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Low-discrepancy points have proven to be a useful source of samples for
numerical integration via quasi-Monte Carlo integration. Low-discrepancy
points are typically uniformly distributed in the unit hypercube. It is thus
common to transform the input uniform points into target non-uniform
samples via mapping, just like how uniform random numbers are used for
generating non-uniform samples. Unfortunately, this common approach
does not guarantee to carry over the low-discrepancy nature of the in-
put points into the output non-uniform samples, giving the resulting non-
uniform samples suboptimal discrepancy. The existing methods for generat-
ing low-discrepancy points focus only on uniform points, thus generating
non-uniform and low-discrepancy samples has been an open problem. We
introduce an optimization framework to approximate non-uniform low-
discrepancy samples by numerically minimizing the discrepancy metric for
non-uniform samples. We propose a differentiable numerical estimator of
the generalized non-uniform discrepancy to enable gradient-based optimiza-
tion. Our differentiable discrepancy estimator turns a challenging problem
of generating non-uniform low-discrepancy samples into a simple numeri-
cal optimization problem. Since optimization can generate only one set of
samples, we further propose a neural network architecture to encode the
sample generation process, allowing us to generate multiple sets of samples
from conditional targets without runtime optimization. We experimentally
validate that our method reduces discrepancy below prior methods at least
up to a certain sample size and consequently achieves lower integration
error on numerical integration problems.
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1 Introduction

Quasi-Monte Carlo (QMC) integration improves upon Monte Carlo
(MC) integration by using low-discrepancy samples instead of ran-
dom samples. The accuracy of QMC integration can be character-
ized by the Koksma-Hlawka (KH) inequality [Hlawka 1961; Koksma
1942] which provides an upper bound of the error as a product of the
variation of the integrand and the discrepancy of samples. Since cer-
tain low-discrepancy samples have discrepancies that go to zero as
O((log N Y4/N) in a d-dimensional space for N samples, the conver-
gence rate of QMC integration is faster than that of MC integration
O(1/VN). QMC integration has therefore been used in MC render-
ing to improve its efficiency under certain scenarios [Christensen
et al. 2018; Heinrich and Keller 1994; Shirley 1991].

Importance sampling is another popular method to improve MC
integration, aiming to reduce the variance of the integrand without
increasing the number of samples N. One common approach for
sampling from a given probability density function (PDF) p is to
transform uniformly distributed random numbers in [0, 114 into
non-uniformly distributed samples through a mapping, typically
using its inverse cumulative distribution function (CDF).

Since both QMC and importance sampling are effective on their
own for improving MC integration, it is compelling to combine
them. However, this combination does not necessarily work as well
as one would hope. Firstly, a low variance of f/p, where f is the
integrand, does not necessarily imply a low variation of f/p. The
latter is important for QMC but is not a direct objective in impor-
tance sampling. Secondly, QMC with importance sampling warps
uniform low-discrepancy points into non-uniform samples which
may no longer be low-discrepancy. As a result, while importance
sampling may reduce variance, it can potentially increase variation
and discrepancy, making the resulting estimator less effective than
one might think. These issues have been empirically observed in cer-
tain scenarios for QMC rendering [Christensen et al. 2018; Heinrich
and Keller 1994; Shirley 1991].

We propose a framework for approximating low-discrepancy
non-uniform sample sets from any given distribution (e.g., an im-
portance distribution). Such non-uniform generation has received
little attention in prior work because the known constructions of
low-discrepancy samples [Ahmed et al. 2016; Doignies et al. 2024;
Halton 1964; Niederreiter 1992; Sobol 1967] focus only on a uniform
distribution in a unit hypercube to make it mathematically tractable.
Even prior works that numerically optimize discrepancy [Huffel
et al. 2025; Rusch et al. 2024] have dealt only with uniformly dis-
tributed points so far. To this end, we employ a generalized KH
inequality [Aistleitner and Dick 2015; Hlawka and Miick 1972a,b]
and propose a differentiable numerical estimator for it. Our differ-
entiable estimator leads to a gradient-based optimization problem
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where the solution is a set of approximately low-discrepancy and
non-uniformly distributed samples for a given target distribution.
Since we directly minimize the upper bound of the generalized KH
inequality, QMC integration with our samples can achieve lower
error than uniform QMC followed by mapping to non-uniform sam-
ples. To support sampling from conditional distributions without
runtime optimization, we also propose a neural network model
that encodes the sample-generation process via our optimization.
Once trained, our model can generate samples from an arbitrary
conditional distribution without optimization at runtime. Beyond
confirming that the discrepancy is reduced up to a certain size,
we also demonstrate that the numerical integration error in QMC
integration and rendering is also reduced in practice. To summa-
rize, our contributions are threefold: a differentiable discrepancy
estimator for non-uniform samples with respect to a given target
distribution; a gradient-based optimization method to approximate
low-discrepancy non-uniform samples; and a neural encoding of
point set generation for a given conditional distribution.

2 Background

Low-discrepancy points are commonly uniformly distributed points
in a unit hypercube with provably low-discrepancies [Halton 1964;
Niederreiter 1992; Sobol 1967]. Since the input random numbers
in MC integration are also uniformly distributed in the unit hyper-
cube, QMC integration is often done by simply replacing them with
low-discrepancy points. For the N input QMC points uy, ug, ..., uN
in the unit hypercube and the CDF P(x) for a given PDF p(x),
the N-sample (QQMC estimator Fnr with inverse CDF sampling

T
is Fy = ﬁ Z{il % = ﬁ Zfil g(u;) where we have x; =

P~1(u;) by the property of the inverse CDF P~!(u), and we wrote
g(u) = f(P~1(w))/p(P~ (1)) to show that it can be interpreted as
an integral of g(u) with uniformly distributed samples ;. Even for
cases where the inverse CDF P! (u) from a given PDF p(x) is not
available analytically, one could still use numerical solutions such as
neural networks [Dinh et al. 2015; Miiller et al. 2019] to approximate
P~1(u). MC integration uses uniformly distributed random numbers
for u;, hence QMC is interpreted as replacing random numbers with
low-discrepancy points. Note, however, that the low-discrepancy
points u; are warped into x; by x; = P~ (u;) and x; is generally not
uniformly distributed in the sampling domain.

While this mapping of u; to samples x; is commonly done, the
discrepancy of the resulting non-uniform samples x; are known
to be altered [Aistleitner and Dick 2015; Chelson 1976]. In other
words, even when the inputs u; are low-discrepancy points, it does
not mean that the resulting samples x; also have a low discrep-
ancy to the same degree. One practical consequence is that the
KH inequality for x; thus does not actually warrant improvement
with QMC over MC under this common approach. While a rigorous
mathematical analysis of when and how this issue occurs is not our
scope, this issue has been empirically and repeatedly observed in
its application to rendering [Christensen et al. 2018; Heinrich and
Keller 1994; Shirley 1991], where warping with P~1(u) is essential
to generate path samples. There is currently no general approach
that is capable of generating low-discrepancy non-uniform samples
without mapping. We propose a first take on this lingering problem
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in QMC; our method indeed numerically minimizes the discrepancy
of non-uniform samples x; and approximately generates such x;.

2.1 Discrepancy and QMC Integration

Let us briefly summarize some properties of low-discrepancy
samples and their connection to integration error bounds. Let
ui, ..., uy now be a set of uniformly distributed (not necessarily low-
discrepancy) points in the d-dimensional unit hypercube [0, 1]%.
The discrepancy D of this set of points is defined as

N

1
Dy= sup | Latu) - AA) o)
Aclo,1]4 -1

1
where A is an axis-aligned box, 14 (u;) is the indicator function of
A, and A is the d-dimensional Lebesgue measure. When the supre-
mum is over axis-parallel boxes which are anchored at the origin,
Dy defines the commonly-used star-discrepancy Dy, When the
dependence on N is clear from context, we simply write D* for
brevity. The term "low" in low-discrepancy samples may not have
a universally agreed definition. In this paper, we measure numeri-
cally measure discrepancy and compare our samples against other
commonly known low-discrepancy samples. This definition is com-
monly used in direct optimization of discrepancy [Clément et al.
2025; Huffel et al. 2025; Rusch et al. 2024]. We only claim our sam-
ples have smaller discrepancy up to the sizes we demonstrate, and
they may not satisfy a certain rate like O(log N¢/N) for any size
N.

KH Inequality. The KH inequality [Hlawka 1961; Koksma 1942]
states that, for a set uy, ..., un and a function g which has bounded
variation Vargg (g) in the Hardy and Krause sense, we have

N

1
NOILCORY LY

i=1

< D" - Vargk (9). ()

This inequality serves as an error bound for QMC integration
based on the star-discrepancy D*. The existing low-discrepancy
sequences [Halton 1964; Niederreiter 1992; Sobol 1967] are designed
to reduce discrepancies D* that also converge to zero at the rate of
O((log N)4/N) for N points. Using those sequences instead of ran-
dom points generally improves the convergence rate from O(1/VN)
of MC integration to O((log N)4/N) in QMC integration, as sup-
ported by the KH inequality.

One important assumption made above is that points uj, ..., un
are uniformly distributed, thus we needed to consider the inte-
grand g(u) = f(P~1(u))/p(P~1(u)) instead of f(x). Consequently,
bounded variation on the original integrand Varpg (f) does not nec-
essarily imply bounded variation on this new integrand Varpg (g).
For example, when mapping P~!(u) is discontinuous, () can also
become discontinuous and variation Varpg (g) becomes infinity
even when Varpgg (f) is finite. While such a case does not imme-
diately invalidate QMC integration, the improvement is not guar-
anteed by the KH inequality [Owen 2023]. It is thus desirable to
extend the concept of discrepancy and the KH inequality to gen-
eral measures to directly handle f with non-uniformly distributed
samples x;.



Generalized KH Inequality. Fortunately, the KH inequality and
discrepancy have already been generalized to non-uniform sam-
ples [Aistleitner and Dick 2015; Chelson 1976; Hlawka and Miick
1972a,b]. Let u be a normalized Borel measure on [0, 1]4. The star-

discrepancy with respect to p of a point set xy, ..., xN is
1 N
D*(W)= sup | La(x) ~ p(A) ©)
Aclo1]d | =1

and the generalized KH inequality for measure y is

f(xl
Z q(xi) /[0,1]df(x)dx

where q is the density of the normalized Borel measure jig on [0, 1] d
which can be thought of as the importance sampling PDF in this
paper. As in importance sampling for MC integration, the bound can
be tightened by choosing g roughly proportional to f, and in this
case this reduces the HK variation of f/q rather than the variance.
This inequality directly shows how a non-uniform distribution ¢
can be used to bound the error of numerical integration with x; o g,
which is akin to importance sampling with g. In the special case
where g is constant, the inequality reduces to the standard KH in-
equality. Compared to Equation 2, Equation 4 is independent of the
mapping x = P~!(u), thus avoiding any issues introduced by the
mapping. The key question we tackle is to generate low-discrepancy
non-uniform samples x; ~ q that directly minimize the generalized
non-uniform discrepancy. Prior work on numerical optimization of
discrepancy focus only on uniform samples (points) u; [Huffel et al.
2025; Rusch et al. 2024] and we are the first to address non-uniform
cases. For uniform cases, one successful approach is to optimize
parametric generators of low-discrepancy samples [Ahmed et al.
2016; Doignies et al. 2024]. While this approach allows either empir-
ical or theoretical guarantee of a low-discrepancy nature of samples
regardless of the outcome of optimization, it is not applicable to
non-uniform cases. We also aim to directly optimize discrepancy,
not other indirect metrics like minimum distance among samples
(e.g., Poisson disk samples) because prior work show that samples
sets that optimize such a different metric do not necessarily show
favorable scaling in numerical integration [Ahmed et al. 2016; Chris-
tensen et al. 2018; Pilleboue et al. 2015]. Finding g that effectively
reduces the HK variation of f/q given f is not our focus.

< D* (i) - Varp (5) @

Other Discrepancy Measures. While popular, the star discrepancy
D™ is just one special form of the definition of discrepancy. Another
common form, the Ly-discrepancy D2 (u) [Chen and Song 2016;
Hickernell 1998], is given by

2 \1

1 N
Da (k) = /[Oyﬂd(ﬁizllA(x»—u(A) da| . (9

where A = [0, a) denotes the axis-aligned box anchored at the origin.
Ly-discrepancy frequently appears in numerical optimization of
discrepancy because it is computationally more feasible to evaluate
compared to the star discrepancy [Rusch et al. 2024], which we also
utilize in our method. The Ly-discrepancy can be connected back to
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an inequality similar to the KH inequality (Eqn. (4)) in the form of

Z R - [ reas
Q(xz
where V2(f) uses a Ly measure [Chen and Song 2016].

Beyond points in a unit hypercube, discrepancy can also be de-
fined on the spherical domain, which is the natural setting for direc-

< Do) - Vo (5) ©

tions in 3D. The spherical analog of anchored boxes in [0, 114 is the
spherical cap, defined as the intersection of the unit sphere S? with
a closed half-space [Schmidt 1969a,b]. We parametrize a cap by its
center direction w € S? and angular radius @ € [0, 7], and write

C(w,0) = {x € S?: {w,x) > cosB}. (7)

Similarly to our previous definitions for the hypercube, the spherical
cap discrepancy with respect to a Borel measure y is given by

Deap (1) = sup ®)

w€eS?, 0e[0,7]

N
> (e () ~ H(C(0,0)]
i=1

where 1¢(,, g) denotes the indicator function of the spherical cap.
To express the Ly spherical cap discrepancy, let C denote the family
of all spherical caps on S?, C = {C(w,6) : w € S%, 6 € [0,7]},
and let v be the probability measure on C induced by sampling
uniformly on S? and 6 uniformly in [0, z]. We then have

1
2

1 ¥ ’
Deapa) = [ (N21c<w,9)(xi>—u(c)) 2| . ©
i=1

where the integration is over all spherical caps C € C. Analyti-
cal generation of low-discrepancy 3D directions remains an open
problem and the common approach is to parameterize the spherical
domain as a 2D space and warp 2D points into 3D directions, with an
expectation that it retains the low-discrepancy nature of 2D points.
While not analytical, our method enables this generation by directly
minimizing spherical discrepancy and we show it achieves lower
spherical discrepancy than this common approach.

3 Gradient-based Discrepancy Optimization

While recent work has proposed numerically optimizing the analyt-
ical discrepancy [Huffel et al. 2025; Rusch et al. 2024] using neural
approaches to approximate low-discrepancy points, these methods
are restricted to a uniform target distribution for a few reasons. First
of all, the discrepancy is evaluated with respect to the Lebesgue
measure (as opposed to the Borel measure ji4 in Equation 3) and
therefore does not account for non-uniform densities. They also rely
on the existence of the analytical solution of the integral for discrep-
ancy, which is usually not available for non-uniform densities. Note
that the inequality in Equation 3 alone does not dictate how to gener-
ate such points, thus one would still need to design an algorithm to
generate points. We propose a numerical approach based on a differ-
entiable discrepancy estimator and gradient descent to approximate
low-discrepancy non-uniform samples. To this end, we introduce
a differentiable modification of average squared-discrepancy [Clé-
ment et al. 2025] generalized for non-uniform distributions. Our
estimator supports any non-uniform distribution as long as point-
wise evaluation of the density is available.
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3.1 Differentiable Discrepancy Integrand

One challenge in designing such an estimator is that the Ly dis-
crepancy (Eqn. (5)) is non-differentiable with respect to the point
locations x; due to its indicator function. Prior numerical optimiza-
tion methods [Huffel et al. 2025; Rusch et al. 2024] do not face this
issue since they use the analytical integrals that are readily differen-
tiable. Among various potential approaches to handle similar cases,
inspired by the success of a similar idea in differentiable rasteriza-
tion [Kato et al. 2018], we found that simple mollification based on
signed distance to boxes (or spherical caps) works well.

Let us denote d( Ax;) as the signed distance from a point x; to the
box A. The distance is positive inside the box and negative outside.
We can reinterpret the indicator function with the unit step function
Hasls(xj) =H (d (Ax:) )WhiCh leads to an approximation based on
1
14e_ “YAx)
where « is a parameter to scale the slope of the sigmoid. This ap-
proximation is differentiable and therefore allows us to optimize
point sets by minimizing the corresponding approximate discrep-
ancy for a given target Borel measure p. During optimization, we
use a surrogate-gradient method where the forward pass uses the
non-differentiable indicator function and the backward pass uses
the gradient of the sigmoid approximation. We found that starting
from a small value and linearly increasing to a large value worked
well across all of our experiments.

a scaled sigmoid function as 14(x;) = o (ad(A,x,-)) =

3.2 Monte Carlo Discrepancy Estimator

One might consider numerically estimating Equation 5 by simply
averaging the local discrepancy (i.e., the integrand) in the unit hy-
percube over M randomly sampled boxes anchored at the origin in
a manner similar to MC integration:

M, 2}
Do) ~ | 37 25 | 2o Lan@) = wAm)| | . (10)
m=1 i=1

Based on numerical experiments, we found that the emphasis on the
origin of anchored boxes has undesirable effect of giving more im-
portance to points with small coordinate values [Clément et al. 2025;
Clément et al. 2025] when combined with numerical optimization.
Fig. 1a highlights this behavior for uniform density. The 2D point
set is obtained by optimizing (our mollified variant of) Eqn. (10)
starting from Sobol points. The optimization fails to achieve uniform
coverage in the local regions near the corners other than the origin,
in particular near 1 = (1, 1,..., 1). This suboptimal placement of
points near the corners, in turn, degrades the overall distribution of
the point set.

We found that the average squared-discrepancy Dng [Clément
et al. 2025] is a better fit for numerical optimization based on
Eqn. (10), which is a variant of the Ly discrepancy that treats each
vertex of [0,1]¢ as a box anchor and averages the corresponding
D, values. Note that Clément et al. [2025] do not propose to esti-
mate Dg”l by sampling boxes as in our method, but rather derived
its analytical integral for uniformly distributed points. To sample
multi-corner boxes, we draw u € [0, l]d and form the 29 axis-
aligned boxes spanned by u and each corner ¢ € {0, 1}4. Minimizing
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Fig. 1. Comparison of point sets optimized for uniform density by minimiz-
ing Dy and Dng. (a) Using origin-anchored boxes overemphasizes the origin,
leading to less uniform coverage near the other corners of the domain. (b)
Using all corners as anchors and averaging their D; discrepancies yields
more uniform coverage across the entire domain.

an estimate of DZ“Sd based on Eqn. (10) addresses the aforemen-
tioned artifacts while achieving similar Ly and star discrepancy
values (Fig. 1b).

3.3 Area under Non-uniform Measures

To evaluate Equation 10 for non-uniform cases, for each box A,
we compute its area under the non-uniform measure, p(Ap,). A
closed-form expression is usually unavailable, so we estimate it with
another MC integration that samples K points si, .. ., sg according
to another PDF p and approximates p(An,) as

i Lag(s)a)

) = [ duto) = 1 Y At
m i=1 !

where q(s;) is the density at the point s;. For efficient optimization,
the proposal density p is ideally chosen proportional to the target
density g. In our numerical results, we used p oc g whenever possible.
It is not strictly required to have p « ¢, and one can simply use a
uniform distribution for p. To amortize the sampling cost across all
boxes, we also generate a large set of samples that is shared among
all boxes. This sharing of samples is again optional, and we found
that individually sampling each box can sometimes be beneficial
when sampled boxes are small.

3.4 Non-uniform Discrepancy Optimization

By replacing the indicator function with a sigmoid and computing
the non-uniform measure y(A;) via yet another MC integration as
in Equation 11, one can obtain a differentiable discrepancy estima-
tor that can be used with gradient-based methods. While one may
argue that we are not directly minimizing the star discrepancy, the
star discrepancy is not easily differentiable due to the supremum
operator. Even though no theoretical proof has been given so far, it
has been empirically observed that minimizing the Ly discrepancy



usually achieves a smaller star discrepancy than analytical construc-
tions (e.g., Sobol) in the uniform case [Rusch et al. 2024]. As we
will demonstrate later in our results, our generalized Dgs‘i (p) also
exhibits a similar behavior even for non-uniform cases.

Optimizing a point set is now a simple process starting from a
randomly initialized point set (which themselves are optionally from
another low-discrepancy sequence) and minimizing its estimated
discrepancy via gradient descent. The other input and parameters
of our algorithm are the number of sampled boxes M, the number of
space samples K used for non-uniform area estimation, the density g
of the target normalized Borel measure y, and optimization hyperpa-
rameters such as the sigmoid scale o and the learning rate 8, which
can be chosen adaptively. Further details on the hyperparameter
choices are provided in the supplementary material.

Our optimization gradually moves the points to follow the target
density. However, due to the numerical nature of optimization, we
observed that sometimes samples can get stuck on the edges or at
the corners of the domain or fail to move away from zero density
regions. To address these issues, one can employ optional mapping
of the points in the unit hypercube to the target density g(x) using
its inverse-CDF transform (which can often be already available
in MC integration) as an additional step in the optimization. In
this parameterization, no point can land in a zero-density region,
and since the optimization explicitly accounts for this mapping, we
obtain approximately low-discrepancy point sets with respect to the
non-uniform target density. We emphasize that this use of mapping
is entirely optional in our optimization and discrepancy is estimated
for samples after mapping in any case. In cases where an explicit
inverse CDF is not available or is not sufficiently smooth, tweaking
of training hyperparameters together with a toroidal warping of the
domain can also substantially mitigate the issues. We provide an
example illustrating this behavior in the supplementary material.

3.5 Low-discrepancy 3D Directions

Sampling 3D directions is commonly required in MC rendering. The
optimization domain becomes a unit sphere, so that the discrep-
ancy is estimated directly on the spherical domain. The optimization
framework from the previous sections remains mostly the same,
except that instead of minimizing the Dgs‘i(p) discrepancy using
anchored boxes, we minimize the Dcap 2(p) using spherical caps.
We follow the spherical cap discrepancy [Schmidt 1969a,b] without
a fixed anchor point. We consider all spherical caps and estimate
the spherical cap discrepancy using randomly sampled caps, param-
eterized by a center direction and an angular radius. To mollify the
indicator function, we compute signed angular distances to spheri-
cal cap boundaries. For a cap C(w, 0), the signed distance of a point
x; is given by d(c ;) = 0 — arccos(w - x;). We represent each direc-
tion on the sphere by a 2D point in the unit square (u,v) € [0, 1],
which is subsequently mapped to a direction via an octahedral area-
preserving mapping [Clarberg 2008]. We emphasize again that this
mapping is not critical in our optimization framework. Regardless
of mapping, our framework always strives to optimize discrepancy
of directions directly defined in the spherical domain. The mapping
is there to help keep the resulting samples on the spherical domain
in a manner that is useful for optimization. Different mapping will

Gradient-based Approximation of Nonuniform Low-Discrepancy Samples « 5

TTTT T T T T T T T ™)
1071 K -
> [ i
Q
% L B
& 1072 _ s .
s E Poisson S~ =
2 L Sobol rot 1
=] - & |
~ : = = = Halton scr ~:\\
Q10 E — - - Sobol scr \‘::~~ E
= ~ >~ ]
[ Ours S L~
= =
Etvil L Lol Lol L )
10! 10° 10°
T LA T T rrrry T j
& 107 E
=] = B
< - |
Q. = ]
b5 L B
3} L
2 ~ O
S 10721 Ss 3
* E \\N\ B
) g SO
L ose
[ ~ s
1073 \\\H\l \\\\\\\2 \\\\\\\3 ! ~
N 10 10 10

Fig. 2. Ly and star discrepancy values (D2 and D*) for different sizes N of
point set under a 2D uniform distribution. We compare against random,
Poisson disk, scrambled Halton and rotated or scrambled Sobol. Our opti-
mization starts from scrambled Sobol points and successfully reduces both
discrepancy values beyond the most common baseline of scrambled Sobol
despite optimizing only a differentiable variant of the Ly discrepancy.

result in different performance in optimization, but further study
along this line is left for future work.

4  Low-discrepancy Samples from Conditional Targets

Any point set optimization approach, including ours, must run a new
optimization whenever a new target distribution is given. While
this approach is still practical if the target distribution is known
in advance (e.g., sampling a given environment map), it becomes
impractical when sampling from a conditional distribution whose
conditions vary at runtime, so distributions are not fixed apriori.
For example, importance-sampling PDFs for BRDFs are commonly
conditional on the view direction. In this case, one would need to
either rerun an optimization process for a given view direction at
runtime or precompute multiple point sets for sufficiently many
discretized view directions, both of which are impractical in terms of
computational or storage cost. To support such a scenario, we train
anetwork to encode the point generation process by minimizing on
the same discrepancy loss over an entire distribution for multiple
point sets dictated by conditional distributions, rather than opti-
mizing a single set only. Our network takes parameters y (e.g., the
view direction) that encodes conditional variables as an input. The
network additionally takes a random "offset" vector to capture the
fact that each point set is just one instance among all the possible
point sets with approximately the same discrepancy. Just like some
related work on encoding low-discrepancy point sets [Leimkiihler
et al. 2019], the training process does not require running separate
optimizations to generate the reference outputs for the training data
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set (in contrast to supervised approaches [Doignies et al. 2023]). In-
stead, we train the network so that its output directly minimizes our
discrepancy loss, which can be seen as a form of weakly supervised
learning. The details are in the supplementary material.

5 Evaluation

Uniform Validation. We empirically validate that our optimiza-
tion approximates low-discrepancy point sets for the uniform dis-
tribution. We compare against several common analytical low-
discrepancy baselines. Fig. 2 and Fig. 3 report the D, and D*
discrepancies for point sets with sizes that are powers of two
(N =4,8,...,4096) for both 2D points and 3D directions. As base-
lines, we include Cranley—Patterson rotated Sobol point sets as well
as scrambled Halton and Sobol sequences [Owen 2003], and we
report discrepancies averaged over 128 realizations. We addition-
ally show the discrepancy of Poisson disk samples [Yuksel 2015].
We compute exact discrepancy values for the uniform 2D cases,
and otherwise estimate them accurately. To generate 3D directions,
we use the octahedral square-to-sphere mapping to transform 2D
points into 3D directions. Our method starts from scrambled Sobol
point sets, and we report the averaged result over 16 sets. Although
our method optimizes a mollified variant of DZ“Sd, we report Dy
together with D* as these are more standard discrepancy measures.
We did not use the analytical form of discrepancies (e.g., Warnock’s
Ly formula) for even uniform points since it would not generalize
to non-uniform cases. The results confirm that our optimization
can indeed approximate low-discrepancy point sets, comparable to
analytical baselines such as Halton and Sobol. Improvement over
scrambled Sobol might be attributed to our method producing point
sets rather than point sequences, thus we do not conclude that
our method is better than the baselines. Being a direct optimiza-
tion of discrepancy, it is challenging to optimize a large sample
size as was demonstrated in parametric optimization of uniform
sequences [Ahmed et al. 2016]. For instance, non-gradient approach
reports optimization of 100 uniform samples in 11 hours [Clément
et al. 2025]. Our method can optimize 2048 directions in 75 seconds
in contrast to 8 directions in prior work [Rusch et al. 2024]. While
theoretical analysis is left for future work, our optimization cost
should scale at least O(N?), speculating from the uniform cases.

Non-Uniform Distributions. The key strength of our approach
is that the same optimization procedure can approximate low-
discrepancy samples for any given non-uniform distribution, as
long as the target density can be evaluated pointwise. Fig. 5 com-
pares our optimization against the low-discrepancy baselines in
2D across several non-uniform target functions. The baselines here
uses low-discrepancy points in the unit square and apply the in-
verse transform associated with the target density, whereas our
optimization directly produces point sets that follow the target den-
sity. We use the standard marginal-then-conditional inverse CDF
construction for most cases, except for the 2D image example in the
rightmost column, where we apply hierarchical warping [Clarberg
et al. 2005], which warps the domain coherent manner and thus
likely better preserves the low-discrepancy structure of the input
point set [Pharr 2019]. Fig. 6 shows the corresponding results on the
3D spherical domain with non-uniform directional samples. Across
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Fig. 3. Lz and star discrepancy values (Dcap,2 and D) for different sizes
N of point set under a uniform 3D directional distribution. The baseline
methods need additional mapping from 2D points to 3D directions in this
example. Our optimization starts from scambled Sobol and directly optimize
the spherical discrepancy Deap,2.

all experiments, our optimized point sets outperform the baselines
in terms of both Ly and star discrepancies. The results affirm our
claim that this common approach of warping QMC point sets into
non-uniformly distributed samples leads to suboptimal non-uniform
discrepancy metrics, leaving room for improvement. Additionally,
we empirically confirmed that the discrepancy improvements in-
deed come from directly optimizing the non-uniform metric, as
opposed to optimizing for uniform discrepancy and then mapping
the resulting samples. In other words, improvements in Fig. 5 and
Fig. 6 are not due to our lower uniform discrepancy values in Fig. 2
and Fig. 3. This additional result is in the supplementary material.

Numerical Integration Tests. While we confirmed that discrepancy
values are reduced for both uniform and non-uniform cases, it is
known that low discrepancy values do not necessarily transfer to
more accurate numerical integration [Christensen et al. 2018], and
thus conclusions drawn based only on discrepancy values can be
misleading. We thus turn our attention to actual numerical integra-
tion error when point sets are used for numerical integration.

In addition to the baselines considered before, here we also com-
pare against non-discrepancy-based methods, blue-noise sampling
and optimal transport, which aim to achieve similar goals of gen-
erating well-distributed samples, albeit under completely different
designs. Blue noise (BN) sampling produces a point set with a power
spectrum with little energy in the low-frequency region, which is
known to affect the variance and the convergence rate in integra-
tion [Singh et al. 2020]. Optimal transport optimizes a transport map,
which can be connected to the Wasserstein distance and defines
the error bound in integration [Paulin et al. 2020]. To this end, we
compare against sliced optimal transport sampling (SOT) [Paulin



et al. 2020] and Gaussian blue noise (GBN) [Ahmed et al. 2022] as
representatives of those two classes of methods. Our method, blue
noise, and optimal transport are all based on optimization-based
approaches and produce a sample set (not a sequence).

Fig. 7 summarizes the results for both uniform and non-uniform
distributions for 2D point and 3D directional samples. For 2D point
sets, we first evaluate the integration error of uniform samples on
the binary quarter-disc integrand f(x, y) = 1[x2 +y? < %] . Our op-
timized points are well suited for numerical integration and exhibit
low-discrepancy behavior. Next, we consider non-uniform sampling
tests in which the integrand is a product of a binary and a continuous
function, a situation that occurs frequently in rendering. Specifi-
cally, we use the products of a step function f(x,y) = 1[x < %]
with a Gaussian f(x,y) = e~ and of the quarter-disc with a
bilinear function f(x,y) = xy [Christensen et al. 2018]. We choose
the Gaussian and quarter-disc factors, respectively, as the target
densities for importance sampling and optimize our samples ac-
cordingly. For the Gaussian target, our samples behave similarly to
mapped low-discrepancy baselines due to the smoothness of the
density. For the quarter-disc target, we observe lower error, with
asymptotic convergence matching scrambled Sobol. For uniform 3D
directions, we evaluate the symmetric cosine integrand |z|. For the
non-uniform cases, we use a cosine-weighted BRDF [Burley 2012]
and environment maps [Debevec 1998] as target densities and form
product integrands by sampling one of the factors. Non-uniform
SOT and GBN are generated over a projected density from sphere
to square since their non-uniform spherical generalization is not
known. While SOT and certain blue-noise samplers can generate
non-uniform samples (as visualized in Fig. 4), we did not find em-
pirical evidence that these non-uniform samples can reduce error
in numerical integration beyond random samples, and our results
also align with this observation. Although SOT sometimes performs
better for small sample counts, our method generally outperforms
all the baselines, even asymptotically. Further details are provided
in the supplementary material, including the integration errors for
the uniformly optimized SOT and GBN baselines.

Rendering Application with Conditional Distributions. As a prac-
tical scenario, we evaluate our method for rendering. For this ex-
periment, we render an image by importance sampling the BRDF
function or the environment map. The target distributions are condi-
tional distributions, thus the optimization-based approaches like our
direct optimization, GBN, and SOT are not practical. For GBN and
SOT, we thus used uniform target distributions and apply mapping
for importance sampling as is commonly done in (Q)MC rendering.
For our method, we can use the neural approach by using view
direction for BRDF or normal direction for environment map as
conditional parameters. We use normalized cosine-weighted BRDF
fr(wo, wi)|cosb;| or bilinear filtered environment map values with
incoming radiance cosine term as the target distribution to be sam-
pled. Our method can still learn to sample from these product distri-
butions directly which do not have analytical form. Fig. 8 shows the
results of this experiment. We rendered the images with pbrt [Pharr
et al. 2023] and compared RMSE. Our method outperforms the base-
lines and also converges faster in this practical scenario. The over-
head of sample generation is negligible compared to other stages of
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Halton Sobol SOT GBN Ours

Fig. 4. Visualization of directional samples from Halton, Sobol, Sliced opti-
mal transport, Gaussian blue noise, and our low-discrepancy samples for
uniform sphere sampling, BRDF importance sample, and environment map
importance sampling. The grayscale background represents the target dis-
tribution density. The samples are shown in the octahedral layout.

MC rendering, thus we report this comparison as equal time as well
as equal sample count. On an RTX 5090 laptop, generating 10,000
instances of 512 direction samples takes 0.035 seconds.

Optimization cost. In our 2D non-uniform experiments, we opti-
mize for 1000 epochs across all the sample sizes on NVIDIA RTX
A5000. Optimizing a 2K-sample set takes about 2.5 minutes for
bilinear densities (analytic areas) and about 10.5 minutes for arbi-
trary densities (MC estimates). For directions, 5000 epochs for a
2K-sample set took 75 seconds on an RTX 5090 laptop. Training a
2K-sample network for a BRDF took 94 minutes on an RTX 3090
desktop. All plots in the paper are averaged over 16 independently
optimized solutions.

6 Limitations and Future Work

While our method serves as the first practical optimization method
capable of approximating low-discrepancy non-uniform point sets,
it has some limitations that motivate future work. Extending our
approach to sampling in higher-dimensional spaces might be compu-
tationally challenging, as sampling and region-distance computation
become harder as dimensionality increases. However, just as op-
timal transport initially faced scalability issues but became much
more efficient [Cuturi 2013], we expect discrepancy optimization
to follow a similar trajectory, and our method may scale better in
higher dimensions. Our neural network is trained on a fixed number
of samples, so it outputs a set rather than a sequence. A promising
result [Huffel et al. 2025] has been reported for approximate se-
quence generation for uniform samples, where it minimizes prefix
discrepancies up to 10K samples. Combining our non-uniform dis-
crepancy loss with prefix-discrepancy optimization could extend
this approach to non-uniform sample sequences. A different neural
architecture (e.g., graph-based [Rusch et al. 2024]) or encoding may
further improve this approach. Likewise, it is possible to include
material parameters as additional dimensions in such encoding for
BRDF sampling. While we demonstrate low discrepancy for our

SIGGRAPH Conference Papers 26, July 19-23, 2026, Los Angeles, CA, USA.



8 « Xiangyu Li, Ege Ciklabakkal, Daniel Ritchie, and Toshiya Hachisuka

tested sample sizes, formal scaling guarantees remain for future
study.

Despite limitations, our work opens a new possibility for di-
rectly generating non-uniform low-discrepancy samples and already
demonstrates improvements in our numerical tests. Together with
other optimization-based methods for blue-noise sampling and op-
timal transport, our work fills in a missing piece in the existing
toolset for low-discrepancy samples. For instance, the existing mul-
tiple importance sampling (MIS) [Veach and Guibas 1995] heuristics
are designed to minimize variance rather than discrepancy, and our
work may enable the redesign of the MIS heuristics to minimize
discrepancy directly. We believe our work facilitates a more thor-
ough study of different classes of sample generation strategies, using
different metrics, for both uniform and non-uniform distributions,
to address an open question: finding an ideal metric for samples in
numerical integration.
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