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Fig. 1. We propose a practical approach for stylized nonlinear Monte Carlo rendering. Here, we show a modified Veach-Ajar scene with complex nonlinear
stylizations applied to each bounce: Outside the mirrors, most objects have a color palette stylization applied at each bounce. Inside the middle mirror, objects
retain their physically based appearance except for the book, where a different color palette stylization is applied. Inside the left mirror, every object is applied
recursively with a Toon shader. The non-branching path tracer (PT) produces an obviously biased image, where nearly all stylizations are lost. The branching
path tracer (BrPT) suffers from high variance, bias (in the form of reduced saturation), and exponential sampling cost. Both of our methods are able to render
an image with reasonable accuracy much faster than baseline. The reference is rendered by applying four 32768 SPP final gathering passes to NL-NRC.

The recent formulation of stylized rendering equation (SRE) models styl-
ization by applying nonlinear functions to reflected radiance recursively
at each bounce, allowing seamless blend between stylized and physically
based light transport. A naive estimator has to branch at each stylized sur-
face, resulting in exponential computation and storage cost. We propose
a practical approach for rendering scenes with SRE at a tractable cost. We
first propose nonlinear path filtering (NL-PF) that caches the radiance eval-
uations at intermediate bounces, reducing the exponential sampling cost
of the branching estimator of SRE to polynomial. Despite the effectiveness
of NL-PF, its high memory cost makes it less scalable. To further improve
efficiency, we propose nonlinear radiance caching (NL-NRC) where we apply
a compact neural network to store radiance fields. Our NL-NRC has the same
linear time sampling cost as a non-branching path tracer and can solve SRE
with a high number of bounces and recursive stylization. Our key insight is
that, by allowing the network to learn outgoing radiance prior to applying
any nonlinear function, the network converges to the correct solution, even
when we only have access to biased gradients due to nonlinearity. Our NL-
NRC enables rendering scenes with arbitrary, highly nonlinear stylization
while achieving significant speedup over branching estimators.

CCS Concepts: • Computing methodologies→ Non-photorealistic ren-
dering; Ray tracing.
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1 INTRODUCTION
Monte Carlo (MC) rendering builds upon the fact that the integral
equation at each recursion of the rendering equation [Kajiya 1986]
is linear, allowing us to expand the recursive integral into a series
of high dimensional definite integrals, also known as the path space
formulation [Veach 1997]. This formulation allows us to compute
the contribution of each light path independently as a sample in
MC rendering and accumulate them on the fly, yielding an unbiased
estimate with constant storage cost and a computation time that
scales linearly with the number of samples. However, this expan-
sion no longer holds when the light transport operator becomes
nonlinear. When an existing MC rendering method, such as path
tracing, is used in this case, one generally obtains a biased estimate
after applying a nonlinear function to a noisy radiance estimate
[Fischer and Ritschel 2024; Rainforth et al. 2018]. This bias decreases
as the variance of the radiance estimate decreases. Therefore, to
ensure eventual convergence, we need to store all samples to obtain
low-variance radiance estimates before applying each nonlinear
function. A prominent example of nonlinear light transport is styl-
ized rendering [Doi et al. 2021; West and Mukherjee 2024] where
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path contributions will be transformed via an arbitrary, usually non-
linear, stylization function, allowing non-photorealistic effects to
be blended seamlessly with physically based rendering. Existing
methods either limit stylization application to the first hit only, as
in classical stylization [Doi et al. 2021], or require the estimator to
branch into an exponential number of light transport paths, result-
ing in exponential rendering and storage costs [West and Mukherjee
2024].
We propose a practical approach for rendering scenes with non-

linear stylization applied to all bounces. We first propose a nonlinear
path filtering (NL-PF) algorithm that efficiently reuses samples to re-
duce the computation and storage cost from exponential [West and
Mukherjee 2024] to polynomial. Secondly, to further improve upon
the quadratic computation cost and linear storage scaling of NL-PF,
we propose a novel nonlinear radiance caching method (NL-NRC)
that reuses samples with a significantly reduced storage cost. NL-
NRC further improves the sampling cost from the polynomial time
in NL-PF to linear. We also devise a new scheme that allows us to
train the neural model even when estimating gradients unbiasedly
is challenging due to nonlinearities. Our method can render images
of nonlinearly stylized scenes with reasonable accuracy in a few
minutes, which would otherwise be impractical with the existing
methods.

2 NONLINEAR MONTE CARLO INTEGRATION
Let us first discuss the implications of introducing nonlinearity into
MC rendering. The rendering equation [Kajiya 1986] models light
transport as a recursive integral equation of a radiance 𝐿 as

𝐿(x, y) = 𝐿𝑒 (x, y) +
∫
𝐴

𝑓𝑠 (x, y, z)𝐺 (y, z)𝐿(y, z)𝑑𝑧 (1)

where 𝐿𝑒 (x, y) is the radiance emitted from y to x, 𝑓𝑠 is the BSDF,
and 𝐺 is the geometry term. MC rendering in practice works by
recursively expanding each 𝐿(y, z) as another integral over𝐴. Veach
[1997] formalized this expansion as the path integral formulation,
which defines the solution to the rendering equation as a definite
integral over the product space of 𝐴s. To derive the path integral
formulation, one can first note that the rendering equation is a
Fredholm equation of the second kind:

𝑓 (𝑥) = ℎ(𝑥) +
∫
Ω
𝑘 (𝑥,𝑦) 𝑓 (𝑦)𝑑𝑦 = ℎ(𝑥) + T[𝑓 ] (2)

where ℎ(𝑥) and 𝑘 (𝑥,𝑦) are given functions that are not dependent
on unknown 𝑓 (𝑥), and T is a linear operator that defines an integral
with 𝑘 (𝑥,𝑦). Neumann series expansion defines the solution 𝑓 as

𝑓 (𝑥) = ℎ(𝑥) + T[𝑓 ] ↔ 𝑓 (𝑥) = 1
I−T

[ℎ] =
∞∑︁
𝑖=0

Ti [ℎ] (3)

where I = T0 is the identity operator, and the solution to the ren-
dering equation is defined as 𝐿 =

∑∞
𝑖=0 T

i [𝐿𝑒 ]. Since each T is an

integral over the space Ω, we can simplify Ti [ℎ] as a multiple inte-
gral over the product space Ω𝑖 .

Ti [ℎ] =
∫
Ω

(
· · ·

∫
Ω
𝑘 (𝑥𝑖−1, 𝑥𝑖 )ℎ(𝑥𝑖 )𝑑𝑥𝑖 · · ·

)
𝑑𝑥1 (4)

=

∫
Ω𝑖

𝑘 (𝑥0, 𝑥1) · · ·𝑘 (𝑥𝑖−1, 𝑥𝑖 )ℎ(𝑥𝑖 )𝑑𝑥𝑖 · · ·𝑑𝑥1 .

This expansion corresponds exactly to the definite integral given by
the path integral formulation, and each integral can be estimated
using MC integration. For example, taking one sample for each 𝑥𝑖
in each inner integral corresponds to the path tracing algorithm.
Let us now consider introducing a nonlinear function 𝑔 that is

applied to 𝑓 , transforming Eq. (2) into a nonlinear Fredholm integral
equations of the second kind:

𝑓 (𝑥) = ℎ(𝑥) +
∫
Ω
𝑘 (𝑥,𝑦)𝑔 (𝑓 (𝑦)) 𝑑𝑦 = ℎ + S[𝑓 ] (5)

where S also becomes a nonlinear operator. While Neumann series
expansion might not be applicable in such a case, for certain 𝑔 that
results in a unique solution 𝑓 , we can still attempt to expand the
recursion as repeated applications of S [Wazwaz 2011]:

𝑓 = lim
𝑖→∞

ℎ + S[ℎ + S[ℎ + S[ℎ + · · · ]]]︸                         ︷︷                         ︸
S𝑖 [ℎ]

. (6)

With a slight abuse of notation, we used S𝑖 [ℎ] as a shorthand of
repeated applications of S for 𝑖 times. The nonlinearity in 𝑔 does
not allow us to simplify Si [ℎ] any further to a definite integral, and
we are left to solve this form

Si [ℎ] =
∫
Ω
𝑘 (𝑥1, 𝑥2)𝑔

(
· · ·

(∫
Ω
𝑘 (𝑥𝑖−1, 𝑥𝑖 )𝑔 (ℎ(𝑥𝑖 ))𝑑𝑥𝑖

)
𝑑𝑥1 · · ·

)
.

(7)

When 𝑔 is nonlinear, MC integration of each integral with any finite
number of samples 𝑁 results in a biased estimate because

𝑔

( ∫
Ω
𝑓 (𝑥)𝑑𝑥

)
≈ 𝑔

(
1
𝑁

𝑁∑︁
𝑖=1

𝑓 (𝑥𝑖 )
𝑝 (𝑥𝑖 )

)
= 𝑔(E[⟨𝐼𝑁 ⟩]) (8)

and due to Jensen’s inequality, for arbitrary 𝑔, we have

𝑔(E[⟨𝐼𝑁 ⟩]) ≠ E[𝑔(⟨𝐼𝑁 ⟩)], (9)

where the equality is only satisfied when 𝑔 is a linear function.
We later demonstrate how a path tracing-like algorithm that takes
𝑁 = 1 samples per integral introduces a significant amount of bias
in estimating Si [ℎ] to show how problematic it is in practice.
Care has to be taken to ensure that it is not merely a matter of

removing bias at each integral. For example, even if 𝑔 has certain
analytic forms such as 1/𝑥 or 𝑒𝑥 , or even if debiasing techniques
are applied [Misso et al. 2022] to make 𝑔(E[⟨𝐼𝑁 ⟩]) = E[𝑔(⟨𝐼𝑁 ⟩)],
this does not achieve an unbiased estimate of Si [ℎ]. Even an unbi-
ased, but noisy, estimate of an integral would be subject to multiple
applications of 𝑔 to estimate Si [ℎ], ultimately resulting in a biased
estimate of Si [ℎ]. Instead, debiasing needs to be performed on the en-
tire Si [ℎ]; we later demonstrate that even then, it tends to introduce
a significant amount of variance.
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While many problems fit this nonlinear recursive integral form
(e.g., nonlinear optics, particle physics), the latest example in render-
ing is the stylized rendering equation (SRE) [West and Mukherjee
2024] that modifies the outgoing radiance using a nonlinear function
𝑔𝜃 (·) under some parameter 𝜃 :

𝐿𝑖 (x, y) = 𝑔𝜃

(
𝐿𝑒 (x, y) +

∫
𝐴

𝐶 (x,y,z)︷               ︸︸               ︷
𝑓𝑠 (x, y, z)𝐺 (y, z) 𝐿𝑖+1 (y, z)𝑑z︸                                                   ︷︷                                                   ︸

𝑈𝑖 (x,y)

)
, (10)

where 𝑈𝑖 (x, y) represents the pre-stylized outgoing radiance at 𝑖-
th bounce (or recursion level), emitted from y to x, 𝐶 (x, y, z) is a
shorthand for the path contribution. Here, 𝜃 is a parameter that
depends not only on the current vertex y but also on other informa-
tion such as the recursive level 𝑖 and potentially all the vertices in
the light path up to y. Due to the presence of the nonlinear func-
tion 𝑔𝜃 , path tracing estimation of the pre-stylized radiance𝑈𝑖 (y, z)
yields a biased estimate of 𝐿𝑖 (x, y). The branching path tracer (BrPT)
[West and Mukherjee 2024] uses a multi-sample estimator for the
pre-stylized radiance estimate at each recursion level:

𝐿𝑖 (x, y) ≈ 𝑔𝜃

(
𝐿𝑒 (x, y) +

𝑁𝑖∑︁
𝑘=1

𝐶 (x, y, z𝑘 )𝐿𝑖+1 (y, z𝑘 )
𝑝 (z𝑘 |x, y)

)
, (11)

where 𝑁𝑖 is the number of inner samples at level 𝑖 . In total, 𝑁 =∏𝐷
𝑖=0 𝑁𝑖 samples are required to estimate the radiance 𝐿0 at the

eye vertex, for a maximum recursion level 𝐷 . Rainforth et al. [2018]
showed that Eq. (11) is guaranteed to converge to the correct solution
as each 𝑁𝑖 approaches infinity.

2.1 Problem Statement
The introduction of nonlinearity in MC rendering poses two signifi-
cant challenges that make it intractable in practice.

2.1.1 Exponentially costly sampling and slower convergence. Branch-
ing path tracing in Eq. (11) requires an exponential number of sam-
ples as the recursion level increases, leading to exponential compu-
tation and storage costs, since an entire path tree has to be sampled
and stored in memory (e.g., stack for recursive calls). Rainforth et al.
[2018] have shown that, if 𝑔𝜃 is continuously differentiable, Eq. (11)
converges at a rate of O( 1

𝑁0
+ (∑𝐷

𝑖=1
1
𝑁𝑘

)2). If only Lipschitz conti-
nuity of𝑔𝜃 holds, it converges at an even slower rate of O(∑𝐷

𝑖=0
1
𝑁𝑘

),
exponentially slower than linear MC. Even worse, these continuity
assumptions may not hold for many stylized functions of interest.
For example, the step function used in Toon shading [Barla et al.
2006] is neither differentiable nor Lipschitz continuous. Despite the
eventual convergence of Eq. (11), the exact asymptotic convergence
rate under an arbitrary 𝑔 is still an open question.

2.1.2 Convergence with infinite storage. One major difference be-
tween linear and nonlinear MC rendering is that, in general, nonlin-
ear estimators require both infinite computation and sample storage
to achieve consistency, whereas linear estimators require infinite
computation but only finite storage (e.g., keeping one sample, accu-
mulating, and discarding). While convergence to the exact solution
with arbitrary precision is not required in practice, and consistency

� �
1 class Vertex:
2 x, 𝜔𝑜 # vertex position , outgoing light direction
3 S # stylization configuration index
4 # to receive radiance from
5 incoming # incoming radiance
6 outgoing # outgoing radiance
7 level # recursion level (path depth)
8 prev ,next # pointer to previous/next vertex in path
9
10 def trace_path(px, ray):
11 v, ray = camera.origin , camera.generate_ray(px)
12 S = S0
13 path = [v]
14 for i in 0..=D:
15 v = intersect(ray)
16 S = update_stylization_index(S, v)
17 v.S = S
18 path.push(v)
19 ray = sample BSDF
20 return path� �
Listing 1. Path vertex data structure and a modified path tracing function
used in our methods. Each vertex x𝑖 stores S𝑖+1 in its S attribute.

� �
1 def nonlinear_path_filtering ():
2 # sample one path per pixel
3 paths = [trace_path(px) for each pixel]
4 for i in D..0:
5 for each path p:
6 v = i-th vertex in p
7 𝑈𝑖 = 0
8 # vertices with the same level and
9 # stylization configuration index
10 for u in K𝑖 (v):
11 if u.S == v.S:
12 # 𝐸𝑞. (13)
13 𝑈𝑖 += filter_radiance(v, u)
14 v.outgoing = 𝑔𝜃,𝑣.𝑝𝑟𝑒𝑣.S (𝑈𝑖 )
15 # propagate to parent vertices
16 v.prev.incoming = v.outgoing
17 for each path p:
18 splat p[0]. outgoing to film� �
Listing 2. Pseudocode of nonlinear path filtering. The vertex data structure
and trace_path are shown in Listing 1.

is mostly of theoretical interest, the storage cost to achieve a solution
with reasonable accuracy can still be intractable.

3 PRACTICAL ESTIMATOR VIA REUSE AND CACHING
We propose a practical method to address these challenges by ex-
tending the idea of path reuse and caching to nonlinear problems.

3.1 Nonlinear Path Filtering (NL-PF)
We have identified that BrPT is inefficient because it samples 𝑁𝑖

independent inner samples to estimate 𝑈𝑖 at each path vertex x𝑖 at
each recursion level. It is possible to amortize this cost by reusing
the inner samples across each recursion level. This reuse scheme
bears a conceptual similarity to path filtering methods [Keller et al.
2014; West et al. 2020], where each path reuses neighboring paths
potentially generated through other pixels; thus, we call our method
nonlinear path filtering (NL-PF). Listing 2 shows the pseudocode,
together with the data structure shown in Listing 1.
Our reuse process starts from the vertices at the highest recur-

sion level and proceeds to the lowest, maintaining and propagating
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x1

x2

y1 y2

Fig. 2. Scene with multiple stylization configurations. In this example, styl-
ization is enabled only when a path hit the blue mirror (compare x and y).

outgoing radiance after stylization. We compute outgoing radiance
𝐿𝐷 (which is non-zero only on emitters) and propagate 𝐿𝐷 to its pre-
decessor, x𝐷−1. Once all vertices at level 𝐷 are processed, we move
on to level 𝐷 − 1. For each vertex x𝐷−1, we find other vertices y𝐷−1
of the same level within a small neighborhood K𝐷−1 (x𝐷−1) and
reuse their inner samples to estimate𝑈𝐷−1 for x𝐷−1 by connecting
x𝐷−1 to the path suffix (in this case, just y𝐷 ). When all vertices at
level 𝐷 − 1 are processed, we move on to level 𝐷 − 2, repeating this
process down to the camera vertex at level 𝐷 = 0.

Unlike path filtering, not all neighboring vertices can be grouped
and filtered together in nonlinear setting. Fig. 2 illustrates this con-
straint. In this scene, once a ray hits the blue mirror, all subsequent
levels will have stylization applied (y path). If a ray does not hit the
mirror, no stylization should be applied (x path). In this case, the
stylization parameter 𝜃 depends not only on the current vertex but
also on the entire trajectory of a path [West and Mukherjee 2024].
Filtering x2 and y2 mixes paths with different stylizations.
To properly handle such cases in NL-PF, we explicitly parame-

terize the outgoing radiance by an additional parameter, S, which
we refer to as a stylization configuration index. This index, S, is an
integer value that identifies each stylization configuration. The styl-
ization index enables multiple stylization configurations in the scene,
where each stylization configuration is a mapping between objects
and stylization functions. Thus, each object could have multiple styl-
ization functions, selectively enabled by S. Fig. 2, for example, has
two stylization configurations: null stylization (i.e., no stylization)
and a nonlinear stylization enabled only when a path hits the blue
mirror. As a simple extension, it is also possible to have uncountably
many stylization configurations (e.g., parametric stylization config-
uration depending on location) in a scene, but we limit ourselves to
countably many configurations for simplicity.

The introduction of the stylization index leads to a slight modifi-
cation to the notation of the stylized rendering equation:

𝐿𝑖 (x𝑖−1, x𝑖 ,S𝑖 ) =

𝑔𝜃,S𝑖

(
𝐿𝑒 (x𝑖−1, x𝑖 ) +

∫
𝐴

𝐶 (x𝑖−1, x𝑖 , x𝑖+1)𝐿𝑖+1 (x𝑖 , x𝑖+1,S𝑖+1)𝑑x𝑖+1
)
,

(12)

Each vertex x𝑖 is associated with two stylization configuration in-
dices, where S𝑖 determines the stylization parameter 𝜃 , and S𝑖+1
determines the stylization configuration from which y receives ra-
diance. In Listing 1, we only store S𝑖+1 for each vertex x𝑖 , since

Filter Same Level +Same Stylization Index Reference

Fig. 3. A scene with a similar setup as Fig. 2. If we filter all vertices of
same level in NL-PF, the right dragon appears pinkish as it incorrectly
receives stylized radiance. Filtering vertices of same level and stylization
configuration index makes sure that each vertex only receives radiance from
desired stylization configuration and makes the rendering consistent with
the reference. The reference is rendered by NL-NRC while the others are
rendered by NL-PF.

S𝑖+1 is defined even if x𝑖+1 does not exist (e.g., a ray misses the
scene). The index S𝑖+1 depends on S𝑖 , the current vertex x𝑖 , and
the path prefix. The update rule from S𝑖 to S𝑖+1 is controlled by the
material/stylization assigned at x𝑖 . For example, in Fig. 2 and Fig. 3,
let S𝑛𝑢𝑙𝑙 and S𝑠𝑡𝑦 be the two stylization configuration indices. The
mirror sets S𝑖+1 to S𝑠𝑡𝑦 regardless of S𝑖 , while the other surfaces
set S𝑖+1 = S𝑖 . This leads to the following NL-PF estimator:

𝑈 ′
𝑖 (x𝑖−1, x𝑖 ,S𝑖+1) = 𝐿𝑒 (x𝑖−1, x𝑖 )+

1
|N |

∑︁
y𝑖 ∈N

𝐶 (x𝑖−1, x𝑖 , y𝑖+1)𝐿′𝑖+1 (x𝑖 , y𝑖+1,S𝑖+1)
𝑝 (y𝑖+1)

𝐿′𝑖 (x𝑖−1, x𝑖 ,S𝑖 ) = 𝑔𝜃,S𝑖
(𝑈 ′

𝑖 (x𝑖−1, x𝑖 ,S𝑖+1)), (13)

where N = |K𝑖 (x𝑖 ) |, K𝑖 is the filter kernel of the 𝑖-th level, and𝑈 ′
𝑖

and 𝐿′
𝑖
denote the filtered pre-stylized and stylized radiance at x𝑖 .

The reciprocal probability 1/𝑝 (y𝑖+1) can be exact (if tractable) or
approximated using MIS or another weighting scheme.

3.1.1 Implementation. A naive implementation of NL-PF incurs
an O(𝑁 3) runtime cost and an O(𝑁 2) storage cost for 𝑁 vertices
due to the following reasons. The number of vertices within the
filter kernel grows linearly with 𝑁 , so each vertex x𝑖 receives O(𝑁 )
incoming radiance estimates. Evaluating the incoming radiance from
the successor y𝑖+1 of one of its neighbors, y𝑖 , requires re-evaluating
the BSDF for O(𝑁 ) incoming directions at y𝑖+1. We need to perform
this computation for all O(𝑁 ) outgoing directions, leading to a total
O(𝑁 3) computation cost and O(𝑁 2) storage cost to track incoming
radiance at all vertices from all other vertices.

While this polynomial scaling is an improvement over the expo-
nential computation and storage cost of BrPT, the O(𝑁 3) scaling
is still less than ideal. Some optimizations found in path filtering
techniques (e.g., CMIS weights with clustering [Deng et al. 2021;
West et al. 2022]) can improve this scaling to an O(𝑁 2) computation
cost and an O(𝑁 ) storage cost. We also reuse the BSDF evaluations
by keeping the incoming direction at y𝑖 instead of computing new
incoming directions between x𝑖 and y𝑖+1. Visibility tests between
reused vertices are also omitted as an approximation.
To fit as many samples as possible within a limited amount of

GPUmemory, we implemented NL-PF in an out-of-core (OOC) style:
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Learn stylized radiance Learn pre-stylized radiance Reference

Fig. 4. Directly learning stylized radiance 𝐿𝑖 causes NL-NRC to converge
to an incorrect solution due to biased and inconsistent gradient estimates.
Learning pre-stylized radiance 𝑈𝑖 allows the network to converge to the
correct solution as the bias in the gradient estimates diminishes.

� �
1 def train_nl_nrc(model):
2 # sample one path per pixel for a
3 # fraction of all the pixels in the image
4 paths = [trace_path(px) for a fraction of pixels]
5 for each vertex in each path:
6 i = v.depth
7 𝜔𝑖 = v.next.𝜔𝑜

8 𝐿𝑖+1 = 𝑔𝜃,𝑣.S (M𝜋 (i+1,v.S,v.next.x,𝜔𝑖 ,F))
9 # Eq. (16)
10 𝑈𝑖 = 𝐿𝑒 + 𝐿𝑖+1 · |𝜔𝑖 · 𝑛 | * bsdf(v) / v.next.pdf
11 L = | |M𝜋 (i,v.S,v.x,v.𝜔𝑜 , F) - detach(𝑈𝑖 ) | |2
12 optimize 𝜋 to minimize L� �

Listing 3. Overview of the training process of our NL-NRC model.

During the initial path tracing phase, we keep only the last vertex of
each active path in GPUmemory, while others are off-loaded to CPU
memory. During path filtering, we keep only the vertices currently
being filtered in GPU memory. Despite these optimizations, while
its computation is faster than BrPT, NL-PF is still memory-intensive,
as we will show later.

3.1.2 Differences from Regular Path Filtering. Let us highlight two
key differences between our nonlinear path filtering and existing
path filtering methods. The first difference is that regular path fil-
tering [Keller et al. 2014; West et al. 2020] assumes each path within
the path space can be decomposed into a prefix of finite length
and a suffix of infinite length. This assumption allows regular path
filtering to filter paths of different lengths simultaneously, even in
a fixed-point iteration manner [Deng et al. 2021]. In our nonlinear
extension, filtering should occur in an ordered manner, starting from
the highest levels to the lowest, while filtering only vertices with the
same level and stylization configuration index to correctly support
flexible level-dependent and path-prefix-dependent stylization.
The second difference is the convergence behavior. Path filter-

ing works well with a relatively low number of samples, and av-
eraging multiple runs with a shrinking filtering radius can lead to
convergence to the unbiased solution. Because of the presence of
nonlinearity, our path filtering converges only when the number
of samples within a single run approaches infinity. Not only aver-
aging over multiple runs does not reduce bias, but also a shrinking
radius makes convergence even less likely because each run will
have fewer samples.

3.2 Nonlinear Neural Radiance Caching (NL-NRC)
Even after employing various optimizations and approximations,

NL-PF has an impractical storage cost. NL-PF is also less effective
than regular PF because paths can only be filtered when they share
the same stylization index. We propose an alternative approach,
nonlinear neural radiance caching (NL-NRC), which extends the
neural radiance cache to enable radiance estimate reuse in nonlinear
MC rendering. This approach achieves similar estimation accuracy
to NL-PF with significantly less storage cost. Listing 3 presents the
pseudocode for our NL-NRC method.

Because caching is typically performed in the space of positions
and directions in 3D space, we first rewrite the SRE to be parame-
terized by the surface point x and view direction 𝜔𝑜 :

𝐿𝑖 (x𝑖 , 𝜔𝑜 ,S𝑖 ) =

𝑔𝜃,S𝑖

(
𝐿𝑒 (x𝑖 , 𝜔𝑜 ) +

∫
Ω
𝑓𝑠 (x𝑖 , 𝜔𝑜 , 𝜔𝑖 )𝐿𝑖+1 (x𝑖+1, 𝜔𝑖 ,S𝑖+1)𝑑𝜔⊥

𝑖

)
, (14)

where 𝜔𝑖 represents the incoming ray direction from x𝑖+1 to x𝑖 .
Our model, M𝜋 (𝑖,S, x, 𝜔𝑜 , F ), takes the query position x, view
direction 𝜔𝑜 , path depth 𝑖 , and stylization configuration index S
as input, along with auxiliary features F such as albedo, shading
normal, and roughness. Here, 𝜋 represents the model parameters.
The core idea is to have the modelM learn the outgoing radiance
at surface point x and view direction 𝜔𝑜 . It might be tempting to
have the model learn the outgoing radiance directly by minimizing
the following loss:

L𝜋 (𝑖,S𝑖 , x𝑖 , 𝜔𝑜 ) = | |M𝜋 (𝑖,S𝑖 , x𝑖 , 𝜔𝑜 , F ) − 𝐿𝑖 (x𝑖 , 𝜔𝑜 ,S𝑖 ) | |2 (15)

This approach faces an immediate problem: we do not have an unbi-
ased estimator for the gradient since we have only a biased estimator
for 𝐿𝑖 (x, 𝜔𝑜 ,S𝑖 ). Unfortunately, stochastic gradient descent is not
guaranteed to converge to the correct local minima with biased gra-
dient estimates [Ajalloeian and Stich 2021]. Unless we increase the
sample count while computing the loss, the optimization generally
does not converge to the correct solution, even if the network has
unlimited capacity. Fig. 4 empirically confirms this problem.

We propose a solution to this problem that enables network con-
vergence even when only biased gradient estimates are available.
Instead of directly learning the outgoing radiance, we decouple the
model to learn the pre-stylization radiance 𝑈𝑖 , which can be esti-
mated unbiasedly if 𝐿𝑖+1 is unbiased. When computing the loss, we
query the modelM to obtain an approximation of 𝐿𝑖+1;

𝑈 ′
𝑖 (x𝑖 , 𝜔𝑜 ,S𝑖+1) = 𝐿𝑒 (x𝑖 , 𝜔𝑜 )+∫

Ω
𝑓𝑠 (x𝑖 , 𝜔𝑜 , 𝜔𝑖 )𝑔𝜃,S𝑖+1 (M𝜋 (𝑖 + 1,S𝑖+1, x𝑖+1, 𝜔𝑖 , F ))𝑑𝜔⊥

𝑖 ,

and when 𝑖 = 𝐷, 𝑈 ′
𝑖 (x𝑖 , 𝜔𝑜 ,S𝑖+1) = 𝐿𝑒 (x𝑖 , 𝜔𝑜 )

L𝜋 (𝑖,S𝑖+1, x𝑖 , 𝜔𝑜 ) =
| |M𝜋 (𝑖,S𝑖+1, x𝑖 , 𝜔𝑜 , F ) − detach(𝑈 ′

𝑖 (x𝑖 , 𝜔𝑜 ,S𝑖+1)) | |2, (16)

where detach(𝑥) means that we do not backpropagate the gradient
to 𝑥 . In other words, we are decoupling nonlinear stylization from
the data to be encoded by the network, while still coupling them
via the loss function.
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3.2.1 Asymptotically Unbiased Gradient Estimation via Propagation.
The idea of the above approach is that we can compute asymptoti-
cally unbiased gradients as training progresses by propagating the
lower-bias estimates from higher recursion levels to lower ones.
At the beginning of training, one can estimate the loss unbiasedly
only at the highest depth 𝐷 based on the emission term. As training
progresses and M𝜋 (𝐷, ·) approximates𝑈𝐷 , the loss estimate at the
previous depth 𝐷 − 1 will exhibit a decreasing bias. If the network
has sufficient capacity and learns𝑈𝐷 exactly, this approach should
enable us to estimateL𝜋 (𝐷−1, ·) unbiasedly, allowingM𝜋 (𝐷−1, ·)
to gradually converge to𝑈𝐷−1. Subsequently, ifM𝜋 (𝐷 − 1, ·) per-
fectly approximates 𝑈𝐷−1, we will receive an unbiased gradient
estimate at level 𝐷 − 2, and the model will converge to𝑈𝐷−2, propa-
gating the unbiased estimate further down the levels and eventually
reaching 𝑈0. When training lower recursion levels, we treat the
model output from higher levels as constant to prevent errors from
lower levels from influencing the more accurate high levels.

While this process implies that we need to train NL-NRC starting
from the highest levels to the lowest, as in NL-PF, we have empiri-
cally found that it is also possible to optimize the model for all levels
simultaneously. We conjecture that this is related to the fact that
SGD also converges with consistent gradients [Chen and Luss 2019].
Training all levels simultaneously also makes training progressive
and allows us to take advantage of the correlation of radiance be-
tween levels to accelerate convergence. We defer a rigorous analysis
of the convergence properties of NL-NRC to future work.

3.2.2 Training Details. For each iteration, we generate 16 batches
of training records, where each batch consists of 65536 pairs of
training data. We found that a large batch size is essential for faster
convergence, presumably due to the high bias in gradient estimates
during the initial phase. We disable Russian roulette when tracing
training paths to reduce the variance. The initial learning rate is
chosen between 0.001 ∼ 0.002 and is reduced using an exponential
decay scheduler with a factor of 0.995 every 50 iterations. The
training automatically terminates when the learning rate becomes
sufficiently small. We also apply an EMA with a decay weight of
0.95 when visualizing the cache [Müller et al. 2021].

3.2.3 Final Gathering. While our NL-NRC can generally learn the
pre-stylized radiance effectively, it may still produce minor artifacts
if visualized directly. We can employ a final gathering step to re-
move those remaining artifacts. We trace one path per pixel until the
first non-specular vertex is found, where we sample additional rays
starting from that vertex and query the NL-NRC at ray hits. Path
splitting may be required if smooth dielectric objects are encoun-
tered. The additional computational cost of this step is manageable.
For example, our final gathering runs at a speed around 100 SPP/sec
on a 10242 image, and a rendering with a final gathering pass of
32768 SPP would take approximately 350 sec.

4 DISCUSSION

4.1 Assumptions
Our methods are built upon two mild assumptions to make the
problem more tractable. These assumptions are generally satisfied
in most cases, but we explain them here for completeness. Most

path tracer implementations use next-event estimation (NEE) to
estimate the emission term. In nonlinear rendering, the outgoing
radiance depends on the sum of the emission term and reflected
indirect radiance in a nonlinear manner, thus both of them should
be always evaluated to compute the outgoing radiance. A common
implementation of NEE evaluates only the emission term and there-
fore leads to a minor bias in nonlinear rendering. We thus assume
that emissive surfaces are either non-reflective, or their reflected
radiance is of negligible magnitude compared to their emission.
The stylization function 𝑔𝜃 generally contains discontinuities. We
assume that there is no surface patch whose pre-stylized outgoing
radiance lies exactly at the discontinuities of 𝑔𝜃 , because the stylized
radiance becomes either undefined or extremely difficult to approx-
imate. This assumption is satisfied for most stylizations, such as
Toon or Cel shading [Barla et al. 2006]. Their discontinuities usually
occur only along curves on the surface.

4.2 Reusing and Caching outside Rendering
Reusing and caching have been applied to many MC problems be-
sides rendering, such as grid-free PDE solvers [Bakbouk and Peers
2023; Li et al. 2023] and MC fluid simulation [Rioux-Lavoie et al.
2022; Sugimoto et al. 2024]. Outside computer graphics, regression
is a widely used method. Longstaff and Schwartz [2001] used least-
squares regression for option pricing, and Broadie et al. [2015] used
basis functions to approximate the inner-level integral for risk es-
timation. These methods mainly target nonlinear problems with
only a few recursion levels. Feng and Li [2022] applied sample reuse
in nonlinear problems in finance. Their estimator uses resampling
to share samples between different simulation paths. Our work
focuses on solving highly nested nonlinear MC integration prob-
lems with arbitrary nonlinear functions in the context of stylized
rendering. In particular, pre-stylized radiance learning in NL-NRC
utilizes domain-specific knowledge of stylized rendering to provide
a practical algorithm.

4.3 Other Potential Approaches
4.3.1 Debasing and Multilevel Monte Carlo. Limited forms of non-
linear problems have appeared in computer graphics in the context
of volumetric rendering [Georgiev et al. 2019; Kettunen et al. 2021],
reciprocal estimation [Jhang and Chang 2022; Qin et al. 2015; Zelt-
ner et al. 2020], and differentiable rendering [Bangaru et al. 2020].
Power series debiasing [Blanchet and Glynn 2015; Dauchet et al.
2018; Georgiev et al. 2019; Kettunen et al. 2021; Lee et al. 2019; Misso
et al. 2022] expands a smooth nonlinear function using a series. By
stochastically evaluating a prefix sum of the series, one can esti-
mate the recursive nonlinear integral unbiasedly. However, not all
stylization functions can be trivially expressed or approximated
using a series. We instead aim to solve nonlinear light transport
with arbitrary stylization. Telescoping series debiasing [Misso et al.
2022; Tong and Hachisuka 2024; West and Mukherjee 2024] and
multi-level Monte Carlo (MLMC) [Giles 2008; Heinrich 2001] are
other popular methods for transforming a biased yet consistent
estimator into an unbiased one. The performance of telescoping
series debiasing heavily depends on the convergence rate of the
estimator sequence. We found that this method usually produces a
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significant amount of variance (e.g., Fig. 11), especially with discon-
tinuous stylization functions. Note also that this method still suffers
from the same exponential sampling cost as BrPT, as we need at
least two independent samples to estimate the telescoping series,
resulting again in branching at each recursion. Instead of unbias-
edly estimating stylization at the cost of increased variance, we aim
for a low-variance and low-bias solution to the stylized rendering
equation that is consistent as storage size increases.

4.3.2 Fixed-point Iterations. Outside computer graphics, Beck et al.
[2020] proposed a polynomial time solver based on fixed point iter-
ations. Given this work, it might be tempting to solve Eq. (10) using
fixed-point iteration as well. For example, neural radiosity [Hadadan
et al. 2021; Su et al. 2024] essentially solves the rendering equation
through a fixed-point iteration where the radiance field is stored in
a neural network. Path graphs [Deng et al. 2021] also employ fixed-
point iteration to refine those estimates. We, however, identified
one major issue in employing fixed-point iterations in our problem:
level-dependent stylization. Fixed-point iterations for integral equa-
tions are based on the assumption that the nonlinear function is
independent of the recursion level. As West and Mukherjee [2024]
pointed out, it is crucial to admit level-dependent stylization. As
explained already, our work does not have any issue handling such
stylization through the use of stylization configuration indices.

5 RESULTS
We implemented our method in a CPU/GPU rendering framework
using the Rust frontend [Tong et al. 2023] of LuisaCompute [Zheng
et al. 2022]. All results were measured on a workstation equipped
with an Intel i9-13900KF 24C/32T CPU, 128GB of DDR5 RAM, and an
NVIDIA RTX 4070 Ti SUPER GPU with 16GB VRAM. The baseline
method is a wavefront-style branching path tracer (BrPT) that runs
on a GPU and samples a full path tree at once, computing vertices
of the same depth in parallel. Our NL-PF implementation utilizes
CMIS weights with range-based clustering [West et al. 2022]. The
filtering kernel size is set to be between 0.05% and 0.3% of the
scene’s bounding box. We implemented our NL-NRC using the
fully fused MLPs of the tiny-cuda-nn [Müller 2021] framework.
The position input is encoded using a multi-resolution hash grid
encoding [Müller et al. 2022], and the view direction is encoded using
one-blob encoding [Müller et al. 2019]. Our NL-NRC model has 16
million parameters in fp16 precision and requires 32MB of memory,
with the majority of the memory usage attributed to the hash grid
encoding. We employed an MLP with 5 hidden layers of width 128
for all scenes to achieve a balance between inference/training cost
and reconstruction quality. Fig. 10 presents a brief analysis of the
impact of network size.

5.1 Validation
To verify the correctness of our method, we compared it against
brute-force BrPT on scenes with a recursive continuous stylization
applied to all surfaces. The continuous stylization also allows us to
render a low-bias BrPT reference solution in reasonable time. For
this experiment, we disabled the pixel filter because it adds another
dimension of integration that significantly extends the rendering

time for BrPT references. It is important to note that all the methods
compared here support pixel filters in practice.
First, we tested our method against BrPT on a scene with two-

bounce continuous stylization, as shown in Fig. 5. We show inde-
pendent runs of BrPT and NL-PF at increasing sample counts, and
an NL-NRC training sequence with increasing computation time.
The stylization used in this scene is the saturation adjustment func-
tion described in West and Mukherjee [2024]. Both our NL-PF and
NL-NRC are able to converge to a solution similar to BrPT as com-
putation time increases. We report the memory consumption for
NL-PF, excluding the memory used for scene data. NL-PF quickly
runs out of memory after one minute of rendering, preventing fur-
ther improvements, whereas NL-NRC continues to improve with
more samples.
We then compare our methods on the same scene, now with 12

bounces of recursive stylization, as shown in Fig. 6. Despite the high
recursion level, a low-bias BrPT reference solution is still possible
because of the relatively simple lighting in this scene. The reference
BrPT image uses 1024, 32, 8, and 8 branches at the first four bounces,
with no branching at higher levels. In this case, BrPT converges
more slowly than in the two-bounce setting because of the increased
sampling cost. Our NL-PF converges faster than BrPT but incurs a
significant memory cost, and fails to produce a converged image
before running out of memory. In contrast, our NL-NRC quickly
produces a noise-free solution, and an additional final gathering
pass can further improve image quality.

5.2 More Challenging Lighting and Stylization
We further evaluated our methods on scenes with a high number
of recursion levels and discontinuous stylization in Fig. 7, Fig. 8,
and Fig. 9. The discontinuous stylization we used maps radiance
values to a predefined color palette: for a given pre-stylized radiance
estimate, we replace it with the closest color in the palette while
rescaling the value to approximately maintain its luminance. The
user can also boost indirect lighting by a custom factor. In these
scenes, it is essentially intractable for BrPT to render a reference
solution. In fact, there is no readily available option for rendering
an accurate solution in this scene. As a result, we do not report
error metrics in these figures. In Fig. 7 and Fig. 8, even after hours of
rendering, BrPT still produces visible bias and noise compared to our
NL-NRC, which produces cleaned-up images orders of magnitude
faster.
We also compared NL-PF and NL-NRC in challenging scenes

in Fig. 1, Fig. 3, and Fig. 9, with "reference images" rendered by
NL-NRC with 32768 SPP final gathering. Fig. 1 and Fig. 3 demon-
strate that our NL-PF is consistent with NL-NRC on scenes with
multiple stylization configurations and glossy light transport. Fig. 9
highlights another advantage of NL-NRC over NL-PF. While both
methods solve nonlinear rendering faster than the BrPT baseline,
NL-PF produces some visible bias because the bias introduced by
optimizations during path filtering is amplified by the discontinu-
ous stylization. Our NL-NRC is free from such issues. For example,
the top-right wall is lit up in both the NL-NRC and BrPT solutions.
Fig. 1 features a complex scene with three stylization configura-
tions, detailed geometry, specular reflections, and both continuous
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(the right dragon) and discontinuous recursive stylization (other
objects). Both our NL-PF and NL-NRC produce similar solutions
that are more accurate and faster than their baselines.

6 CONCLUSION AND FUTURE WORK
We present a practical approach for stylized nonlinear MC rendering.
Our NL-PF reduces sampling and storage costs from exponential to
polynomial, offering a predictable method for solving SRE that is
guaranteed to converge as the sample count increases. Our NL-NRC
further reduces the memory cost, resulting in a practical method.We
believe NL-NRC is currently the only viable and practical method
for handling arbitrary stylizations in nonlinear MC rendering.
We focused primarily on stylized rendering, but nested nonlin-

ear integral equations also arise in other problems. For example,
MC fluid solvers [Sugimoto et al. 2024] require nested integration
due to their nonlinear advection step. Similarly, nonlinear optics
[Bloembergen 1996] allows objects to scatter radiance nonlinearly
depending on light field strength. Using NL-NRC to accelerate these
problems could be a fruitful avenue for future research. Beyond
the stylization demonstrated in this work, a vast range of poten-
tial nonlinear stylizations exists. Given our ability to render scenes
with multiple-bounce, recursive stylization within a few minutes,
we hope our work will inspire further efforts in designing novel
nonlinear stylizations or extending NL-NRC to support even more
interesting effects.
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Fig. 5. We test BrPT, NL-PF, and NL-NRC on a scene with two-level recursive continuous stylization to verify that both our methods converge to a similar
solution as BrPT. Our NL-NRC converges faster than BrPT and continues to improve as training time increases, thanks to its constant memory cost.
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Fig. 6. A scene with 12-level recursive continuous stylization is used to verify that both our methods converge to a similar solution as BrPT. The reference
solution by BrPT has relatively low bias due to low variance light transport in this scene. Both our NL-PF and NL-NRC converge faster than BrPT. NL-NRC
training finishes at 152s with 3000 iterations. We can further improve its rendering quality by applying a post-training final gathering pass.
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BrPT (572s) BrPT (17984s) NL-NRC (540s) BrPT Rel. L2 Error (4x) BrPT (618s) BrPT (14099s) NL-NRC (450s) BrPT Rel. L2 Error (4x)

Fig. 7. On more challenging scenes, our NL-NRC produces reasonable results with low variance in a few minutes, while BrPT takes a long time to compute
and still produces visible bias. Left: A scene with 12-bounce recursive continuous stylization and two stylization configurations. Even after 5 hours of rendering,
the BrPT solution still contains some visible bias (in the form of reduced saturation). Right: A scene with 2-bounce recursive discontinuous stylization. The
BrPT rendering still produces some noisy edges even after a very long rendering session. We use a 32768 SPP final gathering pass for NL-NRC in both scenes.
The BrPT error image is computed as the relative L2 color difference between the NL-NRC image and the BrPT image with longer rendering time. The right
halves of the images have their exposure adjusted for better visualization.

BrPT (474s) BrPT (21024s) NL-NRC (488s)

Fig. 8. A scene with 12-bounce recursive discontinuous stylization. BrPT pro-
duces highly visible noise and bias after hours of rendering, while NL-NRC
produces a sharp image in a few minutes.

NL-PF (654s) NL-NRC (488s)

NL-PF Rel. L2 Error

Fig. 9. We compare NL-PF and NL-NRC the same scene as Fig. 8. We run NL-PF
with as many samples as physically possible. While NL-PF produces an image
that is, in many places, similar to the NL-NRC solution, visible bias in the image
can still be observed because the discontinuous stylization amplifies the bias
introduced during path filtering. For example, the wall at top-right appears too
dark.
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Fig. 10. We show the impact of the width of hidden layer in NL-NRC. For scenes
with mostly diffuse illumination (left), even small networks, such as those 32
units wide, produce good results. On scenes with specular materials (right), a
larger network is required for an accurate approximation.

Path Tracing +Debiasing Reference

Fig. 11. Non-branching path tracer produces obviously biased result. Applying
telescoping series debiasing removes the bias in the limit, but it is prone to
having a significant amount of variance, especially for discontinuous stylization.
Exposure=+1.0 for better visualization.
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