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Algorithm 1: The Power of Two Choices

m Consider eachvaluea € (my4R) N (mw4T):

R(a,B) x S(B,C) x T(C,a)
& ((ﬂBUA=aR)X(7TcUA=aT)) nsS

— Choose the better choice of: (4B - .
- Choice 1: for each “neighbor” b, and for Qa:=R(4,B) x4 5(B,C) = T(C,4)

each “neighbor” ¢, checkif (b,c) € S

— Choice 2: foreach (b,c) € S, checkifbis
“neighbor” of a and cis “neighbor” of a
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Algorithm 2: The delay of Computation

m Consider eachvalue a € (msR) N (sT):

R(a,B) x S(B,C) x T(C,a)

- Consider eachvalue b € (mgos—4R) N (15S)

R(a,b) x S(b,C) x T(C,a) Qr:= R(4,B) x S(B,C) x T(C,A)

Consider each value c € (m05-,5) N (p04-,T),
and output (a, b, ¢)
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AGM bound

m Forajoin query Q, any database of input size N can produce at most
O(NP) join results

- p: fractional edge covering number of join query
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AGM bound

m Forajoinquery Q = (V,E), any data

ol <] |

ecekE

base of input size {|R,| : e € E}

Relpe

where {p,: e € E'} is any fractional edge covering of Q.

m If all relations have the same size N,

ol < | [Irc1ee

eekE

min Z Pe

e€EE

S.t. ZPeZl;VUEV
=NZePe e:veEe
Pe=0,Ve€EE

where p = min )., p, is the fractional edge covering number of Q.
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Prove AGM bound ---- Entropy

m Recall that the Shannon entropy of a random variable X that has n outcomes with
probabilities pq, p,, **, py, is defined as

n
H(X) = —Epi-logpi
=1

m lettyt,, -, t, be thejoinresult of Q on anyinstance of input size N. For each ¢;,
we define a random variable X; such that X = (X1, X5, -+, X;,) has a uniform
distribution over the join results of Q

H(X) = log|Q|
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Prove AGM bound ---- Entropy

m For eachrelation R,, let Y, be the marginal distribution of X onto e

H(Ye) < lOg |Re|
m Shearer’s lemma: for every fractional edge covering {p,: e € E}
HOO < ) ple) - H(Y,)
e

m Putting everything together:

log |01 = HXX) < ) ple) - H(¥) < ) p(e) - log R|
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Notations for join query (V, E)

BV ={v,v,, V3,0, Vs, U} m Forasubset of attributes I S V
m E={e, ey es}

ey = {vy, vy, V3, U} E,={e:enl + @}

- ey = {v3, V3, U4}

— e3 = {3, Vs, Vs, Vg } i.e., the set of relations that have

non-empty intersection of [

n 5 E{Ul,vz} — {el’ 62}
e o~ s
e, E{U5} — {63}
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Worst-case Optimal Joins

11

GenericJoin (Mgcg R,): I = {vy,v,)
/[ suppose V is the set of all attributes, E is the set of all relations J = {v3, V4, Vs, V6 }
m If |[V| = 1: Compute the intersection N, R, " n

e
m Let/ and] be the partition of V ’

m (; « GenericJoin (NeEEl TiR,) “
/| Recursively compute the sub-join induced by attributes I ‘

€7

QI < (T[vl,szl) X (ﬂszZ)



Worst-case Optimal Joins

12

GenericJoin (M.cg R,): I = {vy,v,)
/[ suppose V is the set of all attributes, E is the set of all relations J = {3, V4, V5, U6}

m If |[V| = 1: Compute the intersection N ¢ R, y n .
m Let/ and] be the partition of V

m (); < GenericJoin (NeEEI TiR,) @Q
/| Recursively compute the sub-join induced by attributes I ‘

m Foreachtuplet € Qy:

- Q¢ « GenericJoin (Meegp, T (Re X 1)) Q; « (my, »,R1) ™ (m, R;)
Qt < (T[vg,v60-v1=Alice nv2=hikingR1)

Recursively compute all the join results participated by ¢t
// y p J p p y X RZ X (T[v3,v40-v2=hikingR2)

— Output {t}x Q;



Worst-case Optimal Joins

GenericJoin (Mgcg R,):

/[ suppose V is the set of all attributes, E is the set of all relations

13

If |V| = 1: Compute the intersection N.c¢ R,

Let I and ] be the partition of V

Q; « GenericJoin (M,eg, T/R,)

/| Recursively compute the sub-join induced by attr
For each tuple t € Qy:

- Q; < GenericJoin (NeeE] (R, x 1))

If there exists e* € E such that e* =

V, pick one of the following choices:

Choice 1:

* Q' < GenericJoin (Mgep_ge1 Re)

* Foreachtuplet € Q', check
whethert € R,

Choice 2:

* Foreachtuplet € R,+, check
whether,t € R, foralle € E

/| Recursively compute all the join results participated by t

— Output {t}x Q;
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Worst-case Optimal Joins - Triangle Join Revisited

GenericJoinfor R(A,B) X S(B,C) X T(A,C):

m A =T1Compute-theintersectionfzeg Ry
m let] ={A}and ] = {B,C} be the partition

B (); « GenericJoin ((nAR) > (nAT)) B
I el | Lo ind ¥ ; [
® Foreachvaluea € (m4R) ™ (myT):
- Q4 < GenericJoin ((nBaA:aR) X (o= T) ™ S)
/[ Recursively compute all the join results participated by a
- Output{a}x Qg
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Worst-case Optimal Joins - Triangle Join Revisited

GenericJoin for (mgoy—4R) ™ (meoy=qT) ™ S:

m S < therelation containing B, C

m Pick one of the two choices:

m Choice 1: B C
- Q; « GenericJoin ((mgoy=gR) ™ (Tc04=4T))
- For each tuple (b, ¢) € Q;, whether (b,c) € S

m Choice2:

- Foreach tuple (b,c) € S, checkif b € mga,—,R
and c € mpo4-oT

Algorithm 1: The power of two choices
Foreacha € (m,R) N (m,T):
If |mgo—qR| - |Tco4=,T| < |S]: choice 1
15 Else: choice 2
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Worst-case Optimal Joins - Triangle Join Revisited

GenericJoinfor R(A,B) X S(B,C) X T(A,C):

m =1 Compute-theintersection A ez R
m let] ={A,B}and] = {C} be the partition

B (); « GenericJoin (R X (mgS) X (nAT)) B
i el | bioining T : {

® For each tuple (a,b) € Qy:
- Q4p < GenericJoin ((nCaAzaT) X (nCJszS))
/[ Recursively compute all the join results participated by (a, b)
- Output{a, b}Xx Qg
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Worst-case Optimal Joins - Triangle Join Revisited

GenericJoin for R ™« (gS) > (w,T):

m =1 Compute-theintersection A ez R
m Let] = {A}and] = {B} be the partition
B (); « GenericJoin ((nAR) > (nAT)) B ¢
I el | Lo ind ¥ ; L
B Foreachtuplea € Qy:
- Q, < GenericJoin ((nBaAzaR) D4 (nBS))
/[ Recursively compute all the join results participated by (a)

- Output {a}X Ca Algorithm 2: The delay of Computation
Foreacha € (m4R) N (msT):
For each value b € (mgo,-4,R) N (mgS)
For each value ¢ € (m-05-,5) N (wc04-,T)
17 Output (a, b, ¢)
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Worst-case Optimal Join Algorithm

B Query Decomposition Lemma

D | [1rexeire < | iRl

teQ; BEE] eeE
- where (/,]) is the partition of V and Q; = M,¢g, 7R,

18
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Worst-case Optimal Joins — Complexity

m For any fractional edge covering p of Q, GenericJoin(Q) can compute Q
within O([1.cg|R.|P¢) time.

- Base case:if |V| = 1, computing N R, takes

min |R,| < HIReI”e
e

eEE p is also a fractional edge
where Y, p. = 1 for covering the only attribute in V/. SSVETING @iF (1 i) &mel ), )

- By hypothesis, computing Q; takes [[.cg, [T/Re[P¢ < [lcep [Re|Pe time.
— By hypothesis, computing Q; takes HeeElee X t|Pe
— General case (implied by the query decomposition lemma):

D | [1rexeire < | iRl

teQ; BEE] eeE
19



Generalized Hypertree Decomposition (GHD)

m ForajoinqueryQ = (V,E), a generalized
hypertree decompositionfor Q isatree T
with the set of nodes V' and a mapping
A: V. — 2V such that

— (coverage) for each relation e € E, there
existsanodeu € T withe C A,
— (connectness) for each attribute x € V, the

set of nodes containing x, i.e., {u € Vy:x €
A, } forms a connected subtree of T

m The sub-join query induced by node u is
Q,= A, {u€Vrenu = 0}).

R R
N

R, X Rc M R, ™ (-R,) ™ (M R3)
X (TgR1) M (mgRq3) X (TgR14)
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Generalized Hypertree Decomposition (GHD)

m The fractional hypertree width of Q is defined as B—B—®
W(Q) - (T,A) 1sIepGrPlID for Q 1366172( P(Qu) CC @

- p(+) is the optimal fractional edge covering number

m Algorithm fora GHD(T, 4):

— Step 1: Compute the join results for each node u € V; using
WCOJ algorithm and materialize it as a table

- Step 2: Invoke the Yannakakis algorithmon T

m Total complexityis O(NY + OUT)
- The time complexity of step 1is O (N ueXp(Q“))

- theinputsize of T instep2is O (N uEXP(Qu))
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Summary of Worst-case Optimal Joins

m For any join, the WCOJ algorithm can compute it in O(N”) time
— pis the fractional edge covering number

m For all joins, the WCOJ algorithm and Yannakakis algorithm together can
computeitin O(N"Y + OUT) time
- w < pis the fractional hypertree width
- w = 1 for acyclic joins



