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Figure 1: Our velocity-based Monte Carlo fluid solver can naturally handle scenes for which the existing vorticity-based Monte
Carlo method [Rioux-Lavoie and Sugimoto et al. 2022] yields incorrect results. Our solver allows the red and blue smoke
densities associated with a pair of vortices to flow between two obstacles (left, top), similar to the conventional non-Monte
Carlo velocity-based method [Batty et al. 2007] (left, middle), while the vorticity-based method produces an incorrect result, in
which smoke deviates around the outside of the obstacles (left, bottom). Our solver also readily supports commonly available
features in traditional velocity-based Eulerian grid fluid solvers, such as buoyancy effects: we simulate a smoke plume rising
from a complex-shaped source (right, top) and past a sphere-shaped or bunny-shaped obstacle (right, bottom), where the
motion is driven solely by buoyancy forces.

ABSTRACT
We present a velocity-based Monte Carlo fluid solver that over-
comes the limitations of its existing vorticity-based counterpart.
Because the velocity-based formulation is more commonly used in
graphics, our Monte Carlo solver can be readily extended with var-
ious techniques from the fluid simulation literature. We derive our
method by solving the Navier-Stokes equations via operator split-
ting and designing a pointwise Monte Carlo estimator for each sub-
step. We reformulate the projection and diffusion steps as integra-
tion problems based on the recently introduced walk-on-boundary
technique [Sugimoto et al. 2023]. We transform the volume integral
arising from the source term of the pressure Poisson equation into
a form more amenable to practical numerical evaluation. Our re-
sulting velocity-based formulation allows for the proper simulation
of scenes that the prior vorticity-based Monte Carlo method [Rioux-
Lavoie and Sugimoto et al. 2022] either simulates incorrectly or can-
not support. We demonstrate that our method can easily incorporate
advancements drawn from conventional non-Monte Carlo methods
by showing how one can straightforwardly add buoyancy effects,
divergence control capabilities, and numerical dissipation reduction
methods, such as advection-reflection and PIC/FLIP methods.

CCS CONCEPTS
• Computing methodologies→ Physical simulation; Ray trac-
ing; • Mathematics of computing→ Partial differential equations;
Integral equations.
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1 INTRODUCTION
Researchers in computer graphics have recently revisited Monte
Carlo PDE solvers [Muller 1956; Sabelfeld 1982] due to their attrac-
tive properties. Sawhney and Crane [2020] showed that geometry
processing tasks can reap benefits from Monte Carlo solvers, such as
flexibility with respect to geometric boundary representations, ro-
bustness to noise in the input geometry, support for pointwise esti-
mation of the solution, and trivial parallelization. Monte Carlo meth-
ods have already been used in light transport simulation for decades
since the work of Kajiya [1986] due to these same properties.

Looking beyond light transport and geometry processing, Rioux-
Lavoie and Sugimoto et al. [2022] developed the first Monte Carlo
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method to perform smoke simulation based on the Navier-Stokes
equations. They discussed theoretical and practical aspects of Monte
Carlo-based fluid simulation; most advantages in the geometry pro-
cessing context carry over directly to fluid simulation applications.
However, their method relies on a vorticity-based formulation,
whereas velocity-based formulations are more common in fluid
animation.

Since the introduction of velocity-based Eulerian grid fluid sim-
ulation techniques to graphics [Foster and Metaxas 1996; Stam
1999], researchers have improved on many aspects of the velocity-
based formulation, adding features such as buoyancy modeling
for smoke [Fedkiw et al. 2001; Foster and Metaxas 1997] and ve-
locity divergence control for expansion/contraction and artistic
effects [Feldman et al. 2003], as well as PIC/FLIP solvers [Brack-
bill and Ruppel 1986; Harlow 1962; Zhu and Bridson 2005] and
advection-reflection solvers [Narain et al. 2019; Zehnder et al. 2018]
for reducing numerical dissipation. These and many other improve-
ments cannot be straightforwardly incorporated into the Monte
Carlo fluid solver of Rioux-Lavoie and Sugimoto et al. [2022] be-
cause of its vorticity-based formulation. Furthermore, Yin et al.
[2023] recently showed that existing vorticity-based methods can
fail to simulate harmonic velocity fields, leading to incorrect results
when the fluid domain is not simply connected (e.g., is disjoint
or has holes). Conveniently, however, velocity-based methods can
capture these physics without any change.

We therefore introduce a Monte Carlo fluid solver that relies on a
velocity-based formulation. Similarly to the vorticity-based method
[Rioux-Lavoie and Sugimoto et al. 2022], our method does not
require the boundaries of solid objects to be explicitly discretized;
for example, there is no need for a cut-cell method [Batty et al.
2007] or a conforming mesh [Feldman et al. 2005] as in traditional
solvers, and the only requirement on the geometry is that it support
ray intersection queries. We use the recently introduced walk-on-
boundary method [Sugimoto et al. 2023], which is a Monte Carlo ray
tracing solver for PDEs, to perform pressure projection in our solver,
and thus, our solver can be trivially accelerated by GPU ray tracing.
Our method can additionally incorporate all of the aforementioned
techniques developed for velocity-based simulations: buoyancy,
divergence control, PIC/FLIP, and advection-reflection.

To solve the Navier-Stokes equations, we apply operator split-
ting [Stam 1999], and the core of our solver depends on reformulat-
ing the projection and diffusion steps as integration problems. In
the absence of obstacles, we derive a non-recursive integral for each
step and apply Monte Carlo integration. The projection step re-
quires a careful evaluation of the volume integral term arising from
the Poisson equation’s source term, and we describe in detail how to
transform it into a form that is more amenable to numerical evalua-
tion. Domains with boundaries require solving a boundary integral
equation, which we treat using the walk-on-boundary method [Sug-
imoto et al. 2023]. The diffusion equation for the diffusion step is
a time-dependent equation, and we apply a time-dependent walk-
on-boundary method [Sabelfeld and Simonov 1994] for problems
with boundaries; we are the first to apply it to a computer graph-
ics application. After constructing Monte Carlo solvers for each
substep, we combine them to design a Navier-Stokes solver with
flexible options for how we store the intermediate velocity field in
a discretized cache. To summarize, our contributions include:

• a velocity-based Monte Carlo fluid simulator that uses op-
erator splitting,

• an integral formulation for the projection step with careful
Poisson source term handling,

• extension of the projection step to problems with bound-
aries using the walk-on-boundary method,

• application of the diffusion walk-on-boundary method for
the diffusion step,

• adaptations of more advanced velocity-based solver tech-
niques to our Monte Carlo formulation.

2 METHOD
Our method aims to numerically solve for a velocity field that
satisfies the incompressible Navier-Stokes equations with constant
density and viscosity:

𝜕u
𝜕𝑡

= −(u · ∇)u − 1
𝜌
∇𝑝 + 𝜈∇2u + f,

∇ · u = 0,
(1)

where u is velocity, 𝑝 is pressure, 𝑡 is time, f is acceleration due to
external forces, 𝜈 is kinematic viscosity, and 𝜌 is density.

Vorticity-Based Monte Carlo. Let us recap the method by Rioux-
Lavoie and Sugimoto et al. [2022] to highlight the challenges in
developing a Monte Carlo solver for the velocity-based formulation
in Eq. 1. Their method uses the vorticity representation of the fluid.
For instance, for inviscid fluid in 2D, the vorticity-based formulation
simplifies the Navier-Stokes equations to the vorticity transport
equation, 𝐷𝜔

𝐷𝑡 = 0, where 𝐷
𝐷𝑡 is the material derivative. We can write

the velocity field used to advect the vorticity field as an integral,
and combined with a semi-Lagrangian advection gives the equation
they used to advance the vorticity field in each time step in the
absence of obstacles:

𝜔 (x, 𝑡) ≈ 𝜔

(
x − Δ𝑡

∫
R2

𝐵(x, y) × 𝜔 (y, 𝑡 − Δ𝑡) dV(y), 𝑡 − Δ𝑡
)
,

where 𝐵(x, y) is the Biot-Savart kernel. They applied Monte Carlo
integration to evaluate the integral.

The vorticity-based formulation offered a straightforward ap-
plication of the Monte Carlo method. It is nontrivial to design a
similar scheme for the velocity-based formulation in Eq. 1 because
the Navier-Stokes equations, in their velocity form, couple the ve-
locity and the pressure variables in an intricate way: the pressure
serves as a Lagrange multiplier that makes the velocity field incom-
pressible. We address this challenge by adopting operator splitting.

Operator splitting with pointwise estimators. The basic formula-
tion of our method follows the standard operator splitting frame-
work [Stam 1999]. We solve Eq. 1 by taking discrete time steps with
step size Δ𝑡 . For each time step, we decompose the Navier-Stokes
equations into four substeps:

(1) advection: 𝜕u
𝜕𝑡 = −(u · ∇)u,

(2) external force integration: 𝜕u
𝜕𝑡 = f ,

(3) diffusion: 𝜕u
𝜕𝑡 = 𝜈∇2u, and

(4) projection: 𝜕u
𝜕𝑡 = − 1

𝜌 ∇𝑝 such that ∇ · u = 0.
In contrast to traditional discretization-based solvers, we develop a
pointwise (Monte Carlo) estimator for each substep. We design a
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solver for each substep that can estimate the velocity at any spatial
point we are interested in, assuming we can likewise query the
velocity estimates from the previous steps at any spatial point.

Basing our approach on this pointwise formulation offers unique
advantages. Our formulation is agnostic to the underlying discretiza-
tion of the velocity field, which allows for flexible integration of
velocity-based techniques used by traditional discretization-based
solvers, including the common Stable Fluids-style [Stam 1999] grid-
based methods and grid-particle hybrid PIC/FLIP methods, into
our Monte Carlo formulation. While the vorticity-based Monte
Carlo method [Rioux-Lavoie and Sugimoto et al. 2022] has similar
advantages of having flexible discretization options, their method
cannot benefit from common velocity-based techniques. Moreover,
we will show in Section 3 that our formulation allows us to remove
some of the excessive grid interpolation errors that are otherwise
introduced in traditional solvers.

Below, we formulate a pointwise estimate of the solution to
each substep. Later, in Section 3, we will describe how we employ
these estimators in a few different implementations, some using
uniform grid velocity storage and others using hybrid grid-particle
velocity storage. To simplify notation, we use u0 to u4 to indicate
the velocity field at each substep within a single time step. The
initial velocity field for the current time step u0 is defined as the
output velocity field u4 from the last time step. The advection step
takes u0 as its input and outputs u1, and so on.

2.1 Advection
We employ semi-Lagrangian advection, which estimates the new
velocity at a point by tracing trajectories backward in time through
the velocity field. For example, a forward Euler time discretization
for the velocity at point x yields the update rule

u1 (x) ← u0 (x − Δ𝑡 u0 (x)). (2)

This semi-Lagrangian update satisfies our pointwise evaluation re-
quirement: we can estimate the velocity after the step by evaluating
the input velocities at a few points. While the time-discretized equa-
tion above is identical to what appears in grid-based fluid solvers,
we emphasize that the point where we evaluate the advected ve-
locity, x, does not necessarily need to be aligned with discretized
locations (e.g., grid points), and when we evaluate the pre-advection
velocity at points x and x−Δ𝑡 u0 (x), we are not restricted to evalu-
ation by interpolation of some grid data. Thus, the pointwise form
offers flexibility that is unavailable with classical solvers. In practice,
rather than forward Euler, we use a higher-order time integration
scheme (third-order Runge-Kutta) to improve the accuracy of the
traced trajectories, and the adaptations of error-correcting schemes
such as MacCormack [Selle et al. 2008] and BFECC [Dupont and
Liu 2007] are also trivial; all of these schemes likewise support
pointwise evaluation.

2.2 External Force Integration
In the presence of external forces leading to acceleration, such as
a buoyancy force, we update the post-advection velocity using a
forward Euler discretization:

u2 (x) ← u1 (x) + Δ𝑡 f (x) . (3)

This expression is again a pointwise update of the velocity field,
where x is not necessarily at a discretized location.

2.3 Projection
As the diffusion step is necessary only for viscous fluids and we
can simply let u3 ← u2 for inviscid fluids, we first discuss the
projection step. The objective of the projection step is to find the
pressure field that projects out the divergent velocity mode of the
input field. The post-projection velocity at x is given by

u4 (x) ← u3 (x) − ∇𝑝 (x), (4)

where 𝑝 satisfies the Poisson equation

∇2𝑝 (x) = ∇ · u3 (x), (5)

and 𝑝 = Δ𝑡
𝜌 𝑝 . Since only ∇𝑝 is required for the update in Eq. 4,

the task is reduced to estimating the gradient of the solution of
the Poisson equation; the value of 𝑝 itself is not needed. In each
subsection below, we discuss the integral formulation followed by
its evaluation with Monte Carlo integration.

2.3.1 Without solid boundaries. To simplify the problem, we will
first consider a case without any solid boundaries (i.e., the domain
is unbounded with no obstacles inside it). Under this assumption,
it is well-known that we can write the solution to the Poisson
equation using the fundamental solution 𝐺 of the Laplace operator.
The fundamental solution 𝐺 satisfies ∇2𝐺 (x, y) + 𝛿 (x − y) = 0 in
the unbounded domain, where 𝛿 is the Dirac delta function. In 2D,
𝐺 (x, y) = − 1

2𝜋 log 𝑟 , and in 3D, 𝐺 (x, y) = 1
4𝜋𝑟 , where 𝑟 = ∥y − x∥2.

We can then write the solution to Eq. 5 as a convolution of the
source term of the Poisson equation and the fundamental solution:

𝑝 (x) = −
∫
R𝑑

𝐺 (x, y) ∇y · u3 (y) dV(y), (6)

where dimension 𝑑 = 2, 3. We used the subscript y to indicate that
we perform differentiation with respect to y, and we will use similar
notation throughout this section. By applying the Laplacian to Eq. 6,
one can confirm that 𝑝 satisfies Eq. 5. To evaluate the gradient of 𝑝 ,
we take the gradient of Eq. 6:

∇x𝑝 (x) = −
∫
R𝑑
∇x𝐺 (x, y) ∇y · u3 (y) dV(y). (7)

This integral is still not suitable for numerical computation for our
purposes, as we describe below. We therefore extend beyond the
prior work by proposing a further transformation.

Since we typically consider storing information and performing
volume integrals over a bounded simulation domain, we replace the
(infinite) integral domain R𝑑 in Eq. 7 with a bounded simulation
domain Ω𝑠 by assuming that the velocity divergence ∇ · u3 is zero
outside the simulation domain.

Attempting to use Eq. 7 in this form for Monte Carlo integra-
tion still requires explicit evaluation of velocity divergence in-
side the domain, whereas we desire a solver that takes only a
pointwise-evaluated velocity field as input. There are a few possible
approaches to obtain the required divergence. First, we could apply
finite differences to the velocity field by accepting some errors.
Second, we could differentiate the substep that precedes projection
so that it outputs the necessary velocity divergence, in addition to



Ryusuke Sugimoto, Christopher Batty, and Toshiya Hachisuka

the velocity itself. We propose instead a velocity-only design that
we believe fits better in our Monte Carlo framework.

To eliminate the dependency on velocity divergence in Eq. 7, we
use the identity ∇x𝐺 = −∇y𝐺 and apply integration by parts:

∇x𝑝 (x) =
∫
Ω𝑠

{∇y𝐺 (x, y)} ∇y · u3 (y) dV(y) (8)

= −
∫
Ω𝑠

H(x, y) u3 (y) dV(y)

−
∫
𝜕Ω𝑠
{∇x𝐺 (x, y)} n(y) · u3 (y) dA(y),

(9)

where n is the outward unit normal. The Hessian of the fundamental
solution denoted H, is given by

H(x, y) = S(x, y) − 𝛿 (r)
𝑑

I, S(x, y) = 1
|𝜕𝐵 |𝑟𝑑+2 (𝑑rr

⊺ − 𝑟2I), (10)

where |𝜕𝐵 | is the surface area of a unit (𝑑 − 1)-sphere, r = y − x,
𝑟 = ∥r∥2 and I is the identity matrix. While we use the notation
above for ease of understanding, technically, it needs to be under-
stood in the sense of the generalized (distributional) derivative, and
interested readers can refer to the discussion by Frahm [1983] and
Hnizdo [2011] for further details. Substituting Eq. 10 into Eq. 9, we
get

∇x𝑝 (x) = −
∫
Ω𝑠

S(x, y) u3 (y) dV(y) + 1
𝑑
u3 (x)

−
∫
𝜕Ω𝑠
{∇x𝐺 (x, y)} n(y) · u3 (y) dA(y)

= −
∫
Ω𝑠

S(x, y) {u3 (y) − u3 (x)} dV(y)

−
∫
𝜕Ω𝑠
{∇x𝐺 (x, y)} n(y) · {u3 (y) − u3 (x)} dA(y) .

(11)
Again, technically, the domain of the first integral should exclude
an infinitesimal ball around x [Hnizdo 2011], but we use this simple
notation for readability. In Eq. 11, to get the final expression, we re-
placed the original velocity field with a velocity field that is globally
shifted by the constant velocity at point x, u3 (x). The computed
pressure gradient remains unchanged because the divergence of
the shifted velocity field is the same as the original one. This global
shift cancels the zeroth order term of the Taylor expansion of u3 (y)
around x, and the remaining terms of the Taylor expansion multi-
plied by the function S will have a singularity of𝑂 (1/𝑟𝑑−1) instead
of the original 𝑂 (1/𝑟𝑑 ) as 𝑟 → 0. This lower-order singularity can
be handled by an appropriate importance-sampling strategy, as we
discuss next.

Monte Carlo Estimation. Now that we have an integral repre-
sentation of the pressure gradient, we can define a Monte Carlo
estimator for the pressure gradient. We sample 𝑁𝑉 points y𝑖 in-
side the simulation domain Ω𝑠 and 𝑁𝐴 points y𝑗 on the simulation
domain boundary 𝜕Ω𝑠 using sampling strategies with probability
density functions (PDFs) 𝑃𝑉 and 𝑃𝐴 , respectively, to get

∇x𝑝 (x) ≈ ⟨𝐸𝑉 (x)⟩ + ⟨𝐸𝐴 (x)⟩ (12)

where

⟨𝐸𝑉 (x)⟩ = −
1
𝑁𝑉

𝑁𝑉∑︁
𝑖=1

S(x, y𝑖 )
𝑃𝑉 (y𝑖 |x)

{
u3 (y𝑖 ) − u3 (x)

}
(13)

⟨𝐸𝐴 (x)⟩ = −
1
𝑁𝐴

𝑁𝐴∑︁
𝑗=1

∇x𝐺 (x, y𝑗 )
𝑃𝐴 (y𝑗 |x)

n(y𝑗 ) · {u3 (y𝑗 ) − u3 (x)
}
. (14)

This formulation is an unbiased estimator for the pressure gradi-
ent if the probability that we sample any point with a nonzero
contribution is nonzero. If the integrand is non-negative every-
where, importance sampling according to the PDF that is roughly
proportional to the integrand can decrease the variance of the esti-
mator. While our integrands may contain negative values, we follow
this idea to design our sampling strategy. In our implementation,
for Eq. 13, to handle the singular integral, we draw samples such
that PDF 𝑃𝑉 is proportional to 1/𝑟 (𝑑−1) inside of the smallest ball
around x that fully contains the entire simulation domain, and set
zero contributions from the samples outside the simulation domain.
This approach is equivalent to evaluating the integral we get by
extending the original integral domain to the ball and putting zero
integrands in the extended part. We also use antithetic sampling
here: in addition to a point y𝑖 sampled this way, we always sample
the symmetric point with respect to x, 2x − y𝑖 to further reduce
variance for smooth velocity fields. For Eq. 14, we uniformly sample
points on the simulation boundary. Properly sampling the positive
and negative contributions separately may further reduce the vari-
ance of the estimators [Chang et al. 2023; Owen 2013, Section 9.12],
but we leave it as future work. Equation 12 only requires the ability
to evaluate the velocity at the position of sample points to perform
projection, in contrast to traditional solvers that typically require a
globally coupled linear system solve.

2.3.2 With solid boundaries. Next, we consider the case when solid
object boundaries are involved (Fig. 2). We still solve Eq. 5 for ∇𝑝 ,
but with free slip boundary conditions,

𝜕𝑝

𝜕n
= n · (u3 − u𝑠 ) (15)

on solid boundaries, where n is the unit outward normal from the
fluid domain Ω, 𝜕

𝜕n = n · ∇ is a normal derivative, and u𝑠 is the solid
velocity. If the simulation domain is bounded, this problem is an
interior Neumann problem for the Poisson equation, and otherwise,
it is an exterior Neumann problem; we need a Monte Carlo solver
that is capable of handling these problems.

The basic walk-on-spheres method [Sawhney and Crane 2020]
can only handle Dirichlet problems, and its applicability to un-
bounded domain problems leaves some concerns about the termina-
tion of paths without additional bias. Rioux-Lavoie and Sugimoto
et al. [2022] arbitrarily terminated their walk-on-spheres paths af-
ter a few steps in their simulation, leaving some additional bias.
Nabizadeh et al. [2021] suggested inverting the unbounded domain
into a bounded one using the Kelvin transform so that paths always
terminate, but using this approach would require very different
treatment for bounded and unbounded domains.

To solve Neumann problems, the walk-on-stars method [Sawh-
ney and Miller et al. 2023] extended the walk-on-spheres method
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with carefully-designed recursion relationships and tailored sam-
pling techniques based on the extensions by Simonov [2008] and Er-
makov and Sipin [2009]. For a Neumann problem in an unbounded
domain, however, the Kelvin transform [Nabizadeh et al. 2021] is
still required; it transforms a Neumann problem into a Robin prob-
lem, to which the application of walk-on-stars has not yet been
attempted. Among others, the walk-on-boundary method [Sabelfeld
1982; Sabelfeld and Simonov 1994], introduced recently to graphics
by Sugimoto et al. [2023], can be applied to Neumann boundary
problems in both bounded and unbounded domains under a unified
framework. The method builds upon a boundary integral equation
analogous to the rendering equation for light transport simula-
tion [Kajiya 1986], and uses ray-tracing to solve the boundary
integral equation, and we use this method in our solver.

Following Sabelfeld and Simonov [1994], we can write the gra-
dient of the solution to the Poisson equation of Eq. 5 with the
boundary condition of Eq. 15 using the single layer potential for-
mulation and define an integral equation for the unknown density
function. For our application, these equations contain the volume
integral terms arising from the source term in the Poisson equa-
tion of Eq. 5 specific to our problem. Similar to Section 2.3.1, we
transform these volume integral terms as follows. If the domain Ω
is unbounded, we suggest replacing it with a bounded simulation
domain Ω𝑠 , assuming zero velocity divergence outside of the simu-
lation domain; otherwise, we let Ω𝑠 = Ω. With this definition, we
have 𝜕Ω ⊆ 𝜕Ω𝑠 for the boundaries, and we distinguish these two
sets of boundaries in the following equations. We also remove the
explicit dependencies on the velocity divergence by integration by

Figure 2: Our method can correctly simulate scenes with
different boundary types (resolution 2563). From the left, we
simulate the colored smoke advected with the velocity field
induced by vortex pairs moving with no obstacles (left), in an
unbounded domain with a moving square obstacle (middle),
and in a domain bounded by an obstacle (right). For each
simulation, we show the time evolution from the left to the
right, but the time stamps differ for each setup.  1m17s

parts similarly to Eq. 9 to get

∇x𝑝 (x) =
∫
𝜕Ω
{∇x𝐺 (x, y)} [𝜇 (y) − n(y) · {u3 (y) − u3 (x)}] dA(y)

−
∫
Ω𝑠

S(x, y) {u3 (y) − u3 (x)} dV(y)

−
∫
𝜕Ω𝑠\𝜕Ω

{∇x𝐺 (x, y)} n(y) · {u3 (y) − u3 (x)} dA(y)
(16)

for x ∈ Ω and

𝜇 (x) = −
∫
𝜕Ω

2 𝜕𝐺

𝜕nx
(x, y) [𝜇 (y) − n(y) · {u3 (y) − u3 (x)}] dA(y)

+
∫
Ω𝑠

2n(x)⊺S(x, y) {u3 (y) − u3 (x)} dV(y)

+
∫
𝜕Ω𝑠\𝜕Ω

2 𝜕𝐺

𝜕nx
(x, y) n(y) · {u3 (y) − u3 (x)} dA(y)

+ 2n(x) · {u3 (x) − u𝑠 (x)}
(17)

for x ∈ 𝜕Ω. In both Eq. 16 and Eq. 17, we have the boundary integral
terms that involve the unknown density function 𝜇 on the solid
boundaries 𝜕Ω, and all the other integrals involve only known
quantities. Note Eq. 16 is a generalization of the strategy described
in Section 2.3.1 as we can recover Eq. 11 by dropping the solid
boundary integral term.

Monte Carlo Estimation. Based on Eq. 16 and Eq. 17, we get a
biased walk-on-boundary Monte Carlo estimator [Sabelfeld and
Simonov 1994; Sugimoto et al. 2023]. Compared to the simplest
formulation for the Laplace equation [Sugimoto et al. 2023], we
have some additional non-recursive terms in Eq. 16 and Eq. 17 as
a result of the transformations discussed above; we must consider
how to sample these added terms. We choose to sample the non-
recursive contributions on 𝜕Ω using ray intersection sampling for
importance sampling and estimate the other non-recursive terms
similarly to Section 2.3.1. To improve efficiency, we additionally
employ boundary value caching, which lets us share the walk-
on-boundary subpaths among evaluation points akin to the virtual
point light (VPL) method [Keller 1997] in rendering. We describe the
details of our particular sampling strategy in the supplemental note.
Our Monte Carlo method is compatible with a variety of sampling
techniques, so further variance reduction is likely possible.

2.4 Diffusion
Simulating viscous fluids requires an additional diffusion step be-
fore the projection step. The set of equations we solve here is the
constant-coefficient diffusion equation,

𝜕u(x, 𝑠)
𝜕𝑠

= 𝜈∇2u(x, 𝑠) for x ∈ Ω, 𝑠 ∈ (0,Δ𝑡),
u(x, 𝑠) = u𝑠 (x) for x ∈ 𝜕Ω, 𝑠 ∈ (0,Δ𝑡), and
u(x, 0) = u2 (x) for x ∈ Ω,

(18)

and the output of this diffusion step is u3 (x) = u(x,Δ𝑡). The time 𝑠
here represents the time within each diffusion time step. We use
the overbar to indicate that the velocity variable u takes time 𝑠 as
defined here, and differs from the other sections. The solid velocity
gives the no-slip boundary condition, and the output from the
preceding advection step gives the initial conditions.
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When there are no solid boundaries or the time step size is small
enough to ignore boundary effects, we can omit the second equation
describing the boundary condition. In such a case, evaluating a con-
volution of the input velocity field with a Gaussian function would
give the exact solution to the diffusion equation. Though they apply
it to the vorticity field rather than the velocity field, Rioux-Lavoie
and Sugimoto et al. [2022] use such a convolution-based approach to
model diffusion. This approach fails when either the time step size
is relatively large or the boundary effect is important. Traditional
grid-based solvers similarly cannot rely on a simple Gaussian filter
in the presence of large time steps or obstacles, and must instead
solve a globally coupled linear system for viscosity [Bridson 2015].

To address this problem, we utilize the walk-on-boundary method
for the diffusion equation [Sabelfeld and Simonov 1994, Chapter
4] to solve Eq. 18. Similarly to Section 2.3.2, the diffusion walk-on-
boundary method is a pointwise estimator and is a natural general-
ization of the case when there are no boundaries. One difference
is that the boundary integral equation and the walk-on-boundary
steps are now defined in the space-time domain, and we must sam-
ple paths from the point where we want to evaluate the solution
with time Δ𝑡 towards the initial time within the time step, in the
negative time direction.

Notably, for the diffusion walk-on-boundary, the recursion depth
does not need to be predefined. By sampling the space-time paths
using a PDF proportional to the integral kernel of the integral
equation for the diffusion equation, we can terminate recursions
when the sampled time is negative. In our experiments, we observed
that the diffusion step is cheaper than the projection step, and we
did not attempt any algorithmic improvements, such as the reuse
of subpaths. However, there remain many choices for sampling
and various efficiency improvement strategies should apply here,
too. The supplemental material summarizes the diffusion walk-on-
boundary method for readers’ convenience.

3 RESULTS
We explain the results of our practical implementation of the method
with discretization structures and other possible extensions. We
implemented our method using CUDA for GPU parallelism and
the NVIDIA OptiX ray tracing engine [Parker et al. 2010] via the
OWL wrapper library [Wald 2023] to accelerate the ray intersection
queries. For all 2D results, we use consistent parameters as listed
in the supplemental note except for Fig. 7. The figures have time
stamps for the corresponding animations in the supplemental video.

Caching of velocity fields. While our fundamental formulation
is agnostic to a choice of intermediate storage of velocity fields, or
absence of it by the expensive recursive application of estimators to
the initial time step (see Section 4), our basic implementation uses
a simple uniform grid structure to store the velocities at grid nodes
at each time step, and we refer to such a strategy a caching strategy
in contrast to the fully time-recursive (cacheless) alternative. Since
we do not evaluate any finite differences on the stored data, we do
not need to use a staggered grid [Harlow and Welch 1965]. When
we query a velocity from the cache, we bilinearly or trilinearly
interpolate the values, and for points outside the cached domain,
we take the velocity at the nearest cache point. As with classical
grid-based solvers, interpolation- and advection-induced errors

sometimes cause us to query values from points inside of solid
obstacles; for this issue, we assign velocities inside solid obstacles
to take velocities from the solid itself, giving no-slip behavior on
the boundary. Alternatively, one could fill the velocities inside solid
obstacles with some form of extrapolation to approximate free slip
behavior, for example, but we use the first approach throughout
this paper.

While we could cache the velocity field after each substep, the
pointwise estimation capability of our approach lets us avoid some
of the excessive velocity caching between substeps and reduce the
associated errors. For example, we need no caching between the
advection and the following projection step for inviscid simula-
tion if we query the advected velocity values directly on the fly
whenever the projection estimator needs such a pointwise input
velocity. Alternatively, we can also design a method without ve-
locity caching between the projection and the next advection so
the velocity field is always advected according to the pointwise
divergence-free velocity field. We implemented these two options
in addition to the option where we cache the resulting velocity field
both after advection and after projection in Fig. 3 (b) to (d). Our
experiments showed consistent results among the three options;
further investigations are needed to understand when having fewer
caching errors can make critical differences.

Boundary conditions. Fig. 2 shows that our method can correctly
simulate the velocity field due to vortex pairs under different bound-
ary conditions. In Fig. 1, we further show our method’s application
to a domain with two disjoint obstacles. In such cases, vorticity-
based methods typically use an incorrect boundary condition, and
the vorticity-based Monte Carlo method [Rioux-Lavoie and Sugi-
moto et al. 2022] fails to simulate the physics correctly. Applying
the modification proposed by Yin et al. [2023] for vorticity-based
simulation to a Monte Carlo method is not straightforward and has
not been demonstrated. Hence, ours is currently the only Monte
Carlo method that can produce correct simulation results in these
scenarios. While the relative performance depends heavily on pa-
rameter choices, for the specific simulations in Fig. 2, ours took
101.0s per time step while the vorticity-based method took 87.6s,
with a difference of about 15%.

Buoyancy. In addition to the velocity itself, we can additionally
simulate the advection and diffusion of the temperature field 𝑇

and the smoke concentration field 𝑠 in a manner similar to the
velocity field to add buoyancy effects (Figures 1, 4, and 5). We
use the Boussinesq approximation, which assumes the fluid den-
sity variation to be negligible, so that the buoyancy force can be
computed using f = [𝛼𝑠 − 𝛽 (𝑇 −𝑇ambient)]g, where g is the gravita-
tional constant vector, 𝛼 and 𝛽 are positive parameters, and𝑇ambient
is the ambient temperature constant [Fedkiw et al. 2001; Foster and
Metaxas 1997]. Naively incorporating buoyancy into the vorticity-
based Monte Carlo formulation by Rioux-Lavoie and Sugimoto
et al. [2022] would require the curl of f [Park and Kim 2005], which
would, in turn, require finite difference approximations with some
additional errors and ruin the cache-structure-agnostic nature of
pointwise estimators.

Divergence control. As our formulation is based on the standard
pressure solve framework, we can easily add velocity sinks and
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(a) Traditional grid-based
[Batty et al. 2007]

(b) Caching after
projection and advection

(c) No caching after
projection

(d) No caching after
advection

(e) Re = 250 (𝜈 = 0.001) (f) Re = 25 (𝜈 = 0.01)

(g) Re = 2.5 (𝜈 = 0.1) (h) Advection-Reflection (i) PIC (j) FLIP 0.95 (k) FLIP

Figure 3: Variants of our method with different configurations tested on the Kármán vortex street scene with resolution 128×256.
Except for (a), all results are generated with our Monte Carlo method. (b) to (d) compare the caching alternatives, (e) to (g)
demonstrate simulations with various Reynolds numbers Re, (h) shows the application of the advection-reflection method
to yield reduced numerical dissipation, and (i) to (k) show the application of PIC/FLIP methods. Note that (i) to (k) have no
density diffusion because they employ density advection by particles. Given their agreement with the result of the traditional
grid-based method (a), we consider all variants of our method to produce qualitatively reasonable results.  1m56s

sources in our simulation for better artistic control (Fig. 4 (b)) or
other expansion/contraction effects, by modifying the pressure
solve step similar to the grid-based formulation [Feldman et al.
2003]. We add another term to the right-hand side of Eq. 5, which
leads to an additional integral term in our formulation. Our im-
plementation supports Dirac delta-type sinks and sources, and we
sample the location of sinks and sources directly. It should also
generalize straightforwardly to more general volumetric sinks and
sources with an appropriate sampling technique. This divergence
control technique is yet another advantage of adopting a velocity-
based formulation, as it is impossible under vorticity formulations.

Viscous fluids. We test our solver in the case of viscous fluids
using the von Kármán vortex street scenario (Fig. 3 (e) to (g)). For
this simulation, as we increase the viscosity coefficient, or equiva-
lently, as we decrease the Reynolds number, the flow is expected to
become less turbulent. We observe that our simulation qualitatively

Figure 4: Buoyancy and divergence control (resolution 2562).
We simulate a hot smoke plume rising towards a blue circular
obstacle in 2D using the Boussinesq buoyancy model (left).
We can also add a velocity sink to the scene, indicated with a
red dot, causing the smoke to be sucked into the sink (right).
 3m49s

produces the expected type of flow for each Reynolds number con-
figuration we tested. For all the results other than those in Fig. 3 (e)
to (g), we disabled the diffusion step.

Advection-reflection solver. In contrast to the case of high vis-
cosity, we may want to introduce less artificial viscosity to the
solver. It is known that even without the diffusion step, grid-based
solvers suffer from artificial viscosity in the solver because of the
dissipation of energy in the advection and projection steps. To
address this problem, Zehnder et al. [2018] recently introduced
an advection-reflection solver, which still uses the same building
blocks of advection and projection steps as the standard advection-
projection solvers use, but in a more careful way, to reduce artificial
viscosity with the same number of projection steps. We adapted its
second-order variant [Narain et al. 2019] to our Monte Carlo solver
(Fig. 3 (h)), and we observe our method similarly benefits from the
use of the advection-reflection method, producing more turbulent
animation.

Monte Carlo PIC/FLIP. The numerical diffusion effect we have
discussed above is partially due to the semi-Lagrangian advection
scheme with some grid data interpolation that our method and
many traditional methods employ. To address this problem in the
context of classical grid-based solvers, the PIC/FLIP methods [Brack-
bill and Ruppel 1986; Harlow 1962; Zhu and Bridson 2005] have
been popularized. The idea of PIC/FLIP is that we handle the advec-
tion of velocity using particles by (forward) Lagrangian advection,
transfer the velocity from particles to grid, perform projection on
the grid, and update particle velocities by transferring grid data
back to the particles. PIC and FLIP differ in their last grid-to-particle
transfer step: PIC transfers the velocity itself whereas FLIP transfers
the velocity update. FLIP is expected to produce more turbulent
and noisy results. One can also blend the two transfer methods.
Our velocity-based Monte Carlo framework can utilize this idea
straightforwardly (Fig. 3 (i) to (k)). In our version, at each step, we
first perform the standard particle-to-grid transfer. Then, instead
of advecting the particles using the projected grid velocities at the
particles’ locations via interpolation, we evaluate the velocity (or
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velocity update) from the grid data exactly at the positions required
for particle advection. Exploiting the pointwise estimation capabil-
ity in this way lets us avoid extra interpolation errors for this step.

Performance. We measured the timing of our simulations in Fig. 3
using their GPU implementations against a basic single-thread CPU
implementation of traditional grid-based fluids on a workstation
with an Intel Xeon Silver 4316 CPU and an NVIDIA RTX A5000 GPU.
Stable fluids with cut-cell boundary handling [Batty et al. 2007] (a)
runs at 0.064 seconds per time step, while the fastest implementation
of our solver that caches the velocity field after each substep (b)
runs at 7.8 seconds per time step, two orders of magnitude slower.
If we disable the VPL with this setup, the runtime increases to 109
seconds per time step. For the other caching choices, the runtime
for the one without caching after projection (c) increases to 32.1
seconds per time step because we perform the projection at all
points used in the RK3 advection, and the one without caching after
advection (d) runs at 10.1 seconds per time step due to the increased
number of evaluation points for the advection. In general, the walk-
on-boundary method for handling obstacles requires a large number
of paths, and further efficiency improvements would be desirable to
improve the method’s practicality. The addition of diffusion steps
in (e) to (g) resulted in the increase of runtime by 48% (e) to 84% (g)
compared to their baseline counterpart implementation (c).

Error analysis. We performed a convergence test for the projec-
tion step in the absence of obstacles. The estimator is unbounded
in this case, and we can observe in Fig. 6 that the error decreases at
the inverse square root rate, as we increase the number of samples
to estimate the volume term and the area term, respectively. We
also observe that using a simpler formulation or a simpler sampling
technique makes the estimator converge slower or completely fail
to converge. In Fig. 7, we compared our simulations with different
numbers of samples. We observe that using low sample counts can
blow up the simulation, and the noise of the velocity estimate is
typically larger around the boundary. As Sugimoto et al. [2023] dis-
cuss, the variance of the walk-on-boundary method is particularly
large for interior Neumann problems in non-convex domains, and
Fig. 7 shows such a scene.

4 CONCLUSION AND DISCUSSION
We have presented a velocity-based Monte Carlo method for fluid
simulation. We developed a pointwise estimator for each substep
and demonstrated flexible integration of existing velocity-based
techniques into our method.

One could also consider using our velocity-based pointwise esti-
mators to design a cacheless scheme without any spatial discretiza-
tion whatsoever, similar to the vorticity-based strategy described by
Rioux-Lavoie and Sugimoto et al. [2022]. As Rioux-Lavoie and Sug-
imoto et al. [2022] pointed out, this kind of fully recursive strategy
offers truly pointwise estimation at the cost of large variance and
thus has a high computational cost. While of theoretical value, this
approach is impractical today because the estimation cost grows
exponentially as the simulation proceeds in time, depending on the
specific path sampling strategy.

Our method’s computational speed is not yet comparable to tra-
ditional methods as a relatively large number of samples is required

to produce results with low enough error. Moreover, having bound-
aries in the scene necessitates the use of an advanced Monte Carlo
solver for (Neumann) boundary value problems, with correspond-
ing increased variance, leading to higher costs.

In addition to efficiency improvements, our method will benefit
from any future improvements to the walk-on-boundary method.
Support for spatially varying diffusion equations under the walk-
on-boundary method, analogous to what was proposed for the
walk-on-spheres method [Sawhney and Seyb et al. 2022], would
allow us to support variable fluid densities in our framework. Ap-
plying differentiable rendering techniques similar to Yılmazer et al.
[2022] would enable the use of our solver for inverse problems.
Supporting double-sided boundary conditions by extending the
boundary integral formulation would also be a useful extension.

We designed our solver with a velocity-only formulation, but
it may be beneficial to revisit this choice as (grid-based) methods
utilizing velocity gradient information [Feng et al. 2023; Jiang et al.
2015; Nabizadeh et al. 2022] have recently shown promising im-
provements. Other ideas in the velocity-based fluid literature, such
as the method of characteristic mapping [Qu et al. 2019] to lessen
advection errors or energy-preserving integrators [Mullen et al.
2009] to reduce splitting errors, are also worth investigating in our
Monte Carlo context.

Lastly, we believe our method paves the way for a full Monte
Carlo simulation of liquids with free surfaces, and we look for-
ward to the continued advancement of Monte Carlo techniques for
physical simulations more broadly.
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Figure 5: Buoyancy simulation in 3D. We simulate a smoke plume rising toward a bunny-shaped obstacle (top, resolution
1283) and a sphere obstacle (middle, resolution 1283) in 3D using the Boussinesq buoyancy model. We can also incorporate a
more complicated smoke source shape as well (bottom, resolution 288 × 128 × 128). We rendered the images with the principled
volume shader in Blender [Blender Foundation 2023].  0m15s
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Figure 6: Projection error without solid boundaries. Our projection step projects out the divergent velocity mode from the
velocity field, converting the top left field into the one on the bottom left (resolution 2562). We visualize the velocity field
using arrows and we show its magnitude using the darkness of the red color as well. We measure the root mean squared
errors measured against the analytical solution and plot them by altering the number of volume samples 𝑁𝑉 with a fixed
number of area samples 𝑁𝐴 = 107 in the middle and by altering 𝑁𝐴 with 𝑁𝑉 = 107 on the right. We observe the inverse square
root convergence rate in both cases with our formulation with the default sampling strategy (a) as described in Section 2.3.1,
while the bias due to the volume term eventually dominates the error on the plot for 𝑁𝐴 as we increase 𝑁𝐴. We also tested the
estimator by (separately) replacing the volume term importance sampling according to the PDF proportional to 1/𝑟 (𝑑−1) with a
uniform sampling (b), and disabling the global velocity shift described in Eq. 11 (c). Both of these alternatives either converge
slower than the proposed method or fail to converge.
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Figure 7: Flow in a 2D bounded non-convex domain (resolution 2562). We simulate colored smoke advected by a velocity field
induced by a vortex pair inside a bunny shape. On the left, the velocity field at the 40th frame is visualized. In these simulations,
the number of samples used in each simulation is 10 times (top), 1 times (middle), and 0.1 times (bottom) the number of samples
used in other 2D scenes in this paper. We observe that using a small sample count can lead to outright failure of the simulation
(bottom). Using a modest amount of samples (middle) in this scenario still exhibits large errors and jitter in the animation (see
the supplemental video), likely due to larger velocity errors near the boundary and large globally correlated error from the
boundary value caching strategy. With the highest sample count (top) the simulation yields a smooth velocity field.  4m18s
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