Locality-Sensitive Hashing
(theory)

Similarity Search in High Dimensions via Hashing



* Nearest- or near-neighbor query in high dimension ror
e “curse of dimensionality” D
e approximate answer suffice

e |dea

e “Probability of collision is much higher for points that are close to each other
than for those that are far away”

sensitive locality



LSH-family

* Fix a distance function d : UXU — R. For positive 1, c,
p1, P> and ¢ > 1, p; > p,, a family of functions H is \ ______
(r, cr,pq, P, )-sensitive if for uniformly chosen h € H o 5
and allp,q € U: »,

* Ifd(p,q) < r, then Pr[h(p) = h(q)] = p,
* If d(p,q) = cr, then Pr[h(p) = h(q)] < p, rcr

* H is monotonic if Pr[h(p)=h(qg)] is a non-increasing function of d(p,q)

In pq
In p,

* Measure p = : smaller p, better distinguish ability



Hamming space

* Point Transformation p— V(p) the largest coordinate in all points
(X sXy) =>1..10......0 -+ 1...... 1M
T C-x, ) )2:1 ’ C—xdj
+d'=Cd A i,x+y—1=0
* d,(p,q) =dy (V(p), V(q)) # bits on which v(p) and v(p) differ d

e Dimension reduction
* Hyr = {h;: h;j(p) isthei-thbitof v(p), i=1,2,...,d"}

v

r cr d

" 1 .
(r,cr,1 — L, 1-— %)— sensitive, p < . (proof omitted)

dl



Boosting Probability Gap : -

91(q) 92 eg. l=3

sample k bits of V(q) randomly with replacementEj Ej @ @ -

e Define G = {gj‘g] (hh, Y ]k) j=12,..,1}

. hh, hh, . ,h j, are randomly chosen from H ;s with replacement

collide under at least one g;

l
L p1~>1—(1-pf)
* Pr|p, q collide] =|1 — (1 — (1 — d(Z,Q)) )
l
collide under g; p2 > 1-— (1 B péc)
all g4, 95, ..., g, fail
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e-Nearest Neighbor Search

Explore r from 7,5, (1 + €) 7y, (1 + €)%70im, oo s Tmax
* (r,€)-Neighbor
* whether there exists a point p within distance r of q, if yes, return p’ within
distance (1 + €)r from q.

* Or whether all points are at least (1 + €)r away from g

Preprocessing: O(dN + KkIN) Query: O(kl +dl)
* point transformation * check buckets g,(q), g,(q), ... g;(q)
* hash table initialization * report nearest of (say) first 21 points

* point storage

Space: O(KIN)



(r, €)-neighbor by LSH

Success condition:
e if there exists p such that d(p, q) < r, then p, q collide with some bucket;
* the total number of collisions between g and far neighbors is < 21

Setting k = log 1 N,l = NPguarantees the probability of success is >

P2
* preprocessing time/space: O(N1tP)

1
* query time: O(dN”) = O(dN<¢), sublinear

* external memory: k = logi%,l = (%)p,O(NP) 1/Os
P2

N |-

Q|
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