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• Deterministically represents either 0 or 1


• N bits corresponds to 1 N-bit value


• Qubit


• Stochastically represents both 0 and 1


• N qubits correspond to 2N values
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A qubit becomes a bit after read-out
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Caveat #3
• Current quantum computers are noisy


• Results can be affected by external noise


• Quantum operations might produce wrong results


•  “Noisy Intermediate-Scale Quantum” (NISQ) [Preskill18]

Algorithms should be robust to noise in quantum computers
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Goals

• Utilize the exponential and parallel nature of qubits


• Fundamentally faster than classical algorithms


• Avoids the caveats of quantum computing


• Works well on real quantum computers
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<latexit sha1_base64="ynvl+FZs0uwO+m6l0pkyHQVtsuc=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgKiStaLsrunFZwT6gDWUynbRDJ5MwMxFK6NIPcKuf4E7c+iF+gb/hNK2grQcuHM65l3vv8WPOlHacTyu3tr6xuZXfLuzs7u0fFA+PWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2xzczv/1ApWKRuNeTmHohHgoWMIK1kdo9H8s0mPaLJceuVauXlRpaJa7tZCjBAo1+8as3iEgSUqEJx0p1XSfWXoqlZoTTaaGXKBpjMsZD2jVU4JAqL83OnaIzowxQEElTQqNM/T2R4lCpSeibzhDrkVr2ZuK/XjyaKEbU0nodVL2UiTjRVJD59iDhSEdoFggaMEmJ5hNDMJHMPIDICEtMtImtkCUzfx+tkp9kWmXbrdjlu4tS/XqRUR5O4BTOwYUrqMMtNKAJBMbwBM/wYj1ar9ab9T5vzVmLmWP4A+vjG4OhmSk=</latexit>

Take N samples f(x1), f(x2), · · · , f(xN )
<latexit sha1_base64="OILv0g+DqDxG68Y2RQOGp5d1ms0=">AAACHHicbVDLSgMxFM3UV62vqktBgkVoQYaZVrTdFd24kgr2Ae1QMplMG5p5kGTEoXTnd/gBbvUT3IlbwS/wN8x0KmjrgXBPzr2Xyzl2yKiQhvGpZZaWV1bXsuu5jc2t7Z387l5LBBHHpIkDFvCOjQRh1CdNSSUjnZAT5NmMtO3RZdJv3xEuaODfyjgklocGPnUpRlJJ/fyhW7zvm6UTmNSyqj3sBFKk/+tSP18w9Fq1elapwUVi6sYUBTBDo5//6jkBjjziS8yQEF3TCKU1RlxSzMgk14sECREeoQHpKuojjwhrPPUxgcdKcaAbcPV8Cafq740x8oSIPVtNekgOxXwvEf/thcNYUCzmzku3ao2pH0aS+Di97kYMygAmSUGHcoIlixVBmFNlAOIh4ghLlWdumkxqHy6Sn2RaZd2s6OWb00L9YpZRFhyAI1AEJjgHdXAFGqAJMHgAT+AZvGiP2qv2pr2noxlttrMP/kD7+AYHSaAJ</latexit>

f̄ =
1

N

NX

i=1

f(xi)
<latexit sha1_base64="lnOuvBCnQ4l/06nSMp+FmZMcVIM="></latexit>

Z

P
f(x)dx

<latexit sha1_base64="E0hSXFmg3xf+Y6tmvBGlVTaIhWU=">AAACCnicbVDLSsNAFJ34rPVVdelmsAh1E5JWtN0V3bisYB/QxjKZTNqhk0mYmUhD6B/4AW71E9yJW3/CL/A3nKYVtPXAhcM593LvPW7EqFSW9WmsrK6tb2zmtvLbO7t7+4WDw5YMY4FJE4csFB0XScIoJ01FFSOdSBAUuIy03dH11G8/ECFpyO9UEhEnQANOfYqR0tJ9j3LVb0C/ND6D3rhfKFpmrVq9qNTgMrFNK0MRzNHoF756XojjgHCFGZKya1uRclIkFMWMTPK9WJII4REakK6mHAVEOml29QSeasWDfih0cQUz9fdEigIpk8DVnQFSQ7noTcV/vWiYSIrlwnrlV52U8ihWhOPZdj9mUIVwmgv0qCBYsUQThAXVD0A8RAJhpdPLZ8nM3ofL5CeZVtm0K2b59rxYv5pnlAPH4ASUgA0uQR3cgAZoAgwEeALP4MV4NF6NN+N91rpizGeOwB8YH99UAJsh</latexit>

(N ⌧ M)
<latexit sha1_base64="BBK1+UqEEFROU1YrPxjfT7C1Jqw=">AAACBXicbVDLTgIxFO3gC/GFunTTSExwMxnAKOyIbtxoMBHQwIR0Sgca2s6k7ZhMJqz9ALf6Ce6MW7/DL/A3LAMmCp7kJifn3Jt77/FCRpV2nE8rs7S8srqWXc9tbG5t7+R391oqiCQmTRywQN55SBFGBWlqqhm5CyVB3GOk7Y0uJn77gUhFA3Gr45C4HA0E9SlG2kj3xWvYZQxeHffyBceuVaunlRpcJCXbSVEAMzR6+a9uP8ARJ0JjhpTqlJxQuwmSmmJGxrlupEiI8AgNSMdQgThRbpIePIZHRulDP5CmhIap+nsiQVypmHumkyM9VPPeRPzXC4exoljNrdd+1U2oCCNNBJ5u9yMGdQAnkcA+lQRrFhuCsKTmAYiHSCKsTXC5NJnp+3CR/CTTKtulil2+OSnUz2cZZcEBOARFUAJnoA4uQQM0AQYcPIFn8GI9Wq/Wm/U+bc1Ys5l98AfWxzfqTpiu</latexit>



Monte Carlo Integration

displayed pixel sub-pixels

?f̄
<latexit sha1_base64="ynvl+FZs0uwO+m6l0pkyHQVtsuc=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgKiStaLsrunFZwT6gDWUynbRDJ5MwMxFK6NIPcKuf4E7c+iF+gb/hNK2grQcuHM65l3vv8WPOlHacTyu3tr6xuZXfLuzs7u0fFA+PWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2xzczv/1ApWKRuNeTmHohHgoWMIK1kdo9H8s0mPaLJceuVauXlRpaJa7tZCjBAo1+8as3iEgSUqEJx0p1XSfWXoqlZoTTaaGXKBpjMsZD2jVU4JAqL83OnaIzowxQEElTQqNM/T2R4lCpSeibzhDrkVr2ZuK/XjyaKEbU0nodVL2UiTjRVJD59iDhSEdoFggaMEmJ5hNDMJHMPIDICEtMtImtkCUzfx+tkp9kWmXbrdjlu4tS/XqRUR5O4BTOwYUrqMMtNKAJBMbwBM/wYj1ar9ab9T5vzVmLmWP4A+vjG4OhmSk=</latexit>

f̄ =
1

N

NX

i=1

f(xi)
<latexit sha1_base64="lnOuvBCnQ4l/06nSMp+FmZMcVIM="></latexit>

Z

P
f(x)dx

<latexit sha1_base64="E0hSXFmg3xf+Y6tmvBGlVTaIhWU=">AAACCnicbVDLSsNAFJ34rPVVdelmsAh1E5JWtN0V3bisYB/QxjKZTNqhk0mYmUhD6B/4AW71E9yJW3/CL/A3nKYVtPXAhcM593LvPW7EqFSW9WmsrK6tb2zmtvLbO7t7+4WDw5YMY4FJE4csFB0XScIoJ01FFSOdSBAUuIy03dH11G8/ECFpyO9UEhEnQANOfYqR0tJ9j3LVb0C/ND6D3rhfKFpmrVq9qNTgMrFNK0MRzNHoF756XojjgHCFGZKya1uRclIkFMWMTPK9WJII4REakK6mHAVEOml29QSeasWDfih0cQUz9fdEigIpk8DVnQFSQ7noTcV/vWiYSIrlwnrlV52U8ihWhOPZdj9mUIVwmgv0qCBYsUQThAXVD0A8RAJhpdPLZ8nM3ofL5CeZVtm0K2b59rxYv5pnlAPH4ASUgA0uQR3cgAZoAgwEeALP4MV4NF6NN+N91rpizGeOwB8YH99UAJsh</latexit>

⇡ 1

N

NX

i=1

f(xi)
<latexit sha1_base64="nnRo/fcqkNo/ByKJWkAm8QDOXqE="></latexit>

Take N samples f(x1), f(x2), · · · , f(xN )
<latexit sha1_base64="OILv0g+DqDxG68Y2RQOGp5d1ms0=">AAACHHicbVDLSgMxFM3UV62vqktBgkVoQYaZVrTdFd24kgr2Ae1QMplMG5p5kGTEoXTnd/gBbvUT3IlbwS/wN8x0KmjrgXBPzr2Xyzl2yKiQhvGpZZaWV1bXsuu5jc2t7Z387l5LBBHHpIkDFvCOjQRh1CdNSSUjnZAT5NmMtO3RZdJv3xEuaODfyjgklocGPnUpRlJJ/fyhW7zvm6UTmNSyqj3sBFKk/+tSP18w9Fq1elapwUVi6sYUBTBDo5//6jkBjjziS8yQEF3TCKU1RlxSzMgk14sECREeoQHpKuojjwhrPPUxgcdKcaAbcPV8Cafq740x8oSIPVtNekgOxXwvEf/thcNYUCzmzku3ao2pH0aS+Di97kYMygAmSUGHcoIlixVBmFNlAOIh4ghLlWdumkxqHy6Sn2RaZd2s6OWb00L9YpZRFhyAI1AEJjgHdXAFGqAJMHgAT+AZvGiP2qv2pr2noxlttrMP/kD7+AYHSaAJ</latexit>

(N ⌧ M)
<latexit sha1_base64="BBK1+UqEEFROU1YrPxjfT7C1Jqw=">AAACBXicbVDLTgIxFO3gC/GFunTTSExwMxnAKOyIbtxoMBHQwIR0Sgca2s6k7ZhMJqz9ALf6Ce6MW7/DL/A3LAMmCp7kJifn3Jt77/FCRpV2nE8rs7S8srqWXc9tbG5t7+R391oqiCQmTRywQN55SBFGBWlqqhm5CyVB3GOk7Y0uJn77gUhFA3Gr45C4HA0E9SlG2kj3xWvYZQxeHffyBceuVaunlRpcJCXbSVEAMzR6+a9uP8ARJ0JjhpTqlJxQuwmSmmJGxrlupEiI8AgNSMdQgThRbpIePIZHRulDP5CmhIap+nsiQVypmHumkyM9VPPeRPzXC4exoljNrdd+1U2oCCNNBJ5u9yMGdQAnkcA+lQRrFhuCsKTmAYiHSCKsTXC5NJnp+3CR/CTTKtulil2+OSnUz2cZZcEBOARFUAJnoA4uQQM0AQYcPIFn8GI9Wq/Wm/U+bc1Ys5l98AfWxzfqTpiu</latexit>



Monte Carlo Integration

displayed pixel sub-pixels

?f̄
<latexit sha1_base64="ynvl+FZs0uwO+m6l0pkyHQVtsuc=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgKiStaLsrunFZwT6gDWUynbRDJ5MwMxFK6NIPcKuf4E7c+iF+gb/hNK2grQcuHM65l3vv8WPOlHacTyu3tr6xuZXfLuzs7u0fFA+PWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2xzczv/1ApWKRuNeTmHohHgoWMIK1kdo9H8s0mPaLJceuVauXlRpaJa7tZCjBAo1+8as3iEgSUqEJx0p1XSfWXoqlZoTTaaGXKBpjMsZD2jVU4JAqL83OnaIzowxQEElTQqNM/T2R4lCpSeibzhDrkVr2ZuK/XjyaKEbU0nodVL2UiTjRVJD59iDhSEdoFggaMEmJ5hNDMJHMPIDICEtMtImtkCUzfx+tkp9kWmXbrdjlu4tS/XqRUR5O4BTOwYUrqMMtNKAJBMbwBM/wYj1ar9ab9T5vzVmLmWP4A+vjG4OhmSk=</latexit>

f̄ =
1

N

NX

i=1

f(xi)
<latexit sha1_base64="lnOuvBCnQ4l/06nSMp+FmZMcVIM="></latexit>

Z

P
f(x)dx

<latexit sha1_base64="E0hSXFmg3xf+Y6tmvBGlVTaIhWU=">AAACCnicbVDLSsNAFJ34rPVVdelmsAh1E5JWtN0V3bisYB/QxjKZTNqhk0mYmUhD6B/4AW71E9yJW3/CL/A3nKYVtPXAhcM593LvPW7EqFSW9WmsrK6tb2zmtvLbO7t7+4WDw5YMY4FJE4csFB0XScIoJ01FFSOdSBAUuIy03dH11G8/ECFpyO9UEhEnQANOfYqR0tJ9j3LVb0C/ND6D3rhfKFpmrVq9qNTgMrFNK0MRzNHoF756XojjgHCFGZKya1uRclIkFMWMTPK9WJII4REakK6mHAVEOml29QSeasWDfih0cQUz9fdEigIpk8DVnQFSQ7noTcV/vWiYSIrlwnrlV52U8ihWhOPZdj9mUIVwmgv0qCBYsUQThAXVD0A8RAJhpdPLZ8nM3ofL5CeZVtm0K2b59rxYv5pnlAPH4ASUgA0uQR3cgAZoAgwEeALP4MV4NF6NN+N91rpizGeOwB8YH99UAJsh</latexit>

⇡ 1

N

NX

i=1

f(xi)
<latexit sha1_base64="nnRo/fcqkNo/ByKJWkAm8QDOXqE="></latexit>

Take N samples f(x1), f(x2), · · · , f(xN )
<latexit sha1_base64="OILv0g+DqDxG68Y2RQOGp5d1ms0=">AAACHHicbVDLSgMxFM3UV62vqktBgkVoQYaZVrTdFd24kgr2Ae1QMplMG5p5kGTEoXTnd/gBbvUT3IlbwS/wN8x0KmjrgXBPzr2Xyzl2yKiQhvGpZZaWV1bXsuu5jc2t7Z387l5LBBHHpIkDFvCOjQRh1CdNSSUjnZAT5NmMtO3RZdJv3xEuaODfyjgklocGPnUpRlJJ/fyhW7zvm6UTmNSyqj3sBFKk/+tSP18w9Fq1elapwUVi6sYUBTBDo5//6jkBjjziS8yQEF3TCKU1RlxSzMgk14sECREeoQHpKuojjwhrPPUxgcdKcaAbcPV8Cafq740x8oSIPVtNekgOxXwvEf/thcNYUCzmzku3ao2pH0aS+Di97kYMygAmSUGHcoIlixVBmFNlAOIh4ghLlWdumkxqHy6Sn2RaZd2s6OWb00L9YpZRFhyAI1AEJjgHdXAFGqAJMHgAT+AZvGiP2qv2pr2noxlttrMP/kD7+AYHSaAJ</latexit>

�<latexit sha1_base64="0pN37gfgKQGVdvn6DkrhVTolwko=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgxWU3EU1uQS8eEzAPSJYwO5lNhsw+mJkVliX4AV71E7yJV7/FL/A3nGwiaGJBQ1HVTXeXG3EmlWV9Grm19Y3Nrfx2YWd3b/+geHjUlmEsCG2RkIei62JJOQtoSzHFaTcSFPsupx13cjvzOw9USBYG9yqJqOPjUcA8RrDSUvNiUCxZZq1avarU0CqxTStDCRZoDIpf/WFIYp8GinAsZc+2IuWkWChGOJ0W+rGkESYTPKI9TQPsU+mk2aFTdKaVIfJCoStQKFN/T6TYlzLxXd3pYzWWy95M/NeLxolkRC6tV17VSVkQxYoGZL7dizlSIZpFgYZMUKJ4ogkmgukHEBljgYnSgRWyZObvo1Xyk0y7bNoVs9y8LNVvFhnl4QRO4RxsuIY63EEDWkCAwhM8w4vxaLwab8b7vDVnLGaO4Q+Mj281KJYr</latexit>

�����
1

M

MX

i=1

f(xi)

�����
<latexit sha1_base64="IL0yHQBS41enHHeGFmLOZTfJQDU="></latexit>

�����
1

M

MX

i=1

f(xi)

�����
<latexit sha1_base64="IL0yHQBS41enHHeGFmLOZTfJQDU="></latexit>

(N ⌧ M)
<latexit sha1_base64="BBK1+UqEEFROU1YrPxjfT7C1Jqw=">AAACBXicbVDLTgIxFO3gC/GFunTTSExwMxnAKOyIbtxoMBHQwIR0Sgca2s6k7ZhMJqz9ALf6Ce6MW7/DL/A3LAMmCp7kJifn3Jt77/FCRpV2nE8rs7S8srqWXc9tbG5t7+R391oqiCQmTRywQN55SBFGBWlqqhm5CyVB3GOk7Y0uJn77gUhFA3Gr45C4HA0E9SlG2kj3xWvYZQxeHffyBceuVaunlRpcJCXbSVEAMzR6+a9uP8ARJ0JjhpTqlJxQuwmSmmJGxrlupEiI8AgNSMdQgThRbpIePIZHRulDP5CmhIap+nsiQVypmHumkyM9VPPeRPzXC4exoljNrdd+1U2oCCNNBJ5u9yMGdQAnkcA+lQRrFhuCsKTmAYiHSCKsTXC5NJnp+3CR/CTTKtulil2+OSnUz2cZZcEBOARFUAJnoA4uQQM0AQYcPIFn8GI9Wq/Wm/U+bc1Ys5l98AfWxzfqTpiu</latexit>



Monte Carlo Integration

displayed pixel sub-pixels

?f̄
<latexit sha1_base64="ynvl+FZs0uwO+m6l0pkyHQVtsuc=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgKiStaLsrunFZwT6gDWUynbRDJ5MwMxFK6NIPcKuf4E7c+iF+gb/hNK2grQcuHM65l3vv8WPOlHacTyu3tr6xuZXfLuzs7u0fFA+PWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2xzczv/1ApWKRuNeTmHohHgoWMIK1kdo9H8s0mPaLJceuVauXlRpaJa7tZCjBAo1+8as3iEgSUqEJx0p1XSfWXoqlZoTTaaGXKBpjMsZD2jVU4JAqL83OnaIzowxQEElTQqNM/T2R4lCpSeibzhDrkVr2ZuK/XjyaKEbU0nodVL2UiTjRVJD59iDhSEdoFggaMEmJ5hNDMJHMPIDICEtMtImtkCUzfx+tkp9kWmXbrdjlu4tS/XqRUR5O4BTOwYUrqMMtNKAJBMbwBM/wYj1ar9ab9T5vzVmLmWP4A+vjG4OhmSk=</latexit>

f̄ =
1

N

NX

i=1

f(xi)
<latexit sha1_base64="lnOuvBCnQ4l/06nSMp+FmZMcVIM="></latexit>

Z

P
f(x)dx

<latexit sha1_base64="E0hSXFmg3xf+Y6tmvBGlVTaIhWU=">AAACCnicbVDLSsNAFJ34rPVVdelmsAh1E5JWtN0V3bisYB/QxjKZTNqhk0mYmUhD6B/4AW71E9yJW3/CL/A3nKYVtPXAhcM593LvPW7EqFSW9WmsrK6tb2zmtvLbO7t7+4WDw5YMY4FJE4csFB0XScIoJ01FFSOdSBAUuIy03dH11G8/ECFpyO9UEhEnQANOfYqR0tJ9j3LVb0C/ND6D3rhfKFpmrVq9qNTgMrFNK0MRzNHoF756XojjgHCFGZKya1uRclIkFMWMTPK9WJII4REakK6mHAVEOml29QSeasWDfih0cQUz9fdEigIpk8DVnQFSQ7noTcV/vWiYSIrlwnrlV52U8ihWhOPZdj9mUIVwmgv0qCBYsUQThAXVD0A8RAJhpdPLZ8nM3ofL5CeZVtm0K2b59rxYv5pnlAPH4ASUgA0uQR3cgAZoAgwEeALP4MV4NF6NN+N91rpizGeOwB8YH99UAJsh</latexit>

⇡ 1

N

NX

i=1

f(xi)
<latexit sha1_base64="nnRo/fcqkNo/ByKJWkAm8QDOXqE="></latexit>

Take N samples f(x1), f(x2), · · · , f(xN )
<latexit sha1_base64="OILv0g+DqDxG68Y2RQOGp5d1ms0=">AAACHHicbVDLSgMxFM3UV62vqktBgkVoQYaZVrTdFd24kgr2Ae1QMplMG5p5kGTEoXTnd/gBbvUT3IlbwS/wN8x0KmjrgXBPzr2Xyzl2yKiQhvGpZZaWV1bXsuu5jc2t7Z387l5LBBHHpIkDFvCOjQRh1CdNSSUjnZAT5NmMtO3RZdJv3xEuaODfyjgklocGPnUpRlJJ/fyhW7zvm6UTmNSyqj3sBFKk/+tSP18w9Fq1elapwUVi6sYUBTBDo5//6jkBjjziS8yQEF3TCKU1RlxSzMgk14sECREeoQHpKuojjwhrPPUxgcdKcaAbcPV8Cafq740x8oSIPVtNekgOxXwvEf/thcNYUCzmzku3ao2pH0aS+Di97kYMygAmSUGHcoIlixVBmFNlAOIh4ghLlWdumkxqHy6Sn2RaZd2s6OWb00L9YpZRFhyAI1AEJjgHdXAFGqAJMHgAT+AZvGiP2qv2pr2noxlttrMP/kD7+AYHSaAJ</latexit>

�<latexit sha1_base64="0pN37gfgKQGVdvn6DkrhVTolwko=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgxWU3EU1uQS8eEzAPSJYwO5lNhsw+mJkVliX4AV71E7yJV7/FL/A3nGwiaGJBQ1HVTXeXG3EmlWV9Grm19Y3Nrfx2YWd3b/+geHjUlmEsCG2RkIei62JJOQtoSzHFaTcSFPsupx13cjvzOw9USBYG9yqJqOPjUcA8RrDSUvNiUCxZZq1avarU0CqxTStDCRZoDIpf/WFIYp8GinAsZc+2IuWkWChGOJ0W+rGkESYTPKI9TQPsU+mk2aFTdKaVIfJCoStQKFN/T6TYlzLxXd3pYzWWy95M/NeLxolkRC6tV17VSVkQxYoGZL7dizlSIZpFgYZMUKJ4ogkmgukHEBljgYnSgRWyZObvo1Xyk0y7bNoVs9y8LNVvFhnl4QRO4RxsuIY63EEDWkCAwhM8w4vxaLwab8b7vDVnLGaO4Q+Mj281KJYr</latexit>

�����
1

M

MX

i=1

f(xi)

�����
<latexit sha1_base64="IL0yHQBS41enHHeGFmLOZTfJQDU="></latexit>

�����
1

M

MX

i=1

f(xi)

�����
<latexit sha1_base64="IL0yHQBS41enHHeGFmLOZTfJQDU="></latexit>

E
<latexit sha1_base64="erQI4bbJapPaqHyhlnHcaIavYMo=">AAACDnicbVDLSsNAFJ3UV62vqEs3g0VwFZJWtN0VRXBZwT6gDWUynbRDJzNhZlIIof/gB7jVT3Anbv0Fv8DfMEkraOuBgcM593LmHi9kVGnb/jQKa+sbm1vF7dLO7t7+gXl41FYikpi0sGBCdj2kCKOctDTVjHRDSVDgMdLxJjeZ35kSqajgDzoOiRugEac+xUin0sA0+yIkEmkhOQpIcjsbmGXbqtdql9U6XCWOZecogwWaA/OrPxQ4CgjXmCGleo4dajdBUlPMyKzUjxQJEZ6gEemlNItRbpL/fAbPUmUIfSHTxzXM1d8bCQqUigMvnQyQHqtlLxP/9cJxrChWS/Har7kJ5WGkCcfzdD9iUAuYdQOHVBKsWZwShCVND4B4jCTCOm2wlDczPx+ukp9m2hXLqVqV+4ty43rRURGcgFNwDhxwBRrgDjRBC2AwBU/gGbwYj8ar8Wa8z0cLxmLnGPyB8fENZNedaw==</latexit>

= O

✓
1p
N

◆

<latexit sha1_base64="FwY8pwXkHKLb72NCqYJVYAix808="></latexit>

=
�p
N

<latexit sha1_base64="3aRwEdJed2WIpDZ1ozw4Up7Pqjk=">AAACF3icbVDLSsNAFJ34rPUVdSVuBovgKiStaLsQim5cSQX7gCaUyXTSDp08nJkIIQS/ww9wq5/gTty69Av8DadpBW09MMzhnHu5nONGjAppmp/awuLS8spqYa24vrG5ta3v7LZEGHNMmjhkIe+4SBBGA9KUVDLSiThBvstI2x1djv32PeGChsGtTCLi+GgQUI9iJJXU0/fPoe1xhFNb0IGPMvXfcZleZ1lPL5lGrVo9rdTgPLEMM0cJTNHo6V92P8SxTwKJGRKia5mRdFLEJcWMZEU7FiRCeIQGpKtogHwinDSPkMEjpfShF3L1Aglz9fdGinwhEt9Vkz6SQzHrjcV/vWiYCIrFzHnpVZ2UBlEsSYAn172YQRnCcUmwTznBkiWKIMypCgDxEKmapKqymDcziQ/nyU8zrbJhVYzyzUmpfjHtqAAOwCE4BhY4A3VwBRqgCTB4AE/gGbxoj9qr9qa9T0YXtOnOHvgD7eMbfp6hPQ==</latexit>

(N ⌧ M)
<latexit sha1_base64="BBK1+UqEEFROU1YrPxjfT7C1Jqw=">AAACBXicbVDLTgIxFO3gC/GFunTTSExwMxnAKOyIbtxoMBHQwIR0Sgca2s6k7ZhMJqz9ALf6Ce6MW7/DL/A3LAMmCp7kJifn3Jt77/FCRpV2nE8rs7S8srqWXc9tbG5t7+R391oqiCQmTRywQN55SBFGBWlqqhm5CyVB3GOk7Y0uJn77gUhFA3Gr45C4HA0E9SlG2kj3xWvYZQxeHffyBceuVaunlRpcJCXbSVEAMzR6+a9uP8ARJ0JjhpTqlJxQuwmSmmJGxrlupEiI8AgNSMdQgThRbpIePIZHRulDP5CmhIap+nsiQVypmHumkyM9VPPeRPzXC4exoljNrdd+1U2oCCNNBJ5u9yMGdQAnkcA+lQRrFhuCsKTmAYiHSCKsTXC5NJnp+3CR/CTTKtulil2+OSnUz2cZZcEBOARFUAJnoA4uQQM0AQYcPIFn8GI9Wq/Wm/U+bc1Ys5l98AfWxzfqTpiu</latexit>



Monte Carlo Integration

displayed pixel sub-pixels

?f̄
<latexit sha1_base64="ynvl+FZs0uwO+m6l0pkyHQVtsuc=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgKiStaLsrunFZwT6gDWUynbRDJ5MwMxFK6NIPcKuf4E7c+iF+gb/hNK2grQcuHM65l3vv8WPOlHacTyu3tr6xuZXfLuzs7u0fFA+PWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2xzczv/1ApWKRuNeTmHohHgoWMIK1kdo9H8s0mPaLJceuVauXlRpaJa7tZCjBAo1+8as3iEgSUqEJx0p1XSfWXoqlZoTTaaGXKBpjMsZD2jVU4JAqL83OnaIzowxQEElTQqNM/T2R4lCpSeibzhDrkVr2ZuK/XjyaKEbU0nodVL2UiTjRVJD59iDhSEdoFggaMEmJ5hNDMJHMPIDICEtMtImtkCUzfx+tkp9kWmXbrdjlu4tS/XqRUR5O4BTOwYUrqMMtNKAJBMbwBM/wYj1ar9ab9T5vzVmLmWP4A+vjG4OhmSk=</latexit>

f̄ =
1

N

NX

i=1

f(xi)
<latexit sha1_base64="lnOuvBCnQ4l/06nSMp+FmZMcVIM="></latexit>

Z

P
f(x)dx

<latexit sha1_base64="E0hSXFmg3xf+Y6tmvBGlVTaIhWU=">AAACCnicbVDLSsNAFJ34rPVVdelmsAh1E5JWtN0V3bisYB/QxjKZTNqhk0mYmUhD6B/4AW71E9yJW3/CL/A3nKYVtPXAhcM593LvPW7EqFSW9WmsrK6tb2zmtvLbO7t7+4WDw5YMY4FJE4csFB0XScIoJ01FFSOdSBAUuIy03dH11G8/ECFpyO9UEhEnQANOfYqR0tJ9j3LVb0C/ND6D3rhfKFpmrVq9qNTgMrFNK0MRzNHoF756XojjgHCFGZKya1uRclIkFMWMTPK9WJII4REakK6mHAVEOml29QSeasWDfih0cQUz9fdEigIpk8DVnQFSQ7noTcV/vWiYSIrlwnrlV52U8ihWhOPZdj9mUIVwmgv0qCBYsUQThAXVD0A8RAJhpdPLZ8nM3ofL5CeZVtm0K2b59rxYv5pnlAPH4ASUgA0uQR3cgAZoAgwEeALP4MV4NF6NN+N91rpizGeOwB8YH99UAJsh</latexit>

⇡ 1

N

NX

i=1

f(xi)
<latexit sha1_base64="nnRo/fcqkNo/ByKJWkAm8QDOXqE="></latexit>

Take N samples f(x1), f(x2), · · · , f(xN )
<latexit sha1_base64="OILv0g+DqDxG68Y2RQOGp5d1ms0=">AAACHHicbVDLSgMxFM3UV62vqktBgkVoQYaZVrTdFd24kgr2Ae1QMplMG5p5kGTEoXTnd/gBbvUT3IlbwS/wN8x0KmjrgXBPzr2Xyzl2yKiQhvGpZZaWV1bXsuu5jc2t7Z387l5LBBHHpIkDFvCOjQRh1CdNSSUjnZAT5NmMtO3RZdJv3xEuaODfyjgklocGPnUpRlJJ/fyhW7zvm6UTmNSyqj3sBFKk/+tSP18w9Fq1elapwUVi6sYUBTBDo5//6jkBjjziS8yQEF3TCKU1RlxSzMgk14sECREeoQHpKuojjwhrPPUxgcdKcaAbcPV8Cafq740x8oSIPVtNekgOxXwvEf/thcNYUCzmzku3ao2pH0aS+Di97kYMygAmSUGHcoIlixVBmFNlAOIh4ghLlWdumkxqHy6Sn2RaZd2s6OWb00L9YpZRFhyAI1AEJjgHdXAFGqAJMHgAT+AZvGiP2qv2pr2noxlttrMP/kD7+AYHSaAJ</latexit>

�<latexit sha1_base64="0pN37gfgKQGVdvn6DkrhVTolwko=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgxWU3EU1uQS8eEzAPSJYwO5lNhsw+mJkVliX4AV71E7yJV7/FL/A3nGwiaGJBQ1HVTXeXG3EmlWV9Grm19Y3Nrfx2YWd3b/+geHjUlmEsCG2RkIei62JJOQtoSzHFaTcSFPsupx13cjvzOw9USBYG9yqJqOPjUcA8RrDSUvNiUCxZZq1avarU0CqxTStDCRZoDIpf/WFIYp8GinAsZc+2IuWkWChGOJ0W+rGkESYTPKI9TQPsU+mk2aFTdKaVIfJCoStQKFN/T6TYlzLxXd3pYzWWy95M/NeLxolkRC6tV17VSVkQxYoGZL7dizlSIZpFgYZMUKJ4ogkmgukHEBljgYnSgRWyZObvo1Xyk0y7bNoVs9y8LNVvFhnl4QRO4RxsuIY63EEDWkCAwhM8w4vxaLwab8b7vDVnLGaO4Q+Mj281KJYr</latexit>

�����
1

M

MX

i=1

f(xi)

�����
<latexit sha1_base64="IL0yHQBS41enHHeGFmLOZTfJQDU="></latexit>

�����
1

M

MX

i=1

f(xi)

�����
<latexit sha1_base64="IL0yHQBS41enHHeGFmLOZTfJQDU="></latexit>

= O

✓
1p
N

◆

<latexit sha1_base64="FwY8pwXkHKLb72NCqYJVYAix808="></latexit>

E
<latexit sha1_base64="erQI4bbJapPaqHyhlnHcaIavYMo=">AAACDnicbVDLSsNAFJ3UV62vqEs3g0VwFZJWtN0VRXBZwT6gDWUynbRDJzNhZlIIof/gB7jVT3Anbv0Fv8DfMEkraOuBgcM593LmHi9kVGnb/jQKa+sbm1vF7dLO7t7+gXl41FYikpi0sGBCdj2kCKOctDTVjHRDSVDgMdLxJjeZ35kSqajgDzoOiRugEac+xUin0sA0+yIkEmkhOQpIcjsbmGXbqtdql9U6XCWOZecogwWaA/OrPxQ4CgjXmCGleo4dajdBUlPMyKzUjxQJEZ6gEemlNItRbpL/fAbPUmUIfSHTxzXM1d8bCQqUigMvnQyQHqtlLxP/9cJxrChWS/Har7kJ5WGkCcfzdD9iUAuYdQOHVBKsWZwShCVND4B4jCTCOm2wlDczPx+ukp9m2hXLqVqV+4ty43rRURGcgFNwDhxwBRrgDjRBC2AwBU/gGbwYj8ar8Wa8z0cLxmLnGPyB8fENZNedaw==</latexit>

(N ⌧ M)
<latexit sha1_base64="BBK1+UqEEFROU1YrPxjfT7C1Jqw=">AAACBXicbVDLTgIxFO3gC/GFunTTSExwMxnAKOyIbtxoMBHQwIR0Sgca2s6k7ZhMJqz9ALf6Ce6MW7/DL/A3LAMmCp7kJifn3Jt77/FCRpV2nE8rs7S8srqWXc9tbG5t7+R391oqiCQmTRywQN55SBFGBWlqqhm5CyVB3GOk7Y0uJn77gUhFA3Gr45C4HA0E9SlG2kj3xWvYZQxeHffyBceuVaunlRpcJCXbSVEAMzR6+a9uP8ARJ0JjhpTqlJxQuwmSmmJGxrlupEiI8AgNSMdQgThRbpIePIZHRulDP5CmhIap+nsiQVypmHumkyM9VPPeRPzXC4exoljNrdd+1U2oCCNNBJ5u9yMGdQAnkcA+lQRrFhuCsKTmAYiHSCKsTXC5NJnp+3CR/CTTKtulil2+OSnUz2cZZcEBOARFUAJnoA4uQQM0AQYcPIFn8GI9Wq/Wm/U+bc1Ys5l98AfWxzfqTpiu</latexit>



Classical Algorithm
• Monte Carlo integration


• Evaluate the integrand N times


• Error converges at


• Independent of the number of dimensions


• Proportional to the std. deviation of the integrand

= O

✓
1p
N

◆

<latexit sha1_base64="FwY8pwXkHKLb72NCqYJVYAix808="></latexit>

(N ⌧ M)
<latexit sha1_base64="BBK1+UqEEFROU1YrPxjfT7C1Jqw=">AAACBXicbVDLTgIxFO3gC/GFunTTSExwMxnAKOyIbtxoMBHQwIR0Sgca2s6k7ZhMJqz9ALf6Ce6MW7/DL/A3LAMmCp7kJifn3Jt77/FCRpV2nE8rs7S8srqWXc9tbG5t7+R391oqiCQmTRywQN55SBFGBWlqqhm5CyVB3GOk7Y0uJn77gUhFA3Gr45C4HA0E9SlG2kj3xWvYZQxeHffyBceuVaunlRpcJCXbSVEAMzR6+a9uP8ARJ0JjhpTqlJxQuwmSmmJGxrlupEiI8AgNSMdQgThRbpIePIZHRulDP5CmhIap+nsiQVypmHumkyM9VPPeRPzXC4exoljNrdd+1U2oCCNNBJ5u9yMGdQAnkcA+lQRrFhuCsKTmAYiHSCKsTXC5NJnp+3CR/CTTKtulil2+OSnUz2cZZcEBOARFUAJnoA4uQQM0AQYcPIFn8GI9Wq/Wm/U+bc1Ys5l98AfWxzfqTpiu</latexit>



Classical Algorithm
• Monte Carlo integration


• Evaluate the integrand N times


• Error converges at


• Independent of the number of dimensions


• Proportional to the std. deviation of the integrand

= O

✓
1p
N

◆

<latexit sha1_base64="FwY8pwXkHKLb72NCqYJVYAix808="></latexit>

Can we do better than this using quantum computing?



Z

P
f(x)dx

<latexit sha1_base64="E0hSXFmg3xf+Y6tmvBGlVTaIhWU=">AAACCnicbVDLSsNAFJ34rPVVdelmsAh1E5JWtN0V3bisYB/QxjKZTNqhk0mYmUhD6B/4AW71E9yJW3/CL/A3nKYVtPXAhcM593LvPW7EqFSW9WmsrK6tb2zmtvLbO7t7+4WDw5YMY4FJE4csFB0XScIoJ01FFSOdSBAUuIy03dH11G8/ECFpyO9UEhEnQANOfYqR0tJ9j3LVb0C/ND6D3rhfKFpmrVq9qNTgMrFNK0MRzNHoF756XojjgHCFGZKya1uRclIkFMWMTPK9WJII4REakK6mHAVEOml29QSeasWDfih0cQUz9fdEigIpk8DVnQFSQ7noTcV/vWiYSIrlwnrlV52U8ihWhOPZdj9mUIVwmgv0qCBYsUQThAXVD0A8RAJhpdPLZ8nM3ofL5CeZVtm0K2b59rxYv5pnlAPH4ASUgA0uQR3cgAZoAgwEeALP4MV4NF6NN+N91rpizGeOwB8YH99UAJsh</latexit>

f̄ =
1

M

MX

i=1

f(xi)
<latexit sha1_base64="XwJmrZfqoomvn22gbBlS9NuTSqk="></latexit>



M = O(232)
<latexit sha1_base64="qTUYt8BdhtXUy3Gcccvd+18DhkM=">AAACCXicbVDLSsNAFJ3UV62vqks3g0Wom5C0ou1CKLpxI1awrdDGMplO2qGTSZyZCCH0C/wAt/oJ7sStX+EX+BtO0wraeuDC4Zx7ufceN2RUKsv6NDILi0vLK9nV3Nr6xuZWfnunKYNIYNLAAQvErYskYZSThqKKkdtQEOS7jLTc4fnYbz0QIWnAb1QcEsdHfU49ipHSknMJT+FVsXSXlEujw26+YJnVSuW4XIXzxDatFAUwRb2b/+r0Ahz5hCvMkJRt2wqVkyChKGZklOtEkoQID1GftDXlyCfSSdKjR/BAKz3oBUIXVzBVf08kyJcy9l3d6SM1kLPeWPzXCwexpFjOrFdexUkoDyNFOJ5s9yIGVQDHscAeFQQrFmuCsKD6AYgHSCCsdHi5NJnJ+3Ce/CTTLJl22SxdHxVqZ9OMsmAP7IMisMEJqIELUAcNgME9eALP4MV4NF6NN+N90poxpjO74A+Mj28SUZnN</latexit>

(precision of 32-bit numbers)

f̄ =
1

M

MX

i=1

f(xi)
<latexit sha1_base64="XwJmrZfqoomvn22gbBlS9NuTSqk="></latexit>



M = O(232)
<latexit sha1_base64="qTUYt8BdhtXUy3Gcccvd+18DhkM=">AAACCXicbVDLSsNAFJ3UV62vqks3g0Wom5C0ou1CKLpxI1awrdDGMplO2qGTSZyZCCH0C/wAt/oJ7sStX+EX+BtO0wraeuDC4Zx7ufceN2RUKsv6NDILi0vLK9nV3Nr6xuZWfnunKYNIYNLAAQvErYskYZSThqKKkdtQEOS7jLTc4fnYbz0QIWnAb1QcEsdHfU49ipHSknMJT+FVsXSXlEujw26+YJnVSuW4XIXzxDatFAUwRb2b/+r0Ahz5hCvMkJRt2wqVkyChKGZklOtEkoQID1GftDXlyCfSSdKjR/BAKz3oBUIXVzBVf08kyJcy9l3d6SM1kLPeWPzXCwexpFjOrFdexUkoDyNFOJ5s9yIGVQDHscAeFQQrFmuCsKD6AYgHSCCsdHi5NJnJ+3Ce/CTTLJl22SxdHxVqZ9OMsmAP7IMisMEJqIELUAcNgME9eALP4MV4NF6NN+N90poxpjO74A+Mj28SUZnN</latexit>

(precision of 32-bit numbers)

needs 232 evaluationsf̄ =
1

M

MX

i=1

f(xi)
<latexit sha1_base64="XwJmrZfqoomvn22gbBlS9NuTSqk="></latexit>



M = O(232)
<latexit sha1_base64="qTUYt8BdhtXUy3Gcccvd+18DhkM=">AAACCXicbVDLSsNAFJ3UV62vqks3g0Wom5C0ou1CKLpxI1awrdDGMplO2qGTSZyZCCH0C/wAt/oJ7sStX+EX+BtO0wraeuDC4Zx7ufceN2RUKsv6NDILi0vLK9nV3Nr6xuZWfnunKYNIYNLAAQvErYskYZSThqKKkdtQEOS7jLTc4fnYbz0QIWnAb1QcEsdHfU49ipHSknMJT+FVsXSXlEujw26+YJnVSuW4XIXzxDatFAUwRb2b/+r0Ahz5hCvMkJRt2wqVkyChKGZklOtEkoQID1GftDXlyCfSSdKjR/BAKz3oBUIXVzBVf08kyJcy9l3d6SM1kLPeWPzXCwexpFjOrFdexUkoDyNFOJ5s9yIGVQDHscAeFQQrFmuCsKD6AYgHSCCsdHi5NJnJ+3Ce/CTTLJl22SxdHxVqZ9OMsmAP7IMisMEJqIELUAcNgME9eALP4MV4NF6NN+N90poxpjO74A+Mj28SUZnN</latexit>

(precision of 32-bit numbers)

Use 32 qubits to perform all the 232 evaluations in parallel!

needs 232 evaluationsf̄ =
1

M

MX

i=1

f(xi)
<latexit sha1_base64="XwJmrZfqoomvn22gbBlS9NuTSqk="></latexit>



Basic Idea
Superposition of 32 qubits |0i+ |1i+ · · ·+

��232 � 1
↵

<latexit sha1_base64="Mb9r33vYZ5yt0WonA1DUcFKdYZo="></latexit>



Basic Idea
Superposition of 32 qubits |0i+ |1i+ · · ·+

��232 � 1
↵

<latexit sha1_base64="Mb9r33vYZ5yt0WonA1DUcFKdYZo="></latexit>

232 evaluations of f(0) |0i+ f(1) |1i+ · · ·+ f(232 � 1)
��232 � 1

↵
<latexit sha1_base64="xLdEPKC0Mc/S9qsRVRJFwgkeFew="></latexit>

one shot!



Basic Idea
Superposition of 32 qubits |0i+ |1i+ · · ·+
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<latexit sha1_base64="Mb9r33vYZ5yt0WonA1DUcFKdYZo="></latexit>

232 evaluations of f(0) |0i+ f(1) |1i+ · · ·+ f(232 � 1)
��232 � 1

↵
<latexit sha1_base64="xLdEPKC0Mc/S9qsRVRJFwgkeFew="></latexit>

one shot!

quantum operations

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

1 qubit with the exact answer



Basic Idea
Superposition of 32 qubits |0i+ |1i+ · · ·+

��232 � 1
↵

<latexit sha1_base64="Mb9r33vYZ5yt0WonA1DUcFKdYZo="></latexit>

232 evaluations of f(0) |0i+ f(1) |1i+ · · ·+ f(232 � 1)
��232 � 1

↵
<latexit sha1_base64="xLdEPKC0Mc/S9qsRVRJFwgkeFew="></latexit>

one shot!

quantum operations

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

1 qubit with the exact answer

Z

P
f(x)dx

<latexit sha1_base64="E0hSXFmg3xf+Y6tmvBGlVTaIhWU=">AAACCnicbVDLSsNAFJ34rPVVdelmsAh1E5JWtN0V3bisYB/QxjKZTNqhk0mYmUhD6B/4AW71E9yJW3/CL/A3nKYVtPXAhcM593LvPW7EqFSW9WmsrK6tb2zmtvLbO7t7+4WDw5YMY4FJE4csFB0XScIoJ01FFSOdSBAUuIy03dH11G8/ECFpyO9UEhEnQANOfYqR0tJ9j3LVb0C/ND6D3rhfKFpmrVq9qNTgMrFNK0MRzNHoF756XojjgHCFGZKya1uRclIkFMWMTPK9WJII4REakK6mHAVEOml29QSeasWDfih0cQUz9fdEigIpk8DVnQFSQ7noTcV/vWiYSIrlwnrlV52U8ihWhOPZdj9mUIVwmgv0qCBYsUQThAXVD0A8RAJhpdPLZ8nM3ofL5CeZVtm0K2b59rxYv5pnlAPH4ASUgA0uQR3cgAZoAgwEeALP4MV4NF6NN+N91rpizGeOwB8YH99UAJsh</latexit>
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M

MX

i=1

f(xi)
<latexit sha1_base64="XwJmrZfqoomvn22gbBlS9NuTSqk="></latexit>
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MX

i=1

f(xi)
<latexit sha1_base64="XwJmrZfqoomvn22gbBlS9NuTSqk="></latexit>



Basic Idea
Superposition of 32 qubits |0i+ |1i+ · · ·+
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↵
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↵
<latexit sha1_base64="xLdEPKC0Mc/S9qsRVRJFwgkeFew="></latexit>

one shot!

quantum operations

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

1 qubit with the exact answer

Z

P
f(x)dx

<latexit sha1_base64="E0hSXFmg3xf+Y6tmvBGlVTaIhWU=">AAACCnicbVDLSsNAFJ34rPVVdelmsAh1E5JWtN0V3bisYB/QxjKZTNqhk0mYmUhD6B/4AW71E9yJW3/CL/A3nKYVtPXAhcM593LvPW7EqFSW9WmsrK6tb2zmtvLbO7t7+4WDw5YMY4FJE4csFB0XScIoJ01FFSOdSBAUuIy03dH11G8/ECFpyO9UEhEnQANOfYqR0tJ9j3LVb0C/ND6D3rhfKFpmrVq9qNTgMrFNK0MRzNHoF756XojjgHCFGZKya1uRclIkFMWMTPK9WJII4REakK6mHAVEOml29QSeasWDfih0cQUz9fdEigIpk8DVnQFSQ7noTcV/vWiYSIrlwnrlV52U8ihWhOPZdj9mUIVwmgv0qCBYsUQThAXVD0A8RAJhpdPLZ8nM3ofL5CeZVtm0K2b59rxYv5pnlAPH4ASUgA0uQR3cgAZoAgwEeALP4MV4NF6NN+N91rpizGeOwB8YH99UAJsh</latexit>
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1

M
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f(xi)
<latexit sha1_base64="XwJmrZfqoomvn22gbBlS9NuTSqk="></latexit>

std. deviation 
is irrelevant!



std. deviation 
is irrelevant!
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232 evaluations of f(0) |0i+ f(1) |1i+ · · ·+ f(232 � 1)
��232 � 1

↵
<latexit sha1_base64="xLdEPKC0Mc/S9qsRVRJFwgkeFew="></latexit>

one shot!

quantum operations

1 qubit with the exact answer

Z

P
f(x)dx

<latexit sha1_base64="E0hSXFmg3xf+Y6tmvBGlVTaIhWU=">AAACCnicbVDLSsNAFJ34rPVVdelmsAh1E5JWtN0V3bisYB/QxjKZTNqhk0mYmUhD6B/4AW71E9yJW3/CL/A3nKYVtPXAhcM593LvPW7EqFSW9WmsrK6tb2zmtvLbO7t7+4WDw5YMY4FJE4csFB0XScIoJ01FFSOdSBAUuIy03dH11G8/ECFpyO9UEhEnQANOfYqR0tJ9j3LVb0C/ND6D3rhfKFpmrVq9qNTgMrFNK0MRzNHoF756XojjgHCFGZKya1uRclIkFMWMTPK9WJII4REakK6mHAVEOml29QSeasWDfih0cQUz9fdEigIpk8DVnQFSQ7noTcV/vWiYSIrlwnrlV52U8ihWhOPZdj9mUIVwmgv0qCBYsUQThAXVD0A8RAJhpdPLZ8nM3ofL5CeZVtm0K2b59rxYv5pnlAPH4ASUgA0uQR3cgAZoAgwEeALP4MV4NF6NN+N91rpizGeOwB8YH99UAJsh</latexit>

f̄ =
1

M

MX

i=1

f(xi)
<latexit sha1_base64="XwJmrZfqoomvn22gbBlS9NuTSqk="></latexit>

f̄ =
1

M

MX

i=1

f(xi)
<latexit sha1_base64="XwJmrZfqoomvn22gbBlS9NuTSqk="></latexit>

How do we estimate    ?f̄
<latexit sha1_base64="1VZPlrCKnwMXjEEnitrxVravJjM=">AAACA3icbVDLSsNAFJ34rPVVdanIYBFchaQFbXdFNy5bsA9oQ5lMJ+3QySTMTIQQuuwHuNVPcCcuuvFD/AIX/oTTREFbD1w4nHMv997jhoxKZVnvxsrq2vrGZm4rv72zu7dfODhsySASmDRxwALRcZEkjHLSVFQx0gkFQb7LSNsd38z99j0Rkgb8TsUhcXw05NSjGCkttXsuEok36ReKllmtVC7LVbhMbNNKUaydzBqf09NZvV/46A0CHPmEK8yQlF3bCpWTIKEoZmSS70WShAiP0ZB0NeXIJ9JJ0nMn8FwrA+gFQhdXMFV/TyTIlzL2Xd3pIzWSi95c/NcLR7GkWC6sV17FSSgPI0U4zrZ7EYMqgPNA4IAKghWLNUFYUP0AxCMkEFY6tnyaTPY+XCY/ybRKpl02Sw0d0TXIkAPH4AxcABtcgRq4BXXQBBiMwQN4BE/G1Hg2XozXrHXF+J45An9gvH0Bvaec0A==</latexit>

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>



Amplitude Estimation
• Cannot directly measure the probability of a qubit state

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>



Amplitude Estimation
• Cannot directly measure the probability of a qubit state

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

read-out (measurement)
(
|0i (probability of 1� f̄2)

|1i (probability of f̄2)
<latexit sha1_base64="Q57HRoI2BCzRh+O/KX1GeiC7shM="></latexit>



Amplitude Estimation
• Cannot directly measure the probability of a qubit state

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

(
|0i (probability of 1� f̄2)

|1i (probability of f̄2)
<latexit sha1_base64="Q57HRoI2BCzRh+O/KX1GeiC7shM="></latexit>

Naive idea: Count the number of      s you get over N readouts  |1i
<latexit sha1_base64="44XU2ahhghlz/T7YyenJw8sCsas=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUakz6RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6tWcQA==</latexit>

read-out (measurement)



Amplitude Estimation
• Cannot directly measure the probability of a qubit state

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

(
|0i (probability of 1� f̄2)

|1i (probability of f̄2)
<latexit sha1_base64="Q57HRoI2BCzRh+O/KX1GeiC7shM="></latexit>

Naive idea: Count the number of      s you get over N readouts  |1i
<latexit sha1_base64="44XU2ahhghlz/T7YyenJw8sCsas=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUakz6RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6tWcQA==</latexit>

convergence rate again!O

✓
1p
N

◆

<latexit sha1_base64="wpbPoPH9CTiEtQ++aZ92FO1+lrY="></latexit>

read-out (measurement)



Quantum Amplitude Estimation
• Estimate the amplitude using quantum computing

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>



Quantum Amplitude Estimation
• Estimate the amplitude using quantum computing


• Two algorithms with faster convergence rates: 


• Quantum super sampling [Johnston 2016]


• Quantum coin (ours) 

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>



Quantum Supersampling
[Johnston 2016]



Quantum Supersampling

• Original idea is by Grover in 1998 


• Quantum state can be “rotated” by some operations


• The frequency of this “rotation” depends on 


• Evaluate the frequency by quantum Fourier transform

[Johnston 2016]

f̄
<latexit sha1_base64="1VZPlrCKnwMXjEEnitrxVravJjM=">AAACA3icbVDLSsNAFJ34rPVVdanIYBFchaQFbXdFNy5bsA9oQ5lMJ+3QySTMTIQQuuwHuNVPcCcuuvFD/AIX/oTTREFbD1w4nHMv997jhoxKZVnvxsrq2vrGZm4rv72zu7dfODhsySASmDRxwALRcZEkjHLSVFQx0gkFQb7LSNsd38z99j0Rkgb8TsUhcXw05NSjGCkttXsuEok36ReKllmtVC7LVbhMbNNKUaydzBqf09NZvV/46A0CHPmEK8yQlF3bCpWTIKEoZmSS70WShAiP0ZB0NeXIJ9JJ0nMn8FwrA+gFQhdXMFV/TyTIlzL2Xd3pIzWSi95c/NcLR7GkWC6sV17FSSgPI0U4zrZ7EYMqgPNA4IAKghWLNUFYUP0AxCMkEFY6tnyaTPY+XCY/ybRKpl02Sw0d0TXIkAPH4AxcABtcgRq4BXXQBBiMwQN4BE/G1Hg2XozXrHXF+J45An9gvH0Bvaec0A==</latexit>



Quantum Supersampling

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

|0i
<latexit sha1_base64="PZzV2yUzHPpTZkM6fgqhEm66Ffg=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUak96RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6TucPw==</latexit>

|1i
<latexit sha1_base64="44XU2ahhghlz/T7YyenJw8sCsas=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUakz6RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6tWcQA==</latexit>

[Johnston 2016]



Quantum Supersampling

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

cos ✓ |0i+ sin ✓ |1i
<latexit sha1_base64="ykgcgAm1GDTRLKYk/7Py3kSSvBs="></latexit>

cos ✓ |0i+ sin ✓ |1i
<latexit sha1_base64="ykgcgAm1GDTRLKYk/7Py3kSSvBs="></latexit>

|0i
<latexit sha1_base64="PZzV2yUzHPpTZkM6fgqhEm66Ffg=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUak96RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6TucPw==</latexit>

|1i
<latexit sha1_base64="44XU2ahhghlz/T7YyenJw8sCsas=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUakz6RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6tWcQA==</latexit>

[Johnston 2016]



Quantum Supersampling

|0i
<latexit sha1_base64="PZzV2yUzHPpTZkM6fgqhEm66Ffg=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUak96RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6TucPw==</latexit>

|1i
<latexit sha1_base64="44XU2ahhghlz/T7YyenJw8sCsas=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUakz6RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6tWcQA==</latexit>

[Johnston 2016]



Quantum Supersampling

|0i
<latexit sha1_base64="PZzV2yUzHPpTZkM6fgqhEm66Ffg=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUak96RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6TucPw==</latexit>

|1i
<latexit sha1_base64="44XU2ahhghlz/T7YyenJw8sCsas=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUakz6RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6tWcQA==</latexit>

cos ✓ |0i+ sin ✓ |1i
<latexit sha1_base64="ykgcgAm1GDTRLKYk/7Py3kSSvBs="></latexit>

cos ✓ |0i+ sin ✓ |1i
<latexit sha1_base64="ykgcgAm1GDTRLKYk/7Py3kSSvBs="></latexit>

cos ✓ |0i+ sin ✓ |1i
<latexit sha1_base64="ykgcgAm1GDTRLKYk/7Py3kSSvBs="></latexit>

[Johnston 2016]



Quantum Supersampling

|0i
<latexit sha1_base64="PZzV2yUzHPpTZkM6fgqhEm66Ffg=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUak96RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6TucPw==</latexit>

|1i
<latexit sha1_base64="44XU2ahhghlz/T7YyenJw8sCsas=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUakz6RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6tWcQA==</latexit>

[Johnston 2016]



Quantum Supersampling

|0i
<latexit sha1_base64="PZzV2yUzHPpTZkM6fgqhEm66Ffg=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUak96RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6TucPw==</latexit>

|1i
<latexit sha1_base64="44XU2ahhghlz/T7YyenJw8sCsas=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUakz6RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6tWcQA==</latexit>

cos ✓ |0i+ sin ✓ |1i
<latexit sha1_base64="ykgcgAm1GDTRLKYk/7Py3kSSvBs="></latexit>

amplitude amplification

[Johnston 2016]



Quantum Supersampling

|0i
<latexit sha1_base64="PZzV2yUzHPpTZkM6fgqhEm66Ffg=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUak96RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6TucPw==</latexit>

|1i
<latexit sha1_base64="44XU2ahhghlz/T7YyenJw8sCsas=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUakz6RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6tWcQA==</latexit>

cos ✓ |0i+ sin ✓ |1i
<latexit sha1_base64="ykgcgAm1GDTRLKYk/7Py3kSSvBs="></latexit>

[Johnston 2016]



Quantum Supersampling

|0i
<latexit sha1_base64="PZzV2yUzHPpTZkM6fgqhEm66Ffg=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUak96RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6TucPw==</latexit>

|1i
<latexit sha1_base64="44XU2ahhghlz/T7YyenJw8sCsas=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUakz6RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6tWcQA==</latexit>

[Johnston 2016]



Quantum Supersampling

|0i
<latexit sha1_base64="PZzV2yUzHPpTZkM6fgqhEm66Ffg=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUak96RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6TucPw==</latexit>

|1i
<latexit sha1_base64="44XU2ahhghlz/T7YyenJw8sCsas=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUakz6RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6tWcQA==</latexit>

[Johnston 2016]



Quantum Supersampling

|0i
<latexit sha1_base64="PZzV2yUzHPpTZkM6fgqhEm66Ffg=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUak96RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6TucPw==</latexit>

|1i
<latexit sha1_base64="44XU2ahhghlz/T7YyenJw8sCsas=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUakz6RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6tWcQA==</latexit>

frequency of rotation  
is given by f̄

<latexit sha1_base64="1VZPlrCKnwMXjEEnitrxVravJjM=">AAACA3icbVDLSsNAFJ34rPVVdanIYBFchaQFbXdFNy5bsA9oQ5lMJ+3QySTMTIQQuuwHuNVPcCcuuvFD/AIX/oTTREFbD1w4nHMv997jhoxKZVnvxsrq2vrGZm4rv72zu7dfODhsySASmDRxwALRcZEkjHLSVFQx0gkFQb7LSNsd38z99j0Rkgb8TsUhcXw05NSjGCkttXsuEok36ReKllmtVC7LVbhMbNNKUaydzBqf09NZvV/46A0CHPmEK8yQlF3bCpWTIKEoZmSS70WShAiP0ZB0NeXIJ9JJ0nMn8FwrA+gFQhdXMFV/TyTIlzL2Xd3pIzWSi95c/NcLR7GkWC6sV17FSSgPI0U4zrZ7EYMqgPNA4IAKghWLNUFYUP0AxCMkEFY6tnyaTPY+XCY/ybRKpl02Sw0d0TXIkAPH4AxcABtcgRq4BXXQBBiMwQN4BE/G1Hg2XozXrHXF+J45An9gvH0Bvaec0A==</latexit>

[Johnston 2016]



Quantum Supersampling

O ( 1
N0.5 )

O ( 1
N0.85 )

Monte Carlo :

error

QSS :

error

[Johnston 2016]
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[Johnston 2016]



Quantum Supersampling

On a simulator On a real quantum computer

[Johnston 2016]



Quantum Supersampling

On a simulator On a real quantum computer

Results are corrupted by noise in quantum computers!

[Johnston 2016]



• Based on amplitude amplification + QFT by Grover 1998


• Rotate the state and estimate its frequency


• Each rotation takes 


• Asymptotically faster than Monte Carlo integration


• Variance is no longer relevant to the error

Quantum Supersampling

O(1)
<latexit sha1_base64="a/iZSdMqbVVKpCWmYjgXIU8rT1o=">AAACAHicbVDLSsNAFJ34rPVVdelmaBEqQkha0HZXdOPOCvYBbSiT6aQZOnkwMxFC6MYPcCXoJ7gTt/5Jv8DfcJIoaOuBC4dz7uXee+yQUSENY66trK6tb2wWtorbO7t7+6WDw64IIo5JBwcs4H0bCcKoTzqSSkb6ISfIsxnp2dOr1O/dEy5o4N/JOCSWhyY+dShGMpVuqubpqFQx9GajcV5vwmVi6kaGSqs8PHuat+L2qPQ5HAc48ogvMUNCDEwjlFaCuKSYkVlxGAkSIjxFEzJQ1EceEVaS3TqDJ0oZQyfgqnwJM/X3RII8IWLPVp0ekq5Y9FLxXy90Y0GxWFgvnYaVUD+MJPFxvt2JGJQBTNOAY8oJlixWBGFO1QMQu4gjLFVmxSyZ/H24TH6S6dZ0s67XblVElyBHARyDMqgCE1yAFrgGbdABGLjgETyDF+1Be9XetPe8dUX7njkCf6B9fAEGjZn4</latexit>

[Johnston 2016]



• Based on amplitude amplification + QFT by Grover 1998


• Rotate the state and estimate its frequency


• Each rotation takes 


• Asymptotically faster than Monte Carlo integration


• Variance is no longer relevant to the error


• Does not work well on real quantum computers

Quantum Supersampling

O(1)
<latexit sha1_base64="a/iZSdMqbVVKpCWmYjgXIU8rT1o=">AAACAHicbVDLSsNAFJ34rPVVdelmaBEqQkha0HZXdOPOCvYBbSiT6aQZOnkwMxFC6MYPcCXoJ7gTt/5Jv8DfcJIoaOuBC4dz7uXee+yQUSENY66trK6tb2wWtorbO7t7+6WDw64IIo5JBwcs4H0bCcKoTzqSSkb6ISfIsxnp2dOr1O/dEy5o4N/JOCSWhyY+dShGMpVuqubpqFQx9GajcV5vwmVi6kaGSqs8PHuat+L2qPQ5HAc48ogvMUNCDEwjlFaCuKSYkVlxGAkSIjxFEzJQ1EceEVaS3TqDJ0oZQyfgqnwJM/X3RII8IWLPVp0ekq5Y9FLxXy90Y0GxWFgvnYaVUD+MJPFxvt2JGJQBTNOAY8oJlixWBGFO1QMQu4gjLFVmxSyZ/H24TH6S6dZ0s67XblVElyBHARyDMqgCE1yAFrgGbdABGLjgETyDF+1Be9XetPe8dUX7njkCf6B9fAEGjZn4</latexit>

[Johnston 2016]



Quantum Coin



Quantum Coin
• Original theory is by Abrams and Williams in 1999 


• Hybrid of classical/quantum algorithms


• Uses estimated error intervals by Monte Carlo


• Adaptively shrinks error intervals by quantum algorithms



Quantum Coin
• Original theory is by Abrams and Williams in 1999 


• Hybrid of classical/quantum algorithms


• Uses estimated error intervals by Monte Carlo


• Adaptively shrinks error intervals by quantum algorithms 

• We are the first to actually implement this algorithm



Initialization
q

1� f̄2 |0i+ f̄ |1i
<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

|0i
<latexit sha1_base64="PZzV2yUzHPpTZkM6fgqhEm66Ffg=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUak96RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6TucPw==</latexit>

|1i
<latexit sha1_base64="44XU2ahhghlz/T7YyenJw8sCsas=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUakz6RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6tWcQA==</latexit>



Initialization
q

1� f̄2 |0i+ f̄ |1i
<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

|0i
<latexit sha1_base64="PZzV2yUzHPpTZkM6fgqhEm66Ffg=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUak96RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6TucPw==</latexit>

|1i
<latexit sha1_base64="44XU2ahhghlz/T7YyenJw8sCsas=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUakz6RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6tWcQA==</latexit>

(
|0i (probability of 1� f̄2)

|1i (probability of f̄2)
<latexit sha1_base64="Q57HRoI2BCzRh+O/KX1GeiC7shM="></latexit>



Initialization

MC integration with        samplesN0
<latexit sha1_base64="lm57hmpcRkvPRUnWPUtHkyh0wEk=">AAAB/3icbVDLSsNAFJ3UV62vquDGzWARXIWkBW13pW5cSYv2AW0ok+mkHTqZhJmJUEIXfoBb/QRXilv3/oQbt/6G00RBWw9cOJxzL/fe44aMSmVZ70ZmaXlldS27ntvY3Nreye/utWQQCUyaOGCB6LhIEkY5aSqqGOmEgiDfZaTtjs9nfvuGCEkDfq0mIXF8NOTUoxgpLV1d9q1+vmCZlXL5tFSBi8Q2rQSF6kHjgz7V3ur9/GdvEODIJ1xhhqTs2laonBgJRTEj01wvkiREeIyGpKspRz6RTpycOoXHWhlALxC6uIKJ+nsiRr6UE9/VnT5SIznvzcR/vXA0kRTLufXKKzsx5WGkCMfpdi9iUAVwFgYcUEGwYhNNEBZUPwDxCAmElY4slySTvg8XyU8yraJpl8xiQ0dUAymy4BAcgRNggzNQBRegDpoAgyG4A/fgwbg1Ho1n4yVtzRjfM/vgD4zXL8Qzmow=</latexit>

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

|0i
<latexit sha1_base64="PZzV2yUzHPpTZkM6fgqhEm66Ffg=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUak96RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6TucPw==</latexit>

|1i
<latexit sha1_base64="44XU2ahhghlz/T7YyenJw8sCsas=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUakz6RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6tWcQA==</latexit>

(
|0i (probability of 1� f̄2)

|1i (probability of f̄2)
<latexit sha1_base64="Q57HRoI2BCzRh+O/KX1GeiC7shM="></latexit>



Initialization

MC integration with        samplesN0
<latexit sha1_base64="lm57hmpcRkvPRUnWPUtHkyh0wEk=">AAAB/3icbVDLSsNAFJ3UV62vquDGzWARXIWkBW13pW5cSYv2AW0ok+mkHTqZhJmJUEIXfoBb/QRXilv3/oQbt/6G00RBWw9cOJxzL/fe44aMSmVZ70ZmaXlldS27ntvY3Nreye/utWQQCUyaOGCB6LhIEkY5aSqqGOmEgiDfZaTtjs9nfvuGCEkDfq0mIXF8NOTUoxgpLV1d9q1+vmCZlXL5tFSBi8Q2rQSF6kHjgz7V3ur9/GdvEODIJ1xhhqTs2laonBgJRTEj01wvkiREeIyGpKspRz6RTpycOoXHWhlALxC6uIKJ+nsiRr6UE9/VnT5SIznvzcR/vXA0kRTLufXKKzsx5WGkCMfpdi9iUAVwFgYcUEGwYhNNEBZUPwDxCAmElY4slySTvg8XyU8yraJpl8xiQ0dUAymy4BAcgRNggzNQBRegDpoAgyG4A/fgwbg1Ho1n4yVtzRjfM/vgD4zXL8Qzmow=</latexit>

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

|0i
<latexit sha1_base64="PZzV2yUzHPpTZkM6fgqhEm66Ffg=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUak96RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6TucPw==</latexit>

|1i
<latexit sha1_base64="44XU2ahhghlz/T7YyenJw8sCsas=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUakz6RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6tWcQA==</latexit>

(
|0i (probability of 1� f̄2)

|1i (probability of f̄2)
<latexit sha1_base64="Q57HRoI2BCzRh+O/KX1GeiC7shM="></latexit>

f̄2 ⇡ f̄2
0 =

1

N0

N0X

i=1

1|1i
<latexit sha1_base64="1oOzWREcMzMenlPSjUEqp6Cvo0A="></latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>



Initialization

MC integration with        samplesN0
<latexit sha1_base64="lm57hmpcRkvPRUnWPUtHkyh0wEk=">AAAB/3icbVDLSsNAFJ3UV62vquDGzWARXIWkBW13pW5cSYv2AW0ok+mkHTqZhJmJUEIXfoBb/QRXilv3/oQbt/6G00RBWw9cOJxzL/fe44aMSmVZ70ZmaXlldS27ntvY3Nreye/utWQQCUyaOGCB6LhIEkY5aSqqGOmEgiDfZaTtjs9nfvuGCEkDfq0mIXF8NOTUoxgpLV1d9q1+vmCZlXL5tFSBi8Q2rQSF6kHjgz7V3ur9/GdvEODIJ1xhhqTs2laonBgJRTEj01wvkiREeIyGpKspRz6RTpycOoXHWhlALxC6uIKJ+nsiRr6UE9/VnT5SIznvzcR/vXA0kRTLufXKKzsx5WGkCMfpdi9iUAVwFgYcUEGwYhNNEBZUPwDxCAmElY4slySTvg8XyU8yraJpl8xiQ0dUAymy4BAcgRNggzNQBRegDpoAgyG4A/fgwbg1Ho1n4yVtzRjfM/vgD4zXL8Qzmow=</latexit>

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

q
1� f̄2 |0i+ f̄ |1i

<latexit sha1_base64="Y5D2mQHL/4Nj9Tic47JKFm8aU98="></latexit>

|0i
<latexit sha1_base64="PZzV2yUzHPpTZkM6fgqhEm66Ffg=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUak96RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6TucPw==</latexit>

|1i
<latexit sha1_base64="44XU2ahhghlz/T7YyenJw8sCsas=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUakz6RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6tWcQA==</latexit>

(
|0i (probability of 1� f̄2)

|1i (probability of f̄2)
<latexit sha1_base64="Q57HRoI2BCzRh+O/KX1GeiC7shM="></latexit>

The number of times you read |1i
<latexit sha1_base64="44XU2ahhghlz/T7YyenJw8sCsas=">AAACA3icbVDLSsNAFJ34rPFVdelmsAiuQtKCtgux6MZlBfuANpTJdNIOmUzCzEQooUs/wK0uXboTt679BPEL/A2niYK2HrhwOOde7r3HixmVyrY/jIXFpeWV1cKaub6xubVd3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsLLqZ++4YISSN+rcYxcUM05NSnGCkttXsBUakz6RdLtlWrVo8rNThPHMvOUDp7M0/jx3ez0S9+9gYRTkLCFWZIyq5jx8pNkVAUMzIxe4kkMcIBGpKuphyFRLppdu4EHmplAP1I6OIKZurviRSFUo5DT3eGSI3krDcV//Xi0VhSLGfWK7/qppTHiSIc59v9hEEVwWkgcEAFwYqNNUFYUP0AxCMkEFY6NjNLJn8fzpOfZFply6lY5Su7VD8HOQpgHxyAI+CAE1AHl6ABmgCDANyBe/Bg3BpPxrPxkrcuGN8ze+APjNcv6tWcQA==</latexit>

f̄2 ⇡ f̄2
0 =

1

N0

N0X

i=1

1|1i
<latexit sha1_base64="1oOzWREcMzMenlPSjUEqp6Cvo0A="></latexit>

(like flipping a coin and counting the number of heads)

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>



Initialization
f̄2 ⇡ f̄2

0 =
1

N0

N0X

i=1

1|1i
<latexit sha1_base64="1oOzWREcMzMenlPSjUEqp6Cvo0A="></latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>



1st Iteration
f̄2 ⇡ f̄2

0 =
1

N0

N0X

i=1

1|1i
<latexit sha1_base64="1oOzWREcMzMenlPSjUEqp6Cvo0A="></latexit>

f̄2
<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit>0

<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>



1st Iteration
f̄2 ⇡ f̄2

0 =
1

N0

N0X

i=1

1|1i
<latexit sha1_base64="1oOzWREcMzMenlPSjUEqp6Cvo0A="></latexit>

f̄2
<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit>0

<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>



1st Iteration
f̄2 ⇡ f̄2

0 =
1

N0

N0X

i=1

1|1i
<latexit sha1_base64="1oOzWREcMzMenlPSjUEqp6Cvo0A="></latexit>

f̄2
<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit> 1

<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

confidence internal 
(error interval)



1st Iteration
f̄2 ⇡ f̄2

0 =
1

N0

N0X

i=1

1|1i
<latexit sha1_base64="1oOzWREcMzMenlPSjUEqp6Cvo0A="></latexit>

f̄2
<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit> 1

<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

Prob
�
f̄2 2

⇥
f̄2
0 � �0, f̄2

0 + �0
⇤�

= 0.99
<latexit sha1_base64="24r0GTQerX3of4O0oDHEnaSFGuk="></latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>

f̄2
0 � �0

<latexit sha1_base64="8iE2DTWIfEifZ5zMEu+CZENFUao=">AAACFHicbVC7SgNBFJ31GeMrKtjYDBHBxmU2uprtgjaWCsYISVxmJ7PJkNkHM7PCsuY3bOxs9RPsxMLGXrT3N5xsFHwduHA4517uvceLOZMKoRdjbHxicmq6MFOcnZtfWCwtLZ/KKBGE1knEI3HmYUk5C2ldMcXpWSwoDjxOG17/YOg3LqiQLApPVBrTdoC7IfMZwUpLbmm15WGR+QMXnVfgFmx1KFfYRW5pHZnIdmwLQWTayH K2h8Rxqju2DS0T5VivlTffXveero/c0nurE5EkoKEiHEvZtFCs2hkWihFOB8VWImmMSR93aVPTEAdUtrP8/gHc0EoH+pHQFSqYq98nMhxImQae7gyw6snf3lD814t7qWRE/lqv/Go7Y2GcKBqS0XY/4VBFcJgQ7DBBieKpJpgIph+ApIcFJkrnWMyTcaoVp7oL/5KvZE4rprVtVo51RPtghAJYA2WwCSywB2rgEByBOiDgEtyAW3BnXBn3xoPxOGodMz5nVsAPGM8fDI+ilA==</latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8 JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>

f̄2
0 + �0

<latexit sha1_base64="8k9q4KYef4O7h3s2BL3u64aNCPE="></latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>

confidence internal 
(error interval)



1st Iteration

f̄2
<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit> 1

<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

Prob
�
f̄2 2

⇥
f̄2
0 � �0, f̄2

0 + �0
⇤�

= 0.99
<latexit sha1_base64="24r0GTQerX3of4O0oDHEnaSFGuk="></latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>

f̄2
0 � �0

<latexit sha1_base64="8iE2DTWIfEifZ5zMEu+CZENFUao=">AAACFHicbVC7SgNBFJ31GeMrKtjYDBHBxmU2uprtgjaWCsYISVxmJ7PJkNkHM7PCsuY3bOxs9RPsxMLGXrT3N5xsFHwduHA4517uvceLOZMKoRdjbHxicmq6MFOcnZtfWCwtLZ/KKBGE1knEI3HmYUk5C2ldMcXpWSwoDjxOG17/YOg3LqiQLApPVBrTdoC7IfMZwUpLbmm15WGR+QMXnVfgFmx1KFfYRW5pHZnIdmwLQWTayH K2h8Rxqju2DS0T5VivlTffXveero/c0nurE5EkoKEiHEvZtFCs2hkWihFOB8VWImmMSR93aVPTEAdUtrP8/gHc0EoH+pHQFSqYq98nMhxImQae7gyw6snf3lD814t7qWRE/lqv/Go7Y2GcKBqS0XY/4VBFcJgQ7DBBieKpJpgIph+ApIcFJkrnWMyTcaoVp7oL/5KvZE4rprVtVo51RPtghAJYA2WwCSywB2rgEByBOiDgEtyAW3BnXBn3xoPxOGodMz5nVsAPGM8fDI+ilA==</latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8 JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>

f̄2
0 + �0

<latexit sha1_base64="8k9q4KYef4O7h3s2BL3u64aNCPE="></latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>



1st Iteration

f̄2
<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit> 1

<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

Prob
�
f̄2 2

⇥
f̄2
0 � �0, f̄2

0 + �0
⇤�

= 0.99
<latexit sha1_base64="24r0GTQerX3of4O0oDHEnaSFGuk="></latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

F 2
0,min

<latexit sha1_base64="BmoXX3tIb9siel7kAu55tvisnUE="></latexit>

F 2
0,max

<latexit sha1_base64="eLDHG7h17GBS/T24opnOlaINIfA="></latexit>

F 2
0,min

<latexit sha1_base64="BmoXX3tIb9siel7kAu55tvisnUE="></latexit>

F 2
0,max

<latexit sha1_base64="eLDHG7h17GBS/T24opnOlaINIfA="></latexit>



1st Iteration

f̄2
<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit>

Prob
�
f̄2 2

⇥
f̄2
0 � �0, f̄2

0 + �0
⇤�

= 0.99
<latexit sha1_base64="24r0GTQerX3of4O0oDHEnaSFGuk="></latexit>

F 2
0,min

<latexit sha1_base64="BmoXX3tIb9siel7kAu55tvisnUE="></latexit>

F 2
0,max

<latexit sha1_base64="eLDHG7h17GBS/T24opnOlaINIfA="></latexit>

F 2
0,min

<latexit sha1_base64="BmoXX3tIb9siel7kAu55tvisnUE="></latexit>

F 2
0,max

<latexit sha1_base64="eLDHG7h17GBS/T24opnOlaINIfA="></latexit>



1st Iteration

f̄2
<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit>

Prob
�
f̄2 2

⇥
f̄2
0 � �0, f̄2

0 + �0
⇤�

= 0.99
<latexit sha1_base64="24r0GTQerX3of4O0oDHEnaSFGuk="></latexit>

F 2
0,min

<latexit sha1_base64="BmoXX3tIb9siel7kAu55tvisnUE="></latexit>

F 2
0,max

<latexit sha1_base64="eLDHG7h17GBS/T24opnOlaINIfA="></latexit>

shifting & scaling

1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

f̄2
0 2 [0, 1]

<latexit sha1_base64="L++L/Vm+BKaOIRVT95cb+RDbifk="></latexit>

f̄2
0 2 [0, 1]

<latexit sha1_base64="L++L/Vm+BKaOIRVT95cb+RDbifk="></latexit>

f̄2
0 =

f̄2 � F 2
0,min

F 2
0,max � F 2

0,min
<latexit sha1_base64="nr8bZS9f8jUYQ+oefDa75nIXdiU="></latexit>



1st Iteration

f̄2
<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit>

Prob
�
f̄2 2

⇥
f̄2
0 � �0, f̄2

0 + �0
⇤�

= 0.99
<latexit sha1_base64="24r0GTQerX3of4O0oDHEnaSFGuk="></latexit>

F 2
0,min

<latexit sha1_base64="BmoXX3tIb9siel7kAu55tvisnUE="></latexit>

F 2
0,max

<latexit sha1_base64="eLDHG7h17GBS/T24opnOlaINIfA="></latexit>

shifting & scaling

1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

f̄2
0 2 [0, 1]

<latexit sha1_base64="L++L/Vm+BKaOIRVT95cb+RDbifk="></latexit>

f̄2
0 2 [0, 1]

<latexit sha1_base64="L++L/Vm+BKaOIRVT95cb+RDbifk="></latexit>

f̄2
0 =

f̄2 � F 2
0,min

F 2
0,max � F 2

0,min
<latexit sha1_base64="nr8bZS9f8jUYQ+oefDa75nIXdiU="></latexit>

q
1� f̄2

0 |0i+ f̄0 |1i
<latexit sha1_base64="wRmYfvhVLdlpnJcLGL3VvH8cZaA="></latexit>

construct a shifted & scaled coin



2nd Iteration

f̄2
<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit> 1

<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

f̄2
0 2 [0, 1]

<latexit sha1_base64="L++L/Vm+BKaOIRVT95cb+RDbifk="></latexit>

q
1� f̄2

0 |0i+ f̄0 |1i
<latexit sha1_base64="wRmYfvhVLdlpnJcLGL3VvH8cZaA="></latexit>



2nd Iteration

f̄2
<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit> 1

<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

f̄2
0 2 [0, 1]

<latexit sha1_base64="L++L/Vm+BKaOIRVT95cb+RDbifk="></latexit>

q
1� f̄2

0 |0i+ f̄0 |1i
<latexit sha1_base64="wRmYfvhVLdlpnJcLGL3VvH8cZaA="></latexit>

MC integration with        samplesN1
<latexit sha1_base64="WhZMZOcYaF594tppU+CDDmWqNJ8=">AAAB/3icbVDLSsNAFJ3UV62vquDGzWARXIWkBW13pW5cSYv2AW0ok+mkHTqZhJmJUEIXfoBb/QRXilv3/oQbt/6G00RBWw9cOJxzL/fe44aMSmVZ70ZmaXlldS27ntvY3Nreye/utWQQCUyaOGCB6LhIEkY5aSqqGOmEgiDfZaTtjs9nfvuGCEkDfq0mIXF8NOTUoxgpLV1d9u1+vmCZlXL5tFSBi8Q2rQSF6kHjgz7V3ur9/GdvEODIJ1xhhqTs2laonBgJRTEj01wvkiREeIyGpKspRz6RTpycOoXHWhlALxC6uIKJ+nsiRr6UE9/VnT5SIznvzcR/vXA0kRTLufXKKzsx5WGkCMfpdi9iUAVwFgYcUEGwYhNNEBZUPwDxCAmElY4slySTvg8XyU8yraJpl8xiQ0dUAymy4BAcgRNggzNQBRegDpoAgyG4A/fgwbg1Ho1n4yVtzRjfM/vgD4zXL8XMmo0=</latexit>

f̄2
0 ⇡ F 2

1 =
1

N1

N1X

i=1

1|1i
<latexit sha1_base64="j+WhX3Ab1T2jN8owvvk4tTZWhTA="></latexit>

F 2
1

<latexit sha1_base64="ateTMRmfOwP5CYaQnjLI1UsefHc=">AAACA3icbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwT6gjWUynbZDJ5MwMxFC6NIPcGs/wZ249QP8BNG9v+E0UdDWAxcO59zLvfe4AaNSWdabsbK6tr6xmdnKbu/s7u3nDg5b0g8FJk3sM190XCQJo5w0FVWMdAJBkOcy0nYn53O/fUuEpD6/VlFAHA+NOB1SjJSW2vDiptS3YT9XsMxatXparsFlYptWgkI9X/x4r7zOGv3cZ2/g49AjXGGGpOzaVqCcGAlFMSPTbC+UJEB4gkakqylHHpFOnJw7hSdaGcChL3RxBRP190SMPCkjz9WdHlJjuejNxX+9YBxJiuXCejWsOjHlQagIx+n2Ycig8uE8EDiggmDFIk0QFlQ/APEYCYSVji2bJJO+D5fJTzKtkmmXzdKVjugMpMiAY5AHRWCDCqiDS9AATYDBBNyDBzAz7oxH48l4TltXjO+ZI/AHxssX8WSbuA==</latexit>



2nd Iteration

f̄2
<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit> 1

<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

f̄2
0 2 [0, 1]

<latexit sha1_base64="L++L/Vm+BKaOIRVT95cb+RDbifk="></latexit>

f̄2
0 2 [F 2

1,min, F
2
1,max]

<latexit sha1_base64="MiaR7C6Dg7mdCoI93GLX7IJFYl0="></latexit>

F 2
1,min

<latexit sha1_base64="KhJkrOB+jmPtkHuOcpjgriM0Vww="></latexit>

F 2
1,max

<latexit sha1_base64="HHd1l6DmJEwysIr75ekkPQhkiYo="></latexit>



2nd Iteration

f̄2
1

<latexit sha1_base64="qC0OATjAcLHC050NHEGF1XBNnhE=">AAACCHicbVDLSsNAFJ3UV62vqks3Q4vQVUlSpO2u6MZlBfuAJpbJdNIOnTyYmQgh9Af8ADcu9BPciVt3foLo3t9wmljQ6oELh3Pu5d57nJBRIXX9TcutrK6tb+Q3C1vbO7t7xf2DrggijkkHByzgfQcJwqhPOpJKRvohJ8hzGOk507O537smXNDAv5RxSGwPjX3qUoykkizLQTxxZ0PjyoTDYlmvNht148SEGTEXpNaERlVPUW6VKh/v9de79rD4aY0CHHnEl5ghIQaGHko7QVxSzMisYEWChAhP0ZgMFPWRR4SdpDfP4LFSRtANuCpfwlT9OZEgT4jYc1Snh+RELHtz8V8vnMSCYrG0XroNO6F+GEni42y7GzEoAzhPBY4oJ1iyWBGEOVUPQDxBHGGpsiukyWTvw79kkUzXrBq1qnmhIjoFGfLgCJRABRigDlrgHLRBB2AQgltwDx60G+1Re9Kes9ac9j1zCH5Be/kCnSSeVA==</latexit> 1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

f̄2
1 =

f̄2
0 � F 2

1,min

F 2
1,max � F 2

1,min
<latexit sha1_base64="6+NSytHw6d+bnXZ+m/EfmVHqxWk="></latexit>



2nd Iteration

f̄2
1

<latexit sha1_base64="qC0OATjAcLHC050NHEGF1XBNnhE=">AAACCHicbVDLSsNAFJ3UV62vqks3Q4vQVUlSpO2u6MZlBfuAJpbJdNIOnTyYmQgh9Af8ADcu9BPciVt3foLo3t9wmljQ6oELh3Pu5d57nJBRIXX9TcutrK6tb+Q3C1vbO7t7xf2DrggijkkHByzgfQcJwqhPOpJKRvohJ8hzGOk507O537smXNDAv5RxSGwPjX3qUoykkizLQTxxZ0PjyoTDYlmvNht148SEGTEXpNaERlVPUW6VKh/v9de79rD4aY0CHHnEl5ghIQaGHko7QVxSzMisYEWChAhP0ZgMFPWRR4SdpDfP4LFSRtANuCpfwlT9OZEgT4jYc1Snh+RELHtz8V8vnMSCYrG0XroNO6F+GEni42y7GzEoAzhPBY4oJ1iyWBGEOVUPQDxBHGGpsiukyWTvw79kkUzXrBq1qnmhIjoFGfLgCJRABRigDlrgHLRBB2AQgltwDx60G+1Re9Kes9ac9j1zCH5Be/kCnSSeVA==</latexit> 1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

q
1� f̄2

1 |0i+ f̄1 |1i
<latexit sha1_base64="rKzPZuUR32nNpIX7FLL2GDE1rds="></latexit>

another shifted & scaled coin



Overview



Overview
f̄2

<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit> 1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>



Overview
f̄2

<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit> 1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>



Overview
f̄2

<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit> 1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>

1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>



Overview
f̄2

<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit> 1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>

1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

F 2
1

<latexit sha1_base64="1P6EthQ/blXNYY/XoAMVBrKKcBA=">AAACA3icbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwT6gjWUynbZDJ5MwMxFC6NIPcGs/wZ249QP8BNG9v+E0UdDWAxcO59zLvfe4AaNSWdabsbK6tr6xmdnKbu/s7u3nDg5b0g8FJk3sM190XCQJo5w0FVWMdAJBkOcy0nYn53O/fUuEpD6/VlFAHA+NOB1SjJSW2hd9+yYuTfu5gmXWqtXTcg0uE9u0EhTq+eLHe+V11ujnPnsDH4ce4QozJGXXtgLlxEgoihmZZnuhJAHCEzQiXU058oh04uTcKTzRygAOfaGLK5iovydi5EkZea7u9JAay0VvLv7rBeNIUiwX1qth1YkpD0JFOE63D0MGlQ/ngcABFQQrFmmCsKD6AYjHSCCsdGzZJJn0fbhMfpJplUy7bJaudERnIEUGHIM8KAIbVEAdXIIGaAIMJuAePICZcWc8Gk/Gc9q6YnzPHIE/MF6+ABjknHA=</latexit>



Overview
f̄2

<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit> 1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>

1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

F 2
1

<latexit sha1_base64="1P6EthQ/blXNYY/XoAMVBrKKcBA=">AAACA3icbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwT6gjWUynbZDJ5MwMxFC6NIPcGs/wZ249QP8BNG9v+E0UdDWAxcO59zLvfe4AaNSWdabsbK6tr6xmdnKbu/s7u3nDg5b0g8FJk3sM190XCQJo5w0FVWMdAJBkOcy0nYn53O/fUuEpD6/VlFAHA+NOB1SjJSW2hd9+yYuTfu5gmXWqtXTcg0uE9u0EhTq+eLHe+V11ujnPnsDH4ce4QozJGXXtgLlxEgoihmZZnuhJAHCEzQiXU058oh04uTcKTzRygAOfaGLK5iovydi5EkZea7u9JAay0VvLv7rBeNIUiwX1qth1YkpD0JFOE63D0MGlQ/ngcABFQQrFmmCsKD6AYjHSCCsdGzZJJn0fbhMfpJplUy7bJaudERnIEUGHIM8KAIbVEAdXIIGaAIMJuAePICZcWc8Gk/Gc9q6YnzPHIE/MF6+ABjknHA=</latexit>

1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>



Overview
f̄2

<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit> 1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>

1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

F 2
1

<latexit sha1_base64="1P6EthQ/blXNYY/XoAMVBrKKcBA=">AAACA3icbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwT6gjWUynbZDJ5MwMxFC6NIPcGs/wZ249QP8BNG9v+E0UdDWAxcO59zLvfe4AaNSWdabsbK6tr6xmdnKbu/s7u3nDg5b0g8FJk3sM190XCQJo5w0FVWMdAJBkOcy0nYn53O/fUuEpD6/VlFAHA+NOB1SjJSW2hd9+yYuTfu5gmXWqtXTcg0uE9u0EhTq+eLHe+V11ujnPnsDH4ce4QozJGXXtgLlxEgoihmZZnuhJAHCEzQiXU058oh04uTcKTzRygAOfaGLK5iovydi5EkZea7u9JAay0VvLv7rBeNIUiwX1qth1YkpD0JFOE63D0MGlQ/ngcABFQQrFmmCsKD6AYjHSCCsdGzZJJn0fbhMfpJplUy7bJaudERnIEUGHIM8KAIbVEAdXIIGaAIMJuAePICZcWc8Gk/Gc9q6YnzPHIE/MF6+ABjknHA=</latexit>

1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

F 2
2

<latexit sha1_base64="Mzfw4Mrqo9UI0X7Yvq45VX0Edr8=">AAACA3icbVDLSsNAFJ34rPVVdelmaBG6CkkKtt0VBXFZwT6gjWUynbRDJw9mJkIIXfoBbu0nuBO3foCfILr3N5wmCtp64MLhnHu59x4nZFRIw3jTVlbX1jc2c1v57Z3dvf3CwWFbBBHHpIUDFvCugwRh1CctSSUj3ZAT5DmMdJzJ+dzv3BIuaOBfyzgktodGPnUpRlJJnYuBdZNY00GhZOj1Wu20UofLxNSNFKVGsfzxXn2dNQeFz/4wwJFHfIkZEqJnGqG0E8QlxYxM8/1IkBDhCRqRnqI+8oiwk/TcKTxRyhC6AVflS5iqvycS5AkRe47q9JAci0VvLv7rheNYUCwW1ku3ZifUDyNJfJxtdyMGZQDngcAh5QRLFiuCMKfqAYjHiCMsVWz5NJnsfbhMfpJpW7pZ0a0rFdEZyJADx6AIysAEVdAAl6AJWgCDCbgHD2Cm3WmP2pP2nLWuaN8zR+APtJcvGoGccQ==</latexit>



Overview
f̄2

<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit> 1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>

1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

F 2
1

<latexit sha1_base64="1P6EthQ/blXNYY/XoAMVBrKKcBA=">AAACA3icbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwT6gjWUynbZDJ5MwMxFC6NIPcGs/wZ249QP8BNG9v+E0UdDWAxcO59zLvfe4AaNSWdabsbK6tr6xmdnKbu/s7u3nDg5b0g8FJk3sM190XCQJo5w0FVWMdAJBkOcy0nYn53O/fUuEpD6/VlFAHA+NOB1SjJSW2hd9+yYuTfu5gmXWqtXTcg0uE9u0EhTq+eLHe+V11ujnPnsDH4ce4QozJGXXtgLlxEgoihmZZnuhJAHCEzQiXU058oh04uTcKTzRygAOfaGLK5iovydi5EkZea7u9JAay0VvLv7rBeNIUiwX1qth1YkpD0JFOE63D0MGlQ/ngcABFQQrFmmCsKD6AYjHSCCsdGzZJJn0fbhMfpJplUy7bJaudERnIEUGHIM8KAIbVEAdXIIGaAIMJuAePICZcWc8Gk/Gc9q6YnzPHIE/MF6+ABjknHA=</latexit>

1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

F 2
2

<latexit sha1_base64="Mzfw4Mrqo9UI0X7Yvq45VX0Edr8=">AAACA3icbVDLSsNAFJ34rPVVdelmaBG6CkkKtt0VBXFZwT6gjWUynbRDJw9mJkIIXfoBbu0nuBO3foCfILr3N5wmCtp64MLhnHu59x4nZFRIw3jTVlbX1jc2c1v57Z3dvf3CwWFbBBHHpIUDFvCugwRh1CctSSUj3ZAT5DmMdJzJ+dzv3BIuaOBfyzgktodGPnUpRlJJnYuBdZNY00GhZOj1Wu20UofLxNSNFKVGsfzxXn2dNQeFz/4wwJFHfIkZEqJnGqG0E8QlxYxM8/1IkBDhCRqRnqI+8oiwk/TcKTxRyhC6AVflS5iqvycS5AkRe47q9JAci0VvLv7rheNYUCwW1ku3ZifUDyNJfJxtdyMGZQDngcAh5QRLFiuCMKfqAYjHiCMsVWz5NJnsfbhMfpJpW7pZ0a0rFdEZyJADx6AIysAEVdAAl6AJWgCDCbgHD2Cm3WmP2pP2nLWuaN8zR+APtJcvGoGccQ==</latexit>

1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>



Overview
f̄2

<latexit sha1_base64="oZQqp4UjSdjbHKkuancblcHidqY=">AAACBXicbVDLSsNAFJ34rPVVdanIYBFchbQFbXdFNy5bsA9pY5lMJ+3QySTMTIQQuhQ/wK1+gjuR7vwOv8CFP+E0UdDWAxcO59zLvfc4AaNSWda7sbC4tLyymlnLrm9sbm3ndnab0g8FJg3sM1+0HSQJo5w0FFWMtANBkOcw0nJGF1O/dUuEpD6/UlFAbA8NOHUpRkpL110Hidgd3xR7ubxlVsrl01IFzpOCaSXIVw8m9c+7w0mtl/vo9n0ceoQrzJCUnYIVKDtGQlHMyDjbDSUJEB6hAeloypFHpB0nB4/hsVb60PWFLq5gov6eiJEnZeQ5utNDaihnvan4rxcMI0mxnFmv3LIdUx6EinCcbndDBpUPp5HAPhUEKxZpgrCg+gGIh0ggrHRw2SSZ9H04T36SaRbNQsks1nVE5yBFBuyDI3ACCuAMVMElqIEGwMADD+ARPBn3xrPxYrymrQvG98we+APj7Qv0Dp10</latexit> 1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

F 2
0

<latexit sha1_base64="ZEyne/NoXIHo1Fys3TsG7LsKJYQ=">AAACAXicbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwbSFNpbJdNIOnTyYmQghdOUHuFX8Anfi1i/wE0T3/obTREFbD1w4nHMv997jhIwKaRhv2tLyyuraem4jv7m1vbNb2NtviyDimFg4YAHvOkgQRn1iSSoZ6YacIM9hpONMTmd+55pwQQP/UsYhsT008qlLMZJKss6uKgNjUCgZeqNeP6424CIxdSNFqVksf7zXXh9ag8JnfxjgyCO+xAwJ0TONUNoJ4pJiRqb5fiRIiPAEjUhPUR95RNhJeuwUHillCN2Aq/IlTNXfEwnyhIg9R3V6SI7FvDcT//XCcSwoFnPrpVu3E+qHkSQ+zra7EYMygLM44JBygiWLFUGYU/UAxGPEEZYqtHyaTPY+XCQ/ybQrulnVKxcqohOQIQcOQRGUgQlqoAnOQQtYAAMKbsEduNdutEftSXvOWpe075kD8Afayxc9YZtj</latexit>

1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

F 2
1

<latexit sha1_base64="1P6EthQ/blXNYY/XoAMVBrKKcBA=">AAACA3icbVDLSsNAFJ34rPVVdelmaBG6CkkLtt0VBXFZwT6gjWUynbZDJ5MwMxFC6NIPcGs/wZ249QP8BNG9v+E0UdDWAxcO59zLvfe4AaNSWdabsbK6tr6xmdnKbu/s7u3nDg5b0g8FJk3sM190XCQJo5w0FVWMdAJBkOcy0nYn53O/fUuEpD6/VlFAHA+NOB1SjJSW2hd9+yYuTfu5gmXWqtXTcg0uE9u0EhTq+eLHe+V11ujnPnsDH4ce4QozJGXXtgLlxEgoihmZZnuhJAHCEzQiXU058oh04uTcKTzRygAOfaGLK5iovydi5EkZea7u9JAay0VvLv7rBeNIUiwX1qth1YkpD0JFOE63D0MGlQ/ngcABFQQrFmmCsKD6AYjHSCCsdGzZJJn0fbhMfpJplUy7bJaudERnIEUGHIM8KAIbVEAdXIIGaAIMJuAePICZcWc8Gk/Gc9q6YnzPHIE/MF6+ABjknHA=</latexit>

1
<latexit sha1_base64="lQ5UFpYOCjCZztICM7Ev01jwNTc=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFZIWtF2IRTcuW7APaEOZTKft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57PMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevpYJQYtLEAQtkx0OKMMpJU1PNSEdIgnyPkbY3uZz57RsiFQ34tY4EcX004nRIMdKJ1HD6haJtVSuVk3IVLhLHslMUz9/MM/H4btb7hc/eIMChT7jGDCnVdWyh3RhJTTEjU7MXKiIQnqAR6SaUI58oN04PncKjRBnAYSCT4hqm6u+JGPlKRb6XdPpIj9W8NxP/9cQ4UhSrufV6WHFjykWoCcfZ9mHIoA7gLAo4oJJgzaKEICxp8gDEYyQR1klgZppM9j5cJD/JtEqWU7ZKDbtYuwAZ8uAAHIJj4IBTUANXoA6aAAMC7sA9eDBujSfj2XjJWnPG98w++APj9QvfaJls</latexit>

0
<latexit sha1_base64="fmJJHDTszugqY+Q/Ac/vcSq6xkk=">AAAB/XicbVDLSsNAFJ3UV42vqks3g0VwFdIWtF2IRTcuW7APaEOZTCft0MlkmJkIIRQ/wK1+gbgTt36CnyB+gb9hmiho64ELh3Pu5d57XMGo0rb9YeSWlldW1/Lr5sbm1vZOYXevrYJQYtLCAQtk10WKMMpJS1PNSFdIgnyXkY47uZz5nRsiFQ34tY4EcXw04tSjGOlEatqDQtG2atXqSaUGF0nJslMUz9/MM/H4bjYGhc/+MMChT7jGDCnVK9lCOzGSmmJGpmY/VEQgPEEj0ksoRz5RTpweOoVHiTKEXiCT4hqm6u+JGPlKRb6bdPpIj9W8NxP/9cQ4UhSrufXaqzox5SLUhONsuxcyqAM4iwIOqSRYsyghCEuaPADxGEmEdRKYmSaTvQ8XyU8y7bJVqljlpl2sX4AMeXAADsExKIFTUAdXoAFaAAMC7sA9eDBujSfj2XjJWnPG98w++APj9Qvdz5lr</latexit>

F 2
2

<latexit sha1_base64="Mzfw4Mrqo9UI0X7Yvq45VX0Edr8=">AAACA3icbVDLSsNAFJ34rPVVdelmaBG6CkkKtt0VBXFZwT6gjWUynbRDJw9mJkIIXfoBbu0nuBO3foCfILr3N5wmCtp64MLhnHu59x4nZFRIw3jTVlbX1jc2c1v57Z3dvf3CwWFbBBHHpIUDFvCugwRh1CctSSUj3ZAT5DmMdJzJ+dzv3BIuaOBfyzgktodGPnUpRlJJnYuBdZNY00GhZOj1Wu20UofLxNSNFKVGsfzxXn2dNQeFz/4wwJFHfIkZEqJnGqG0E8QlxYxM8/1IkBDhCRqRnqI+8oiwk/TcKTxRyhC6AVflS5iqvycS5AkRe47q9JAci0VvLv7rheNYUCwW1ku3ZifUDyNJfJxtdyMGZQDngcAh5QRLFiuCMKfqAYjHiCMsVWz5NJnsfbhMfpJpW7pZ0a0rFdEZyJADx6AIysAEVdAAl6AJWgCDCbgHD2Cm3WmP2pP2nLWuaN8zR+APtJcvGoGccQ==</latexit>

1
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Features
• Based on the theory by Abrams and Williams in 1999 


• Estimates error intervals by Monte Carlo integration


• Interval adaptively shrinks toward 


• Quantum algorithm is used to construct  
a shifted and scaled quantum coin per iteration


• Convergence rate is                and irrelevant to variance
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Results
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Real Quantum Computing

QCoin (simulation) QCoin (real) QSS (real)

QCoin works well both on the simulator and the real computer!

(real)



Degenerated QCoin = MC
(real)



Circuit Complexity
• Hybrid algorithms tend to have simpler quantum circuits


• Robust against “noisy” computation



QCoin = Quantum MC integration

• Asymptotically faster than MC (and as fast as QSS)


• Actually works well on real quantum computers


• Easier to run than QSS


• Errors are similar to MC (denoising is possible)



Rendering?



Future Work
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Future Work

Sampler 

Integrator

Shader

Loader

What’s done in this work



Challenge #1
• The number of qubits is limited!


• IBMQ has 53 bits


• Simulation of 50 qubits on a classical computer  
is already very difficult (consumes 16 peta bytes) 



Challenge #2
• Using amplitudes for computation is not trivial


• Adding amplitudes is already difficult


• Using qubits as bits can work, but doesn’t scale


• How do we perform ray tracing?



Challenge #3
• No-cloning theorem


• No variable can be copied


• Approximate cloning is possible with some cost



Challenge #4
• Noise in quantum computers


• In the next 10 years, only noisy quantum computers  
will be widely available 


• Error correction is being explored, yet not perfect



Future Work
• We did not specify how to implement 


• In rendering, it is a “ray tracing function”


• Ray tracing on quantum computers is, in theory, 
possible [Lanzagorta and Uhlmann 2005],  
but actually running it efficiently is a real challenge


• How do we represent data for ray tracing?


• No-cloning theorem is tricky to address


• Number of qubits is limited
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Summary
• Quantum computers can already do numerical integration


• Dusted off the theoretical result from 1999 as “QCoin“


• Hybrid of classical/quantum algorithm


• Works well on real computers for the first time


• Asymptotically faster than Monte Carlo integration

https://arxiv.org/abs/1910.00263 
or  

Search “quantum coin integration”

https://arxiv.org/abs/1910.00263

