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ABSTRACT

One of the most celebrated results for evaluating con-
junctive queries (CQs) is the Yannakakis algorithm [24]
proposed in 1981. It is known that free-connex CQs can
be evaluated in O(N + OUT) time, where N is the in-
put size of the database and OUT is the output size
of the query result. This is already output-optimal.
However, only an upper bound O(N · OUT) on the run-
time is known for the remaining acyclic but non-free-
connex CQs. Alternatively, one can convert a non-free-
connex CQ into a free-connex one using tree decomposi-
tion techniques, and then run the Yannakakis algorithm.
However, none of them is known to be output-optimal.

In this work, we show a lower and upper bound match-

ing ⇥
⇣
N · OUT

1�
1

fn-fhtw + OUT

⌘
for computing acyclic

CQs, where fn-fhtw is the free-connex fractional hyper-
tree width of the query. Although free-connex fractional
hypertree width is a natural and well-established mea-
sure of how far a CQ is from being free-connex, we
demonstrate that it precisely captures the output-optimal
complexity of acyclic CQs. To our knowledge, this has
been the first polynomial improvement over the Yan-
nakakis algorithm in the last 40 years and completely
resolves the open question of computing acyclic CQs in
an output-optimal way. Our output-optimal algorithm
proposed for acyclic CQs also extends to cyclic CQs, as
well as CQs with aggregations over arbitrary commuta-
tive semirings.

1. INTRODUCTION
Conjunctive query (CQ) evaluation is a fundamen-

tal task for relational databases. Finding e�cient al-
gorithms for evaluating CQs has been a holy grail in
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database theory since 1981. Previous results have achieved
two flavors of runtimes: worst-case optimal [21, 18, 15,
24, 4] and output-sensitive [24, 15]. Worst-case optimal
bounds are tight only on pathological instances with
large outputs, which is uncommon in practice. In con-
trast, output-sensitive bounds express the runtime as
a function of the input size N and output size OUT,
which are more practically meaningful, especially for
queries where the aggregation or projection operator
may significantly reduce the output size. In addition,
an output-optimal algorithm is also worst-case optimal
(but not vice versa): the Yannakakis algorithm [24]
is the best-known example, which achieves an output-
optimal bound O(N + OUT) for free-connex queries.

Although output-optimal algorithms are practically
desirable, they are much more di�cult to design. For
the large class of acyclic but non-free-connex queries,
prior works have yet to discover an output-optimal al-
gorithm. Currently, there are two predominant ap-
proaches to computing these queries: (1) run the Yan-
nakakis algorithm; (2) convert the query into a free-
connex one using the tree decomposition technique and
the worst-case optimal join algorithm [18, 19], and then
run the Yannakakis algorithm. For (1), Yannakakis
only gave an upper bound O (N · OUT) on its runtime.

Later, this bound was tightened to O

⇣
N · OUT

1�
1
k

⌘
for

star CQs with k relations, which is output-optimal [20].
For (2), Khamis et al. showed an upper bound
O

�
N

#fn-subw + OUT
�

on its runtime, where #fn-subw is
the #free-connex submodular width of the query [15].
Both algorithms are worst-case optimal, but neither is
known to be output-optimal for general acyclic CQs.

In this work, we identify the free-connex fractional
hypertree width (fn-fhtw) for CQs to characterize the
output-optimal complexity. Specifically, we show how

to evaluate acyclic CQs in ⇥
⇣
N · OUT

1�
1

fn-fhtw + OUT

⌘

time, together with a matching lower bound under the
semiring circuit model. Note that fn-fhtw = 1 for the
free-connex queries and fn-fhtw = k for star queries with
k relations, thus generalizing the previous results on
these two special cases. As a by-product, our output-
optimal algorithm for acyclic queries also yields new
output-sensitive algorithms for cyclic queries. In ad-
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dition, all of our results can be extended to aggregation
queries over commutative semirings.

2. PRELIMINARIES
We establish the minimal notation and concepts re-

quired to state our main result.

Conjunctive Query (CQ). We associate a CQ Q with
a hypergraph H = (V, E), where the set of vertices
V = {x1, . . . , xn} model the attributes and the set of
hyperedges E = {e1, . . . , ek} ✓ 2V model the relations.
Let dom(x) be the domain of attribute x 2 V. Let
dom(X) =

Q
x2X dom(x) be the domain of a subset

X ✓ V of attributes. An instance of Q is associated
a set of relations D = {Re(xe) : e 2 E}, where xe ✓ V is
the schema (or the set of variables) of Re. each relation
Re consists of a set of tuples, where each tuple t 2 Re

is an assignment that assigns a value from dom(x) to x

for every attribute x 2 xe. The CQ is written as:

Q(xF )  
^

e2E

Re(xe)

The variables xF in the head of the query are the free
variables (or the output variables). In this way, a CQ
Q can be modeled as a tuple (H, F). The query result
of Q on the instance D, denoted as Q(D), is defined as:

Q(D) = {t
0
2 dom(xF ) :9t 2 dom(V),⇡xF t = t

0
,

8e 2 E ,⇡xet 2 Re}.

We use N to denote the input size of D, and use OUT =
|Q(D)| to denote the output size.

We study the data complexity of this problem by as-
suming the query size (i.e., |V| and |E|) is constant. Our
objective in this work is to design algorithms for eval-
uating CQs by taking both the input and output size
into account. In other words, the running time we ob-
tain should be a function of both N and OUT.

Fractional Edge Covering Number. For a subset S ✓ V,
we use H[S] = (S, E [S]) to denote the sub-hypergraph
induced by S, where E [S] = {e \ S : e 2 E}. For any
subset S ✓ V, a fractional edge covering of S is a func-
tion ⇢ : E ! [0, 1] such that

P
e2E:x2J ⇢(J) � 1 for each

variable x 2 S. The fractional edge covering number of
H, denoted as ⇢⇤(H), is defined as the minimum sum of
weight over all possible fractional edge coverings ⇢ of V,
i.e., ⇢⇤(H) = min⇢

P
e2E

⇢(J).

Tree Decomposition. A tree decomposition (TD) of H =
(V, E) is a pair (T ,�), where T is a tree and � : nodes(T )
! 2V is a mapping from the nodes of T to subsets of
V, that satisfies the following properties: (1) For each
relation e 2 E , there is a node u 2 nodes(T ) such that
xe ✓ �(u). (2) For each attribute A 2 V, the set {u 2

nodes(T ) : A 2 �(u)} forms a connected sub-tree of T .
Each set �(u) is called a bag of the TD. The width of

(T ,�) noted as width(T ,�) is defined as

width(T ,�) = max
u2nodes(T )

⇢
⇤ (H[�(u)])

i.e., the maximum fractional edge covering number of
the subqueries induced by bags in T . A TD(T ,�) is

free-connex for a CQ (H, F) if there is a connected sub-
tree S of T such that

S
u2nodes(S) �(u) = xF , i.e., the

union of attributes appearing in S is exactly the output
variables. Figure 1 shows a tree decomposition rooted
at two di↵erent nodes.

Classification of CQs. A CQ is acyclic [6, 14] if and only
if it has a width-1 TD. A CQ is free-connex [5] if and
only if it has a width-1 free-connex TD. As an example,
both tree decompositions in Figure 1 have width 1.

Model of Computation. We use the standard RAM
model with a uniform cost measure. For an instance of
size N , every register has length O(log N). Any arith-
metic operation (such as addition, subtraction, multipli-
cation, and division) on the values of two registers can
be done in O(1) time. Sorting the values of N registers
can be done in O(N log N) time.

3. CHAIN CQS
In this section, we first review the classic Yannakakis

algorithm, then examine chain queries (a.k.a. chain ma-
trix multiplication):

Qchain(x1, xk+1) 
^

i2[k]

Ri(xi, xi+1).

on which the Yannakakis algorithm is not optimal, and
finally, show our optimal algorithm. We will use the
4-chain query Qchain4 (k = 4) as a running example.

3.1 Yannakakis Algorithm
Suppose we are given an acyclic CQ Q = (H, F) and

an instance D for Q. For simplicity, we assume that
there exists no pair of relations e, e

0
2 E such that e ✓ e

0;
otherwise, we can simply replace Re0 by Re0 1 Re and
remove Re. Let (T ,�) be a width-1 TD for Q. There
is a one-to-one correspondence between relations in E

and nodes in T . For simplicity, we also use e to denote
the node u in T that corresponds to relation e, i.e.,
�(u) = e. The algorithm consists of two phases:

Semi-Joins. The first phase removes all dangling tuples
via a bottom-up and top-down pass of semi-joins along
T , where a tuple is dangling if it does not participate
in any full join result. This step can be performed in
linear time O(N).

Join-Project. The second phase roots T on an arbitrary
root node r, and then performs joins and projections in
a bottom-up way. Specifically, it takes two nodes Ru

and Rpu such that u is a leaf and pu is the parent of u,
projects away non-output variables that do not appear
in �(pu) by replacing Ru with ⇡�(u)\(�(pu)[xF )Ru, and
replaces Rpu with Rpu 1 Ru. Then Ru is removed, and
the step repeats until only one node remains, i.e., the
root node r. Hence, it projects on output variables in
r, and outputs ⇡xF Rr as the final result.

Figure 1 shows the query plans of running Yan-
nakakis’ algorithm on two rooted tree decompositions.

The runtime is proportional to the largest number of
intermediate results materialized (after dangling tuples
are removed). It can be shown that this number can
always be upper bounded by O(N · OUT), hence the
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x2x3

x3x4

x1

x4 x5

U3 := R3 ./ R4

U2 := R2 ./ (⇡x3,x5U3)

U1 = R1 ./ (⇡x2,x5U2)

TD rooted at (x1x2)

R4

R3

R2

R1

x3x4

x2x3

x2

V2 := R2 ./ R1

V3 := R3 ./ (⇡x1,x3V2)

V4 := R4 ./ (⇡x1,x4V3)

TD rooted at (x4x5)

R1

R3

x1

x4x5R4

R2

x2

Figure 1: Two width-1 TDs for Qchain4. For TD rooted
at (x1x2), U3, U2, U1 are the intermediate results mate-
rialized by the Yannakakis algorithm. For TD rooted at
(x4x5), V2, V3, V4 are the intermediate results material-
ized by the Yannakakis algorithm.

above algorithm takes time O(N +N ·OUT). When the
join query is free-connex, it can be shown that the run-
time can be bounded instead by the tighter expression
O(N + OUT). However, this upper bound can some-
times be loose and dependent on the specific query plan
chosen for a given input instance.

3.2 Why Yannakakis is suboptimal
We now construct an instance as shown in Figure 2,

where we will show that Yannakakis’ algorithm has
a suboptimal behavior, independent of which plan we
choose. This is a generalization of the analysis in [11].

Example 1. Assume 2  OUT  N . Let us first fo-
cus on the top half of Figure 2). Attributes x1, x2, x3,
x4 have domain sizes OUT

2 ,
N

OUT
,

N
2 , 1 respectively. R1 is

a Cartesian product between dom(x1) and dom(x2), R2

is a many-to-one mapping from dom(x2) to dom(x3),
and R3 is a one-to-many mapping between dom(x3) and
dom(x4). It is easy to check that this instance has in-
put size ⇥(N) and the output size is OUT. The plan
on the left in Figure 1 incurs a cost of ⇥(N · OUT)
since |R1 1 R2| = N·OUT

2 , while the plan on the right
incurs a cost of ⇥(N) since |R2 1 R3| = N and
|R1 ⇥ dom(x4)| = N .

Next, we construct a symmetric instance (see the bot-
tom half of Figure 2). Now, these two plans would have
the opposite behavior. Finally, we consider the instance
by combining these two sub-instances together. On this
combined instance, both plans incur a cost of ⇥(N ·

OUT), since |R1 1 R2| = |R2 1 R3| = ⇥(N · OUT).
We can apply a similar argument to all other possible

query plans for evaluating this instance, and any single
query plan has to materialize ⇥(N · OUT) intermedi-
ate join results. Hence, Yannakakis algorithm indeed
requires ⇥(N · OUT) time on this instance.

Inspired by this instance, we can leverage the power
of multiple query plans to overcome the fundamental
limitation of the Yannakakis’ algorithm. In our exam-
ple, we want to run the upper part of the input using
the TD rooted at (x4x5), and then the lower part using
the TD rooted at (x1x2); this leads to a running time
of only O(N + OUT). However, in general, it is not as
straightforward to see which TDs should be chosen, how
the data must be partitioned, and which part we should
send to each TD. In the next section, we will show our
novel strategy for the class of chain queries before we
generalize it to all acyclic CQs.

x1 x2 x3 x5

OUT
2

N
OUT

N
2 1

1
N

OUT
N
2

OUT
2

x4

N
2

N
2

Figure 2: A database instance for 4-chain CQ.

Algorithm 1: ChainCQ(Qchain, D)

1 foreach i 2 [k � 1] do
2 if i = 1 then T1(x1, x2) R1;
3 else Ti(x1, xi+1) Si�1 ^Ri;

4 x
heavy

i+1 , x
light

i+1  n
a 2 dom(xi+1) :

���xi+1=aTi

�� >
p

OUT

o
,

n
a 2 dom(xi+1) : 1 

���xi+1=aTi

�� 
p

OUT

o
;

5 R
heavy

i , R
light

i  Ri n x
heavy

i+1 , Ri n x
light

i+1;

6 Si(x1, xi+1)  Ti n x
light

i+1;

7 foreach i 2 [k � 1] do

8 Qi(x1, xk+1)  
⇣
^j2[i�1]R

light

j

⌘
^R

heavy

i ^

⇣
^

k
j=i+1Rj

⌘
;

9 Q⇤(x1, xk+1) 
⇣
^j2[k�1]R

light

j

⌘
^Rk;

10 return Q1 [Q2 [ · · · [Qk�1 [Q⇤;

3.3 New Algorithm
Given the wide variety of TDs for a chain query, one

natural question arises: which query plans should we
select? For chain queries, we only consider two query
plans that correspond to two width-1 TDs: (a) one is
rooted at (x1x2); (b) one is rooted at (xkxk+1). See
Figure 1 for Q4. Behind our hybrid strategy, the idea is
to partition the input instance into a set of sub-instances
and then choose one of two plans for each sub-instance.
For example, if the active domain of xk+1 is small, we
choose the one rooted at (x1x2); and if the domain of
x1 is small, we choose the TD rooted at (xkxk+1).

As described in Algorithm 1, our new algorithm con-
sists of two stages. In Stage I, we partition the input
instance. In Stage II, we choose di↵erent query plans for
each sub-instance, apply the Yannakakis algorithm, and
union the results of all subqueries. See an example in
Figure 3. We assume a constant-approximation of OUT

is known; this assumption can be removed without in-
creasing the complexity asymptotically [12]. In the fol-
lowing, we use OUT to denote a constant-approximation
of the output size.

Stage I: Partition. For each value a 2 dom(x2), we define
its degree as the number of tuples from R1 that have
value as a in x2, i.e., 4(a) = |⇡x1�x2=aR1|. A value a 2

dom(x2) is heavy if 4(a) >
p

OUT, and light otherwise.
Let A

heavy

2 , A
light

2 be the set of heavy and light values in
x2. Let R

heavy

1 = R1 n A
heavy

2 and R
light

1 = R1 n A
light

2 be
the set of heavy and light tuples in R1 respectively.
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Stage II: Hybrid Yannakakis

x
heavy

2

x2x3

x3x4

x1

x4 x5

R
heavy

1

R2

R3

R4

x
light

2

x
light

2 x
heavy

3

x3x4

x1

x4 x5

R
light

1

R
heavy

2

R3

R4

x
light

2 x
light

3

x
light

3 x
heavy

4

x1

x4 x5

R
heavy

3

R4

R
light

1 x
light

2

R
light

2

x4 x5R4

x
light

3 x
light

4R
light

3

x
light

2 x
light

3R
light

2

x1R
light

1 x
light

2

Partition x2

Partition x3

Partition x4

light

lightheavy

heavy

Q1

Q2

Q3 Q⇤

light

heavy Stage I: Partition

TD rooted at (x1x2) TD rooted at (x1x2) TD rooted at (x1x2) TD rooted at (x4x5)

Figure 3: An illustration of Algorithm 1 for the 4-chain query.

We partition relations by ordering R2, R3, · · · , Rk.
Suppose we are done with R1, R2, · · · , Ri�1. We next
partition values in dom(xi+1) that can be joined with
any value in dom(x1) via R

light

1 , R
light

2 , · · · , R
light

i�1. Let

4(a) =
���⇡x1

n⇣
1j2[i�1] R

light

j

⌘
1 (�xi+1=aRi)

o���

be the degree of each value a 2 dom(xi+1). A value
a 2 dom(xi+1) is heavy if 4 (a) >

p

OUT, and light oth-
erwise. Let x

heavy

i+1 , x
light

i+1 be the set of heavy, light values

in xi. Then, R
heavy

i = Ri n x
heavy

i+1 and R
light

i = Ri n x
light

i+1.
Note that some values in xi+1 may be undefined, as well
as some tuples in Ri.

Instead of computing 4(·) directly, we introduce the
following intermediate relations:

Ti (x1, xi+1) = ⇡x1,xi+1

⇣
1j2[i�1] R

light

j

⌘
1 Ri,

Si(x1, xi+1) = ⇡x1,xi+1

⇣
1j2[i] R

light

j

⌘

and recursively compute them by (T1 = R1 in line 2):

Ti = ⇡x1,xi+1Si 1 Ri; (line 3)

Si = ⇡x1,xi+1Ti n x
light

i+1; (line 6)

Once we have computed Ti, we can identify the heavy
and light values in xi+1, i.e., x

heavy

i+1 and x
light

i+1 (line 4).

We can use x
heavy

i+1 , x
light

i+1 to partition Ri into R
heavy

i , R
light

i

(line 5). Then, Si can be computed based on Ti and
x

light

i+1. Furthermore, Ti+1 can be computed based on Si

and Ri+1. We partition Q into k sub-instances:

Qi(x1, xk+1) 
⇣
^j2[i�1]R

light

j

⌘
^R

heavy

i ^

⇣
^

k
j=i+1Rj

⌘

for i 2 [k�1] and Q⇤(x1, xk+1) 
⇣
^j2[k�1]R

light

j

⌘
^Rk.

Stage II: Hybrid Yannakakis. We invoke the Yannakakis
algorithm to compute Qi for each i 2 [k � 1] using the
TD rooted at (x1x2), and Q⇤ using the TD rooted at
(x4x5). Finally, we union the results of all subqueries.

Analysis. In Stage I, consider any i 2 [k] � {1}. As
there are N tuples in Ri, and each of them can be joined

with at most
p

OUT tuples in Si�1, Ti can be computed

in O

⇣
N ·

p

OUT

⌘
time. Also, |Ti| = O

⇣
N ·

p

OUT

⌘
.

The cost of computing Si is O(|Ti|) = O

⇣
N ·

p

OUT

⌘
.

In Stage II, for Qi, each active value in xk+1 can be
joined with at least

p

OUT values in x1, implied by
x

heavy

i+1 . As there are OUT results in total, the active

domain size of xk+1 is O

⇣p
OUT

⌘
. Hence, the num-

ber of intermediate join results materialized for each

node is at most O

⇣
N ·

p

OUT

⌘
. For Q⇤, the total num-

ber of intermediate join results is O

⇣
N ·

p

OUT

⌘
, as

there are N tuples in Rk and each of them can be
joined with at most

p

OUT tuples in Sk�1. Hence, this

step takes O

⇣
N ·

p

OUT

⌘
time. Finally, as each sub-

query produces at most OUT results, and there are O(1)
subqueries, the aggregation step takes O(OUT) time.
Putting everything together, we obtain:

Proposition 1. For Qchain, and an arbitrary instance D

of input size N and output size OUT, the query result

Q(D) can be computed in O

⇣
N + N ·

p

OUT

⌘
time.

4. MAIN RESULTS
In this section, we present our main result. We start

with the formal definition of free-connex fractional hy-
pertree width, state the main result, and then show the
general algorithm for acyclic CQs. Finally, we extend
our result to cyclic CQs and CQs with aggregation. Due
to the page limit, all missing details can be found at [12].

4.1 Main Theorem
One of our main results is to identify that free-connex

fractional hypertree width is the correct quantity for
capturing the output-optimality of acyclic CQs:

Definition 1 (Free-connex Fractional Hypertree Width).
For a CQ Q = (H, F), let FTD(Q) be the set of all free-
connex TDs for Q. The free-connex fractional hypertree
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x2

x2x3

x3x4

x1 x5

x1

x5

x5

x5 x1x5

x2x3x1

x3x4x1

x1 x5x4T125

T235

T345 T123

T134

T145

Figure 4: Two free-connex tree decompositions of the
4-chain CQ Qchain4. T�(u) shows the attributes in the
node of the tree decomposition.

width of Q, denoted as fn-fhtw(Q), is defined as:

fn-fhtw(Q) := min
(T ,�)2FTD(Q)

width(T ,�)

In other words, it is the minimum width of all possi-
ble free-connex TDs. Contrast this with the traditional
notion of fractional hypertree width, which instead con-
siders all possible TDs. By definition, fn-fhtw(Q) � 1
for all CQs and fn-fhtw(Q) = 1 for free-connex CQs.

Example 2. Figure 4 shows two free-connex tree decom-
positions for Q4. Each of the two TDs has width 2, and
one can show that fn-fhtw(Qchain4) = 2. In fact, for the
general chain query Qchain, fn-fhtw(Qchain) = 2.

We are now ready to state our main theorem.

Theorem 1. For any acyclic CQ Q and a database D

with input size N and output size OUT, there is an al-
gorithm that can compute Q(D) in time

O

⇣
N + OUT + N · OUT

1�
1

fn-fhtw(Q)

⌘
.

4.2 Structual Analysis
To achieve Theorem 1, we point out a helper lemma

that can significantly simplify the query structure.

Definition 2 (Separated CQ). A CQ Q = (H, F) is sep-
arated if there is a one-to-one correspondence between
the set of output attributes and the set of attributes that
only appear in one relation, and for each e 2 E that con-
tain some output attributes, there exists some relation
e

0
2 E � {e} that contains all non-output attributes in

e, i.e., xe � xF ✓ xe0 .

Lemma 1. An acyclic CQ Q with an instance D of in-
put size N can be transformed into a set of k sepa-
rated acyclic CQs Q1, Q2, · · · , Qk and k sub-instances
D1, D2, · · · , Dk each of input size O(N), such that Q(D)
= ^i2[k]Q(Ri), |Qi(Di)|  |Q(D)| for any i 2 [k], and
fn-fhtw(Q) = max

i2[k]
fn-fhtw(Qi), in O(N) time.

With Lemma 1, we can focus on evaluating each sepa-
rated CQ first, and then combining their query result via
join, since Q(D) = ^i2[k]Q(Ri), which is also the final
query result. This join step will only take O(N + OUT)
time. In Section 4.3, we present an output-optimal al-
gorithm for separated acyclic CQs.

We start with a nice structural property of sepa-
rated acyclic CQs regarding fn-fhtw. In a TD (T ,�),
for a node e, let Ne denote the set of nodes incident

y3 x3

x4y4

z1y3
z2y4

x1y1

y2z1

x2y2

y1z2

e2

e1

e3

e4

e5 e6

Figure 5: A separated TD (T ,�) for Qseparated. The set
of output attributes, or the set of attributes appearing
in only one relation, is {x1, x2, x3, x4} (highlighted in
red). The set of boundary nodes, or the set of relations
containing output attributes, is {e1, e2, e3, e4}.

to it. Node e is in the boundary of T if |Ne| = 1.
Throughout this subsection, we will use a more com-
plicated CQ Qseparated(x1, x2, x3, x4)  R1(x1, y1) ^
R2(x2, y2)^R3(x3, y3)^R4(x4, y4)^R5(y1, y2, z1, z2)^
R6(y3, y4, z3, z4) as the running example.

Lemma 2. Any separated acyclic CQ Q = (H, F) has a
width-1 TD(T ,�) such that there is a one-to-one corre-
spondence between the set of relations containing output
attribute(s) of Q and the boundary of T . (T ,�) is called
a separated TD for Q.

For a pair of incident nodes e1, e2 in T , we use {e1, e2}

to denote the undirected edge between them, use (e1, e2)
(resp. (e2, e1)) to denote the directed edge from e1 to
e2 (resp. from e2 to e1). Removing edge {e1, e2} sep-
arates T into two connected subtrees Te1,e2 and Te2,e1 ,
containing e1 and e2 separately. Let Le1,e2 be the set of

boundary nodes in Te1,e2 . We define �e1,e2 =
|Le1,e2 |

fn-fhtw(Q)

as the fraction of boundary nodes in Te1,e2 . Each edge
(e1, e2) derives a sub-query as:

Qe1,e2(xF [ (xe1 \ xe2)) 
^

u2nodes(Te1,e2)

Re

i.e., projecting away all non-output attributes except
the join attributes between e1 and e2.

Example 3. Continue with the separated TD for
Qseparated in Figure 5. Removing edge {e5, e6} leads to
two sub-trees: Te5,e6 contains nodes e1, e2, e5 and Te6,e5

contains nodes e3, e4, e6. Edge (e5, e6) derives a CQ
Qe5,e6(z1, z2,

x1, x2)  R1(x1, y1) ^ R2(x2, y2) ^ R5(y1, y2, z1, z2).
And, �(e5, e6) = �(e6, e5) = 1

2 .

Definition 3 (Edge Label). For a separated acyclic query
Q and a separated TD(T ,�), an instance D and param-
eter OUT, an edge (e1, e2) in T is

• large if |Qe1,e2(D) n t| > OUT
�e1,e2 holds for every

tuple t 2 ⇡xe1\xe2
Re1 ; and

• small if |Qe1,e2(D) n t|  OUT
�e1,e2 holds for every

tuple t 2 ⇡xe1\xe2
Re1 ; and

• unlabeled otherwise.

Furthermore, we distinguish a small edge (e1, e2) as lim-
ited if |⇡xF Qe1,e2(D)|  OUT

�e1,e2 .
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Algorithm 2: HybridYannakakis(Q, D)

1 (T , �) a separated TD of Q with all edges
non-labeled;

2 P  {(T , D};
3 while P 6= ; do
4 (T 0

, D
0) an arbitrary pair in P;

5 while 9 non-labeled (e1, e2) in T
0 such that

(e3, e1) is limited for each e3 2 Ne1 � {e2} do
6 Label edge (e1, e2) as limited;
7 if (T 0

, D
0) meets Lemma 5 then

8 Computing Q(D0);
9 S  S [Q(D0);

10 else
11 (e1, e2) a non-labeled edge in T

0 such that
(e, e1) is small for any e 2 Ne1 � {e2};

12 Compute Qe1,e2 (D0);
13 H the set of tuples t in dom(xe1 \ xe2 )

such that����xe1\xe2=tQe1,e2 (D0)
��� > OUT

�e1,e2 ;

14 T
0

1  T
0 with (e1, e2), (e2, e1) labeled as

large, limited separately;
15 T

0

2  T
0 with (e1, e2) labeled as small;

16 Add
�
T

0

1 , D
0
� {Re1} [ {Re1 n H}

�
to P;

17 Add
�
T

0

2 , D
0
� {Re1} [ {Re1 . H}

�
} to P;

18 Remove (T 0
, D

0) from P;
19 return S;

Lemma 3 (Limited-Imply-Limited). For any node e1, if
there exists a node e2 2 Ne1 such that edge (e3, e1) is
limited for every node e3 2 Ne1�{e2}, then edge (e1, e2)
must be limited.

Lemma 4 (Large-Reverse-Limited). If edge (e1, e2) is
large, then edge (e2, e1) must be limited.

4.3 Algorithm
Base Case. We start by characterizing an optimal con-
dition on the input instances for which the runtime of
the Yannakakis algorithm can be bounded as stated in
Theorem 1. We call such an instance a base case.

Lemma 5 (Base Case). For a separated acyclic CQ
Q = (H, F) with a separated TD (T ,�), and an in-
stance D of input size N and output size OUT, if there
is a boundary node e of T such that the only edge (⇤, e)
is small, then Yannakakis algorithm can compute Q(D)

in O

⇣
N + OUT + N · OUT

1�
1

fn-fhtw(Q)

⌘
time.

Partition into Base Cases. The Yannakakis algorithm
falls short of optimality when input instances fail to
meet the required condition in Lemma 5. Even worse,
it is unknown how to e�ciently decide the label of each
edge because the definitions rely on sub-queries that are
expensive to compute. Therefore, the core technical
challenge is defining an e�cient ordering for edge la-
beling and isolating sub-instances once they fulfill the
criteria of Lemma 5.

As described in Algorithm 2, let (T ,�) be a sepa-
rated TD for Q (line 1), with all edges unlabeled ini-
tially. We put (T , D) into a candidate set P of in-
stances to be partitioned (line 2). In general, consider
an arbitrary pair (T 0

, D
0) 2 P. From Lemma 3, we ap-

ply limited-imply-limited rule to infer edge labels (lines

e2
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e4

y3x3

x4y4

z1y3
z2y4

x1y1

x2y2

y1z2
y2z1

e5 e6

(1)

(2) (3)

(4) (5)(6)

(7) (8) (9)

(10) (11)
large edge

limited edge

small edge

y3x3

x4y4

z1y3
z2y4

x1y1

x2y2

y1z2
y2z1

y3x3

x4y4

z1y3
z2y4

x1y1

x2y2

y1z2
y2z1

y3x3

x4y4

z1y3
z2y4

x1y1

x2y2

y1z2
y2z1

y3x3

x4y4

z1y3
z2y4

x1y1

x2y2

y1z2
y2z1

y3x3

x4y4

z1y3
z2y4

x1y1

x2y2

y1z2
y2z1

y3x3

x4y4

z1y3
z2y4

x1y1

x2y2

y1z2
y2z1

y3x3

x4y4

z1y3
z2y4

x1y1

x2y2

y1z2
y2z1

y3x3

x4y4

z1y3
z2y4

x1y1

x2y2

y1z2
y2z1

y3x3

x4y4

z1y3
z2y4

x1y1

x2y2

y1z2
y2z1

y3x3

x4y4

z1y3
z2y4

x1y1

x2y2

y1z2
y2z1

Figure 6: An illustration of the partition procedure on
the query in Figure 5.

5-6). If it meets the optimal condition, we compute
the result immediately (lines 7-9). Otherwise, we fur-
ther partition it (lines 9-17). More specially, we pick a
non-labeled edge (e1, e2) such that every other incoming
edge to e1 is small, i.e., edge (e3, t1) is small for each
node e3 2 Ne1 � {e2} (line 11). We compute Qe1,e2(D

0)
using the Yannakakis algorithm along Te1,e2 rooted at
e1 (line 12). A tuple t 2 dom(xe1 \ xe2) is heavy if

|Qe1,e2(D
0) n t| > ˆOUT

�e1,e2 , and light otherwise. Now,
we construct two sub-instances for D

0, which contain
heavy and light tuples in Re1 separately (line 16-17),
and two copies of T

0 in which edge (e1, e2) is further
labeled as large and small separately (line 14-15). By
Lemma 4, we can apply large-reverse-limited rule to in-
fer (e2, e1) as limited when (e1, e2) is labeled as large
(line 14). We add these two sub-instances into P (line
16-17). In either case, we will remove (T 0

, D
0) from P

(line 18). We continue applying this procedure to every
remaining pair in P until P becomes empty (line 3).

Example 4. We continue the example in Figure 5. Ini-
tially, all edges are unlabeled in (1). We start with ap-
plying line 13 to label edge (e1, e5) since Ne1�{e5} = ;.
In (2), the instance with large edge (e1, e5) and limited
edge (e5, e1) already meets the optimal condition. The
remaining instance has a small edge (e5, e1). We can
apply a similar argument to edges (e2, e5), (e3, e6) and
(e4, e6). In (3), we are left with the remaining instance
with small edges (e1, e5), (e2, e5), (e3, e6) and (e4, e6).
Then, we can apply line 13 to label edge (e5, e6).

In (4), for instance, with large edge (e5, e6) and lim-
ited edge (e6, e5), we can apply line 13 to partition
both edges (e5, e1) and (e5, e2). Suppose we partition
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edge (e5, e1) wlog. In (6), the instance with small edge
(e5, e1) already meets the optimal condition. In (7), we
are left with an instance with a large edge (e5, e1) and
a limited edge (e1, e5). We can apply the limited-imply-
limited rule to infer edge (e5, e2) as limited. This in-
stance also meets the optimal condition.

In (5), for the other instance with small edge (e5, e6),
we can apply line 13 to label both edges (e6, e4) and
(e6, e5). Suppose we label edge (e6, e4) wlog. In (8),
the instance with small edge (e6, e4) meets the optimal
condition. We can apply a similar argument to edge
(e6, e3). In (9), the remaining instance has large edges
(e6, e3) and (e6, e4), as well as limited edges (e3, e6) and
(e4, e6). We can apply the limited-imply-limited rule to
infer edge (e6, e5) as limited. Now, we can apply line
13 to label edges (e5, e1) and (e5, e2). Suppose we la-
bel edge (e5, e1). In (10), the instance with small edge
(e5, e1) already meets the optimal condition. In (11),
we are left with the instance with large edge (e3, e1) and
limited edge (e3, e2). Then, we can apply the limited-
imply-limited rule to infer edge (e3, e2) as limited. This
instance also meets the optimal condition. Now, P = ;,
and we are done with the partition procedure.

4.4 Extensions
Below, we discuss two nice extensions of our output-

optimal algorithm for acyclic CQs:

Cyclic CQs. Cyclic queries are usually tackled with tree
decomposition techniques. Given a tree decomposition
of the cyclic CQ, we can first evaluate the derived query
for each bag, materialize the query results as a relation,
and then apply our new output-optimal algorithm to
the transformed acyclic CQ. [3, 16] showed an algorithm
that can decompose any cyclic CQ with a database in-
stance D of input size N into a set of tree decompo-
sitions with sub-instances, such that the input size of
each sub-instance is bounded by at most O(N subw(Q)),
where subw(Q) is the sub-modular width of Q [17].

Theorem 2. For any CQ Q and a database D, there is
an algorithm that can compute Q(D) in

O

⇣
N + OUT + N

subw(Q)
· OUT

1�
1

maxi fn-fhtw(Qi)

⌘

time, where {Qi}i is the set of acyclic queries that cor-
respond to TDs of Q.

CQs with Aggregation. Let (D,�,⌦,0,1) be a
commutative semiring.1 Some commonly used
commutative semiring include Boolean semiring B
= ({false, true} ,_,^, false, true), counting semiring
C = (N, +, ·, 0, 1), and tropical semiring Trop

+ =
(R+ [ {1}, min, +,1, 0). Abo Khamis et al. [2] intro-
duced the functional aggregate queries (FAQ) that ex-
press CQs with aggregation via semiring annotations.
1A commutative semiring (D,�,⌦,0,1) satisfies the
following properties: (1) (D,�,0) is a commutative
monoid with additive identity 0 (i.e., � is associative
and commutative, and a � 0 = a for all a 2 D); (2)
(D,⌦,1) is a (commutative) monoid with multiplica-
tive identity 1 for ⌦; (3) ⌦ distributes over �, i.e.,
a ⌦ (b � c) = (a ⌦ b) � (a ⌦ c) for a, b, c 2 D; and
(4) a⌦ 0 = 0 for all a 2 D.

�

⌦

⌦

⌦

x
R1
a1 a2 x

R2
a2 a3

x
R3
a3 a4

x
R4
a4 a5

⌦

⌦

⌦

x
R1
c1 c2 x

R2
c2 c3

x
R3
c3 c4

x
R4
c4 c5

Figure 7: Arithmetic circuit for the 4-chain full CQ.
Leaves are monomials representing the tuples; internal
nodes are � and ⌦.

Let Q = (H, F) be a CQ where H = (V, E). A FAQ '

over a CQ Q and a commutative semiring (D,�,⌦,0,1)
is defined as follows:

'(xF ) 
M

V\xF

O

e2E

Re(xe),

Let Qfull be the full version of Q: Qfull(V)  V
e2E

Re(xe). For a database instance D, each relation
Re(xe) is enriched into a �-relation, where each tuple
is associated with a semi-ring element from D. The
query result of  on D, denoted as  (D) is a �-relation
of schema xF , where each query result sxF 2 Q(D) is
associated with the following semi-ring element from D:

p
H

D[sxF ] :=
M

t2Qfull(D):⇡xF t=sxF

O

J2E

x
e
(⇡xJ

t) (1)

where x
e
(⇡xe t) is the semi-ring element from D associated

with tuple (⇡xet) 2 Re. Our output-sensitive algorithm
can be similarly extended to acyclic FAQs with the fol-
lowing result:

Theorem 3. For an FAQ query  over an acyclic CQ Q,
a commutative semiring (D,�,⌦,0,1), and a database
D, there is an algorithm that can compute the query

result in O

⇣
N + N · OUT

1�
1

fn-fhtw(Q) + OUT

⌘
time.

5. LOWER BOUND
We now present a matching lower bound by show-

ing the smallest circuit needed for computing the prove-
nance polynomial of all query results over a given semir-
ing. The sum-product polynomial for a CQ Q = (H, F),
is parameterized by an underlying semiring, a hyper-
graph H, an instance D and a tuple sxF 2 Q(D), is
essentially p

H

D[sxF ] defined in Equation 1.

Circuits over Semirings. A circuit F over a semiring is
a directed acyclic graph with input nodes (with fan-in
0) variables in a set Sx containing x

e
(⇡et)’s in the right-

hand-side of Equation 1 and the constants 0,1. Every
other node is labeled by � or ⌦ and has fan-in 2; these
nodes are called �-gates and ⌦-gates, respectively. An
input gate of F is any gate with fan-in 0, and an output
gate of F is any gate with fan-out 0. The size of the
circuit F , denoted as |F |, is the number of gates in F .

Example 5. Consider the full version of 4-chain CQ:
Qfull(x1, x2, x3, x4)  R1(x1, x2) ^ R2(x2, x3)
^ R3(x3, x4) ^ R4(x4, x5) with a database instance
D: R1 = {(a1, a2), (c1, c2)}; R2 = {(a2, a3), (c2, c3)};
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x1 x2 x3 x4 x5
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p
OUT
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OUT

Figure 8: A database instance of 4-chain query.

R3 = {(a3, a4), (c3, c4)}; and R4 = {(a4, a5), (c4, c5)}.
Figure 7 shows the circuit that computes the polynomial
shown below

p
Qfull
D

= x
R1
a1a2
⌦x

R2
a2a3
⌦x

R3
a3a4
⌦x

R4
a4a5

� x
R1
c1c2⌦x

R2
c2c3⌦x

R3
c3c4⌦x

R4
c4c5

The circuit has size 7 as there are three ⌦ gates in each
term and one � gate that aggregates the final result.

Disjunctive datalog Rules. A disjunctive datalog rule [3]
is an expression

P :
_

B2B

TB(xB) 
^

J2E

RJ(xJ)

where B ✓ [n] and B ✓ 2[n], where 2[n] is the power
set of [n]. The body is similar to that of a CQ, while
the head is a disjunction of output relations TB which
are called targets. Given an instance D, a model of
a disjunctive datalog rule is a tuple T = (TB)B2B of
relations, denoted as T |= P , such that for any tuple t,
if (⇡et) 2 Re for all e 2 E , then there exists a target
TB 2 T such that t[B] 2 TB .

To find the lower bound, we seek to find the size of
the smallest circuit that contains one output gate, each
computing p

H

D [sU ] for all sU 2 Q(D), for a semiring
S. We begin by stating the matching lower bounds for
acyclic queries under the output-sensitive setting.

Theorem 4. For any acyclic but non-free-connex CQ
Q = (H, F), and parameters N, OUT 2 N with OUT 

N
⇢⇤

, there is an instance D of input size ⇥(N) and out-
put size ⇥(OUT) such that the size of the smallest circuit
that computes p

H

D [sxF ] for all query result sxF 2 Q(D)

is ⌦
⇣
N · OUT

1�
1

fn-fhtw(Q)

⌘
, which holds for each semir-

ing in {Trop
+

,C,Blin}.

This lower bound is unconditional, i.e., it does not
depend on any conjecture. The key technique is to
consider the hypergraph with an extra hyperedge {xF}

added, i.e., Q
0 = (H, F [ {xF}), and then consider the

size of the largest bag that can be formed across all dis-
junctive datalog rules that can be formed for any given
set of tree decompositions. We present the intuition of
the lower bound result via the following example.

Example 6. We construct a database instance for 4-
chain CQ as shown in Figure 8. Attributes x1, x2, x3,
x4 and x5 have domain sizes

p

OUT,
N

p
OUT

,
N

p
OUT

,
N

p
OUT

,
p

OUT. R1 is a Cartesian product between x1 and x2,
R2 is a many-to-one mapping from x2 to x3, R3 is a
one-to-many mapping from x3 to x4 and R4 is a Carte-
sian product between x4 and x5. It can be easily checked

that the instance has input size ⇥(N) and the output size
is ⇥(OUT). We add another relation ROUT containing
{x1, x5} to the body of the query, making it cyclic.

Consider the two free-connex tree decompositions as
shown in Figure 4 and the disjunctive rule below:

T125 _ T345  R1 ^R2 ^R3 ^R4 ^ROUT

Then, the size of the bag T125 is at least O(N ·
p

OUT)
since every tuple in relation R1 has a join path to every
attribute value of x5.

Any free-connex tree decomposition will contain a bag
that contains variables x1, x5 along with either x2 or x4.
Thus, the worst-case size of such a bag is ⇥(N ·

p

OUT).

6. CONCLUSION
In this paper, we establish matching lower and upper

bounds for evaluating general acyclic CQs in an output-
optimal manner, characterized by the free-connex frac-
tional hypertree width of the queries. This result gen-
eralizes and improves upon all previously known up-
per and lower bounds. As a by-product, it also implies
new output-sensitive algorithms for cyclic CQs as well
as CQs with aggregation over commutative semirings.

Our findings open several promising avenues for fu-
ture investigation:

• Output Optimality for Cyclic Queries: The pursuit
of output-optimal algorithms for cyclic CQs remains
a significant open challenge. Specifically, it is yet to
be determined if the free-connex fractional hypertree
width serves as the definitive quantity to characterize
the output optimality in these contexts.

• Practical Systems Integration: Beyond theoretical
bounds, there is a clear opportunity to integrate this
hybrid Yannakakis framework into practical data sys-
tems. This would build upon a growing body of
implementation-focused research [25, 22, 23, 7] of
the Yannakakis algorithm, bridging the gap between
database theory and practical query processing.

• Non-equi-join Queries: It is an open problem to de-
sign output-sensitive algorithms for set similarity [9]
and set containment joins [10]. We posit that some
of our techniques can be applied to those queries to
obtain novel algorithms with non-trivial guarantees.

• Fast Matrix Multiplication: A particularly compelling
direction involves incorporating fast matrix multipli-
cation to speed up combinatorial algorithms. Recent
breakthroughs [8, 13, 11, 1] demonstrate that the use
of algebraic techniques can e↵ectively bypass tradi-
tional barriers and accelerate the evaluation of CQs,
but it remains to be investigated for general CQs.
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