Fast Matrix Multiplication for Query Processing’

XIAO HU, University of Waterloo, Canada

This paper studies how to use fast matrix multiplication to speed up query processing. As observed, computing
a two-table join and then projecting away the join attribute is essentially the Boolean matrix multiplication
problem, which can be significantly improved with fast matrix multiplication. Moving beyond this basic
two-table query, we introduce output-sensitive algorithms for general join-project queries using fast matrix
multiplication. These algorithms have achieved a polynomially large improvement over the classic Yannakakis
framework. To the best of our knowledge, this is the first theoretical improvement for general acyclic join-
project queries since 1981.
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1 INTRODUCTION

Over the span of half of a century, the running time for multiplying two U x U matrices has
progressively improved from O(U%8%) [24] to O(U?371552) [12, 27]. It is still a big open question
whether it can be solved in U?*°(1) time eventually. Consider the multiplication of two matrices
(ai;) and (bji). By treating each nonzero entry a;; as a tuple (i, j) (and similarly for b;;), Boolean
matrix multiplication can be written as a join-project query over two relations

Qmatrix = ”A,CRI (A»B) > RZ(B’ C)

However, both the input matrices and output matrix could be sparse, i.e., the number of nonzero
entries can be much smaller than U2. We would like running times that depend on the number
of non-zero entries in the input and output matrices, instead of U. The naive algorithm that
materializes the join results and then projects out attribute B was the classic solution. Later,
[1, 2, 11] investigated how to use fast matrix multiplication techniques to speedup sparse Boolean
matrix multiplication, and [11] also showed strong evidence that these algorithms can significantly
improve the classic solution in practice. A natural question arises: Can we exploit the fast matrix
multiplication techniques in speeding up general join-project query processing? In this work, we
answer this question in the affirmative by designing provably better output-sensitive algorithms
for general join-project queries.

“This work was done while the author was visiting the Simons Institute for the Theory of Computing.

Author’s address: Xiao Hu, xiaohu@uwaterloo.ca, University of Waterloo, 200 University Ave W, Waterloo, Ontario, Canada,
N2L 3Gl1.

Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted without fee
provided that copies are not made or distributed for profit or commercial advantage and that copies bear this notice and the
full citation on the first page. Copyrights for components of this work owned by others than the author(s) must be honored.
Abstracting with credit is permitted. To copy otherwise, or republish, to post on servers or to redistribute to lists, requires
prior specific permission and/or a fee. Request permissions from permissions@acm.org.

© 2024 Copyright held by the owner/author(s). Publication rights licensed to ACM.

ACM 2836-6573/2024/5-ART98

https://doi.org/10.1145/3651599

Proc. ACM Manag. Data, Vol. 2, No. 2 (PODS), Article 98. Publication date: May 2024.


HTTPS://ORCID.ORG/0000-0002-7890-665X
https://doi.org/10.1145/3651599
https://orcid.org/0000-0002-7890-665X
https://doi.org/10.1145/3651599

98:2 Xiao Hu

1.1 Problem Definition

Join-Project queries. A join-project query is defined as a triple Q = (V,8&,y), where V =
{A1,As, ..., Ar} models the attributes, & = {ej, ez, ..., ek} S 2% models the subsets of attributes
on which relations are defined and y < V models the output attributes (a.k.a. free attributes). We
assume that V = | J, s e. We also write Q as Q = 7y (Ry(e1) > Ra(ez) > -+ > Re(ex)). ify =V,
Q is a full join; and if y = (J, Q is a Boolean query.

Let dom(A) be the domain of attribute A € V. Let dom(A) = [ [ 4., dom(A) be the domain of
a subset of attributes A € V. A tuple t defined over a subset of attributes A < V is a function
that assigns a value from dom(A) to every attribute A € A. Furthermore, for a subset of attributes
X € A, we denote 7xt as the set of values that t displays on every attribute in X.! An instance of
Q is a set of relations R = {R, : e € &}, where each relation R, consists a set of tuples defined over
attributes e. Given an instance R, the query results of Q on R is defined as

Q(R) = {t € dom(y) : 3¢’ € dom(V), myt’ = t,Ve € &, met’ € R}

i.e., the projection (without duplicates) of all join results (combinations of tuples, one from each
relation, such that they share the same values on their common attributes) onto attributes y. We
denote N = >, ¢ |R| as the input size of instance R and OUT = |Q(R)| as the output size. We
study the data complexity [25] of this problem, i.e., k and ¢ are constants, and measure the time
complexity of algorithms in terms of N and OUT.

Classification of Queries. There are some important classes of join-project queries, which will
be discussed throughout the paper.

e Acyclic Query [5, 13, 17]. There are many equivalent definitions of a@-acyclic joins, and we use
the one based on generalized join tree [17]. A generalized relation R, is defined on the projection
of some input relation R,/ for ¢’ € & onto a subset of attributes e = ¢’. A join-project query
Q = (V,&,y) is acyclic if there exists a tree 7 such that (1) each node in 7~ corresponds to an
input relation or a generalized relation; (2) every input relation in & corresponds to a node in 77;
(3) for every attribute A € V, the set of nodes containing it forms a connected subtree of 7. 7 is
called a generalized join tree of Q. In the remaining of this paper, we use “join tree” to denote
“generalized join tree” for simplicity.

e Free-connex Query [3]. A join-project query Q = (V,&,y) is free-connex if Q is acyclic and
(V,& u {y},y) is also acyclic.

Model of Computation. We use the standard RAM model with uniform cost measure. For an
instance of size N, every register has length O(log N). Any arithmetic operation (such as addition,
subtraction, multiplication and division) on the values of two registers can be done in O(1) time.
Concatenating the values of two registers can be done in O(1) time. Sorting the values of N registers
can be done in O(N log N) time.

Notations. For a subset of attributes A € V, we define the active domain of A with respect to an
instance R as the set of tuples in dom(A) appearing in at least one join result of R, i.e., 74 Meeg Re.
For a pair of relations R, and R./, we use R, X R,s = 7, (R, > R,) to denote the semi-join between
R, and R,. For any n € Z*, we use [n] to denote {1,2,- - -, n}. For a pair of sets S; and S,, we use
S1— S, = {x €5, : x ¢ S,} to denote their set difference. We use O(t) to denote O (t1+°M) in all
complexity results.

U |X| = 1, say X = {A}, we also write 74 to denote 7y 4 ¢ for simplicity.
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1.2 The Yannakakis framework

In the RAM model, the Yannakakis framework [29] was proposed for acyclic join-project queries
dated back to 1981. See Algorithm 4. It picks an arbitrary join tree? 7~ for Q rooted at node r.
It first removes all dangling tuples in the input instance R, i.e., those won’t appear in any full
join result, in O(N) time via a bottom-up and then a top-down phase of semi-joins. If OUT = 0,
ie, Q(R) = &, all input tuples will be removed as dangling tuples. After done with semi-joins,
Yannakakis framework performs joins and projections in a bottom-up way. Specifically, it takes two
relation R, and R, such that e is a leaf and ¢’ is the parent of e, projects away non-output attributes
that appear in e but not in e’ by replacing R, with 77y (e~er)Re, and replaces R with R, >t R,
Then R, is removed and the step repeats until the root node R, remains. It just outputs 7y R, as
the final results. The running time of the Yannakakis framework is proportional to the largest
intermediate join size (after dangling tuples are removed), which is no larger than the full join
size. Hence, Yannakakis framework is always better than the naive algorithm that computes the
full join results and then projects out non-output attributes. We note that the largest intermediate
join size could differ drastically on different query plans, i.e., each query plan of the Yannakakis
framework corresponds to a rooted join tree together with the bottom-up computations of joins
and projections.

If Q is free-connex, there is a query plan that only generate at most O(OUT) intermediate join
results [4, 18], hence free-connex queries can be computed in O(N + OUT) time, which is optimal.
Note that any acyclic full join query is free-connex. For non-free-connex queries, Yannakakis gave
an upper bound of O(N - OUT) on the largest intermediate join size. For Qmatrix, the simplest
acyclic but non-free-connex query, this bound has been improved to O (N -/ OUT) [2] by a better
analysis. This is also tight, since there are instances with intermediate join results (which is also
the full join results for Qumatrix) as large as © (N -/ OUT). This bound also extends to star queries,

Qstar = ”Al,Az,---,Ale (Al; B) > RZ(AZa B) DA -ee X Rk(Aka B);
1

on which the tight bound is O (N . OUTFE). But, for line queries,

Qiine = A A, Ri(A1, Az) > Ry(Ag, A3) > -+ - >t Re(Ag, A1)

this bound O(N - OUT) is already tight. See Appendix C.

People have incorporated generalized hypertree decomposition techniques [15] together with
worst-case optimal join algorithms [21, 26] into the Yannakakis framework to handle cyclic join-
project queries. Khamis et al. [19] proposed the PANDA algorithm, which, together with the
Yannakakis framework, can compute a join-project query Q in O (N subw OUT) time, where
subw > 1 is the sub-modular width of Q [20]. And subw = 1 if and only if Q is acyclic. If
restricting the generalized hypertree decompositions to be free-connex, one can also obtain an
algorithm that can compute a join-project query Q in O (NfC'S“bW + OUT) time, where fc-subw is
the free-connex sub-modular width of Q [6]. Moreover, fc-subw = 1 if and only if Q is free-connex.
It is not hard to see that fc-subw > subw for arbitrary join-project query. These two algorithms
are incomparable, unless we know the value of OUT.

1.3 Fast Matrix Multiplication for Qnatrix

As mentioned, people have also investigated how to use fast matrix multiplication techniques to
speedup sparse Boolean matrix multiplication. The running time of computing two rectangular
matrices of size U% x U’ and U? x U* is denoted as O (U“’(“’b’c)). The parameter o, which is
commonly-noted as the exponent of fast square matrix multiplication, refers to the case w(1,1,1).

2Below, we always use “join tree” to denote “generalized join tree” for simplicity.
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The currently best bounds on w are 2 < w<2.371552 [28]. Rectangular matrix multiplication can
always be tackled by partitioning rectangles into squares, for example w(a,b,c) < a+b +c —
min{a, b, ¢} - (3 — w), but much better algorithms have been proposed. There are some important
constants related to rectangular matrix multiplication, such as, @ < 1 defined as the largest constant
such that w(1, &, 1) = 2, and p is the (unique) solution to the equation w(y, 1,1) = 2 + 1. Note that
a = lifand only if w = 2, and the current best bounds on « are 0.321334 <a < 1 [28]. Moreover,
U= % if w = 2, and the current best bounds on p are % < p< 0.527661 [28].

Amossen and Pagh [2] first proposed an algorithm for Qnatrix by using fast matrix multiplica-

2—a)w—2

tion techniques, which runs in 0 (N 5.0UT: + N W . OUT(HZ‘;)% + OUT) time when
OUT > N, and 0 (N . OUT%) time when OUT < N.If w = 2, this result degenerates to
0 (N 5.0UT: + N - OUT%>. Very recently, Abboud et al. [1] have completely improved this
to O (N -OUT™# + OUT + N% . OUT%). If v = 2, this complexity can be simplified as
0 (N - OUT? + OUT). Surprisingly, when OUT becomes larger than N 2, this result further de-

generates to 0] (N + OUT), which is (almost) optimal up to a poly-logarithmic factor. On the other
hand, improving this result for any value of OUT is rather difficult, assuming the hardness of
the all-edge-triangle problem [1]. There are many algorithm proposed for sparse Boolean matrix
multiplication, whose complexity are also measured by domain size of attributes; and we refer
readers to [1] for details.

1.4 Other Results

Deep et al. [11] extended the algorithm for Qmatrix to Qstar, but without giving any theoretical
analysis, but their results are completely dominated by our new results (see Appendix B). Hu et
al. [16] studied tree (i.e., acyclic and each relation contains at most two attributes) join-aggregate
queries defined over semi-rings in the massively parallel computation model, without using fast
matrix multiplication. Interestingly, we revisit their algorithms in the RAM model for join-project
queries, and observe some improvements over the Yannakakis framework on Qjine and Qstar by
incorporating the best algorithm [1] for sparse matrix multiplication (see Appendix E). But, these
improvements are also completely dominated by our new results. In addition, there has been a
large body of works studying the fine-grained complexity of detecting or listing graph patterns
(such as triangle, cycles and cliques), and their algorithms also use fast matrix multiplication. We
refer interested readers to [7, 9, 10, 23] for details.

1.5 Our results

In this paper, we focus on acyclic but non-free-connex join-project queries where the output
attributes can be arbitrary. We present new output-sensitive algorithms by exploiting the power
of two choices - the classic Yannakakis framework [29] and the new algorithm for sparse matrix
multiplication [1]. Our main results are summarized in Figure 1.

Limitation of Yannakakis Framework. One may wonder what we can benefit from incorporating
the best algorithm for Qnatrix as a primitive into Yannakakis framework. Recall that in each step, it
takes two relation R, and R, such that e is a leaf and ¢’ is the parent of e, projects away non-output
attributes that appear in e but not in e’ by replacing R, with 77y, (¢~er)Re, and replaces R, with
R, > R, If e is the last child of ¢/, then we can merge the last join with the subsequent projection
of R when ¢’ turns to be a leaf node, into one join-project query. More specifically, it suffices to
compute 7Ty anc(e')Re ™ Rer, Where anc(e’) denotes the set of attributes that appear in both e’ and
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Join-Project |  Yannakakis Semi-ring Fast Mat;zlﬁlstfllcztwn o)
Query Framework [29] Algorithm assume best o, 1@
no assumption
OUT + N - OUTS [1]
Matrix © (N -+/0UT) N -OUT*3** + OUT + N8 . OUTO%6 [1]
QCtap 1—ap
N -OUT™7 + OUT + N 14 .OQUT T [1]
2 4/3
OUT + N - QUT3 ~ 3k=1+2
(kS:r3) ® (N : OUTI_%) NO3T2.QUT 4 N - OUTZHE=17
2(k—1)
NLL)72 .OUT + N - OUT G-w)(k—1)+2
OUT + N - OUT?
Acyclic (N - OUT) (N ouT!~ 1) NO372.0UT + N - OUT?871
N(@=2) .OUT + N - OUT% = otirs
OUT + NsUb¥ . OUTS
General | O (min {NS“>W . QUT, Nfsubw 1 QUT}) NO-372:subw . QUT + N - OUTO47!
[15, 19, 21, 29]
((«) 2)-subw .OUT + NSubW OUT% y ,i +1 1,,,

Fig. 1. Comparison of Yannakakis framework, semi-ring algorithms and fast-matrix-multiplication-based
algorithms. Any complexity results based on fast matrix multiplication in a form of5(t) indicate O(t1+0(1)).
Results highlighted in red are achieved in this work. N is the input size and OUT is the output size. subw is
the sub-modular width of the input query [20]. fc-subw is the free-connex sub-modular width [6]. freew is
the free-width of input query (see Definition 3.2). k is the number of relations in the query. w<2.371552 is
the exponent of fast square matrix multiplication. p< 0.527661 is the unique solution for w(p, 1,1) = 2u + 1.
0.321334 <a < 1is the largest constant such that w(1,¢,1) = 2.

any ancestor of ¢’. This could be captured as a matrix multiplication problem ife ny — e’ # ¢,
ene n(V—y)—anc(e) # Jand (y ne’) uanc(e’) — e # J. However, its output size is not
necessarily bounded by O(OUT). In the worst case, this output size can be as large as ©(N - OUT).
See Appendix C. Hence, materializing intermediate query results (not intermediate join size) is
still the bottleneck of whole algorithm, no matter which algorithm is used for tackling the matrix
multiplication problem.

Limitation of Semi-ring Algorithms. We next extend our scope to the whole class of algorithms
under semi-ring [14, 18], which do not allow additive inverses. We first identify the free-width for
an acyclic join-project query, denoted as freew, which measures the separation between output
attributes. See Definition 3.2. Note that freew = 1 if and only if Q is free-connex. freew = k for
Qstar and freew = 2 for Qjine. In Appendix D, we prove that any semi-ring algorithm must run

in Q (N . OUTI_ﬁ> time, which also captures the previous observation on Qnatrix [22] and
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shows a critical separation between semi-ring algorithms and our new algorithms using fast matrix
multiplication.

New Algorithms with Fast Matrix Multiplication. Due to the inherent limitations of semi-ring
algorithms, we next resort to fast matrix multiplication techniques for faster algorithms.
(Section 2) We first revisit the algorithm for Qmatrix [1], and obtain two new observations when
each attribute has a small active domain. We focus on star query Qst,r with k > 3 and propose an
algorithm that can reduce Qstar into a constant number of sub-queries, each of which either has
bounded intermediate join size or active domain size, and will be tackled by Yannakakis framework

~ 4/3
and fast matrix multiplication separately. Our algorithm runs in O (N - QUTS 5% 4 OUT)

. . . 4/3 .
time when k > 3,. This quantity % — S(k_/w increases from % % ‘71, .-+, and approaches % when

k goes to infinity. When OUT becomes larger than N jkki;ll, this result degenerates to 5(N + OUT),
which is (almost) optimal up to poly-logarithmic factors.

(Section 3) For a general acyclic join-project query Q, we first show a decompose procedure
based on the existential connectivity (formally defined in Section 3) of Q. Intuitively, computing Q is
equivalent to computing the full join results of all sub-queries connected by non-output attributes.
This way, it suffices to focus on an acyclic join-project query that is also existential-connected.
Inheriting a similar high-level idea, we find a recursive way to reduce Q into a constant number of
sub-queries each of which either has bounded intermediate join size or active domain size, hence

can be computed efficiently by a hybrid strategy. Our algorithm runs in 0] (N . OUTS + OUT)

time. Again, when OUT becomes larger than N°, this result degenerates to 5(N + OUT), which is
(almost) optimal up to poly-logarithmic factors.

(Section 4) One major technical difficulty we had to overcome is that the value of OUT is
not readily available. It is known that OUT can be computed for free-connex queries within
O(N) time [18, 29], and can be estimated within a constant factor for line queries with high
probability within O(N) time [8, 16]. But, how to efficiently compute or even obtain an O(1)-
approximation of OUT for general non-free-connex queries still remains open. Inspired by the
sparse recovery technique in [1], we present a general compress-recover framework to compute
an O(1)-approximation of OUT on-the-fly. The only primitive we need is an algorithm for join-
project queries when an O(1)-approximation of OUT is given, which is essentially our focus in
Sections 2 and 3. From our analysis, this framework only increases the overall complexity by a
poly-logarithmic factor.

(Section 5) Combining our new algorithm in Section 3 with generalized hypertree decomposi-
tions [19], we present an output-sensitive algorithm for cyclic join-project queries.

Remark 1. In Section 3, the decompose procedure could lead to better results if each sub-query
has rather simple structures, such as tree join-project queries. See Appendix H.

Remark 2. In Section 4, the framework does not use fast matrix multiplication, hence it can be
combined with any semi-ring algorithm. Moreover, we have an O(1)-approximation OUT for OUT
such that OUT < OUT < 2 - OUT when invoking the algorithms in Section 2 and Section 3.

2 STAR QUERY

In this section, we investigate star queries Qstar = 7a, A, A, R1(A1, B) > Ry(Ap, B) > -+ - 1
Ry.(Ag, B) with k > 3. We start with new analyses for the algorithm in [1]. All missing proofs are
given in Appendix F.

Proc. ACM Manag. Data, Vol. 2, No. 2 (PODS), Article 98. Publication date: May 2024.



Fast Matrix Multiplication for Query Processing 98:7

2.1 Boolean Matrix Multiplication Revisited

Recall that for Qmatrix = 7a,cR1(A, B) ™ Ry(B, C), the active domains of attributes A, B, C is defined
as A (Ry ™ Ry), mp(Ry < Ry), mc(Ry ™ Ry) separately. The Yannakakis framework can remove all
dangling tuples in O(N) time. The active domain of each attribute is essentially the collection of
values that appears in at least one non-dangling tuple in the input instance. If the active domain
sizes of A, B, C are small, we are able to get better upper bounds for Qmatrix, Which will be used as
primitives in our algorithms. After revisiting the algorithm in [1], we present the following results
(by applying the “square” trick for rectangular matrix multiplication):

LEMMA 2.1. Foran arbitrary instance R of Qumatrix With input size N and output size OUT, Quatrix(R)
can be computed in

~ w—2 3w 1
«0 (n .OUT + N+ - (ng - OUT) "5 + N) or
0 ( ©=2.QUT + ng - OUT® "2 - max {na, nc}>~ +N)
time, where ny, np, nc are the active domain sizes of A, B, C respectively.

The complexity results in Lemma 2.1 can be further improved via fast rectangular matrix multi-
plication. We won’t pursue this direction further, which is left as the future work.

2.2 Algorithm

Now, we are ready to present our algorithm for Q.. Suppose OUT is known such that OUT <
OUT < 2 - OUT. All dangling tuples (that do not participate in any join result) are removed in
O(N) time. Our algorithm consists of five steps:

Step 1: Compute data statistics. We first compute for each value b € dom(B), its degree d;(b) in
relation R; for each i € [k], which is defined as the number of tuples displaying value b in attribute
B, ie., d;i(b) = |op=pR;|. It is not hard to see:

LEMMA 2.2. For any value b € dom(B), 1_[ OUT.

di(b) <
Proor oF LEMMA 2.2. For any value b € dom( ) the Cartesian product X jc[x)0p=pR; must be a

subset of final query results. Hence, H ch:bR,| < |Qstar(R)| = OUT. O

Step 2: Reduce Qgtar. For each value b € dom(B), we define a permutation ¢, : [k] — [k] such
that dy, iy (b) = dg,(;)(b) for any 1 < i < j < k. Note that we can determine ¢, for all b’s by
sorting all values in d;(b), breaking ties. There are at most k! number of permutations in total.
Each permutation ¢ over [k] defines a subset of values in dom(B) as By = {b € dom(B) : ¢ = ¢}.
Given a parameter 0 < p < 1 (whose value will be determined later), we further divide each By

into two subsets:
k
ligh ot
B = {beB¢ <| |d¢(i)(b)> <OUTP}
i=2

k
Bl(;eaVY — {b € B¢ : <n d(’;,(l)(b)) > OﬁTP}
i=2

Then, we reduce Qg into the following at most 2 - k! sub-queries:
Q; = TTA Ay, lE[k] R; (Ab B¢)
where ? can be heavy or light, and R;(A;, B’ ) denote the set of tuples from R; whose value in

attribute B falls into B’ 5
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light

Step 3: Compute Q . We compute the full join and then project out attribute B.

Step 4: Compute Qgeavy. Let (5, B) be a partition of [k], where n = {i € [k] : iis odd} and
B = [k] — n. We then materialize the following two intermediate joins:

Ry (A’ B;eavy) =Mien <R¢< ) (Ag(), B heaw))
heav heav
Rop (€ BY™) =0sep (Roci) (Agir, By™))
Ag(iyand C = U]Eﬁ Ag(j)- Then, we can reduce Qheavy to Qmatrix as below:

TAC (Rzﬁ,n (A’ Bzeavy> > Ry p (B:;,eavy, C)) (1)

and invoke the algorithm for sparse matrix multiplication in [1].

where A = |,

ien

Step 5: Remove Duplicates. From above, each of the at most 2 - k! subqueries could produce
O(OUT) query results. The last step is to remove possible duplicates between them via sorting.

2.3 Analysis
We next anawllyze the time cost of each step. Step 1 and 2 can be done in O(N) time. Step 5 can
be done in O(OUT) time. Step 3 takes O (N - OUT”) time. As there are at most N tuples in Ry (1),
and each tuple t € Ry(;) can be joined with at most (Hf:z dy iy (JrBt)) < OUT” tuples by the
definition of B;ght, the number of join results is O (N - OUT?). Before analyzing step 4, we need a
helper lemma:

LEMMA 2.3. Suppose n di=Aanddy < dx_y < - - < dy. Letn = {i € [k] : i isodd} and
ic[k]
B = [k] — n. We obtain:

o ] di< ] desvas<]]ds

jef—{2} ien— {1} ien
o ifdy <X, thenq/ <[[d<]]d<Vvar
]eﬁ ien

LEMMA 2.4. The instance in (1) satisfies the following constraints:
OUT;

the active domain size ofB;eaVy is O (

ouTr/(k=1) )>
the active domain size of A and C is O (OUTl_g);

PrOOF OF LEMMA 2.4. Note that each tuple (a,b) € Ry (1) can join with H dyiy(b) < VOUT
ien—{1}

results in (l><1,~e,, R¢(i)), implied by Lemma 2.3. As there are at most N tuples in Ry(1),

bounded by O(N - v/OUT). A similar argument applies for Ry 3. We next bound the active domain

P

k—1
size of each attribute. For every value b € B;eavy, we have dg5) (b) > (H dy iy (b)) > OUTF ",

where the last inequality is implied by the definition of B;eavy. As there are at most N tuples in Ry (s),
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4
1

Decompose I
E——

ooutput attribute e non-output attribute

Fig. 2. The left figure shows the hypergraph of an acyclic join-project query @, where each attribute is
represented as a vertex and each relation is represented as a (hyper)-edge. The middle figure shows the
residual query by applying the cleanse procedure. The right figure shows the sub-queries of Q defined by
existential connectivity. Q; is a single relation containing all output attributes. Q2 is Qmatrix- Q3 is still a
complicated join-project query, which is the focus of our algorithm in Section 3.1. Q4 is Qjine With k = 4. Qs
is Qstar With k = 4. The free-width of Q1, Qa, Q3, Q4, Qs is 1,2, 6,2, 4 separately. The free-width of Q is 6.

’B;eavy =0 (W) After removing dangling tuples, each distinct value ¢ € dom(C) partic-
k 1/2 k 1/2
-
ipates in at least H dyiy(b) = <H dg i) (b)) = (H dy iy (b)) > OUT? query results in
ien j=1 j=2

(1) via some tuple (b, c) € Ry g, where the first inequality is implied by Lemma 2.3 and the third
inequality is implied by the definition of B;eavy. There are OUT query results in total, so the active

domain size of attribute C is O (OUTl_g). Similarly, each value a € dom(A) participates in at

)

B 1/2
least n dy(jy(b) = (n dy iy (b)) > OUT? query results in (1) via some tuple (a,b) € Ry g. As
jep i=2

there are OUT query results in total, the active domain size of A follows. O

Combining all steps by plugging Lemma 2.4 into Lemma 2.1, we obtain (setting p = %)

THEOREM 2.5. For the star query Qsiar Withk > 3 and any instance R with input size N and output
size OUT, if an O(1)-approximation of OUT is known, the query result Qgstar(R) can be computed

2(k—1

~ )
in O (N“’*z -OUT + N - OUT<5—@><’<—1>+2) time, where k is the number of relations and w is the

exponent of fast square matrix multiplication.

3 ACYCLIC QUERIES

We finally move to general acyclic join-project queries. Consider an acyclic join-project query
Q = (V,&,y) and an instance R. All dangling tuples (that do not participate in any join result) are
removed in O(N) time. We start with two procedures cleanse and decompose. An attribute A € V is
unique if it only appears in one relation, i.e., |{e € & : A € e}| = 1, and joint otherwise.

CLEANSE(Q, R). For a join-aggregate query Q = (V,&,y) and an instance R, the cleanse
procedure iteratively (i) removes a unique non-output attribute A € e and updates R, with m._aR,;
or (ii) removes a relation e € & if there exists another relation ¢’ € & with e < ¢’ and updates R,/
with R.s X R.. We describe this procedure in Algorithm 5. This can be done in O(N) time, where N
is the input size of the instance. A join-project query Q is called cleansed if no more attribute or
relation can be removed by the cleanse procedure, and non-cleansed otherwise. In a cleansed query,
every unique attribute must be an output attribute.

Proc. ACM Manag. Data, Vol. 2, No. 2 (PODS), Article 98. Publication date: May 2024.
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DecomPOSE(Q, R). We define the existential connectivity of Q = (V, E,y) by modeling it as
a graph Gé, where each e € & is a vertex, and there is an edge between e, ¢’ € & if they share
some non-output attribute(s), i.e., e n e’ —y # . Let £,8E,,---,E, S & be the connected

components of G?Q. Each &; defines a subquery Q; = U e, &, U en y) and a sub-instance
ec&; ecE;

Ri = {Rj € R : ¢; € &;}.Itis not hard to see that if Q is cleansed, each sub-query Q; is also cleansed,

since no more non-output attributes become unique and no more relations become a subset of

another relation in the decompose procedure. A critical observation is stated below (intuitively,

relations across different sub-queries can only join via output attributes):

LEmMMA 3.1. Q(R) =me[n) Qi(Ri).

Then, it suffices to compute the query results for each Q;, whose output size is bounded by O(OUT),
and then compute their full join by invoking the Yannakakis framework. The last step takes at
most O(OUT) time. Hence, it suffices to focus on an acyclic join-project query Q that is cleansed
and also existentially connected.

Now, we are also ready to introduce the notion of free-width (see an example in Figure 2), which
plays an important role in capturing the lower bound of semi-ring algorithms (see Theorem D.1):

Definition 3.2 (Free-width). For any acyclic join-project query Q = (V,&,y), its free-width
freew(Q) is defined as follows:

e If Q is existentially disconnected, freew(Q) = r_n[ah>]< freew(Q;), where Q,Qy, - -, @y, are the
1€

connected sub-queries of Gé.

e If Q is existentially connected but not cleansed, freew(Q) = freew(Q’), where Q' is the cleansed
version of Q.

o If Q is existentially connected and cleansed,

freew(Q) = S|,

max
ScE:VeeS,enV, =

where V, denotes the set of unique attributes in Q.

All missing proofs in Section 3 are given in Appendix G.

3.1 A Recursive Algorithm

Our recursive algorithm consists of following components:

Base Cases. We consider the following base cases for Q = (V, &,y):

o if |E| = 1, say & = {e}, we just return myR,;

e if |&| = 2, we invoke the algorithm in [1];

General Case. Let 7 be a join tree of Q, where each node corresponds to a relation in the input
query. A node is incident to another node 7™ if there is an edge between them in 7. A node is a

leaf node if it is only incident to one node, and internal otherwise. Let 7 be the residual tree by
removing all leaf nodes of 7. Let £ < & be the set of leaf nodes in 7. We distinguish two cases.

General Case (1): | £]| = 1. We denote such a join-project query Q as a flower. We separately
describe the algorithm in Section 3.2.

General Case (2): | L] > 2. Our algorithm will iteratively choose a node e € £ and merge all leaf
nodes in 7~ incident to e. In this way, we keep partitioning the input instance into multiple pieces,
while decreasing the size of Q until |.£| = 1. We show this algorithm in Section 3.3.

Proc. ACM Manag. Data, Vol. 2, No. 2 (PODS), Article 98. Publication date: May 2024.



Fast Matrix Multiplication for Query Processing 98:11

Post-processing. Our recursive algorithm above will reduce Q into O(1) sub-queries, each of
them could produce O(OUT) query results. The last step is to remove possible duplicates between
them, which can be done via sorting.

3.2 General Case (1): | L] =1

Let 7 be the join tree of a flower query Q = (V, &,y), with £ = {e} as the coreand & — {e;} =
{e1, €2, - - , er} as the set of petals. Implied by the property of 7, we observe:

e for any pair of distinct relations e;, e; € & — {eo}, e; N ej < eo;

o for every relatione; € & — {ep}, e, — ey # P ande; — ey S y;

®eep—€ —€— - -—€e Y.

Intuitively, any common attributes shared by any pair of petals also appear in the core. Any attribute
that appears in some petal but not the core (as well as all other petals) must be an output attribute.
Any attribute that only appears in core must be an output attribute. It is not hard to see that the
star query is a degenerated flower (with an arbitrary relation as the core).

A Primitive Query. We will use a slightly generalized query Q = 7acpRi(A, B, D) x Ry(B,C, D)
of @Qmatrix» Which can be computed within similar complexity as Lemma 2.1. The intuition is to
transform any instance R for Q into an instance Rpatrix for Qmatrix with the same input and output
size, such that there is a one-to-one correspondence between Q(R) and Qmatrix(Rmatrix)- S0, it
suffices to construct Q(R) from Qmatrix(Rmatrix) that can be computed with the algorithm in [1].

LEMMA 3.3. For any instance R of Q = macpRi(A, B, D) x Ry (B, C, D) with input size N and out-
~ 3—w
put size OUT, the query result Q(R) can be computed in O (n’“*2 -OUT + N+ - (n- OUT)ﬁ + N)

time, where n is the active domain sizes of {B, D}.

Proor oF LEMMA 3.3. Given any instance R for Q = w4 cpRi(A, B,D) x Ry(B,C, D) of input
size N and output size OUT, we transform it into an instance Rpatrix of input size N for Qmatrix =
7xzR3(X,Y) x Ry(Y, Z) within O(N) time such that there is a one-to-one correspondence between
Qmatrix(Rmatrix) and Q(R). We set dom(X) = dom(A) x dom(D), dom(Y) = dom(B) x dom(D),
and dom(Z) = dom(C). For each tuple (a,b,d) € Ry, we add a tuple ((a,d), (b,d)) to Rs, and for
each tuple (b, ¢, d) € Ry, we add a tuple ((b,d), ¢) to Ry. Next, we show that there is a one-to-one
correspondence between Qmatrix(Rmatrix) and Q(R);

e For each query result ((a,d),c) € Qmatrix(Rmatrix), there must some tuple (b,d) € dom(B) x
dom(D) such that ((a,d), (b,d)) € Rs and ((b,d), ¢) € Ry. From the construction above, we must
have (a,b,d) € Ry and (b, ¢,d) € Ry. So, (a,c,d) € Q(R).

e For each query result (g, c,d) € Q(R), there must some value b € dom(B) such that (a,b,d) € R
and (b, ¢,d) € Ry. From the construction above, we must have ((a,d), (b,d)) € R; and ((b,d),c) €
Ry. So, ((a; d>’ C) € Qmatrix (Rmatrix)~
In this way, it suffices to invoke any algorithm for Qmatsix to compute Qmatrix(Rmatrix) and then

construct Q(R) as follows. For every result ((a,d), c) € Qmatrix(Rmatrix) reported, we just report

a query result (a, ¢, d) for Q(R). The construction step takes O(OUT) time, since there are OUT

query results in Qumatrix(Rmatrix)- All complexity results in Lemma 2.1 apply to Q with X = {A, D},

Y ={B,D} and Z = {C}. ]

Now, we are ready to present the algorithm for a flower query. Suppose OUT is known such that
OUT < OUT < 2 - OUT. Our algorithm consists of four steps. Let x = ey N (e; U ez U -+ U ex).
Step 1: Compute data statistics. We compute for each tuple t € my Ry its degree d;(t) in relation

R; for each i € [k], defined as d;(t) = Ueme(]=7remeotRi‘- We point out an observation below:
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LEmMA 3.4. For any tuple t € meR,, [[*_, di(t) < OUT.

Proor oF LEmMA 3.4. Consider an arbitrary tuple ¢t € mxRy. Recall that e; — ey < y and (e; —
eo) N (ej — eo) = J for every distinct pair i, j € [k]. The Cartesian product of
(7eg—x (Ry X 1)) {xle (7o, —ep (Ri X t))}
must be a subset of the projection of final query results onto output attributes y — eg. Hence,

OouT > ‘(ﬂeo—x (RO X t X {Xie [k] (ﬂel‘—EO (R X t H

= |ey—x (Ro X )] H|7tel,eo i(e) x t)] Hd O

Step 2: Reduce Q. We define a permutation ¢, : [k] — [k] such that dy,;)(t) = dy,(;)(t) for any
1 < i < j < k. We can determine ¢; for all £’s by sorting all values in d;(t), breaking ties. There
are at most k! number of permutations in total. Each permutation ¢ over [k] defines a subset of
tuples in xRy as x4 = {t € mxRy : ¢; = ¢}. Given a parameter y € (0, 1], whose values will be
determined later, we further divide each x4 into two subsets:

;ght {t €Xgp: d¢(1)( ) > O[NJTY}

X;eavy = {t € Xy : d¢(1)(l‘) < OfJTY}
Then, we can reduce Q into the following at most 2 - k! sub-queries:
Q; = Ty (RO X X;) > (Nie[k] Rl) s
where ? can be heavy or light.

Ilght

Step 3: Compute Q We first compute the join between (Ro X qu ) Ry(2), -+ » Rp(xy and

then project out non- output attributes that do not appear in ey (y):

ligh
Rnew = Ty (epmepy) {(Ro X X¢g t) > (M2, k) R(/)(i))}

light

This way, we can reduce Q to the following query:

7aco (Rew(A, B, D) 4 Ry1) (B, D, C)) (2)

where A =y —eg1), B=e negq) —y,C=ynegn —eandD = ey N egq) Ny. We just apply
the algorithm in Lemma 3.3.

Step 4: Compute Qheavy. Let (1, B) be a partition of [k], where n = {i € [k] : iis odd} and
B =k] —n. We materlahze the following two intermediate joins by the Yannakakis framework:

heav
Ry, (AB,D) = (Ro X X, y) 20 (>iey Ry(s))

heav
Ryp (B.C,D) = (Ro x xy™" ) 3 (e Ry())
where A = Uie” es(iy) —eB =e —y,C= Ujeﬁ es(j) — e and D = ey Ny. Then, we reduce

Qheavy

s 1o the following query:

maco (R, (AB,D) xRy 4 (B,C,D)). 3)
We just apply the algorithm in Lemma 3.3.
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Step 5: Remove Duplicates. From above, each of the at most 2 - k! subqueries could produce
O(OUT) query results. The last step is to remove possible duplicates between them via sorting.

3.3 General Case (2): | L] > 2

For every node e € L, let ej,c be the unique node incident to e in 7. All other nodes incident to
e in 7 must be leaf nodes of 7, which are denoted as &, < &. Let y, € y be the set of output
attributes that only appears in some relation in &, i.e., ye = (Jpcg, € Ny — . As Q is cleansed,
for every leaf node ¢’ € &,, thereise’ —e C y.

Step 1: Computing data statistics. Consider an arbitrary node e € £ with a set of leaf nodes
&. incident to it in 7. For each tuple ¢ € R, we define A(¢) as the number of distinct tuples in
dom(y,) that can be joined with ¢, i.e., A(t) = [ [,icg, [Rer x t[.

Step 2: Reduce Q. For an arbitrary node e € £, a tuple t € R, is heavyif A(t) > V/2 - OUT, and
light otherwise. Let R:eavy, R[Eight be the heavy and light tuples in R, separately. We can reduce the
original query into O (2“:') subqueries:

QY = Tty ([X]eeﬂ RZ) gl (Me’ES—.C Re’)

where ? € {heavy, light} can be different for different nodes e € £, and y € {heavy, light}< is
simply the collection of “labels” for all nodes in L. Below, we point out a critical observation
(therefore we only need to consider subqueries with at most one heavy relation in £):

LemMa 3.5. If? is heavy for at least two distinct nodes e, e’ € L, then Q¥ = .

Proor oF LEmMma 3.5. By contradiction, suppose there exists a pair of nodes e, ¢’ € £ such that
Re, Res are heavy, and the query results of Q¢ is not emtpy. Then, it is always feasible to find a join
result ¢ of all relations involved. Let t € R:eavy, te R:,e Y be the projection of ¢ onto e, ¢’ separately.
Note that A(t) > V/2-OUT and A(t') > V/2- OUT. And, y. N ye = . This way, the Cartesian
product (ereg, Rer X t) X (Me//ege, Ren x t) is a subset of the projection of final query results
Q(R) onto y, U y,, after all dangling tuples are removed. Hence,

OUT < 2-OUT = V2 OUT - V2 - OUT < A(t) - A() < OUT,

coming to a contradiction. O

Step 3: Compute Q; . As |L]| = 2, together with Lemma 3.5, there is at least one light relation in
L, say e. We compute the full join results of R, with relations in &,, and project out non-output
attributes that do not appear in ej,, i.e.,
light
Rpew = Ty u(eny)u(eneinc—y) <Relg ™ (Ne/eae Re’)) .

Recall that y, is the set of output attributes only appearing in some relation in &, e Ny is
the set of output attributes appearing in e, and e N ejnc — y is the set of non-output attributes
appearing in both e, ej,c. We update Q; by removing all relations in &, replacing e with new =
ye U (eny) U (e enc —Y), and updating R, with Rye,,. At last, we invoke the whole algorithm
recursively.

3.4 Analysis

General case (1): | £| = 1. We consider a more general scenario for an instance R = {Ro, Ry, - - - , R}
with core size N = |Ry|, petal size N = m&)]c |R;| for N’ = O(N - +/OUT), and output size OUT. We
i

start with two important observations:
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LEMMA 3.6. The instance in (2) satisfies the following constraints:

® |Rhew| = O (N - OUT'™Y) and |Ry(1)] < N’ = O(N - v/OUT);
e the active domain size of B U D is O (N);

Proor oF LEMMA 3.6. The active domain size of B U D is O(N), since BU D C ej and |Ry| = N
k
We observe that n dy iy (mxt) < oUT' ™ for every tuple t € Ry x;ght, implied by Lemma 3.4 and
i=2

the definition of X(}:’g . As there are at most N tuples in Ry, and each tuple t € Ry x x

light
¢

can be joined

with H dy iy (mxt) < ouT' tuples in the join (l><1,~e{2’3,,., K} R¢(i)). So, the number of intermediate
i=2
join results materialized for computing Ryew, as well as the size of Ryey, is O (N . OUTl_Y). m]

LEmMMA 3.7. The instance in (3) satisfies the following constraints:

o |Rsy| =0 (N : OUT&TY) and |Ryp| = O (N : \/ﬁ);

e the active domain size of B U D is O (N).

ProoF OF LEMMA 3.7. We first observe that the active domain size of B U D is O(N), since

B uD < ¢ and |[Ry] < N. Consider any tuple t € Ry X x;ea"y

. It participates in at most

%
Hd¢(j)(ﬂ'x < <d¢ 1) (7xt) Hd¢(1) Tyt > <VouT" - OUT join results of (l><1je,7 R¢(j)), im-
Jen

plied by Lemma 2.3 and Lemma 3.4, hence ‘R¢,”| is O (N : OUTHTY). Similarly, it participates
in at most H dy () (xt) (H dy () (mxt ) < VOUT join results of »;cs Ry (i), hence |Ry g is

jep
O (N -+/OUT). o

Now, we are ready to analyze the cost of each step separately Steps 1 and 2 can be done within
O(N + N') = O(N - v/OUT) time. Step 5 can be done within O(OUT) time. Plugging Lemma 3.6
into Lemma 3.3, Step 3 takes

0 (N LOUTI V8475 L N9=2. QUT + N - OUTl—Y)
time. Plugging Lemma 3.7 into Lemma 3.3, Step 4 takes

~ 1 —w

0 (N .OUT 7 =75 + N®~2.OUT + N - OUT”T’)
time. Combining all steps, we obtain (by setting y = %)

LemMma 3.8. For a flower query Q and an arbitrary instance R with core size N, output size OUT,
and petal size N' = O (N - /OUT), if an O(1)-approximation of OUT is known, the query results
Q(R) can be computed in

~ 2 3—w 1
o) (N L QUT! Fotra 4 N2 ~OUT>
time, where w is the exponent of fast square matrix multiplication.

Proc. ACM Manag. Data, Vol. 2, No. 2 (PODS), Article 98. Publication date: May 2024.



Fast Matrix Multiplication for Query Processing 98:15

Ry =589 s 5 5 Ry Rs

A1 A2 A1 A2 A1 A2 A1 A2 A2 A3 A3 A4
albl albl albl albl b101 Cldl
agbl a2b4 a1b4 a1b4 b4CQ Cle
a3b4 a2b5 ay b5 ay b5 b463 ngg
a3b5 a3b5 a2b5 b5C4 C4d3
a4b4 /
asbs

Fig. 3. Compress relation Ry for the line query ma, a,R1(A1, A2) > Ry(Az, A3) 1 R3(As, Ag). The arrow from
3)

1
Q' is defined as 74, (RZ(AZ,A3) X 553)> > R3(As, Ag). When invoking Algorithm 1 recursively, we apply
the CLEANSE procedure on @', which essentially removes Ay and ey iteratively. We are left with Rs, which falls
into the base case at line 2. It is easy to see Lemma 4.1 on this example. Moreover, | 73| = 3, | 73| = 4,

|7W] =5 and |TO)] =8.

t to ¢’ indicates that ¢’ is constructed from t at line 10 of Algorithm 1. After obtaining S, the residual query

General case (2): | £| > 2. We analyze the cost of reducing a join-project query from general case
(2) to general case (1). Suppose we are given an instance R with input size N and output size OUT.
Step 1 and 2 can be done in O(N)) time. In Step 3, the size of Ryey, can be bounded by O(N-+/OUT),

since there are at most N tuples in R, and each tuple t € Rgght can be joined with at most

Alt) €V oUT tuples in pereg, Rer. It removes all leaf nodes in &, as well as e, and adds a new
leaf node Ry of size O(N - 4/OUT).

Moreover, we point out an invariant of this recursive algorithm that the size of internal relations
is always bounded by O(N) and the size of leaf relations is always bounded by O (N -/ OUT).

The Recursive Algorithm. From our analysis above, an input join-project query Q and an
instance R of input size N and output size OUT, is reduced to a constant number of instances
for flower queries, each of core size O(N), petal size O (N - v/OUT), and output size O(OUT).
Plugging into Lemma 3.8, we obtain:

THEOREM 3.9. For any acyclic but non-free-connex join-project query Q and an instance R with
input size N and output size OUT, if an O(1)-approximation of OUT is known, the query results Q(R)
can be computed within

0 (N L QUT: Fotia 4 N2 ~OUT>

time, where w is the exponent of fast square matrix multiplication.

4 ESTIMATE OUT ON-THE-FLY

So far, we assume that an O(1)-approximation of OUT is known in advance. We now remove this
assumption by showing our framework in Algorithm 1. We note that this is definitely not the only
way to approximate OUT. As long as an O(1)-approximation of OUT is obtained, it can be fed into
our output-aware algorithms presented in Sections 2-3.

In Algorithm 1, we first cleanse the input query Q = (V, &,y) and instance R (line 1). If & only
contains one relation, say & = {e}, we just return the projection of R, onto output attributes y (line
2). In general, we always start with a relation e € &, such that after removing its unique attributes
(those only appear in e), e becomes a subset of another relation e’ (line 3). As Q is already cleansed,
all unique attributes in e are output attributes.

(line 4-13) We iteratively compress R, by halving the active domain size of e — €', until there
is a single value left (line 13). The compression works as follows. Suppose all values in 7,/ R,
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Algorithm 1: AcycLic(Q = (V,&,y),R)

1 (Q,R) «— CLEANSE(Q, R); » Algorithm 5;

2 if |E] = 1, say & = {e} then return ryR,;

3 Find e € & such that there exists some e’ € & with e — U < ¢/, where U is the set of unique
attributes in e, i.e., those only appear in e;

4 Relabel tuples in 7,_./R, as ay, az, as, - - -;
5 SEO) — R, i< 1;
¢ while true do

7| 8P -z

8 foreacht € S(gi_l) do

9 Suppose 7_e't = aj;

10 t' < atuple with 7,_.t' = ais and mat’ = mat for any attribute A € e N ¢€’;
2

11 Sgl) — Sgl) u{t'}

12 if ne_e,sé") = 1 then break;

13 i—i+4+1;

14 Ry < Ry x SV

15 Q — (V—(e—¢€),E—{el.y—ce);

16 JO — (ne,e/sé")) x Acycric (Q, R — {R.}); » Algorithm 1;

17 while i > 0 do

18 J D — Compute Q over R — {R,}u {S‘gi_l)} using 2 - | 79| as the approximated
output size; » Algorithms in Section 2 or Section 3;

19 i—i—1;

20 return (),

are labeled as ay, ay, as, - - - . Initially, set Séo) = R,. Suppose S (h) is created recursively. We next

compress Séh) into Sth) as follows. For every tuple t € Séh)

s+

, With m,_/t = a;j, we add a tuple ¢’ to

such that ¢’ shares the same value as t on every attribute in e N ¢/, and 7, _ot' = apit). This
2

way, for any pair of tuples t;, t; € Séh) such that ety = Tene bz, Te—erts = aj and Te_erty = aj4q
for some odd j, they will be “compressed” into one tuple. Then, we continue applying the procedure

to compress Sghﬂ).

(line 14-20) Let Sgi) be the compressed relation such that all tuples share the same value in e — ¢’.
We update R, with R, x sél) (line 14), remove e from & as well as all unique attributes in e from
V (line 15), and handle the residual query by invoking the whole algorithm recursively (line 16).

Define R) = (R — {R.}) U {Séi) } Let 7 be the results returned for R(). As we will prove

in Lemma 4.1, | (i)| is a 2-approximation of the output size of Q (R(i_l)). Hence, we iteratively
invoke our output-sensitive algorithms in Section 2 (if Q is Qsar) or Section 3 (if Q is a general
acyclic join-project query) for computing R, R(=2) ... R Note that R(®) = R. At last, we
return Q ('R(O)), ie., 7. See an example in Figure 3.

Correctness. We next show the correctness of this algorithm by establishing the following lemma:
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Lemma 4.1. |JD| < |J0D| <290,

Proor. From the construction of Sgi), it is not hard to see that if there exists a query result
e (ﬂ(i_l)) With 7e_ert’ = azj_1 Or me_e't = ayj, there exists a query result t € Q (R(i)) such
that Tene't = Menert’ and me_ert = a;. So, | TD| > % -1 U=V]|. On the other hand, if there exists
a query result t € Q (R\) with 7._t = a;, there must exist a query result ' € Q (RU~") such
that Tonert = e ert’, and 7_ort’ = agj_1 OF Me_ot = a;. So, | TD| < | JUV|. Together, we
complete the proof. O

With Lemma 4.1, the query results Q (R(’;I)) can be computed by our algorithms in Section 2-

Section 3 at line 18. Moreover, 7 (©) = Q(R). Hence, for any acyclic join-project query Q and
instance R, the query results Q(R) can be computed by Algorithm 1.
Analysis. At last, we come to the time complexity of Algorithm 1. The while-loop at line 6-13
takes O(N log N) time. Note that each iteration takes O(N) time to construct st After O(log N)
iterations, the active domain size of e — ¢’ will decrease to 1, since the active domain size of the
input instance is O(N) after all dangling tuples are removed. Moreover, while-loop at line 17-19
takes O (fq (N, OUT) - log N) time in total, if an instance for Q with input size N and output size
OUT can be computed in fg(N, OUT) time, when an O(1)-approximation of OUT is known.

THEOREM 4.2. For an arbitrary acyclic join-project query @ = (V,E&,y) and an instance R
of input size N and output size OUT, if there is an algorithm that can compute Q(R) within
fa(N,OUT) time when an O(1)-approximation of OUT is known, Algorithm 1 can compute Q(R)
within O (N - log N + OUT + fo(N,OUT) - log N) time.

Proor oF THEOREM 4.2. First, line 1-5 take O(N) time and line 14-15 takes O(1) time. By hypoth-
esis, assume AcycLic (Q', R — {R.}) takes O (Nlog N + OUT + fo/(N,OUT) - (|&] — 1) - log N)
time. The while-loop at line 6-13 takes O(N log N) time. Each iteration takes O(N) time to construct

Séi). There are at most N values in 7, _ ¢ R,, and each iteration would decrease this number by a
factor of 2. After O(log N) iterations, line 12 will be triggered. Moreover, when the while-loop at
line 6-13 is broken, we have i = O(log N). The while-loop at line 17-19 takes O (f (N, OUT) - log N)
time. As fg/(N,OUT) < fo(N,OUT), Acyctic (@, R) incurs a cost of

Nlog N + OUT + fo(N,OUT) - |E| -log N = O (Nlog N + OUT + fo(N,OUT) -logN). O
Plugging Theorem 2.5 and Theorem 3.9 into Theorem 4.2 separately, we obtain:
THEOREM 4.3. For the star query Qstar With k > 3 and any instance R with input size N and output

2(k—1)

size OUT, the query result Qgear(R) can be computed within O (N““z -OUT+ N - OUT<5—(~><’<—1>+2)

time, where k is the number of relations and w is the exponent of fast square matrix multiplication.

THEOREM 4.4. For any acyclic but non-free-connex join-project query Q and an instance R with
input size N and output size OUT, the query results Q(R) can be computed within

~ 2 3—w 1
0 (N-ouTH =5 4 No2. OUT)
time, where w is the exponent of fast square matrix multiplication.

5 IMPLICATIONS TO CYCLIC QUERIES

At last, we turn to cyclic join-project queries. Combining our algorithm for acyclic queries with the
generalized hypertree decomposition techniques, worst-case optimal join algorithms [15, 19, 21, 26]
and our new algorithm for acyclic join-project queries, we obtain:
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Algorithm 2: Cycric(Q, R)

1 (Q1,R1), (Q2,R2), -+, (Qp, Ry) < a set of decomposed sub-instances for (Q, R) by [19];
2 foreach i€ [¢] do J; « AcycLic(Qy, R;); » Algorithm 1;
3 return 1 U b U - U Ty

THEOREM 5.1. For any non-free-connex join-project query Q and an instance R of input size N and
output size OUT, the query results Q(R) can be computed within

5 (NSubW . OUT§%+ﬁ 4 N(w—2)~subw . OUT)

time, where subw is the sub-modular width of Q and w is the exponent of fast square matrix multipli-
cation.

The complete procedure is illustrated in Algorithm 2. Consider an arbitrary cyclic join-project
query Q and an instance R of input size N and output size OUT. We first apply the hypertree
decomposition techniques proposed in [19] to decompose the input pair (Q, R) into a set of input
pairs (Q1,R1),(Qz Rz), - - +(Qs, Ry) for some constant ¢, such that Q(R) = e[, Q;(R;) and for
any j € [¢], the following properties hold: (i) Q; is an acyclic join-project query; (ii) the input size
of R; is O (N*'P¥); (iii) the output size of Q;(RR;) is O(OUT). For each j € [¢], we simply invoke
Algorithm 1 to compute Q;(R;) separately. At last, we remove duplicates over all sub-instances.

For simplicity, let OUT; = |Q;(R;)| be the output size of Q; over R;. Implied by Theorem 4.4,
the Q;(R;) can be computed within

5 (Nsubw . OUT}%'%-‘_ﬁ + N(a)fz)-subw . OUT,’)

time, where subw is the sub-modular width of Q and w is the exponent of fast square matrix
multiplication. As OUT; < OUT, this complexity is also bounded by

5 <N5ubw . OUT%%‘Fﬁ + N(w—Z)-subw . OUT) .

As there are O(1) sub-instances, and each of them generates at most O(OUT) query results, the
last step of removing duplicates can be done within O(OUT) time. Putting everything together, we
obtain Theorem 5.1.

Example 5.2. For ajoin-project query ma, a, 4, R1(A1, Az) > R2(Az, A3) > R3(As, Ag) >0 Ry(A1, Ag)
with subw = % and fc-subw = 2, our new algorithm can compute it within O (N 7.0UT: + OUT)
time, which has improved the previous result O (min {N ?.OUT,N 2}) by (almost) a factor of
OUT? if OUT < N and by a factor of 7 if N2 < OUT < N3,
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Algorithm 3: DEDANGLE(Q, R) [29] Algorithm 4: YANNAKAKIS(Q, R) [29]
R <« DEDANGLE(Q, R);

1 Let 7 be a join tree of Q rooted at r;

=

2 while visit nodes a bottom-up way do 2 Let 7 be a join tree of Q rooted at r;
3 foreach node e visited with e # r do 3 while visit nodes a bottom-up way do
4 ¢’ « the parent of e; 4 foreach node e visited withe # r
5 Re < Ry X Rg; do
~ 5 e’ « the parent of e;
6 while visit nodes a top-down way do . R - P R
<« , .
7 foreach node e visited with e # r do Re IgU(mI; )Tes
8 ¢’ « the parent of ¢; 7 o < He P Kers
9 Re < R. X Rer; 8 return myR,;

10 return updated R;

A DETAILS OF YANNAKAKIS FRAMEWORK

In Algorithm 3, we show how to remove dangling tuples in an input instance R for an acyclic
join-project query Q, which runs in O(N) time. In Algorithm 4, we show the Yannakakis framework.
In Section 1.5, we also mentioned a slightly modified version of Yannakakis framework, in which
some specific operations can be captured as the Boolean matrix multiplication problem. Suppose
we choose a join tree rooted at Ry. It starts with R;. As R; is the only child of Ry, it updates R, with
7a, A, R1 (A1, Az) >0 Ry(Az, As) directly, and then removes R;. In the next iteration with Ry, it does not
need to project away any attribute, and just further updates Ry with 74, 4,R2(A1, A3) >4 R3(As, Ag).
It repeats this procedure until only one relation is left.

B NEW ANALYSIS OF STAR QUERY IN [11]

Recall the a star query Qs is defined as Qstar = 7, 4, A R1(A1,B) > Ry(Az,B) > -+ i
Ry (A, B). This algorithm is also built on the heavy-light decomposition technique. Suppose two
parameter Ay, A are given, whose values will be determined later. For any i € [n], a value a; €
dom(A4;) is heavyif it appears in more than A, tuples in R; and light otherwise. A value b € dom(B)
is heavy if it appears in more than A; tuples in R; for some i € [k]. Then, the input query can be
reduced into the following sub-queries:

A, Ay ap Ri(A], BY) 0t Ry (A, BY) b - - 1 R (AL, BY)
where ? can be either heavy or light, and can be different over different attributes.

o If A;:' = All.ight for some i € [k], it invokes the Yannakakis framework. The number of intermediate
join results is at most O(OUT - A;), hence the time cost of this step is O(OUT - A3).
e If B’ = B'ight it invokes the Yannakakis framework. The number of intermediate join results is

at most O(N - A]f_l), hence the time cost of this step is O(N - Alf_l).

o If AE = A?eavy for every i € [k] and B’ = B"2", it is reduced to a rectangular matrix multiplica-
N N N
tion problem of sizes MM ((—)m, —, (—)V;]).
Ag AL Ay

N N N
Hence, the overall cost is N - Alf_l +OUT - Ay + MM ((—)VZCJ, — (—

Ay NV
minimum cost, we always require N - A’ffl = OUT - A,. For simplicity, we assume « = 2 and k is
even. We distinguish two more cases:

)“z(]). To achieve the
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Aﬁl - (£)¢. Hence, the total cost is

o (M) g Aﬁl: The cost of matrix multiplication is >

Ap

N N -
N-a%"1 4 OUT- 2 + — - (=)' = N - OUT#+1
AL Ay
where the equality is achieved when A, = OUTZ+ and A, = N - OUT 7%+, The (Aﬁz)[ < Aﬁl
holds if OUT < N.
. (Aﬂz)[ > Aﬂl: The cost of matrix multiplication is (Aﬂz)k . Hence, the total cost is

N
N8} OUT 8y + () = (N OUT) 71
2

1
. _ (out \ @EDE-D N/ Ns N .
by settlng Ay = (T) and Ny = OUTV @D - The (A_z) > A holds if OUT > N.

J—
Hence, this algorithm runs in O (N - QUTH + (N -OUT) kLH) time for even k. We next consider

the case when k is odd. When k = 3, this algorithm runs in O (N - OUT*® + (N - OUT)**). When
k = 5, this algorithm runs in O(N - OUT?> 4 (N - OUT)%/®) time. For k > 6, this algorithms runs in
Q (N -ouTY/ 7) time. Putting everything together, our new result in Figure 1 completely improves
this result for every value of k.

C LIMITATIONS OF YANNAKAKIS

We consider the line query with k = 3: 74, 4,R1 (A1, A2) > Ry(Az, As) < R3(As, Ay). There are two
query plans under the Yannakakis framework: plan 1 of 74, 4, (74, 4,(R; ™ Ry)) > R3 and plan 2
OfiTAl,A4R1 > (EAZ’A4(R2 el R3))

We first construct an instance (see the top half of Figure 4). Assume OUT < N. Attributes A;, Az,
As, Ag have domain sizes %, %, % 1. Relations R; is a Cartesian product between A; and A;, R,
is a many-to-one mapping from A; to As, and Rs is a one-to-many mapping from As to A4. It can
be easily checked that this instance has input size ©(N) and output size ©(OUT). Note that plan
1 incurs a cost of ®(N - OUT) since |R; = Ry| = X9UL while plan 2 incurs a cost of ©(N) since
|R; < R3| = N and |R; x dom(A4)| = N. We next construct a symmetric instance (see the bottom
half of Figure 4). In this case, these two plans would have opposite behaviors. At last, we consider
the instance by combining these two sub-instances together. In this instance, both plan incurs a
cost of O(N - OUT), since |R; < Ry| = |Ry > R3| = ©(N - OUT). Similarly, we can construct an
instance for general line queries, such that the intermediate join results materialized by Yannakakis
algorithm is ©(N - OUT).

Moreover, this hard instance also shows that |74, 4,(R1 ™ Ry)| = |7a,4,(R2 ™ R3)| = (N -
OUT). Hence, no matter which algorithm is used for computing 74, 4,(R; > Ry) or 74, 4,(Rz > R3),
even with fast matrix multiplication techniques, the bottleneck is still to materialize the output of
the intermediate matrix multiplication, which is as expensive as (N - OUT).

D LIMITATION OF SEMI-RING ALGORITHMS

THEOREM D.1. For an acyclic join-project query Q with free-width freew, given parameters 1 <
N,OUT < Nffee¥ there exists an instance R for Q of input size ©(N) and output size ©(OUT) such
that any semi-ring algorithm for computing the query results Q(R) requires Q (N . OUT! feew + OUT)
time.

Hard Instance for Matrix Multiplication [2, 22]. We start with the hard instance for Qqatrix =
7acRi (A, B) < Ry(B, C). Attributes A, B, C have domain size +/OUT, \/oLﬁ’ +/OUT. Relations R; is
a Cartesian product between A and B, and R; is a Cartesian product between B and C. It has been
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Algorithm 5: CLeanse(Q = (V,E,y),R) A As As Ay
1 R « DEDANGLE(Q, R); @.

2 while true do OUT

3 if 3B € V —y s.t. B only appears in one 2 oUT 5 1

relation, say e then
4 R. < m._BR.; @
5 V «— YV —{B};

N oUT ouT
6 if Je,e’ eE st.e S e thenE — & — {e}; ! 2 ouT 2
7 if Q does not change from last iteration then Fig. 4. A hard instance of line-3 query
L break; for Yannakakis framework. The num-
8 return updated Q, R; bers below are the domain sizes.

proved by [22] that when only semi-ring operations are allowed, any algorithm needs to incur a
cost of Q (N -/ OUT).

Hard Instance for Star Queries [2]. We can generalize the hard instance for Qmatrix t0 Qstar
as follows. Attribute A; has domain size OUTY* for any i € [m], and attribute B has domain size
ﬁ. Relations R; is a Cartesian product between A; and B. The similar argument can be made
such that when only semi-ring operations are allowed, any algorithm needs to incur a cost of
Q (N - OUT!—Vk),

Hard Instance for General Acyclic Join-Project Queries. Consider an acyclic join-project query
Q that is also cleansed. We will remove this assumption at last. Let Q, Qy, - - - , Qp, be the connected
sub-queries in GZ. Wlog, assume @, has the maximum number of relations that contain unique
output attributes. Let ey, e, - - - , e, be the set of relations that contain unique output attributes. By
definition, ¢ = freew. We pick an arbitrary unique output attribute from e; denoted as A;.

We construct a hard instance as follows. Each chosen output attribute A; has its domain size
OUTY*, For any remaining output attribute A € y — {A;, Ag, - - - , A}, we set dom(A) = {#}. Every
non-output attribute B € V — y has domain size ﬁ. Consider an arbitrary relation R,. There is
a one-to-one mapping between all non-output attributes. If e € {e, ez, - - , €}, R, is a Cartesian
product between the unique output attribute and non-output attributes, with OUTY/ . OU% 7 =N
tuples. Otherwise, R, is a one-to-one mapping between all non-output attributes, with ﬁ tuples.
It can be easily shown that for any non-output attribute B, the projection of the query results Q(R)

onto attributes A;, Ay, - - - , Ay, B has its size as large as

1/¢ ¢ N 1—1

(out) - — N OUT!" ¥,
ouT!!

which is equivalent to the hard instance for Qs with ¢ relations. See an example in Figure 5. Any

semi-ring algorithm for Q and R would imply a semi-ring algorithm for Qs with the corresponding

hard instance. Hence, when only semi-ring operations are allowed, any algorithm needs to incur a

cost of Q (N : OUTl_ﬁ).

Now, we consider the case when Q is not cleansed. Let Q' be the cleansed version of Q. We
construct the hard instance for Q’ as above. For every non-output attribute that has been removed
by the cleanse procedure from Q, we set its domain as {*}. For every relation e that has been
removed by the cleanse procedure from Q, there must exist some relation ¢’ in Q’ such that e < ¢'.
We just set R, = m R, as the projection of R,s. All arguments apply for Q.
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Fig. 5. A hard instance of line-4 query for semi-ring algorithms. The numbers below are the domain sizes.

E NEW ANALYSIS OF [16] IN RAM MODEL

Hu et al. [16] have investigated the join-aggregate queries defined over semi-ring in the mas-
sively parallel computational model. Note that join-project query is defined on a special semi-ring
({0, 1}, n, U). Revisiting this algorithm in the RAM model, we observe:

e given any instance R of Qjine With input size O(N - +/OUT) and output size OUT, there is an
algorithm running in O(N - +/OUT) time that can reduce R into O(1) instances of Qmatrix With
input size O(N - 4/OUT) and output size OUT.

e given any instance R of Qg with input size O(N - 4+/OUT) and output size OUT, there is an
algorithm runs in O(N - +/OUT) time that can reduce R into O(1) instances of Quatrix With input
size O(N - 4/OUT) and output size OUT, and runs in O(N - OUT) time.

e given any instance R of tree query Q (an acyclic query such that each relation contains at most two
attributes), with input size N and output size OUT, there is an algorithm running in O(N-OUT??)
time that can reduce R into O(1) instances of Quatrix With input size O (N .oUTY 3) and output
size OUT.

In incorporating the best algorithm [1] for sparse Boolean matrix multiplication, we obtain the
following results (assuming o = 2):

e Given an instance R for Qjine 0or Qstar with input size N and output size OUT, the Qjine(R) and
Qstar(R) can be computed in 10) (N .OUT? + OUT) time.

e Given an instance R for a tree query Q with input size N and output size OUT, the Q(R) can be
computed in O (N - OUT + N + OUT) time. This is no better than the Yannakakis algorithm.

F MISSING PROOFS IN SECTION 2

ProOF OF LEMMA 2.1. We review the algorithm in [1]. Suppose we are given two input matrices
M; € {0,1}"4%"8 and M, € {0, 1}"8*"¢. For an arbitrary Boolean matrix M € {0, 1}"1*"2, we
denote supp(M) = {(i, j) € [n1] x [nz] : M[i, j] = 1} be the support of M, i.e., the set of indices for
all non-zero entries in A. Let N = supp(M] ) + supp(M3) and OUT = supp(M; - M3). The essence
of the algorithm presented in [1] is a primitive for sparse input and dense output matrix where
nyg - ne < OUT, which is also the bottleneck of whole algorithm. We note that all other primitives
together take O(N + OUT) time. Suppose an O(1)-approximation of OUT is known.

1

The First Complexity Result. Set A = ("BTOUT) i@ . A value b € dom(B) is heavy if its degree is
greater than A in Ry or Ry, and light otherwise. Let B2, Blight be the set of heavy, light values in

B respectively. We then divide Qmatrix into two sub-queries: Q" .. = macRi (A, B") = Ry(B',C),
light

matrix’

out B. The cost of this stepis O(N - A) = O (N% - (ng - OUT)ﬁ). For Q™  we compute the

matrix’

where ? can either be heavy or light. For Q we compute the full join results and then project
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following rectangular matrix multiplication:

X-z-ng

MM (x,ng,z) < max ————— 4
X'Z<0UT,( 57) < x-z<OUT, min{x, ng, z}3~¢ @

Asx, A<x< T

A<z A

A<z< QI

We further distinguish two more cases:

-OUT —o 1
e Case 1: min{x, z} < np. Then, we can further bound (4) < o5 < Nv¥o. (ng - OUT) =3

A3—@
, X-z-np o2
e Case 2: min{x, z} > np. Then, we can further bound (4) < max ——— < OUT-n% °.
x-z<OUT, n%*w B

A<x< 9T,
A<z< O

Combining these two cases, we obtain the following result as desired.

The Second Complexity Result. We skip the heavy-light strategy and compute the rectangular
matrix multiplications directly:

X-z-ng

MM (x,ng,z) < max ——————— 5
X-Z<0UT,( 87) < x-z<OUT, min{x, ng, z}3~¢ )

xX<na, x<na,

zsnc z<nc

We further distinguish two more cases:
e Case 1: min{x, z} < ng. Then, we can further bound (5) as

X-z-ng

. —2
5)< max —————— = max ng-max{x,z} min{x,z}*
(5) xz<OUT, min{x, z}37®  x.z<OUT, {2} 2}
X<na, x<na,
z<nc z<nc
= max_ ng-(x-2)°" % max{x,z}*"®
x-z<OUT,
X<na,
z<nc
< ng - OUT® ™2 - max{na, nc}>=®
. X-z-ng 2
e Case 2: min{x, z} > np. Then, we can further bound (5) < max ———— <OUT-ny “.
x-z<OUT, p7—
x<na, B
z<nc
Combining these two cases, we obtain the result as desired. O

PROOF OF LEMMA 23. Asdi < dy < -+ < dp, [ [di = [ [djand [] &> [] d;.As
ien jep ien—{1}  jef—{2}

Hdi . de = A, we have Hd,- = max Hdi’ de > )12 Wlog, assume k is even (the odd

i€en Jjep ien i€en Jjep

k 1/2 12
A
case can be proved similarly). As dy > dy = -+ = di_q, H d; < <H dj> = (—) .

ien\{1} j=2 d
Hence n d; < 22, Moreover, if d; < A’ nd~= n di-dy < A 1/z-d =(A-d)V? <
5 - AR . 5 1 5 ' i ‘ i 1= dl 1 1 =
ien\{1} ien ien\{1}
/A
\/)L-/I’.Again,asti-ndj:/Lwehavel_[dj2 7 O
ien jep Jjep
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CORRECTNESS PROOF OF THEOREM 2.5. Given any input instance R for Q,,, we denote S as
the results returned by the algorithm in Section 2.2. To prove the correctness, we next show
Qstar(R) = S. Direction <. For each query result (aj,as, -+ ,ar) € Qstar(R), there must exist
some value b € dom(B), such that (a;,b) € R; for each i € [k]. Then, in step 1, let ¢ = ¢}, be

the permutation of b for simplicity. If b € B;ght, then (aj,as, - - -, ax) is computed by Step 3. If

be B;eavy, (aj,as, - -+ ,ax) is computed by Step 4. Hence, every query result must be reported
by this algorithm. Direction 2. For each tuple (aj, az, - - - ,ax) € S reported by this algorithm. If
(ay,az, - - - ,ax) is reported by Step 3 or Step 4, it is easy to check that there exists some b € dom(B)
such that (a;, b) € R; for each i € [k], hence (aj, az, - - - , ax) € Qstar(R)- ]

G MISSING PROOFS IN SECTION 3

CoRRECTNESS PROOF OF LEMMA 3.8. Given any input instance R for a flower query Q, we denote
S as the results returned by the algorithm in Section 3.2. To prove the correctness, we next show
Q(R) = 8. Direction C. For each query result t; € Q(R), there must exist a full join result
ty €Xeeg Re such that myt; = t1. Let t = myty. In step 1, let ¢ = ¢, be the permutation of ¢ for

I(iiﬁght, then t; is computed by Step 3. If t € X;eavy’ t; is computed by Step 4. Hence,

every query result must be reported by this algorithm. Direction 2. For each tuple t; € S reported
by this algorithm. If #; is reported by step 3 or step 4, it is easy to check that there exists some full
join result ¢, €Xccg Re such that 7 t; = t;, hence t; € Qgtar(R). O

simplicity. If t € x

CORRECTNESS PROOF oF THEOREM 3.9. Given any input instance R for a general acyclic join-
project query Q, we denote S as the results returned by the algorithm in Section 3.2. To prove
the correctness, we next show Q(R) = 8. This trivially holds for all base cases as well as the
general case (1). We next prove it for general case (2) by induction. By hypothesis, we assume
that each subquery Q7 is correctly computed. Then, it suffices to show that the union of query
results of QX over all possible labels y is exactly Q(R). This is straightforwardly guaranteed by
the decomposition in Step 2. Putting everything together, we complete the whole proof. O

H BETTER RESULTS ON TREE QUERY

CoroLLARY H.1. For a tree join-project query Q with its cleansed version Q', where each connected
component of G2, is Qmatrix» and an instance R of input size N and output size OUT, the Q(R)

~ M (2+a) 1—ap
can be computed in O (N -OUT™# + OUT + N 1 - OUT 1+ﬂ”) time. If o = 2, it degenerates to
O (N -OUT"® + OUT).

COROLLARY H.2. For a tree query Q with its cleansed version Q" where each connected component
ofG?Q, is Qstar, and an instance R of input size N and output size OUT, the Q(R) can be computed in

2(freew—1)

O (N2 OUT + N - OUT T 77 )

~ 2(freew—1)
time, where freew is the free-width of Q. If = 2, it degenerates to O (N - OUT3(reew=1)+2 OUT).
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