it is because at
the moment t price x5 or x, had been quoted. The probability
of price x,, | at the moment t + At is therefore(p,_, + pn)/Z, the
probability of price x, at the same moment is (p,_] + P+ 1)/2,
the probability of price x,,;] is (p, + pn+2)/2, etc.

During the interval At, price x,, has, in a fashion, emitted to-
ward price x .| the probability pn/_Z; price x4 has emitted to-
ward price x, the probability pn+1/2. If Pp is-greater than p .,
the exchange of probabilities is (p, - pn+l) /2 from x, toward
Xn+l-

Thus one can state:

Each price x during an element of time radiates toward its
neighboring price an amount of probability proportional to the
difference of their probabilities.

I say proportional because it is necessary to account for the
relation of Ax to At.

The above law can, by analogy with certain physical theories,
be called the law of radiation or diffusion of probability.

I consider the probability ﬂ that price x is in the interval x,
o at the moment t and evaluate the increase in this probability
during the period At.

Let p be the probability of price x at moment t, p = - d@/dx.
We evaluate the probability which is in a manner of speaking ex-
changed through price x during the period At. This is, accord-
ing to what has just been said,

dp _ ldp . 1 a*®
_<P-&-p>At———z--&-—xAt——;-——;At,
c c dx

c designating a constant.
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This increase in probability also may be expressed as d/dt at.
Then’

9x?

This is a Fourier equation.

The preceding theory assumes discontinuous changes in prices.
One may arrive at the Fourier equation without making this as-
sumption by allowing that in a very small interval of time At
price changes in a continuous manner but by a very small quanti-
ty less than €, for example. '

We designate by w the probability corresponding to p and rela-
tive to At.

According to our assumption, price will be able to change only
within the limits £ ¢ during the period At. It follows that

+ ¢
/ wdx =1,
- €

Price could be x - m at moment t, m being positive and less
than €. The probability of this event is py_ .

The probability that price x will be exceeded at the moment
t + At, given that it was equal to x - m at moment t, by the prin-
ciple of joint probabilities has a value of

Price could be x + m at moment t. The probability of this
event is py .

The probability that price will be less than x at moment t + At,
given that it was equal to x + m at moment t, similarly, will have
a value of

The increase in probability ,_ﬁ)b in the interval of time At will
be equal to the sum of expressions such as

€
(px-m - px+m) ] w dx
€E-m
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for all values of m from zero to €.
Developing the expressions for p,_ . and p ., ~ and ignoring
terms which contain mz, we have

ik
Peem 7 Px dx °?
— +m_d..&
px-m--px dx °

Then the above expression becomes

dp

"I 2mw dx.

€-m

The desired increase in probability, then, has a value of

£ €
_dp / / 2me dx dm.
dx
0 €-m

The integral does not depend on x, t, or p; it is a constant.
The increase in probability !}’, then, is expressed by

L dp
CZ

The integral of the Fourier equation is

0
22 2
'W:/ f<t-cx>e-a/2doz.
0 202

The arbitrary function f depends on the following considera-
tions:

Necessarily, ﬂ’ = % if x = 0, t having any positive value; ,@= 0
for negative t.

Setting x = 0 in the above integral,

3 |
P= f(t)/ e/2 44 - \r £(t),
b V2

2
that is,
1

Ver

w

f(t) =0  for t < O.

£(t) =

fort> 0,
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This last equation shows that the integral & will have zero ele-
ments when t - (czxz/Zaz) is less than zero,. i.e., when
a < (cx/\/-z\ﬁ); thus the lower limit of the integral '@ must be

taken as cx/\/_Z_\/E:

P} f a2 =_1__/ SSN
Ve )_ex e T T
Vvt 2\t

X
00 00
or, replacing by = 2\/; s
cx
— 0 0
e

cxX

1 1 2 24t -\?
y—i--?:-—— e dxn,
™ Jo

(¢]

a previously derived formula.

Law of the Spreads of Options. To know the law which governs
the relation of the amounts of premiums to the spreads of options,
we will apply the principle of mathematical expectation to the buyer
of an option:

The mathematical expectation of the buyer of an option is zero.

We take the true price of a futures contract as origin (Figure
5).

Let p be the probability of price + x, that is, in the present
case, the probability that the call date of options will occur at
price % x.

Let m + h be the true spread of the option at h.

[Ed. Note: h is the premium, x is the terminal price less the
futures price at the time of the transaction and m is the differ-
ence between the futures price and the base, or striking price.

In U.S. markets, m is called the spread. In France, m + h is
called the spread. ] '

We require that the total mathematical expectation will be zero.

Profit
y
o r‘n X Terminal price
ht m+h less futures
! price at time
of transaction

Figure 5
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We will evaluate this expectation

l. For prices included between - © and m,
2. For prices included between m and m + h,
3. For prices included between m + h and + .

1. For all prices between - o0 and m, the option is abandoned,
i.e., the buyer suffers a loss of h. His mathematical expecta-
tion for a price included in the given interval therefore is -ph,
and for the entire interval

m
-h/ p dx.
J= 0

2. For a price included between m and m +h, the loss of the
buyer will be m + h - x. The corresponding mathematical expec-
tation will be - p(m + h - x) and for the entire interval

m+h
_f p(m + h - x) dx.

m

3. For a price x included between m + h and + o, the profit
of the buyer will be (x - m - h). The corresponding mathematical
expectation will be p(x - m - h) and for the entire interval

+ 0

/ P(x - m - h) dx.
m+h

The principle of total expectation then will give

00 m+h m
L: p(x-m—h)dx-/ p(m+h-x)dx-h/ pdx =0,
+h m - ©

or, simplifying,

0 0

h+m/ pdx=/ px dx.
m m

Such is the equation in definite integrals which establishes a
relation among probabilities, the spread of an option, and the
amount of its premium.

In the case where the base of the option would fall in the neigh-
borhood of negative x's, as shown in Figure 6, m would be nega-
tive and one would arrive at the relation
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2h - ©
—;—E+mf pdx:f px dx.
0

-m

According to the symmetry of probabilities, the function p
necessarily being even, it follows that the twa equations above
resolve into one.

Profit

<M —>

—_ Price
1
1
1
______/

Figure 6

Differentiating, one obtains the differential equation of the
spreads of options

d*h _ >

dm? m
P, being the expression for probability in which m is substituted
for x.

Simple Options. The simplest case in the above equations is
that in which m = 0, i.e., in which the amount of the premium
is equal to the spread. This kind of option is called a ''simple
option''; it is the only kind negotiated in speculations in com-
modities.}

Setting m = 0 and designating by a the value of a simple option,
the above equations become

o0 [se}
: 2
a=/ pxdx:/ = exp(- X ) dx.
A o 2kl 4kt

The equation a =foo px dx shows that the simple option is equiv-
alent to the positive expectation of the buyer of a futures contract.
This fact is obvious, since the buyer of a simple option furnishes
the sum a as payment to the seller in order to enjoy the advan-
tages of the buyer of a futures contract, thatis, to have his (the
buyer of the future's) positive expectation without undertaking his

risks.
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From the formula

)
a=/ pxdx:k\ﬁ,

0

we deduce the following principle, one of the most important of
our study:

The value of a simple option must be proportional to the square
root of time.

Previously, we saw that the probable spread was given by the
formula

a = 1.688k\/t = 1.688a.

The probable spread is obtained, then, by multiplying the
average premium by the constant, 1.688. Therefore it is very
easy to calculate for speculations on commodities since, in this
case, the quantity is known. (

The following formula gives the expression for probability as
a function of a:

1 x?
p-zmexp - 2 /) °

» 4ma

The probability in a given interval will be expressed by the

integral
v 2
; / exp(' . >
2ma 2
4ma

0

or

1 3 5 7
— <u_ u + u - u + .o->.
2ma 4

12ra’ 160w2a®  2678m3a°

This probability is independent of a and, consequently, of time
if u, instead of being a given number, is a parameter of the form
u = ba. For example, if u = a,

a

1 1 1
/ PdX—"Z—T;— > T - ¢+ = 0.155.
o :

241 3207w

a
The integral fo p dx represents the probability of success of
the buyer of a simple option. Now
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0 a

X :
[ pdx=E-/ p dx = 0.345.
a 0
Thus:

The probability of success of the buyer of a simple option is
independent of the expiration date; it has a value of

0.345.

The positive expectation of a simple option is expressed by

)
/ p(x - a) dx = 0.58a.
a

Straddles. A straddle or double option consists of the simul-
taneous purchase of an option at a premium and an option at a
discount (simple options). Itis easily seen that the seller of a
straddle profits in the interval - 2a, + 2a. His probability of
success is then

2a
2/ parZ P2 _gss
v
0

The probability of success of the buyer of a straddle is 0.44.
The positive expectation of a straddle is

o0

2 / p(x - 2a) dx = 0.55a.
2a

Coefficient of Instability. The coefficient k, introduced pre-
viously, is the '"coefficient of instability'" or of nervousness of
a security. Itis a measure of its (the security's) static state.
Its extension indicates a disturbed state; its contraction, on the
other hand, indicates a tranquil state.

This coefficient is given directly for speculations in commodi-
ties by the formula

a = k4jt,

but in speculation in securities it can be calculated only approxi-
mately, as we shall see.

Series of the Spreads of Options. The equation in definite in-
tegrals of the spreads of options cannot be expressed in finite
terms when the quantity m, the difference between the spread
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of the option and the amount of the premium h, is not zero.
This equation leads to the series

m? m* m®

hoasm ml o, m' b =0,
m 96m2a3 1920m3a’

This relation, in which the quantity a designates the amount
of the premium of a simple option, can be solved for a when m
is known, or inversely.

Approximate Law of the Spreads of Options, The preceding
series may be written

h = a - {(m).

We consider the product of the premium h and the spread
(m + h):

h(m +h) = [a - f{{m)][m + a - {(m)].
Taking the derivative with respect to m, we have

-;i—dm [h(m + h)] = £ (m)[m + a - f{(m)] + [a - £(m)][]l - £¥(m)].

If we set m = 0, whereby f(m) = 0, f'(m) = 3, this derivative
cancels out. We must conclude from this that:

The product of the premium and the spread of an option is
maximized when the two factors of this product are equal; this
condition holds for simple options.

In the neighborhood of its maximum, the product in question
should vary only slightly. This often allows the approximate
evaluation of a by the formula :

h(m + h) = a2.

This formula underestimates the value of a.
Considering only the three first terms of the series,

2
h(h+m)=a2-24_

H

which overestimates the value of a.
Usually, one will obtain a very satisfactory approximation by
taking the first four terms of the series; thus

a =_'rr(2h + m)+ \/ﬂz(Zh + m)? - 4rm?
4m

®
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With this approximation, one will get the value of m as a func-
tion of a, .

m =ma + Vﬁzaz - 4ya(a - h).
We temporarily allow the simplified formula
h(m + h) = a? = k%t

In speculations on securities, options at a premium have a
constant premium h; thus the spread m + h is proportional to
time.

The spread of options at a premium in speculations on se-
curities is proportional to the duration of their expiration date
and to the square of their coefficient of instability.

Options at a discount, on securities (i. e., the sale of a futures
contract against the purchase of an option) have a constant spread,
h, and a variable premium m + h. Thus: ‘

The premium of options at a discount, in speculations on se-
curities, is proportional to the duration of the expiration date
and to the square of the coefficient of instability.

The two preceding laws are only approximate.

Call-o'-more's. We apply the principle of mathematical ex-
pectation to the purchase of the call-o'-more of order n traded
at a spread of r.

The call-o'-more of order n can be considered as consisting
of two transactions:

1. Purchase of a futures contract on one unit at a price r;
2. Purchase of a futures contract on (n - 1) units at a price
r, this purchase being considered only in the interval r, «.

The first transaction has a mathematical expectation of -r;
the second has the expectation

(n - 1)/ p(x - r) dx.
T

o0

r=(n-l)/ p(x - r) dx,
r

or, substituting for the value of p,

b= 1 exp< x )
ema 4ma?

Thus




THEORY OF SPECULATION 49

and expanding in series,

n+1l r? rt

2ra® - ma r+— -
48mal

n-1 2

Keeping only the first three terms, one obtains

nt+l \/(n+l>2
r=a T - w) - 4w |.
n-1 -1

Ifn=2, r =0.68a.

The spread of a call-o'-more of order two must be about two-
thirds of the value of the corresponding simple option.

Ifn=3, r =1.096a.

The spread of a call-o'-more of order three must be greater
by about one-tenth than the value of the corresponding simple
option.

We have just seen that the spreads of call-o!'-more's are ap-
proximately proportional to the quantity a.

It follows that the probability of success in these transactions
is independent of the duration of the expiration date.

The probability of success of a call-o'-more of order two is
0.394; the transaction will pay off four times in ten.

The probability of success of a call-o'-more of order three
is 0.33; the transaction will pay off one time in three.

The positive expectation of a call-o'-more of order nis

o0

n/ p(x - r) dx
r
0
nfl=/ p(x - r) dx,
r

the desired expectation has a value of [n/(n - 1)]r, thatis, 1.36a
for the call-o'-more of order two and l.64a for the call-o'-more
of order three.

By selling a futures contract and simultaneously buying a call-
o' -more of order two, one obtains an option at a premium of
r = 0.68a and a spread of twice r.

The probability of success of this operation is 0.30.

By analogy with transactions in options, we will call the transac-
tion resulting in two call-o'-mores of order n, one at a premium
and the other at a discount, ''call-o'-more straddles of order n."

The call-o'-more straddle of order two is a very strange opera-
tion. Between the prices £ r the potential loss is constant and

and, as
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equal to 2r. The potential loss then progressively decreases
until the price = 3r, where it disappears.

There is a profit outside of the interval + 3r.

The probability of success is 0.42.

Operations in Fixed Futures Contracts

Now that we have finished the general study of probabilities,
we apply it to the investigation of the probabilities of the princi-
- pal operations on the Exchange, beginning with the simplest, op-
erations in futures and operations in options. We will finish
- with the study of combinations of these operations.

The theory of speculation in commodities, much simpler than
that in securities, has already been treated. We have, in effect,
already calculated the probability of success and the expectation
for simple options, for straddles, and for call-o'-mores.

The theory of transactions on the Exchange depends on two
coefficients, b and k. From their values at a given instant, the
spread between a futures contract and a spot position and be-
tween a futures contract and any kind of option can easily be
deduced.

In the following study, we will be concerned with the 3% gov-
ernment bond, which is one of the securities on which options
are regularly traded.

We will take as the values of b and k their average values over
the past five years (1894-1898), i.e., '

b = 0.264

5

k

(time is expressed in days and the unit of price change is the
centime).

We will understand ''calculated values'' as those which are de-
duced from the formulas of the theory with the values of constants
b and k given above.

"Observed values'' are those deduced directly from quotation
lists during the same period 1894-1898. *

In the following sections, we will need to know the average
values of the quantity a at different moments; the formula a = 5\/t-

gives: For 45 days: a = 33.54
For 30 days: a = 27.38
For 20 days: a =22.36
For 10 days: a =16.13

For one day, apparently a must equal 5; but in all the calcula-
tions of probabilities where averages are involved, t is never
set equal to 1 day.

% All observations are taken from the Cote de la Bourse et de
la Banque.
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Actually, there are 365 days in a year, but only 307 trading
days. The "average day'' of the Exchange is therefore t = (365/307),
which gives a = 5.45.

The same comment may be made concerning the coefficient b.

In all calculations relative to a trading day, b must be replaced
by b, = (365/307)b = 0.313,

Probable Spread. We seek the price interval (--a, + @) such
that, at the end of a month, the bond will be as likely to be with-
in this interval as to be outside of it.

It is required that

o

f de:-%,
0

a =% 46,

whence,

During the past 60 months, the fluctuation has been contained
within this interval 33 times, and 27 times the limits were ex-
ceeded.

Similarly, the interval relative to one day might be wanted;
it is

a =x 9.

Out of 1452 observations, the fluctuation has been less than
9 centimes 815 times.

In the preceding discussion, we have assumed that quoted price
is indistinguishable from true price. Under these conditions, the
mathematical expectations and probabilities of success of the buy-
er and the seller are the same. ' In fact, quoted price is less than
true price by the quantity nb, if n is the number of days until the
expiration date.

The probable spread of 46 centimes on both sides of the true
price corresponds to the interval between 54 centimes above the
quoted price and 38 centimes below this price.

Formula for the Probability of Success in the General Case.

To find the probability of a price increase for a period of n days,
it is necessary to know the spread, nb, between the true price
and the quoted price. The probability then is equal to

e}
/ p dx.
- nb

The probability of a price decrease is equal to one less the
probability of a price increase.
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The Probability of Success of a Spot Purchase.’ We seek the
probability of success of a spot purchase destined to be resold
after 30 days.

In the preceding formula 25 must be substituted for nb.

Then the probability is equal to 0.64; the transaction has two
chances in three of succeeding.

To find the probability corresponding to one year, substitute
300 for nb. The expression a = kvt gives '

a = 95.5.

The probability is 0.89.

Nine times out of ten, the spot purchase of a bond yields a
profit at the end of one year.

The Probability of Success of a Futures Purchase. We seek
the probability of success of a futures purchase consummated at
the beginning of the month.

nb = 7.91, a =27.38.

One deduces that:

The probability of a price increase is 0.55

The probability of a price decrease is 0.45.

The probability of success of a futures purchase increases
with time; for a year,

n = 365, nb = 96,36, a = 95.5.

The probability of success then has a value of 0.65.

When a futures contract is purchased to be resold at the end
of one year, there are two chances out of three of success.

Obviously, if the monthly contango were 25 centimes, the prob-
ability of success of the purchase would be 0.50.

Mathematical Advantage of Futures Operations. It seems in-
dispensable to me, as I have already remarked, to study the
mathematical advantage of a game as soon as it is not a fair game,
and that is the case for futures contracts.

If we suppose b = 0, the mathematical expectation of the fu-
tures purchase is a - a = 0. The advantage of the operation is
(a/2a) = 3, as elsewhere in all fair games.

We seek the mathematical advantage of a futures purchase of
n days while supposing that b > 0. The buyer, during this peri-
od, will have won the sum nb resulting from the difference be-
tween interest payments and contangoes. His expectation will
be a - a + nb. Thus his mathematical advantage will be

a+ nb_
2a + _nb'
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The advantage of the seller will be

_a*
2a + nb’

We consider the case of the buyer in particular:

When b > 0, his mathematical advantage increases directly
with n; it is persistently greater than the probability of success.

For a month, the advantage of the buyer is 0.563 and his prob-
ability of success 0.55. For a year, his advantage is 0.667 and
his probability of success 0.65.

Thus one may state that:

The advantage of a futures operation is almost equal to its
probability of success.

Option Transactions

The Spread of Options. Knowing the value of a for a given mo-
ment, one easily calculates the true spread by the formula

m =Ta % \/-rrza2 - 4ma(a - h).

Knowing the true spread, one obtains the quoted spread by add-
ing the quantity nb. n is the number of days before the call date.

In the case of an option expiring this month, one adds the quan-
tity [25 + (n - 30)b].

Thus one arrives at the following results:

Options at 50 centimes

Quoted spread

Calculated Observed
Expiring in 45 days 50.01 52.62
Expiring in 30 days 20.69 21.22
Expiring in 20 days 13.23 14,71

Options at 25 centimes

Quoted spread

Calculated Observed
Expiring in 45 days 72.70 72.80
Expiring in 30 days 37.78 37.84
Expiring in 20 days 25.17 27.39

Expiring in 10 days 12.24 17.40
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Options at 10 centimes

Quoted spread

Calculated Observed
Expiring in 30 days 66.19 60.93
Expiring in 20 days 48.62 46.43
Expiring in 10 days 26.91 31.89

In the case of the option at 5 centimes for the following day
we have

h =5, a = 5.45
from which

m = 0.81.

The true spread is therefore 5.81; adding b, = (365/307)b =0.31,
one obtains the calculated spread of 6.12,

The average for the past five years is 7.36.

The observed and calculated figures agree on the whole, but
they show certain discrepancies which must be explained.

Thus, the observed spread of the option at 10 centimes expir-
ing in 30 days is too small. The explanation is readily under-
stood: In very agitated periods when an option at 10 centimes
would have a very large spread, this option was not quoted. The
observed average therefore is understated.

Besides, it cannot be denied that, for several years, the mar-
ket has had a tendency to quote options of short duration with too
large spreads.!® Therefore, it accounts proportionately less for
small spreads on options of short duration.

However, it is necessary to add that the market seems to have
recognized its error, because in 1898 it appears to have exag-
gerated in the opposite direction.

Probability of the Exercise of Options. For an option to be
exercised, price on the call date must be greater than the price
at the base of the option. The probability of exercise therefore
is expressed by the integral

o
/ p dx,
€

€ being the true price at the base of the option.
This integral is easy to evaluate, as shown previously. It
leads to the following results.
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Probability of exercise of options at 50

Calculated Observed
Expiring in 45 days 0.63 0.59
Expiring in 30 days ‘ 0.71 0.75
Expiring in 20 days 0.77 0.76

Probability of exercise of options at 25

Calculated Observed
Expiring in 45 days 0.41 0.40
Expiring in 30 days 0.47 0.46
Expiring in 20 days 0.53 0.53
Expiring in 10 days 0.65 0.65

Probability of exercise of options at 10

Calculated Observed
Expiring in 30 days 0.24 0.21
Expiring in 20 days 0.28 0.26
Expiring in 10 days 0.36 0.38

One may say that options at 50 centimes are exercised three
times out of four, options at 25 centimes two times out of four,
and options at 10 one time out of four.

The probability of exercise of an option at 5 centimes for the
following day is, according to the calculation, 0.48; the outcome
of 1456 observations gives 671 options certainly exercised and
76 of which the exercise is doubtful. Including these last 76 op-
tions the probability would be 0,51; excluding them it would be
0.46; the average is 0,48, as indicated by the theory.

Probability of Profit from Options. For an option to yield a
profit to its buyer, a price greater than the option price must
occur on the call date. The probability of profit is therefore ex-
pressed by the integral

o0

/ p dx,
€1

€, being the price of the option.
This integral leads to the following results.
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Probability of profit from options at 50
Calculated Observed
Expiring in 45 days 0.40 0.39
Expiring in 30 days 0.43 0.41
Expiring in 20 days 0.44 0.40

Probability of profit from options at 25

Calculated Observed
Expiring in 45 days 0.30 0.27
Expiring in 30 days 0.33 0.31
Expiring in 20 days 0.36 0.30
Expiring in 10 days 0.41 0.40

Probability of profit from options at 10

Calculated Observed
Expiring in 30 days 0.20 0.16
Expiring in 20 days 0.22 0.18
Expiring in 10 days 0.27 0.25

Evidently, within the ordinary limits of practicality, the prob-
ability of success for the purchase of an option varies little. The
purchase at 50 centimes is successful four times out of ten; the
purchase at 25 centimes, three times out of ten; and the purchase
at 10 centimes, twice out of ten.

According to the calculation, the buyer of an option at 5 cen-
times for the following day has a probability of success of 0.34;
observation of 1456 quotations shows that 410 options would cer-
tainly have yielded profits and that 80 others would have been
doubtful: The observed probability therefore is 0.31.

Complex Operations

Classification of Complex Operations. Since one trades in a
futures contract and often as many as three options of the same
expiration date, he could at a single time undertake triple and
even quadruple operations.

Triple operations occur in a number of ways which may be
considered classical; the study of them is very interesting, but
too long to be explained here. We will limit ourselves, then, to
double operations.

These may be divided into two groups according as they do or
do not include a futures contract.
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Operations including a futures contract consist of a.futures
purchase and an option sale, or the inverse.

Operations in options against options consist of the purchase of
a large option followed by the sale of a small one, or the inverse.

The proportion of purchases to sales, moreover, can vary
indefinitely. To simplify the problem, we will study only two
very simple proportions:

1. The second operation involves the same figure as the first.

2. The second operation involves a figure twice as large as

the first.

To clarify the issues, we will assume that transactions occur
at the beginning of the month, and we will take as true spreads
the average spreads for the past five years: 12.78 for an option
at 50 centimes, 29.87 for an option at 25, and 58.28 for an option
at 10 centimes.

We also will observe that for operations of a month's dura-
tion the true price is greater than the quoted price by the quan-
tity 7.91 = 30b.

Purchase of a Futures Contract Against the Sale of an Option.
In the real world one buys futures at the price -30b = -7.91 and
one sells options at 25 at the price 29.87.

It is easy to represent the operation geometrically (Figure 7):
the futures purchase is represented by the line AMB.

B
. / 1
E
|
c 'D
____________ __Ik
HER
1
N M/ N
/ / 4.87 N Spot terminal price
H A “E-

Figure 7

MO = 30b. The option sale is represented by the broken line
CDE. The resulting operation will be represented by the bro-
ken line HNKL. The abscissa of the point N will be

- (25 + 30b).

One sees that the operation yields a limited potential profit
equal to the spread attached to the option. On the down- side the
risk of loss is unlimited.

The probability of success of the operation is expresse‘d by
the integral

-
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0

/ p dx = 0.68.
- 25-30b

If one had sold an option at 50, the probability of success would
have been 0.80.

It is interesting to know the probability of success in the case
of a contango of 25 centimes (b = 0).

This probability is 0.64 when an option at 25 is sold and 0.76
when an option at 50 is sold.

If one sells an option against a spot purchase, the probability
is 0.76 for an option at 25 and 0.86 for an option at 50,

Sale of a Futures Contract Against the Purchase of an Option.
This operation is the inverse of the preceding one. On the up-
side it gives a limited potential loss and on the down-side an un-
limited potential gain. Consequently, it is an option at a dis-
count, an option the spread of which is constant and the premium
variable, which is the opposite of options at a premium.

Purchase of a Futures Contract Against the Sale of Two Options.

Here one buys a futures at the true price -30b and sells two op-
tions at 25 at the price 29.87.

Figure 8 represents the operation geometrically; it shows that
the potential losgs is limited on both: sides.

Figure 8

One will profit between the prices - (50 + 30b) and 59.74 + 30b.
The probability of success is

/p dx = 0.64.

Selling two options at 50, the probability of success would be
0.62, and selling two options at 10 would have a probability of
success of 0.66.

If one had bought futures on 2 units and sold options at 50 on
three units, the probability would have been 0.66.
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Sale of a Futures Contract Against Purchase of Two Options.
This operation is the opposite of the preceding one; it yields prof-
its in the event of a large price increase and in the event of a

large price decrease.

Its probability of success is 0.27.

Purchase of an Option with Large Premium Against the Sale

of an Option with a Small Premium. I assume that the follow-
ing two transactions occurred simultaneously: An option at 50
was bought for 12.78 and an option at 25 was sold for 29.87.

Below the base of the option with a large premium (- 37.22),
both options are abandoned, and the loss is 25 centimes.

From the price - 37.22 onward, the option with a large pre-
mium is exercised, and at a price of - 12.22 the outcome of the
operation is zero. There is a profit until the base of the option
at 25, that is, the price 4.87, is attained.

Then the options are liquidated and one profits by the spread.
Thus on the down- side the loss is 25 centimes; that is the maxi-
mum risk. On the up-side the profit is equal to the spread.

The potential loss is limited; the potential gain is also limited.

Figure 9 represents the operation geometrically.

Profit ~ ) N—
v /0 / N x  Price
| / AN
/ AN
/ N

Figure 9

The probability of success is given by the integral

0

/ p dx = 0.59.
- 12.22

For buying an option at 25 and selling an option at 10, the
probability of success would be 0.38.

Sale of an Option with a Large Premium Against the Purchase

of an Option with a Small Premium. This operation, which is
the counterpart of the preceding one, may be treated simply: on
the down-side the profit is the difference of the amounts of the
premium, on the up-side the loss is the spread between the op-
tions.

Purchase of an Option with a Large Premium Against the Sale

of Two Options with Small Premiums. I assume that the fol-
lowing transactions occurred: purchase of an option at 50 for
12,78, sale of two options at 25 for 29.87 (each).
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For large price declines the options are abandoned: The pre-
miums match, and it is a neutral operation. At the base of the
option with a large premium, i.e., at the price - 37.22, the op-
tion with a large premium is exercised, and profits increase pro-
gressively up to the base of the options with small premiums,
(4.87). :

At this point profit is maximized (42.09 centimes), and the op-
tions with small premiums become exercised. Profits decrease
progressively, and at the price of 45.96 the profit is zero.

Beyond this price on the up-side losses increase progressively.

In summary, the operation offers a limited potential gain, zero
risk on the down-side, and unlimited potential losses on the up-
side.

Figure 10

Probability of a neutral outcome  0.30
Probability of a gain 0.45
Probability of a loss 0.25

Sale of an Option with a Large Premium Against the Purchase

of Two Options with Small Premiums. The discussion and geo-
metrical representation of this operation, the opposite of the pre-
ceding one, offer no difficulty. It is pointless to tarry with it.

Practical Classification of Exchange Operations. From the
practical point of view, one may divide exchange operations in-
to four classes:

Operations on the up-side.

Operations on the down- side.

Operations in anticipation of a large fluctuation in any direc-
tion.

Operations in anticipation of small fluctuations.

Table 1 summarizes the principal operations on the up-side.
To obtain the scale of operations on the down-side, it is suf-
ficient to invert this table.



THEORY OF SPECULATION 61

Table 1

Average Probability

25
b =— = 0.2 =
30 b = 0.26 b=20
(No Con- (Average (Contango
tango) Contango) Equal to
Spread)
Purchase option at 10 0.20 0.20 0.20
Purchase option at 25 0.33 0.33 0.33
Purchase option at 25
against sale of option at 10  0.38 0.38 0.38
Purchase option at 50 0.43 0.43 0.43
Purchase futures contract 0.64 0.55 0.50
Purchase option at 50
against sale of option at 25  0.59 0.59 0.59
Purchase futures contract
against sale of option at 25  0.76 0.68 0.64
Purchase futures contract .
against sale of option at 50  0.86 0.80 0.76

Probability That a Price Be Attained in a Given Interval of Time

We seek the probability P that a given price c will be attained
or exceeded in an interval of time t.

Assume at first, as a simplification, that time is divided into
two units: that t equals two days, for instance.

Let x be the price quoted the first day and let y be the price
change on the second day. ‘

For price c to be attained or exceeded, it is necessary that
on the first day price be included between c and «» or that on the
second day it e included between c - x and «.

In the present investigation, four cases must be distinguished.

First Day Second Day

X Included Between y Included Between
- o0 and c -0 and c- x
- 0 and c c-x and o
c and o - and c - x

C and oo c-x and o
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Of the four cases, the last three are favorable.

The probability that price will be included in the interval dx
the first day and in the interval dy the second day will be
PP dx dy.

”I¥1e probability P, by definition the ratio of the number of fa-
vorable cases to the number of possible cases, will be expressed

S LT
[T T

-¥YC-X

(the element is PP dx dy).

The four integral}g in the denominator represent the four pos-
sible cases; the three integrals in the numerator represent the
three favorable cases. The denominator being equal to one, one
may simplify and write

c 00 0 [ 0
P = / / pxpy dx dy +/ [ pxpy dx dy.
-0 C- X C - 00

One would be able to apply the same reasoning when assuming
that he had to consider three consecutive days, then four, etc.

This method leads to more and more complicated expressions,
since the number of favorable cases would increase indefinitely.
It is much simpler to study the probability 1 - P that price c will
never be attained.

Then there is only a single "favorable'! case whatever the num-
ber of days, which is that where price is not attained on any of
the days considered.

The probability 1 - P is expressed by

Cc C-XfcC=-X3- X3 C-Xj)**°=-Xpn,
l1-P= .o le-”pxndxl..
= 0J = 00 - o - 00

where x, is price on the first day,
Xz is price change on the second day,
X5 is the price change on the third day, etc.

The evaluation of this integral appearing difficult, we will re-
solve the problem by using a method of approximation.

One may consider time t as divided into small intervals such
that t = mAt. During the unit of time At, price will vary only by
the quantity + Ax, the average spread relative to this unit of time.
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Of the four cases, the last three are favorable,

The probability that price will be included in the interval dx
the first day and in the interval dy the second day will be
PP dx dy.

’IXle probability P, by definition the ratio of the number of fa-
vorable cases to the number of possible cases, will be expressed

by c 00 0 C-X 00 .00
p = -YC=-X CJ- CcC JC-X

T rcC c-X C 0 ©0p,rC-X 00 00

-00Y-00 -ovYCc-Xx cC Y- Yc Yc-X

(the element is PP dx dy).

The four integra.lys in the denominator represent the four pos-
sible cases; the three integrals in the numerator represent the
three favorable cases. The denominator being equal to one, one
may simplify and write

C [ce) e} [o0]
P = / / pxpy dx dy + ] [ pxpy dx dy.
-w%c- x c “-o

One would be able to apply the same reasoning when assuming
that he had to consider three consecutive days, then four, etc.

This method leads to more and more complicated expressions,
since the number of favorable cases would increase indefinitely.
It is much simpler to study the probability 1 - P that price c will
never be attained.

Then there is only a single 'favorable' case whatever the num-
ber of days, which is that where price is not attained on any of
the days considered.

The probability 1 - Pis expressed by

C fC-XfcC-X3-Xp C=Xy**°*=-Xp_
l-P-= oo le-”pxndxl..
=00/ = 0 - 00 - 00

where x; is price on the first day,
X5 is price change on the second day,
X3 is the price change on the third day, etc.

The evaluation of this integral appearing difficult, we will re-
solve the problem by using a method of approximation.

One may consider time t as divided into small intervals such
that t = mAt. During the unit of time At, price will vary only by
the quantity £ Ax, the average spread relative to this unit of time.
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Each of the spreads + Ax will have a probability of 3.

We assume that ¢ = nAx and seek the probability that price c
will be exactly attained at the moment t, i. e., that this price
will be attained at this moment t for the first time. If, during
the m units of time, price has varied by the quantity nAx, it is
because there had been (m + n)/Z positive changes and (m- n)/Z
negative changes. ‘

The probability that, in m changes, there had been (m+n)/2
positive ones is

[(m - n)/2 !T[!(m ¥ n)/21] (%)m

We do not seek this probability, but the product of this prob-
ability and the ratio of the number of cases in which price nax
is attained at the moment mAt for the first time to the total num-
ber of cases in which price nAt is attained at the moment mAt.

We shall calculate this ratio.

During the m units of time which we consider, there had been
(m + n)/2 positive changes and (m - n)/2 negative changes.

We may represent one of the combinations giving an increase
of nAx in m units of time by the symbol

DU, Ug .- D(m-n)/Z <o U(m+n)/2

D, indicates that during the first unit of time there was a nega-
tive change; U;, which follows successively, indicates that there
was a positive change the second unit of time, etc.

For a combination to be favorable, it is necessary that, read-
ing from right to left, the number of D's be constantly greater
than the number of U's., We have returned, apparently, to the
following problem:

Of m letters there are (m + n)/2 letters U and (m - n)/2 letters
D; what is the probability that, writing these letters at random
and reading them in a predetermined manner, the number of U's
at all times during the reading is greater than the number of D's?

The solution of this problem, stated in a slightly differentform,
has been given by M. André. The desired probability is equal
to n/m.

Thus the probability that price nAx will be attained for thefirst
time at the end of m units of time is

n m! 1\ ™
m [(m - n)/2!][(m + n)/2!] <_2—) )

This is an approximate expression. We will obtain a more
exact formula by substituting the exact value of the probability
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at the moment t for the quantity by which n/m is multiplied,i.e.,

by
\/E _ e—nz/'rrm

Ve

The probability we seek is therefore

nV2 -n?/mm
Va_ _-n?
m\/mﬁ '

or, substituting 2c\[r/4/2 for n and 8k’ for m,

_dt c\/g " cz/41rk2t
2kt\fe\m

This is the expression for the probability that price ¢ will be
attained for the first time at the moment dt.

The probability that price c will not be attained before the mo-
ment t will have a value of

0 2 2
1-P=A c\/z___ -c/41rk tdt.

—_ (S

IV AVA

I have multiplied the ihtegral by an arbitrary constant A be-
cause the price can be attained only if the quantity m is even.
Letting

CZ

A 2 - —
4wkt

one has

c
2
1 - p=2\/EA[2\/;k\/; e an.
0
To determine A, set c = 0, then P = 0 and
Y 2
1= Z\IEA/ e A = \2\fna,
(]

thus.
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then
<
1-P=i-/2\/;rk\/; e_)\zd)\.
Vo Jo

The probability that price x will be attained or exceeded during
the interval of time t is expressed by

X
P=1-—2-—f2\/;k\/; e')‘zdx.
Ve o

The probability that price x will be attained or exceeded at the
moment t, as we have seen, is given by

2

X
p- 12 [2imale 2%y,

Evidently P is one-half of P.

The probability that a price will be attained or exceeded at the
moment t is one-half of the probability that this price will be at-
tained or exceeded in the interval of time t.

The interpretation of this result is very simple: The price can-
not be exceeded at the moment t without having been attained pre-
viously. The probability @ is therefore equal to the probability
P multiplied by the probability that, given that the price was quo-
ted previously, it will be exceeded at the moment t, i.e., multi-
plied by 3. Thus

A\poul
P
@——2—.

One may notice that the multiple integral which expresses the
probability 1 - P and which seems unamenable to ordinary me-
thods of calculus is determined by a very simple reasoning due
to the calculus of probabilities.

Applications. Tables of the function 6 allow one very easily
to calculate the probability

P=1-o(;;/—;;\—ﬁ—>.

«
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The formula

X
13:1-—2—/‘2 “k\/; e')‘zdx
Ve Js

shows that the probability is constant when the spread x is pro-
portional to the square root of time, i.e., when there is an ex-
pression of the form x = ma. We shall study the probabilities
of certain interesting spreads.

Assume at first that x = a = k\/i;. Then the probability P is
equal to 0.69. When the spread a is attained, one may hedge a
simple option by selling a futures contract.!!

Thus, there are two chances in three that one might be able to
hedge a simple option by selling a futures contract.

We specifically consider the point in appplying it to 3% bills.
Over a period of 60 months, 38 times one had been able to sell
a futures contract at a spread of a, which corresponds to a prob-
ability of 0.63.

Now we study the case where x = 2a.

The preceding formula gives a probability of 0.43.

When the spread of 2a is attained, one can hedge an option with
a premium of 2a by selling a futures contract. Thus:

There are four chances in ten that one might be able to hedge
an option with a premium 2a by selling a futures contract.

The spread of 0.7a is the spread of call-o'-mores of order two;
the corresponding probability is 0.78.

One has three chances in four of being able to hedge a call-o'-
more of order two by selling a futures contract.

The call-o'-more of order three is traded at a spread of l.la,
to which the probability of 0.66 corresponds.

There are two chances in three of being able to hedge a call-
o'-more of order three by selling a futures contract.

Finally, we cite as spreads worthy of notice the spread of 1.7a
which corresponds to a probability of 0.5 and the spread of 2.9a
which corresponds to a probability of 0.25.

Apparent Mathematical Expectation. The mathematical ex-
pectation

X
M =P, =x --%—}-{— Z\I;k\ﬁ e-)\2 d\

™ Jo

is a function of x and of t. We differentiate it with respect to x
and have
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T =~ 2 2
M, ) 2\/;k\/§ e_)\z o co~ X [4mKit

ox \/; A ﬂ_k\ﬁ

If one considers a fixed moment t, this expectation will be
maximized when

oM,
ox

=0,

that is, when x = 2a, approximately.
Apparent Total Expectation. The total expectation correspond-
ing to time t will be the integral

o0
/ Px dx.

0

Let

_—_* '
0 32
f(a):f x-gf‘-fz T’k\/E e ™ an | ax.
0

™ Jo

We differentiate with respect to a and have
1 ©0 w2 2
f'(a):—f xzex/4ﬂa dx,
ral
0

or f'(a) = 2ma. Thus
f(a) = ma® = wk?t.

The total expectation is proportional to time.
The Most Likely Moment. The probability

xX
P:l-—-‘?‘—f‘2 “k\ﬁ e')‘zdx
Ve Jo

is a function of x and of t.

The study of its variation, considering x as variable, presents
no distinctive features: The function steadily decreases as x
increases.
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Now we assume that x is constant and study the variation of
the function considering t as variable. We differentiate and have

2 2
bP  xe /Ank®t

B ek

We will evaluate the most likely moment by setting equal to
zero the derivative

then

Assume, for instance, that x = kv4;; then t = (t,/6m).

The most likely moment at which one may hedge a simple op-
tion by selling a futures contract is located at one-eighteenth of
e d - 15 — ]

If we now assume that x = 2ky/%;, we obtain t = (2t,/3m).

The most likely moment at which one may hedge an option of
premium 2a by selling a futures contract is located at one-fifth
of the duration until the expiration date.

The probability P corresponding to the moment t = (x%/6mwk?)
has a value of 1 - 6 (V6/2) = 0.08.

Average Moment. When an event can occur at different mo-
ments, we call the average moment of the occurrence of the
event the sum of the products of the probabilities corresponding
to the given moments and their respective durations.

The average moment is equal to the sum of the expectations
of duration.

The average moment at which price x will be exceeded is thus
expressed by the integral

0 o0
2 2
ft%)dt =f X X Ak tat.
Zﬂk‘\/{

Y 0

Setting (X2/4‘1Tk2 t) = yz ,
2

2 © -y
= < dy.:
2m\lmk? . y?
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This integral is infinite.

Therefore the average moment is infinite.

Absolute Probable Moment. This will be the moment for which
P =3, or

1

X
o(—2—)-3.
2 'n'k\ﬁ
which reduces to

XZ

£ =780k

The absolute probable moment varies, just as the most likely
moment, proportionally to the square of the quantity x, and it
is about six times as large as the most likely moment.

Relative Probable Moment. It is interesting to know not only
the probability that a price x will be quoted in an interval of time
t, but also the probable moment T at which this price must be at-
tained. This moment obviously is different from that with which
we have just been concerned, :

The interval of time 0,T will be such that there will be as
many chances that the price will be attained before the moment
T as there will be that it will be quoted thereafter, that is, in
the interval of time T,t.

T will be given by the formula

or

1_29(;%@):—9(;—:1;/-_:> :

As an application, assume that x = ky/t; the formula gives
T = 0.18t. Thus:

One has as many chances to be able to hedge a simple option
by selling a futures contract during the first fifth of the duration
of the option contract as during the remaining four-fifths.

To treat a specific example, we assume that the security con-
cerned is a bond and that t = 30 days; then T will be equal to five
days. Thus there are as many chances, the formula states, that
one can hedge an option with a premium of a (on the average,
about 28 centimes) during the first five days as there are chances
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that one would be able to hedge it in the subsequent twenty-five
days. Among the 60 liquidations on which our observations bear,
the spread had been attained thirty-eight times: eighteen times
during the first four days, twice on the fifth day, and eighteen
times after the fifth day.

The observations are therefore in agreement with the theory.

We now assume that x = Zk\ﬁ; we find that T = 0.42t. Now, the

“quantity Zk\/’E is the spread of the option with twice the spread of
a simple option; thus one may say:

There are as many chances that one would be able to hedge an
option with premium 2a by selling a futures contract during the
first four-tenths of the duration of the option contract as during
the other six-tenths.

Still concerning bonds, our previous observations have shown
that, in twenty-three cases out of 60 liquidations, the spread 2a
(about 56 centimes on average) had been attained. Of these twenty-
three cases, the spread had been attained eleven times before
the fourteenth of the month and twelve times after this date.

The probable moment would be 0.114/t for the call-o!'-more of
order two and 0.21\/1—: for the call-o'-more of order three.

Finally, the probable moment would be one-half of the total
moment (the moment when the transaction expires) if x were
equal to Z.Sk\ﬁ:-.

Distribution of Probability. Thus far we have solved two prob-
lems:

Discovery of the probability [that price x will be achieved for
the first time] at the moment T.

Discovery of the probability that a price will be attained in a
given interval of time t.

We shall solve this last problem exhaustively. It is not suf-
ficient to know the probability that a price will be attained be-
fore the moment t; it is also hecessary to know the law of prob-
ability at the moment t given that the price, c, is not attained.!?

I assume, for example, that we buy a bond to sell it at a profit
of c. If at the moment t we had not been able to consummate the
sale, what, at this moment, will be the law of probability that
applies to our operation?

If price ¢ has not been attained, it is because the maximum
positive variation had been less than c, although the negative
variation may have been indefinitely great. Thus there is an
obvious asymmetry to the probability curve at the moment t.

We seek the form of this curve.

Let ABCEG be the probability curve at the moment t, assuming
that the operation had to survive until this moment (Figure 11).

The probability that price c will be exceeded at the moment
t is represented by the area DCEG which, obviously, will not be
part of the probability curve for the case of a possible sale.
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We can even affirm a priori that the area under the probability
curve, in this case, must be decreased by twice the quantity equal
to DCEG, since the probability P is twice the probability repre-
sented by DCEG.

Figure 11

If price c is attained at the moment t, price H will have the
same probability as the symmetrical price H' at this instant.

The possibility of sale at price c thus simultaneously decreases
the probability of H' by an amount equal to the suppressed prob-
ability of H, and to have the probability at moment t we must re-
duce the ordinates of the curve ABC by those of the curve G'E'C!
symmetrical to GEC. The desired probability curve then will be
the curve DKM.

The equation of this curve is

1 ( x2 ) l: (2¢c - x)z:l
P = exp (- - exp | ~—mm—
2rkaft 4nk?t 4mit

Curve of Maximum Probability. To obtain the curve of the
greatest probability in the case where price c has not been at-
tained it is sufficient to set dp/dx = 0; thus one obtains

%——+exp _cle - x) = 0.
c-x mk? - t

If one assumes that ¢ = a = k\/g, he obtains

< = - 1.ha.
m

If one assumes that ¢ = 2a, he obtains

Xm = - 0.4a.

Finally, one would obtain
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if ¢ were equal to 1.33a.

Probable Price. We seek the expression for the probability
in the interval 0, u. This will be

u 2 u 2
1 2c -
_L_/ oxp < x >dx_ [ exp [(C_& .
2nk\e 4rk?t 2w\t Jy 4nkPt

The first term has a value of

%e(zﬁ;ﬁ).

In the second term, set

2\/?rk\/t'>\ = 2¢c - x;
this term will become
2c - u

2c
12 2t AF 12 24t AF

) X

The desired expression for the probability is therefore

0

1 u 1 2c 1 2c - u

2\t 2qJrit 2qfric\
It is interesting to study the case where u = c to learn the prob-
ability of gain for a purchase of a futures contract when the (pre-

determined re-sale) price has not been attained.
The above formula, under the hypothesis that u = ¢, becomes

e<*ﬁ——>-%e<mﬁi~).
24fricvt \24Jriyt

Assume that ¢ = a; then the probability is 0.03.

If the spread a has never been attained in the interval t, there
are only three chances in one hundred that, at the moment t, price

will be included between zero and a.

One could buy a simple option with the intention of selling a
futures against this option when its spread will be attained.
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The probability of that sale is, as we have seen, 0.69. The
probability that the sale will not occur and that there will be a
profit is 0.03, and the probability that there will be a loss is 0.28.

Assume that ¢ = 2a; then the probability is 0.13.

If the spread 2a has never been attained in the interval t, there
are thirteen chances in one hundred that,. at the moment t, price
will be included in the interval zero and 2a.

The probable price is that one the ordinate of which divides the
area of the probability curve into two equal parts. It is not pos-
sible to express its value in finite terms.

Real Expectation. The mathematical expectation k\/E = a ex-
presses the expectation of an operation which must continue up
to the moment t.

If one proposes to cash in on an operation in the case where a
certain spread will be attained before the moment t, the mathe-
matical expectation has an entirely different value, obviously vary-
ing between zero and k\ﬁ when the chosen spread varies between
zero and infinity.

Let c be the price at which a purchase will be made, for in-
stance. To obtain the real positive expectation of the operation,
one must add to the expectation of sale, cP, the positive expec-
tation corresponding to the case where the sale does not occur,
i.e., the quantity

¢ 2 2
/ S D <__x_> - exp [_(_Zc_z)_ e
0 Z'n'k\ﬁ 4mk?t 4kt
If one carries out the integration of the first term and adds the
entire integral of the expectation of resale

c
2
cP = ,C-C-—-E—— Zﬂk\ﬁ e_)\ dxn,

v b

one obtains for the expression of the real expectation

mk?t

M=c+k\ﬁ|:l-exp <- c? )}-cé/ow M an,

or

2

M=c +k\ﬁ [1 - exp<—w1;t):|— c@(;/_i:[;).
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If one assumes c = v, he again finds M = k\ﬁ:—. One could easily
expand M as a series, but the preceding formula is more conven-
ient. It is evaluated with tables of logarithms and of the function
0.

For ¢ = a, one obtains

M = 0.71a.
Similarly, for c = 2a
M = 0.95a.

For the same spreads, the expectations of sale would be 0.69a

and 0.86a.

The value of the average spread on the down-side, when price
c is not attained, is

0
] px dx
- o0 M
0 i1-P-P;°
[
- 0

P, designating the quantity

c
/ p dx.

0

Thus the average spread has the value 2.54a when ¢ = a and
2.16a when c = 2a.

If one assumes c = w0, he sees that the average spread equals
2a, a previously obtained result.

We again take up, as an example, the general problem relating
to the spread a. I buy a futures contract with the intention of re-
selling it with the spread a = k\/t?. If the sale has not been effected
by the moment t, I will sell regardless of the price.

What are the principal findings furnished by the calculus of
probability for this operation?

The real positive expectation of the operation is 0.71a.

The probability of resale (at the specified spread) is 0.69.

The most likely moment of the resale is t/18.

The probable moment of resale is t/5.

If the resale does not occur, the conditional probability of suc-
cess is 0.03, the probability of failure is 0.28, the positive ex-
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pectation is 0.02a, the negative expectation is 0.7la, and the ex-
pected loss is 2.54a.

The total probability of success is 0.72,

I do not believe it necessary to present other examples. It is
evident that the present theory resolves the majority of problems
in the study of speculation by the calculus of probability.

Perhaps a final remark will not be pointless. If, with respect
to several questions treated in this study, I have compared the
results of observation with those of theory, it was not to verify
formulas established by mathematical methods, but only to show
that fhe market, unW1tt1ng1y, obeys a law which governs it, the
law of probablhtywUé

Seen and approved:
Paris, January 6, 1900.
THE DEAN OF THE FACULTY OF SCIENCES,
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Seen and allowed for publication:
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GREARD.

Editor' s Notes

1. Since the institutional arrangements on Continental security
markets differ in several critical regards from American
security markets, the reader may find this section of
Bachelier's monograph quite confusing. To avoid this, a
digression at this point might be helpful.

In U. S. markets, payment for securities purchased is
made shortly (usually within four days) after the transaction,
and no allowance is made for the opportunity cost of funds
during this short delay. In Europe, however, transactions
are frequently made for settlement at some fixed date in the
future. In Bachelier's futures transactions, price is speci-
fied at the time of transaction but payment is made at the
end of the month. Since the buyer of a '"future' acquires all
the rights of ownership immediately, he receives any inter-
est paid on the bond between the time of the transaction and
the settlement, or ''liquidation, ' date, Since the seller re-
ceives neither his interest nor the selling price, he must be
recompensed for his opportunity loss by the payment of con-
tango.

Another difference between French and American bond
markets may confuse readers. In the U. S., bonds are nor-
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mally quoted ''net'" of accumulated interest. That is, the quoted
price is the value of the bond excluding all accumulated inter-
est. If an American buys a bond between interest payment
dates, he must pay, in addition to the price quoted in his news-
paper, an amount equal to the accumulated interest on the bond.
In Bachelier's France, the quoted price included the accumu-
lated interest. As a result, the quoted price dropped by the
amount of the interest payment on the date it was payable,
similar to the procedure used with dividends on American
stocks.

Here again, Bachelier's terminology is confusing to an Amer-
ican reader. Specifically, an option is an option to buy a se-
curity at a fixed price at a fixed time in the future. If the op-
tion is not exercised, the buyer of an option must pay a forfeit,
called ﬁremium, to the seller. It islike an American call
but differs in several ways:

a. The American call is exercisable at any time between the
transaction date and the expiration of the call. The French
option is exercisable only on the day before the termination
date.

b. The American call is paid for at purchase; the French op-

tion is paid for at termination. If unexercised, the payment
is made in cash. If exercised, itis included in the pur-
chase price. It is this difference which creates the biggest
terminological difficulties to an American reader, a point
to which we will return in a moment.

c. In American calls, the exercise price is typically the cur-

rent market price, and the premium paid varies with the
stock being considered. In French options, the premium

is typically fixed and the exercise price varies with the stock
being considered.

We compared the terminology of Bachelier with American
usage: In his example, the phrase '""an option at 50 centimes"!
refers to an option with premium fixed at 50 centimes per 100
francs par value; the 50 centimes is equivalent to what Amer-
icans loosely refer to as '"the price' of the call. Since so many
different '"prices' are involved in this discussion we will call
it the premium. Bachelier (loosely) says the option is pur-
chased at 104.15: What is actually purchased, of course, is
the _right to buy bonds (in a spot transaction) at 104.15. Since,
if the option is not exercised, the buyer must pay at 50 cen=
time forfeit, it is to his advantage to exercise if the spot price
at expiration is greater than 103.65. American terminology
stresses the lower price, 103.65, (called the striking price)
rather than the price including premium, largely because the
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premium is paid at purchase. Thus, an American would re-
fer to a call on these terms as having a striking price of 103.65
and a premium of .50.

Although Bachelier does not make it clear at this point,
French options, like U. S. calls, grant the buyer the right to
receive all payments made on the security, if it is exercised.

This procedure, known as conversion in the U. S. market, is
described at greater length in Kruizenga, below.

The spread is equal to the difference between what Bachelier
calls the "price! of an option and the price of a futures con-
tract. Remember, the price of an option is the striking price
plus the premium.

This is one of, if not the, first expression of what is now known
as the Chapman- Kolmogorov- Smoluchowski equation.

. What Bachelier had done here is to set

0f % (ty +tp) _ Of(t; +1tp)
9ty - at,

This is the first recognition that the Wiener process satisfies
the Fourier, or diffusion equation. This point was rediscov-
ered by Albert Einstein in his renowned paper on Brownian
motion in 1905.

This is the usual kind of U. S. call, with striking price equal
to market price.

. Bachelier's definition of success is not really very satisfac-

tory for an economist. He makes no allowance for opportunity
costs of funds. Thus a spot purchase of bonds at (say) 100
francs which yields, one month later, 100.0l including inter-
est, is by Bachelier's definition '""success' even though the
implied return on funds is .12% per annum. This is true
throughout the paper.

The reader might be interested to know, at this point, that
this pattern also tends to occur in the U. S. market, and is
reflected, in the Boness and Kruizenga papers, by the show-
ing of poorer results from purchase of shorter term calls.

It may be hard for students of the American put and call mar-
ket to understand the motivation for what follows. Since the
French option is only exercisable at expiration, a buyer who
has an option on a bond whose price has risen by a given
amount (in this case, a) may wish to exercise the option, but
will be unable to. He can achieve almost the same purpose
by selling a future with the same expiration date. Then if the
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futures price continues to rise, the loss on the sale offsets
the gain on the option and his profit cannot increase. On the
other hand, if the futures price falls by a or less, the profit
on the sale offsets the loss on the option transaction. If, how-
ever, the futures price falls more than a, the loss on the op-
tion is limited to the premium, but the sale of futures con-
tinues to show a profit.

The sale of a future to offset an option purchase converts
the option at a premium into an option at a discount. The
reader can either verify this himself or refer to Kruizenga,
below.

Although Bachelier's statement of the problem is to find the
probability of x at time t, given that the price c is not attained
in the interval (0, t), this probability is also the solution to the
now classical case of diffusion in the presence of a single ab-
sorbing barrier at c. (By an absorbing barrier at c, I mean
that, if the price reaches c, it stops, i.e., it is "absorbed.")
The proof used by Bachelier uses the now classic ""method of
images' or ""method of reflection.'"





