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ABSTRACT

In this thesis we give a method of simplifying the Einstein
field equations with restrictions of a geometric néture. wg shall be
concerned méin]y with the cosmological applications of this approach
but the techniques may be used to advantage in other areas. First a
method of systematically imposing constraints to specialize a class
of space-times is described. Then the method of "intrinsic symmetries",
in which restrictions are placed on submanifolds of a space-time, is
introduced and it is shown how the second fundamental form and the
intrinsic Ricci tensor for one or more families of surfaces may be
used to give an algebraic classification of solutions. We use these
methods to investigate a class of locally rotationally symmetric
space-times, examining intrinsic symmetries of geometrically well
defined families of surfaces and investigating a restriction that the
equation of state be of a particular general form. Finally, the
general procedure for examining classes of solutions is discussed

from the point of view of computer programming.
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Notation

a-.obN

NOTATION AND CONVENTIONS

definition

component-free notation for a geometric object
scalar product of one-form and vector: wava
inner product with respect to metric: uavb 9ab
tensor product

comutator: Vel - VM

~ ~

covariant derivative

covariant derviative along a vector -- Ty =

partiai_derivative

partial derivative along a vector -- 9y = 3
Lie derivative

m-parameter family of surfaces generated by the set
of vector fields V

. G,
member of the fam11y;,7g({ga,...,gb})
Ricci tensor intrinsically defined in gg;y

expansion tensor for the surface gsyiith respect to

normal vector field n.

B(a...bus;ﬁ

(xi)



(¢)a...bd g(a.;.b“s;féc)

Conventions

indices: Latin 0-3, Greek 1-3 (except section 3.2)
a,bsCece,8,v... tetrad

i,dsKeeer,uyve.. coordinate
~units: 81G = ¢ = 1

signature: +2 (- + + +)

Riemann tensor: v cde™V sed T Rabcdv
Ricci tensor: Rab = R?

Equation Labels

In several calculations mnemonic equation tables have been
used. Derived equations are labelled with the original equation label
followed by a comma, then a code which indicates the sequence of

calculations when read from left to right. The code may be interpreted

as follows:
0or1 - differentiation along gy Or g
* - application of the [go,g]] commutator
A,B,C - possible consequences, one of which must hold

(xii)



a,b - consequences, both of which must hold (usually

from sp]itting-an equation).

For example, (I1,la*) is obtained from (I1) by differentiating

along &> splitting the equation and applying the commutator.

(xiii)



CHAPTER 1

INTRODUCTION AND PRELIMINARIES

1.1 Introduction

The dominant long range force in the universe is gravitation.
Therefore, any reasonable cosmological model must take it into account.
The most widely accepted theory of gravitation is Einstein's general

theory of relativity, which we shall employ throughout this thesis.

General relativity is a mathematical theory in which space-
time is viewed as a 4-dimensional manifo]d,“4é?i with Lorentzian

metric, g . Gravitation is described by the field equations,

~

1 _ 846G

which are ten coupled non-linear partial differential equations, second
order in the metric components. The left-hand side of (1.1.1) describes
the geometry of the manifold and the right-hand side is the stress-
energy tensor of the source of the gravitational field. The quantities
Rij and R := Rii are the Ricci tensor and Ricci scalar respectively,
and A is the cosmological constant. In general the field equations
are under-determined so we must also specify an equation of state.

Depending on the néture of the matter modelled, there may be additional

relations between the components of T . For instance, if there is an

-1 -



electromagnetic field present, then these additional relations would

include Maxwell's equations.

We shall choose units in which ¢ = 8xG =1 ; then a mass of

: 2
26 Kg corresponds roughly to a length of 1Im (o = 5.4 x 1025<59) .
8nG m

10
Observations of distant galaxies show that the magnitude of A s
less than 107°2 2 [see Hawking & E11is 1973, p. 73] and many

authors choose A =0 .

Because the field equations are quite complicated, their
»genera1 solution is not known. However many specific solutions and
classes of solutions have been found. Different formalisms have been
developed to aid the study of these equations. These include the
orthonormal tetrad formalism [see E11is & MacCallum 1969 or MacCallum
19731 and the Newman-Penrose null tetrad formalism [Newman & Penrose

19621.

Usually, simplifying assumptions are made to render the field
equations more manageable. The traditional approaches include demanding
that the space-time be invariant under a group of isometries or that

the Weyl tensor have a special canonical form.

In this thesis we give an alternative method of simplifyirg
the field equations with restrictions of a geometric nature. We shall

be concerned mainly in the cosmological applications of this approach,



although the techniques may be used to advantage in other areas.

In this chapter preliminary material is ;overed before
proceeding on to the main body of the thesis. Section 1.2 describes
the orthonormal tefrad formalism which shall be used extensively.
Section 1.3 introduces the class of space-fimes which exhibit "local
rotational symmetry", singling out a particular case as the most
interesting. In Section 1.4, we discuss some of the features of the

symbolic mathematical computation system MACSYMA.

Chapters 2 and 3 develop tools which are employed in the
subsequent material. In Chapter 2, a method is given to check system-
atically the consistency of a given constraint for a class of space-
times. This gives a technique for specializing a class to contain
only those solutions which satisfy the constraint. In Chapter 3,
the method of "intrinsic symmetries" is introduced. We then present
a scheme to characterize families of non-null submanifolds using this

approach.

Chapters 4 and 5 use these tools to investigate the most
interesting class of locally rotationally symmetric space-times. In
Chapter 4, we impose intrinsic symmetries on subspaces orthogonal to
the fluid flow in the space-times and obtain a hierarchy of sub-classes.
In Chapter 5 we give some further results for this class of space-

times and investigate a general equation of state. We also examine



other intrinsic symmetries because of their interesting mathematical

properties.

In Chapter 6 we formalize the method of specializing classes

of space-times with a view to automating the procedure.

Finally, Chapter 7 contains some concluding remarks. Thfough—
out the thesis we refer to appendices when the inclusion of material

in the text would divert the development of the main ideas.

1.2 The Orthonormal Tetrad Formalism

This section is devoted to describing the orthonormal tetrad
formalism as used by MacCallum [1973]. The advantage of this formalism
is that it reduces the fie]d equations to first order. The trade-off
is that new variables are introduced for which additional relations
must be satisfied. First, the geometrical aspects of the formalism
will be described and then a specialization for space-times with the

matter modelled by a fluid will be discussed.

1) Geometry

An orthonormal tetrad at a point, P , in the space-time

manifo]d,bAz?f 1s a basis of vectors {e,} in the tangent vector space, Tp,
such that
8,8 = diag(-1,1,1,1) .



Tetrad indices will be chosen from the first letters of the alphabets
(a,b,c,... or a,8,vy,...) and coordinate indices will be chosen from

the other Tletters (i,j.k,...or XsUsVseos)e

The bundle of orthonormal frames over an open set 2}/CLA%?/

is denoted by

OM) = EJYm

where the total space, é%i consists of all orthonormal tetrads at

all points of éa/'and the projection is
Tl @gp»p.

A smooth cross-section Of(f7144?3 is a smooth choice of an orthonormal

tetrad at each point in é@( We shall usually refer to such a smooth
orthonormal tetrad field simply as an “orthonormal tetrad" or, more

briefly, as a "tetrad". Similarly, an "orthonormal triad" for an open

set in a hypersurface Lf;é/¢é7%s defined in terms of bases in the tangent vec-
tor space ofjgzyAtthis point we stress that we only require that the
orthonormal tetrad be defined on an open set and that all results are

local.

In an open set EZ/%/¢%VWith coordinates {x1}, the components
of any geometric object may be given with respect to an orthonormal
tetrad {e,} and dual basis of forms {ga} or with respect to the

local coordinate bases {2—7% and {dxl}
X



- j_ -2
ax
Since g, = ea1 E—T » the relation between the tetrad and coordinate
X
components is given by
i _ca_1ib

In particular, the metric components are

o

= i J = d3 -
9ab = €5 € 955 diag(-1,1,1,1)
b_.b_ ib
9a T % Teyey
ab

diag(-1,1,1,1) .

(=]
L}

The directional derivative along €, of a function ¢

is given by

= = i
93 = gal0) =0 je, .

In general, these directional derivative operators do not commute.

The commutator of two basis vectors is given by

J _ j.o1 )
7% % L3 T

o i
b X

[e,08,] = (ea

C
- e - (1.2.1)

This relation defines the quantities Ycab s Wwhich are called the

"objects of anholonomity" or "commutation functions". The Jacobi identity,



[Ega,gb],gc] + [[gc,gal,gb]jc [le,.e.1.e,1 =0,
imposes on the Ycab the condition
it = vy =0, labelled (. 2))
[d¥ cb1 7 Y fLd¥ cb] ’ bcd
which, by contraction, implies
343 +342 .2 4.2 g 0
a¥bc” %Y ab T Y ac Y aff be S

The quantity +% may be decomposed into a symmetric matrix n

By o
and a triple aB
aB .- 1 (a B)YS .1 o
n . 2 Y YGE s aB 7Y Ba
(1.2.2)
= & = ad _ 5.
<=> y 8y €BY5n 28 [BaY] .

The Ricci rotation coefficients are the tetrad components

of the connection:

Tabe = €3 %ec (1.2.3)

and g =0 1implies

ab;c

+ =
Iy Te 0.

abc ba
Using the definitions (1.2.1) and (1.2.3) we obtain the relations

C C C C
= - > = -
Yab T %8 - %&” ST ap - Tha

_ _ 1 _
<> Tabe = ?'(Yabc+Ycab cha) .



2,) Tetrad with a Fluid

For space-times where the matter content is modelled by
a fluid, it is possible to specialize the tetrad such that certain
Ycab are given by the kinematic quantities related to the fluid's
motion. Let u denote the normalized 4-velocity field of the fluid.

Then

hab = 9ap + Yalp

is the projection into the instantaneous rest space of the fluid.
A dot will be used to denote intrinsic differentiation along the

integral curves of uy . For example, the "4-acceleration" of the

fluid is
G=vu. (1.2.4)

In order to describe the kinematics we now consider
relative motion within the fluid following E11is [1971]. Let 0
and G be two nearly world lines of fluid elements and let the
vector X give the separation of G from 0 at each instant.

Straightforward calculation in co-moving coordinates shows

X:=vX=vu (1.2.5)



The relative position of G with respect to 0 in the rest space
is then

a ,_,ayb
X L E h bX

and the relative velocity of G with respect to 0 1in the rest space is

b _ (h3h d )Xb

b ._ a,”’
Vo oe= (Xl ) hy b Yesd

..L 95
using (1.2.5). Thus the relative velocity vector is a linear trans-

formation of the relative position vector. This transformation may

‘be decomposed into its symmetric and anti-symmetric parts:

¢, d -

Here Oap = e(ab) is the "expansion tensor" and o is the

ab =~ “rab]
"vorticity tensor". The expansion tensor may be further decomposed

into its "isotropic" (trace) and "anisotropic" (trace-free) parts:

The trace part 6 := eaa is the "expansion scalar" and the trace-

P - ] > u i s
free part Oup T eab §'ehab is the "shear tensor". The acceleration,
expansion, shear and vorticity are known as the kinematic quantities of

the congruence of integral curves of u . Using (1.2.4), (1.2.6)

and (1.2.7) the covariant derivatives of u are now given by

- 1 :
Ug.p = Tap + 3 8Ny +ougy = Ouup . (1.2.8)
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In what follows, we shall use another quantity, the "vorticity vector",

defined in terms of wap by

a ._ 1 abcd
(1] -"'2'“ Ubwcd .

Now we discuss the effect of the tetrad specialization
& = 4 - First, note that with this choice the Fermi derivatives

are anti-symmetric,

"so we may define

Q? := %-nadeubéc'gd .
This is the angular velocity of the triad {ga} with respect
to a Fermi propagated triad [cf.E11is & MacCallum 1969]. Now, using
(1.2.8), the Ycab with at least one of a , b, ¢ equal to zero can

be given in terms of ¢ and the kinematic quantities of y :

. 3

Y000 - "%
= Y

Y0ag Zeast r (1.2.9)
= - LT AT

YonB GOLBY(Q +u ) eaB . )

Using (1.2.2) and (1.

%]

.9) the commutators can be written out in full

as
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_— - (B mm . )
[eg:811 = U 1181 = (895703723)8, - (8y5%uy*0y)e,
[eq,e,] = ﬁze - (8, tu,t0,)e - 0,n8, = (8,,-wq=0)e
£0°%2 g - (Sprtuz*iyigy 2082 = 8p37u17)es
[e e]=ﬂ3e-(e ~wp=0n)eq = (Bootw 0y )e - 8448
80°83 80 - 183179 )8 - (83p%e1*)g, 3383
| | (1.2.10)
(875831 = -2u1gg gt ngpragley  * (nggtayleg
[egogy] = ~2u8p  * (mpyy+agley tnypgy  *(nyzmagleg
(815851 = -2ueg  + (ngmay)ey  * (mgptagley .+ ngses)

In the next section the remaining tetrad freedom will be

used to further simplify these relations.

1.3 Local Rotational Symmetry

This section describes the locally rotationally symmetric
space-times with a charged perfect fluid and electromagnetic field,

in which case Maxwell's equations are

Fab,b = ey

F[ab;c] =0,

These space-times have been studied by Ellis [1967], in the case of
dust, and by Stewart and E11is [1968]1, for fluid with electromagnetic

field. Most of the material in this section relies on these references.
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Except where stated otherwise, the results of this section hold
regardless of whether the charge density, e , or the electromagnetic

field, Fab , are zero or non-zero.

We use the following

Definition:
A space-time is said to be "locally rotationally symmetric"
(LRS) in the neighborhood U of a point pg if at each
p in U there exists a nondiscrete subgroup, g , of the
Lorentz group in the tangent space, Tp » Which leaves
invariant the fluid flow vector, the curvature tensor and
their derivatives up to third order.

Since u 1is invariant under g , we have that g is a group of

rotations in the subspace of Tp orthogonal to u and so is either

one- or three-dimensional. For a perfect fluid with electromagnetic

field, the stress-energy tensor is given by

where u is the energy density and p is the pressure of the fluid

in the rest space, and

is the stress-energy of the electromagnetic field. Since u , p
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and Tab qre»def1ned uniquely by. uy and Rab » they and their

derivatives up to third order are also invariant under g .

If g 1is three-dimensional, then assumiﬁg continuity of the
group dimenﬁion, the geometry is spatially isotropic for observer's with
the velocity Yy s and so we have a Friedmann-Rbbertson-Ha]ker (FRW)
space-time. In this case, g has a one-dimensional subgroup so these

models are included in the discussiom, where g is one-dimensional, as

special instances.

When g is one-dimensional we shall choose a tetrad,

'{ga}v, in which g5 = u and the group g consists of the four-
dimensional rotations about the plane spanned by &g and e in Tp .
The vector e, 1is then a spacelike axis of symmetry lying in the fluid
rest space and we have one rotational degree of freedom in the choice
of g, and g3 - Then, for any covariantly defined vector vy , we
must have V'€ = ¥\-85 =0 . In particular, the derivatives in the

~

g, and €3 directions of covariantly defined scalars must be zero.
This also implies W = ma]a and @ = Da]a . For any symmetric
covariantly defined rank two tensor, invariance under g implies the
22 and 33 components are equal and all off-diagonal components but

01 and 10are zero. We may therefore write

b = diag(0,a,8,8) .
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The electric and magnetic field in the rest frame of u

are, respectively,

ee b 1 cd b
. Ea := Fabu and Ba = 5 nap U ch .

Since Fab is not covariantly defined, the form of Ea and Ba must
be deduced through Tap which is defined invariantly. In general

Ea and Ba are invariant under g if and only. if 91 = 0 1in the
tetrad*. We shall make the additibna] assumption that Ea s Ba and

their derivatives are invariant under g , in which case

Tap = diag{t,-1,1,1) (1.3.1)

From Stewart & E11is [19681, the LRS space-times exhibit the
following properties:

LRS Property 1:

We may use the rotational freedom to choose a frame in

which

*This is contrary to the claim of Stewart & E11is [1968] that
invariance of Tab under g implies (1.3.1). See Appendix B for

the proof.
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leg-eq] = Ugy -agg - )
[gg-8p1 = -Bg,
leg-8;] = -ge
[ey0e5] = -2ugy ke, tsey | (1.3.2)
fes.eq1 = -ag,
[e1.8,1 = ag, .
)

2 The quantities k and a may be defined in terms of the
congruence of integral curves of e; and so have zero derivatives in

the e, and g5 direction (except in the FRW case, in which e,

is not invariantly defined). Without loss of generality, we may
choose the tetrad such that 335 = 0 and for later use, we define the

quantity r := 325-52 ,» which has zero derivatives in the & and

g3 direction. If we make the additional reasonable assumption that

w+p=0, then for a perfect fluid with an electromagnetic field

satisfying (1.3.1), we have

LRS Property 2:

The product wk 1is identically zero:

Stewart and E11is divide these space-times into disjoint and exhaustive

classes as follows
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Class I : w=z0,k=0
Class II : w=0,%k=0
Class III : w=0,k=0.

LRS Property 3:

For an LRS space-time with perfect fluid and electromagnetic

field, the coordinate freedom can be used to set the metric in

the form
2 (02 2, 12 . 2,22 2, 3.2
ds=———2——+X(dx)+Y[(dx)+t(dx)]
F
+ L r2a:-ydx 10 f (1.3.3)
F
- ¥hr2dx -hax1ded J

where F = F(xo,x]), X = X(xo,x]) and Y = Y(xo,x1) . The

functions t(xz) R h(x2) and y(xz) are defined by

h’2 + 20t =0
Y 5 +2ct =0,

9

where K , C and c¢ are constants. In each of the classes the

metric may be specialized further as follows.
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Class T : F=F(x) ,X=1,Y=Y(x),h=z=0.
Class II : h=0,y=0.
Class 11T : F=1,X=Xx0) ,v=v(L) .y=0.
The relation between the metric and the tetrad is
)
e, = F — \
=0 BX0
_13
<] X ;;T
15 . (1.3.4)
e - e c—
~2 Y ax2
=Y 3 h 3 13
e, = A L + A
3ty 0ty T Y, 3

Each of the Classes I, II and III is divided into subclasses.
Stewart and ET11is [1968] give the dimension of the isometry group and
the orbits for each of the subclasses. These results are summarized
in figure 1.3.1. It is seen that in each case the space-times admit
a multiply transitive Gr of local isometries. This result is
stronger than the definition we have chosen for LRS but it could have

been used as an alternative starting point.

Classes I and III are better understood than Class II because
of the nature of their isometry groups. In Class I we have a timelike
Killing vector so these space-times are necessarily stationary. In

Class III a space-time admits an isometry group acting transitively on
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spacelike hypersurfaces and much attention has been given to space-
times of this form. The only non-stationary solutions which do not
have a group acting transitively on spacelike hypeksurfaces are found
in Class II; specifically subclasses IIa and IIc. In subclasses Ila
and IIb the models have geodesic flow since & =0 . In the LRS

type Ilc space-times, the acceleration may assume any non-zero value
so IIc is the most general subclass of Class II. A1l of the space-
times in Class II have the property that the surfaces {xo = const}
are conformally flat, since their Cotton-York tensor is identically

Zero,

We shall be most interested in the space-times of Class II
because of the surface-forming properties of the basis vectors and the
generality of the isometry group. This class includes the Einstein
static solution, the Einstein-deSitter solution, the Bondi spherically
symmetric solutions, and the Kantowski-Sachs and FRW space-times and
some of their generalizations. Also, if we allow p+ p =0 , this
class contains the Reissner-Nordstrom family of solutions. In Appendix
A we give the commutators, Jacobi identities, Maxwell's equations,
Einstein field equations and Bianchi identities for the Class II

space-times.



Class CLASS I CLASS IT CLASS 111
w=0, k=0 w=0, k=0 w=0, k=0
Subclass Ia Ib Ic Id Ila IIb Ilc ’IIIa_ IT1Ib
a=0=0 a=0=0 | a=0=0 a#0=0 a=0 a=0=( a=0=() "g=0 g=0
Group G5 G4 G3 G4 63 G5 G4
Orbit T [space-time {x]=C]} {x0=C0,x1=C]} {x1=C]} {x0=C0,x]=C]} space~time {x0=C0}
CO and C] represent arbitrary constants

1 There are higher-dimensional groups in certain specialized

cases, which possess these 1isted groups as subgroups.
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1.4 Symbolic Computation with MACSYMA

In many disciplines of science and engineering, straight-
forward computations often lead to the generation of lengthy expressions.
The manipu1étion of these expressions can be tedious and error-prone.
This has led to the development of computer systems for symbolic
mathematical computation. Due to the nature of many calculations in
general relativity, a large number of these systems for symbolic
computation have been used by relativists over the past two decades.
(For a review of the use of symbolic computation in general relativity,

‘see Fitch [1979] and references cited.) Some of the basic concepts
used in symbolic mathematical computation are explained in Knuth
[1969, Chapter 4] and an overview of current activities in this field

is given by the proceedings of EUROSAM 1979 [edited by Ng 1979].

At the present time, one of the most comprehensive symbolic
computation systems is MACSYMA. MACSYMA is a large, LISP-based system
that was developed at MIT and first became available for use in 1971.
MACSYMA has been continuously extended since that time by the group
at MIT but is currently available at only a few installations. For
the computations in this thesis, we have used the system on a DEC PDP-10
at MIT, known as the MACSYMA Consortium machine (MIT-MC). The purpose
of this section is to describe how MACSYMA has been used in this thesis.

For a full description of MACSYMA see the reference manual [Mathlab 19771.
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MACSYMA is an interactive system; the user is prompted for
input, which is evaluated and then displayed. The user is then again
prompted for input and the session continues in a dialogue fashion.

The input usually consists of mathematical expressions, written with

a syntax similar to many other programming languages. These expressions
are made up of constants, variables and functions, combined using the
usual mathematical operators. It is not necessary to ascribe values

to these quantities prior to the evaluation of the expression containing
them. MACSYMA provides many functions which may be used to manipulate
“such algebraic expressions. These functions may be used to differentiate,
integrate, factor polynomials, solve equations and perform many other
mathematical operations, There are also functions which may be used

to select the form in which an expression is to be represented. This

is a strong point of the MACSYMA system - the user may choose the
representation of his expressions and is not forced to use a canonical
form. The system makes very few assumptions regarding the simplification
of expressions and usually leaves them in fhe same form unless a

specific transformation has been requested.

The calculations in this thesis which have been done with the
aid of MACSYMA were performed interactively. When a given calculation
was completed the commands necessary to reproduce the results were
placed in a file. There is a MACSYMA function, BATCH, which may be

used to direct MACSYMA to take its input from a file. In this way
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calculations can be reproduced as needed.

MACSYMA also possesses the usual features of a programming
language. It is possible to write functions which exhibit block
structure and the usual control of program flow with loops and conditional
execution. Using these features, it is possible for a user to write
functions which perform complicated tasks. In Chapter 6 we present

a set of MACSMYA functions which use these capabilities.



CHAPTER II

A METHOD FOR SPECIALIZING CLASSES OF SPACE-TIMES

Suppose that we are examining a class of solutions to the
Einstein field equations. Using the orthonormal tetrad formalism, the
field equations and the Jacobi identities form a consistent system of
first order partial differential equations. The contracted Bianchi
identities are then consistent with this system, by virtue of the

field equations.

To form a specialization of our class, we impose one or more
constraints. These constraints must be checked for consistency with
the existing system and with one another. This chapter introduces

a method for doing this systematically.

2.1 Checking the Consistency of a Given Constraint

For simplicity, we shall initially assume that we have a
non-empty class of solutions with perfect fluid source and a constraint
that may be expressed as a single equation. Later we shall remove these
restrictions. We shall say that a solution in the class "admits” the ~ vs
constraint if the constraint is satisfied on an open subset of the
space-time manifo]d,bA%?{ The constraint specializes the original
class to the subclass consisting of all solutions which admit the

constraint.

- 23 -



- 24 -

Let p be the pressure_and u the energy density in the
fluid rest space. The Jacobi identities, field equations and Bianchi
identities form a consistent system of equations. In general, there
are 16 Jacobi identities, 10 field equations and 4 contracted Bianchi
identities. For perfect fluid solutions, these equations may be

expressed in terms of the (2) quantities p and u , the (24)
aB

quantities % , %, S a* , n

and a% , dintroduced in

Section 1.2, and all of the (26x4) directional derivatives except (13):

9P » 3.M » aona » 2.6 (no sum), and aoaa . In the most general

-case we have a total of 30 equations in 26 variables and 91 (=26x4-13)

of their first derivatives, and we may solve directly for up to 30 of

the directional derivatives in terms of the variablesand other derivatives,
which shall also be considered unknowns. Note, however, that for an
unspecified function, say A , the directional derivatives, aaA , are
not independent but are subject to the integrability conditions (1.2.1):

R
339 = 39,A = ¥ p3A -

Let the constraint be given by the function

% ,n%8

C(Qaywasea saasU9p) =0

BD
and be satisfied at all points in the open set 227%4%?{ For each

point in é@( C=0 holds in a neighbourhood of the point so the propaga-

tion equations,
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must also be satisifed on éa/(that is, € =0 1is preserved along the
integral curves of the basis vector fields onéZ/S.- These new constraints,
in turn, gi&e rise (in a way described in detail below) to new propagation
equations. As this process is repeated, the new equations may lead to

a contradiction. In this case, there are no solutions in the original
class which admit the constraint in the open set. Otherwise, a stage

may be reached where the new equations are identically satisfied by
lvirtue of old propagation equations, the original system and the
commutators (1.2.29). Then a solution in the class will admit the
constraint only if all the additional equations obtained by propagating
the constraint also hold. (These may be viewed as additional "con-

straints".)

We now give a general description of this procedure. At
each stage of the repeated propagation, we must check for the com-
patibility of a given equation with the orfgina] system and with all
previous propagation equations. First, replace in the given constraint
equation all known derivatives with their values given by the original
system. If the resulting equation is an identity, then it is obviously
compatible. If the equation gives a contradiction, then it is incompat-
ible. In many cases, though, the equation will give neither an
identity nor a contradiction directly. These cases must be investigated

further.
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If the equation has not beén determined to be an identity
or contradiction, then we proceed.different1y depending on whether
the equation contains unknown derivatives or not. (This situation
may depend on the vanishing of a coefficient; in this case the investi-
gation should be divided into two cases, one where the coefficient is
identically zero - another constraint in itself - and another where
the coefficient is non-zero.) If the equation is free of derivatives,
then it may be solved for one of the variables to decrease the number
of unknowns in the system. If, however, there remain derivatives in
_the given equation, then solve for one of the previously unspecified
directional derivatives. This gives a new propagation equation for

one of the unknowns, which may itself be a derivative.

Not only must the equation hold, but its directional deriva-
tives must be considered. If the equation is free of derivatives, then
the propagation equations along all four basis vectors must be checked.
If the equation specifies a directional derivative, thén we must take
into account the appropriate integrability conditions for every other
known derivative for the variable. This will give up to three additional
equations to be checked. These equations may involve higher order
derivatives of other variables. Note, though, that an equation involving
a number of derivatives of any order may be split into single derivative,
first order equations by introducing "arbitrary" functions. It is

not necessary to do so, but the equations may be more manageable.
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In both the algebraic and directional derivative cases,
the equation will be compatible only if all the new additional equations
are compatible but it will be incompatible if any of the new equations
is incompatible. This procedure has been described in a recursive
way, with the base of the recursion being an identity or a contradiction.
There is as yet no guarantee that in general the procedure is finite,
though for a large class of problems this seems to be the case. This
is further discussed in Chapter 5. For the remainder of this chapter,

we shall assume that the procedure terminates.

We shall now remove the restrictions on the matter content

and form of constraint imposed at the beginning of the section.

If a perfect fluid model is inappropriate, then this pro-
cedure may be used with little modification. When a more complicated
stress-energy tensor is used, more variables and derivatives appear
in the field equations. Also, additional equations physically
relating these new quantities must be considered. For example, if
terms for heat flux are included in the stress-energy tensor, the classical
heat conduction law must be obeyed; if an electromagnetic stress-
energy tensor is used, Maxwell's equations must be satisfied.
These additional equations, written in tetrad form, must be included
in the original system. The constraint may then be checked for

compatibility in the manner already described.



- 28 -

Types of constraints other than single equations are often
needed in specializing a class of solutions. If the constraint
desired is expressed as an inequality relation (e.q. u+p =0, p =0),
then upon differentiation no new constraint arises. In this case the
propagation procedure is entirely unnecessary. If the constraint is
specified by a number of equations, then these equations must be
checked for consistency with one another as well as with the original
system. This may be done systematically by taking the equations
sequentially and checking them for consistency with the system using
“the procedure for a single constraint equation. If no contradiction
has been reached, then each equation checked and the additional equations
obtained by propagation should be included with the original system
before proceeding to the next constraint equation. If the last
constraint equation checks successfully, then the constraint given
by the system of equations is compatible with the class and may be
used to form a specialization. On occasion, it may also be necessary
to check resulting constraint equations agéinst inequalities. For
instance, a stage may be reached where a constraint implies uw+p =20,

when it has already been assumed that u+p >0 .

The next two sections give a few simple examples of this

method for specializing classes of solutions.
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2.2 Two Spatially Homogeneous Examples

This section gives two examples of how to specialize a

class of solutions using a constraint. In the first example

the constraint may be applied consistently and in the second it may not.
The classes considered consist of spatially homogeneous perfect fluid

solutions.

*
Definition :

A space-time is defined to be spatially homogeneous if it

admits a G3 of local isometries with three-dimensional

space-1ike orbits.

Spatially homogeneous space-times are classified according
to the nature of their’isometry group using the Bianchi-Behr classifi-
cation of three dimensional Lie algebras (see, for example, Ellis &
MacCallum {19693 or Ryan & Shepley [1975]). These space-times obey the

properties given below.

*A weaker definition requires a Gr » 23, with three-dimensional
space-like orbits. Our definition omits the case in which the Gr
does not contain a 63 subgroup acting on space-like hypersurfaces.
This situation may arise only when r = 4 and has been described

by Kantowski and Sachs [1966].
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Property 1 (MacCallum[1973], pp. 107, 108):
The normals to the orbit hypersurface are the tangent vector

field of a geodesic, hypersurface-orthogonal congruence.

Property 2 (E1Tis & MacCallum 1969, pp. 113, 114):
If we choose our tetrad such that & is orthogonal to
the orbit hypersurfaces, then we have the freedom to

choose a frame such that

g = diag(n],nz,n3)
£ = (a,0,0) ,a=0
'
an, = 0
a _
aach"O. J

We shall call such a tetrad a "canonical tetrad" for the
spatially homogeneous space-time. Note that the triad {ga} spans

the tangent vector space of the group orbits at all points.

In the E11is-MacCallum classification of spatially homogeneous
space-times (E11is & MacCallum[1969], p.114), a space-time is of Class A
if a =0, 1in a canonical tetrad. Otherwise a > 0 and the space-

time is of Class B.
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Property 3 (E11is & MacCallum[1969], p. 118):

In a space-time of Class A with perfect fluid source, a

canonical tetrad may be chosen with

Y=g
triad {ga} is a Fermi-propagated eigenframe of o,

such that the

Thus for a Class A space-time, a special canonical tetrad

may be chosen in which

=

2

ab

3aeab

naB

g n
o By

In this tetrad, the non-trivial Jacobi identities are

(gb

w=8=0

diag(o,e],ez,GS)

0

= diag(n],nz,nB)

0 .

(023) <=> 9N

(o31) <= 3, =

3
(012

) <=>

"3

= n3(293-e) .

(2.2.7)
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The non-trivial Einstein field equations are

2 2)

(00) <=> 346 = -(912+e2 +637) - —;— (w¥3p) + A

) _ 1 2.1 2 .1

(11) <=> 330y = =007 = 5 1y + 5 (ny=nz)" + 5 (u-p) + A
1 2.1 2 1

(22) <=> 338, = =68, = > N," + 5 (ng=nq)° + 5 (u-p) + A
1 2,1 2 1

(33) <=> 385 = -804 = 7 N3° + 5 (ny-n,)° + 5 (u=p) + 4

and the only non-trivial contracted Bianchi identity is

(0) <=> 3qu = -(utp)e .

v (2.2.2)

/

We shall now attempt to specialize two Bianchi-Behr types

in Class A by imposing the constraint

n“a = 0 on an open set.

Example 2.2.1:

Consider the class of Bianchi-Behr type VIh=0 solutions,

with perfect fluid source.

These solutions are in Class A and are

distinguished in a canon

ical tetrad, possibly renumbering, by

ny = 0, n, > 0, ng < 0.

(Note that initfa11y the requirement that ny = 0 may be regarded as

a constraint which is sa

tisfied by virtue of (2.2.1).)
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The constraint which we want to impose is given by

n® = n, +ng=0. | (2.2.3)

o

For this to hold in an open set we must also have
aa(n2+n3) =0 <=> ao(n2+n3) =0 .
Adopting a special canonical tetrad, this gives
-e(n2+n3) + 2(n262+n3s3) =0
-83=0, (2.2.4)

where use has been made of {2.2.1) and then (2.2.3). This relation

must also be satisfied on an open set so we must have, using (2.2.2),
aa(ez-e3) =0 <=> 30(62-63) =0
2
<=> _9(62"63) - (n2 ‘n32) = 0 ’

which is an identity by virtue of (2.2.3) énd (2.2.4). This leaves

us to conclude that there is a specialization of the class of Bianchi-
Behr Type VIh=0 solutions with perfect fluid source in which

naa =0 . In this specialization, we necessarily have 8, = 04

and the Jacobi identities, field equations and Bianchi identity reduce

to

3Ny = =M



- 34 -

2
30 = -(e]2+292 ) - ]7 (u+3p) + A
_ 2 .1
3g8qy = ~08y t n," F (u-p) + A

1
398 = =88 + > (u-p) + A

3ge = -(utp)e .

The procedure for arriving at this conclusion may be depicted schema-

tically as in Figure 2.2.1. 0

_Example 2.2.2:

Consider the Bianchi-Behr type VIII solutions with perfect
fluid source. These solutions are contained in the Ellis-MacCallum

Class A and in a canonical tetrad, renumbering if necessary, have
ny > 0, n, > 0, ng < 0.

We now impose the constraint

0] - .
n",=nptn, +ng = 0. (2.2.5)

Adopting a special canonical tetrad and demanding that (2.2.5) hold

on an open set, we obtain
ao(n]+n2+n3) = 0 <=> -6(nyin,tn,) + 2(n]e]+n262+n363) =0
<=> Nyop + ny6, + by = 0 , using (2.2.5)
_ M8yTng8,

0 (2.2.6)
3 n1+n2
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again by (2.2.5). . This relationship must be time propagated as well,

giving
ao(n]e]+n262+n3e3) =0

. 2 2 2 1 3 3 3 2 2 2 2
<=> 2(n1e] ,0,7 40, ) + 2{-n] -, =ng +nyn, "4 n, +n2n]7+n2n3

2 2 _
+n3n] +n3n2 -6n]n2n3) =0,

where use has been made of (2.2.1) and (2.2.2). Using (2.2.5) and

(2.2.6) to eliminate ny and 65 this gives

n.n
12

2
ny#ng

+3(npny)%1 =0 . (2.2.7)
Each of the factors on the left-hand side of (2.2.7) is strictly
positive, so we have a contradiction. This gives the conclusion

that the specialization nau = 0 yields an empty class; there are

o

no Bianchi-Behr type VIII perfect fluid models in which n . 0

on an open set.

The above steps are depicted schematically in figure 2.2.2.
‘ a

2.3 A Spatially Inhomogeneous Example

This section gives another example of how to specialize a

class of solutions according to a constraint. We shall consider the



- 36 -

Figure 2.2.1

Bianchi-Behr type VIH=O~ perfect fluid solutions subject to na& =0

n, + ng = 0 constraint
%
v st
6y = 63 = 0 17" propagation
%
\' 4
. . nd .
identity 2" propagation

Figure 2.2.2

Bianchi-Behr type VIII perfect fluid solutions subject to na& =0

n] + n2 + n3 = 0 constraint

%

v

- st

propagation

v
contradiction an propagation
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LRS type II solutions with dust as the source (see section 1.3).
Our original system will be given by the equations (LRSII) of Appendix A,
with p, 0, t and e replaced by zero. For all the unknowns but

s , the only non-trivial commutator is
[eg-81] = -0, - (2.3.1)

The non-trivial field equations give

(01) <=> 316 = a(g-a) )
(00)W rBoa = - %—+ 82 - az - a2 +r
! (2.3.2)
(1)} <= {ags = 5 (1-3%+a’er)
(22)) (372 = ]7 (a+u-82-208+3a%r) . )

The non-trivial Jacobi identities are

1
(0%2) and (01) <=> aga = -ga

( 3 ) <=> J.r = =28p (2.3.3)
023 0 [ e
( 3 ) <=> 3.,r = 2ar

123 1 J

and the only non-trivial contracted Bianchi identity is
(0) <=> aou =w(0+28)u . (2.3.4)

We shall also assume the energy condition
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u.ZO .
These relations shall be used in the following example.

Example 2.3.1:

We shall make the specialization that, on an open set, the

flow be expansion-free but not necessarily shear-free:
a+28=0. ' (2.3.5)

Since the directional derivatives 3, and 33 give zero for all of
\the variables which appear in our equations (2.3.2 - 2.3.4), we need

only check the 1 and ) propagation equations.

The first differentiations of the constraint (2.3.5), using

(2.3.1) and (2.3.5), give

0 <=> p-21+128% =0 (2.3.5,0)

30 (OH'ZB )

8](a+28) 0 <=> 30 = -6ag (2.3.5,1)

Both of these equations must now hold on an open set. The propagation

equations for (2.3.5,0) are

3o (u-21+128%) = 0
) 2 2,
<=> g(ut2(a“-r)+68°) = 0 (2.3.5,00)

and
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3](u-2A+]282) =0

<> au = _72a8° , (2.3.5,01)

by (2.3.2), (2.3.4), (2.3.5), and (2.3.5,0). The propagation equations
of (2.3.5,01),

2)

1]

3491 = 3 (-72a82)
191" 7 9 »

_are consistent with the original system (2.3.1 - 2.3.4) if and only if

u satisfies the integrability condition (2.3.1):

803]1.1 - B]BOu = -aa-lu

2

<= ao(-72a52) _o(-72a8

<=> as(u+2(a%-r)) = 0 (2.3.5,01%)

Thus, (2.3.5,0) holds on an open set only if, in addition, (2.3.5,00)
and (2.3.5,01*) also hold. The propagation equations of (2.3.5,1)
hold identically since o« satisfies the integrability condition:
308]01. - 81 300L = "aa-la
2 .2

<=> ao(-Gas) - a](- %—- 38°-a“+r) = -a(-6ag)

<=> identity,
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by (2.3.2), (2.3.3), (2.3.5) and (2.3.5,1).
It remains to check for consistency of the equations
B(wt2(a%-r)+68%) = 0 (2.3.5,00)
ag(w2(a%-r)) = 0 (2.3.5,01%)

with the original system. At this point we would usually divide the
examination into a number of cases in which combinations of factors
_were zero. Note, though, that B 1is a factor common to both equations.
In the cases in which g8 = 0 on an open set, then solving (2.3.5,00)

for u and substituting in (2.3.5,01*) gives

2(r—a2) - 652

=
]

> a=0.
The propagation equations for a =0 are:

392 = 0 <=> identity

2

32 = 0 <=> 3p-2r+ 18" =0, using (2.3.5,0)

<=> r=0, using (2.3.5,00)

But this gives yu = -682 , Which contradicts the energy condition
p 2 0 . Therefore the only cases which do not lead to a contradiction

are those in which
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B=0 (2.3.6)

on an open set. For this to hold we must have

38 =0 <= u=2(r-a’) (2.3.6,0)

318 0 <=> 1identity.

Equation (2.3.6,0) may now be imposed on an open set consistently
with the original system, since its propagation along €9 and €1

‘yield identities by virtue of (2.3.2), (2.3.3), (2.3.4) and (2.3.5,0).

We have shown that the constraint o + 28 = 0 may be applied
to our class of solutions only if we also demand (2.3.5,0), (2.3.6)

and (2.3.6,0), whence

A+a2 (= r=2a“=20) .

~
]

Subject to these restrictions, our original system of equations is

equivalent to

(2.3.7)

@
—
o
"
-
+
jol]
.
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From its definition, a may be given in terms of the tetrad
components, e1a ,» S0 (2.3.7) may readily be solved to obtain the
general solution in the subclass. Thus, the demand that the dust flow

be expansion-free is much more restrictive than it originally appears.

The procedure we have followed in this example is given
schematically in figure 2.3.1. The notation introduced in this figure

shall be used in diagrams in subsequent chapters. O



G+ZB=0 (20 3.5,‘)

30 ' 3]

. ' |
24412820 (2.3.5,0) 3j00-6a8  (2.3.5,1)
% g
1
s(ur2(a2-r)+68%)=0  (2.3.5,00) a4 a-72a8%  (2.3.5,01) identity
=0 w+2(al-r)+6p2=0
u+2(a2-r)=0 a%o
possible
combinations
5 )
0
identity contradiction
u+2(at-r)=0  (2.3.6,0) identity
notation
% propagation along €
30 9 31 propagation along £
1 [30,81] application of commutation relation

identity identity 0 all must hold

at least one must hold

(see notation page for discussion of equation

tabellina,)

:T°g-¢ sanbi3

0 < 9z + © 03 3950qns 350p 431k 1T S5807 SuT

-Eb-
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CHAPTER III

INTRINSIC SYMMETRIES IN GENERAL RELATIVITY

In this chapter we introduce the concept of "intrinsic
symmetries” used in this thesis. Section 3.1 describes the basic idea
of intrinsic symmetries and section 3.2 goes into greater detail,
showing how the intrinsic Ricci tensor and second fundamental form

may be used to characterize families of submanifolds.

-3.1 The Role of Intrinsic Symmetries

Spatially homogeneous space-times, defined in section 2.2,
have been used extensively as universe models [cf. MacCallum 1973 or,
more recently, MacCallum 1980, and references cited therein]. The
conventional belief in large-scale spatial homogeneity of the universe
and the relative mathematical simplicity of these models lend justifi-
cation to this approach. However, spatially homogeneous cosmological
models are not suitable in all contexts. For example, spatially
homogeneous models are probably not sufficient to solve the problems
associated with galaxy formation and particle horizons in the early
universe, It then becomes necessary to study spatially inhomogeneous
cosmological models, even though they are mathematically much more

complicated.

By "spatially inhomogeneous" we mean that there does not
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exist a group of lTocal isometries Gr » r 23, acting transitively
on spacelike hypersurfaces. To iﬁtroduce spatial inhomogeneity, one
may fe]ax the requirements of spatial homogeneity by decreasing the
dimension of the local isometry group or of the group orbits. The

simplest case is to have a G3 acting on two dimensional spacelike
orbits. For a perfect fluid (or perfect fluid with electromagnetic

field), this coincides with the LRS type Il space-times (see section

1.3), for which a general solution is not known.

To attempt a study with spatial inhomogeneity, one may
-élternatively employ collineations which are not isometries [Katzin,
Levine & Davis 1969]. The simplest such collineation is a "homothetic
motion" or "similarity mapping". This is a diffeomorphism for which

the generating vector field, h , satisfies

F o2,

for some constant, b . It has been shown [McIntosh 19767 that in any
perfect fluid space-time unless we have a "stiff matter" equation of
state, if such a vector field, h , 1is orthogonal to the fluid flow
vector then h s necessarily a Killing vector*. Thus, if a general

perfect fluid space-time admits a local group Hr (r 2 3) of homothetic

*
This result does not necessarily carry over to a perfect fluid with

electromagnetic field (see Appendix B).
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motions, which is not an r-dimensional isometry group, then the group
orbits are necessarily not orthogonal to the fluid flow. If the group
orbits are 3-dimensional spacelike hypersurfaces, the solutions are
then said to be "tilting" [cf. King & E11is 19731 and, although there
is some justification for studying tilting models, they are complicated
to deal with even in the case where the group is an isometry group.
Eardley [1974] has initiated some studies of such (tilted) models

in the case where there is a Hr (r = 3) homothety group.

These difficulties motivate another approach to space-time
symmetries. The method of "intrinsic symmetries" consists of imposing
conditions not on the full space-time manifold but on submanifolds of
the space-time [Collins & Szafron 1979a, Szafron & Collins 1979,
Collins & Szafron 1979b1. In this way one hopes to arrive at a
tractable set of field equations without requiring spatial homogeneity.

This method is illustrated in the following example.

Example 3.1.1

Consider the class of Bianchi-Behr type I (spatially homogeneous)
perfect fluid solutions. These space-times are contained in the Ellis-
MacCallum Class A (see section 2.2) and are distinguished in a special

canonical tetrad by

Ny =n,=ng=as 0.
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The metric is given by

2 2 2( 2

ds”™ = =dt™ + X t)dx2 + Yz(t)dyz + Zz(t)dz

and the fluid flow is orthogonal to flat hypersurfaces which are

the orbits of the local isometry group.

We may generalize this class of space-times by adapting the
intrinsic symmetries approach. We shall Took at.models in which the
fluid flow is orthogonal to flat hypersurfaces but which are not
-necessarily the orbits of an isometry group. That is, we shall impose
the condition that the hypersurfaces, when considered as 3-spaces,
admit 6 independent Killing vectors, none of which is necessarily a

Killing vector of the full space-time.

That we need not have spatial homogeneity is illustrated by

a simple plane-symmetric metric:

2 2

ds® = -d 213

+ t- 4/3(

[1+ tC(x)]de +t dy2 + dzz) .

This metric describes dust with density

=4 C(x)
YT I I x)y

flowing orthogonally to the flat hypersurfaces {t = constant}.

In general, thisspace-time admits the three Killing vectors:

(1) _3 (2)_5a (3) _,8 _, 9
gl=gy,e =yande RS VRRA T
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which generate a G5 acting on the two dimensional orbits {t = constant,

x = constant}. We have spatial homogeneity if and only if C(x)

is a constant, in which case 5(4) = g;— is also a Killing vector and

we have a G4 whose orbits are the hypersurfaces {t = constant}. 0O

A more complicated example would be obtained by postulating
the existence of spacelike hypersurfaces, each invariant under an
0(3) group of local isometries, which again need not be isometries
of the full space-time [Krasinski 1980]. The space-times are
~"intrinsically spherically symmetric" although not necessarily spherically

symmetric in the conventional sense.

‘3.2 Families of Surfaces: Intrinsic and Extrinsic Curvatures

When adopting the intrinsic symmetries approach, it is most
natural to place conditions on the submanifolds of a geometrically
well-defined family. Hopefully, the gain here would be in the use of
1- and 2-parameter families of (respectively) 3- and 2-dimensional
submanifolds, since 3-parameter families of 1-dimensional surfaces

(i.e. congruences of curves) are already thoroughly exploited.

The geometry of a submanifold of dimension 2 or 3 is described
by the intrinsic Ricci tensor, which, because of the dimension of the
submanifold, entirely determines the Riemann tensor of the submanifold.
This Ricci tensor may be used to construct invariants which characterize

it. Then a constraint on the intrinsic curvature could be given in
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terms of these invariants.

There is some latitude in choosing independent invariants to
describe the intrinsic curvature of a submanifold. The following

example illustrates this.

Example 3.2.1:

*
Consider R o the intrinsic Ricci tensor of a spacelike

g °
hypersurface. (The notation follows E11is [1971, p. 1321 and

‘MacCallum [1973, p. 1051.) In general this tensor will have six differ-
ent components. However, using three degrees of freedom for orientation,
a local basis may be chosen to be an orthonormal triad which is an

g " In this frame, R*as takes the form
diag(R*]],R*zz,R*33) and we see that we must construct, in general,

*
eigenframe of R o

three algebraically independent scalars to describe the intrinsic
curvature. There is some freedom in the choice of three such scalars
S0, since no choice is preferred on physic§1 grounds, we shall construct
the scalars that are the simplest to work with. The easiest method of
imposing a condition on a scalar is to set it to zero, so we would like
to define our quantities in such a way that their vanishing has

significance. A few possibilities are:

*
(i) Contractions of R Oqg____with itself:

R¥ @ R¥Bpe @ ¥ BR¥ 1p* o
a > a B P a gy O
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*
(ii) the three eigenvalues of R’uB :

These are the solutions, A] s AZ and A3 » to the character-

istic equation:

*,
det(R aB -3g>) =0

g)
3

. *
<=> 2" - R %2
[s )

2.1 *a 32 _ ¥ Bp* o, * gy _
t 5 [(R 0L) R R ; Ja - det(R . y=0.

*
(i11) the coefficients of A 1in the characteristic equation for R

™

1

We would then have the following interpretation:

ol e+
R a - }\] }\2 ;\3
1 * 0,2 * g * g
?‘KR o }- - R o R 8 ] = AAp * A2x3 + Agh

* By _
det(R o ) = MArg .

*
(iv) the "degree of isotropy" of R og’

Define the scalars R* ., S5=20 and T=0 as follows:

R =R ©
[0 ]

2 .1 o Ll
ST =753 > See T Rgg ~ 3 9,R
10 = 4sb - 35 sBvsr )2,

apf Y

Then
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R* = 0 <=> the isotropic part of R*GB is zero
S =0 <= R*as is completely isotropic

(all eigenvalues are equal)
T =0 <=> R*aB is partially isotropic

(some pair of eigenvalues are equal).

Of these choices, (ii) and (iv) are the most intuitive and the chief
difference between them is that the information gained from the
vanishing of the eigenvalues is highly directional, whereas that from

the vanishing of R* » S and T 1is more general. 0

At this point we shall introduce a new notation. If a set
V of 4-m Tlinearly independent vector fields is (locally) surface-
forming, then the family of surfaces shall be denoted bnyzixV) .
We then have an m-parameter family of submanifolds partitioning the region
of interest. Geometric objects defined on a submanifold may be written
showing their manifold dependence. For example, the components of the
Ricci tensor for‘f;%ZL§2;KV) would be written as Raegf;”3 , Where

a and B are suitably restricted.

We now go on to give the relationship between the submanifolds
and the containing space. The embedding of non-null hypersurfaces in
a (sub) manifold is described by the congruence of integral curves

of the unit normal vector field. This is done using the second
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fundamental form or‘"extrinsic curvature" of the hypersurface, which
may be defined in the following way. Legg}a‘ be a non-null hyper-
surface with unit normal vector field p ings;¢: If 9ab is the
metric ofLE;Z1 then the projection tensor from,:;z7intog§}7l is

_ o
ab - Jab T "M M

and the extrinsic curvature tensor Xab is defined C[cf. Hawking
and E11is 19737 by

- nC nd
Xab = N7ah b"c||d

Here || indicates the covariant derivative with respect to the
connection on ;S;? In this discussion, Latin indices shall take on

the values appropriate to‘:;z7while Greek indices take on the values

1]
appropriate th}Q .

a
We may now relate the curvature tensor, R bed ° of(j;z7to

. . . . . "'u
the intrinsic and extrinsic curvatures, R Bys and Xab ° otS}ﬁ

using the formulas of Gauss:

'a _ p® a ,f, g, h e a
R bed = Reghl e pn7ch g * WX exgp

and Codacci:

c,d _ .a
Red" Mb = Xrp| a1 -
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*
To illustrate this idea, R o8 in example 3.1.2 would be given by
* ¢ ,.f,g.h c
R ab = = R fghh el 'y - %ab T @ ph%¢ -
In this case, \715 the space-time manifo]d%and || corresponds

to ; . Note that 1i¢ is a hypersurface m}” then the curvature

1 v
oﬁy may be related toy and hence to 5”

We shall be using the intrinsic Ricci tensor and the second
fundamental form to describe the geometry of 2- and 3-dimensional
-submanifolds. Following example 3.2.1, we shall use the following

scalars to characterize R, ggﬂ and Xabgy »n) for a submanifold

y % V)

RS ) -

(&)
and, if r=3,

() = a8 - 3[sa&9f')sBYyl)say')32

() = 4c6§”') - 3[oal(9/,n)cbcyl,n)oaq(gl,n)lz
where say and abg .ar‘e given by

ol = 1,7 - 2y

1 1 h ( 9n)

Gab( ,) = X(ab)g’ﬂ) - —a——y,—N— GV) .

R (F) oS ) i (S o)
25607 ST o ) = oy e
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The scalars R and &  are the isotropic parts of Rae
and Xog respectively. The quantity S >0 or o =0 vanishes if
and only if all the eigenvalues of RaB or Xog » respectively, are
equal and T=20 or <t =0 vanishes if and only if any two eigenvalues
of RaB and Xog * respectively, are equal. Note that when n =y

and r =3 then & and ¢ are the usual kinematical quantities.

Also note that the invariant t , introduced here, should not be
confused with the quantity t , introduced in section 1.3, which

describes the energy density of the electromagnetic field.

It is possible to give formulas for the intrinsic and
extrensic curvature tensors in terms of n and the set of vector

fields V . This is shown in the following example.

Example 3.2.2:

Supposgg?y' i:;i;?{v],v }) ,QS;QEL)ﬁﬂ {n,Y;5Y5 }) and npen=-1.

Then, without loss of generality, choose an orthonormal tetrad e

A
A=0,1,2,3 , in which & =1 and g, and es span the tangent
]
space oiS}7 . Then

asy ) = BF Yo r yér Ba T dar YB

and
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Yy ¢, d
Xab(F o1) = el id"a M

e ~C ¢y d d
(adnc-r dCne)(ha nn )(hb_+nbn )

~

where hAB:= 958 ~ €1a%18 and the indices take the following values:
asBee. = 2,3, a,b... =0,2,3 and A,B... =0,1,2,3. Here the
quantities TABC are the Ricci rotation coefficients of the full
space-time with metric 9ap° and HAB is the projection tensor from

the full space-time onto ;S;? g

]
When Rasgf;ﬁﬂ) and Xabgs;ﬂ ,n) are written as in the

above example, all the quantities R, S, T, 6,0 and T are

well defined, although their interpretation is less succinct,
regardless of whether or not the set of vector. fields, V , is
surface-forming. If the vector fields are surface-forming then the
Greek indices may be replaced by small Latin indices to emphasize

the tensor character of the intrinsic and extrinsic curvatures.

Another point to note is that if we have more than one family of
surfaces, the intrinsic and extrinsic curvature invariants associated
with each family are not all independent but are related via the Gauss-

Codacci equations.

In a general space-time partitioned by a family of surfaces,
we would expect the curvature invariants to be non-zero in a given

neighborhood on any surface. However, there will be certain distinguished
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space-times in which one or more of these quantities is zero on an

open set. We can thus obtain an algebraic classification of solutions
depending on the vanishing of these invariants on all surfaces of the
family. Fufther, in a space-time with several geometrically preferred
families of surfaces, in any of the families combinations of the quantities
R,S,T,86,0c and t may vanish. This classification scheme

is a simple one based on the "degree of isotropy" of the intrinsic

and extrinsic curvatures of subspaces. Another scheme exists in whiéh

both the inhomogeneity and conformal nature of the spacelike hyper-

surfaces are exploited [Wainwright 1979].

Our aim is to impose one or more of the intrinsic symmetries
in order to simplify the field equations. (One hope is eventually
to find new exact solutions but this has not yet been achieved.)
We shall impose our conditions on one of the simple classes of inhomo-
geneous space-times, the LRS models. Since our technique uses surface-
forming combinations of vector fields, we shall concentrate the
investigation on LRS type II space-times. In fact, we shall be concerned
mainly with type Ilc models, inwhich G =0, a=0 and w=k=0.
In that case the spacelike hypersurfaces are conformally flat so the
classification scheme of Wainwright divides the models into only 3
categories (B3 P o * 0, habaae 20 ; B4 S 0, habaae =0 ; and
Dy : Sab = 0, habaae = 0). We shall be employing the intrinsic
symmetries approach in preference to this, since it leads to a finer

subdivision of types. However, a combination of the two approaches could

be valuable.
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CHAPTER IV

SPECIALIZATION OF THE LRS CLASS II USING INTRINSIC SYMMETRIES

We come now to the application of intrinsic symmetries in
this thesis. We shall use certain symmetries to specialize the LRS
type II class of solutions. The basic set of equations for this

class is given by the system (LRSII) in Appendix A.

In this section we shall examine subspaces orthogonal to the

time-1ike congruence, employing combinations of the following intrinsic

symmetries:

.= ' = = = 2 )

123R = R(]Zsf;ﬂﬁ =0 <=>r=-202+3 (11)

]235 = 5(1235;47 =0 <=>p = 3,2 (12)

123T 1= T(IZQf;%a =0 (holds identically) (I3)

r (4.0.1)
- C e a2

12R 2= R(jp GP) = 0 <=> 0 = 3ja-2 (14)

3R = R(23L§;7) =0 <=>r=0 (15)
(0)23° i 0(p3 Fogy) =0 => 5 =0. (16)

Here the subspaces are defined by

123 ST ey 083))
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X-go = X-g] = 0}

12. < Fol1e1s8,) € (F g .x))
and 3 e Fyligyoey))

for a tetrad, '{ga} » which satisfies (1.3.2). Theseand other intrinsic
symmetries for the LRS type II space-times are listed in Appendix C.
i i ’ . = - =

Note that each of the fam1]1esL§%H({g],g2,g3}) , E:??é({g1,x})lx &y = ¥-g;=0}
and §?z({gz,g3}) is geometrically well defined.and although
wgizf({g],gz}) is not defined uniquely it is representative of the class

. = = i i
ﬁig?é({g],x})lx 8 = ¥'g) = 0F , since ¢, and g, are fixed up to

-2 rotation only.

We shall investigate the consequences of these symmetries
individually and in combinations. To do this we shall impose the
appropriate constraint equations from (4.0.1), using the method intro-
duced in Chapter 2. Note that, for all quantities in the basic equations
and the constraints, the operators 92 and 33 yield zero so for
any constraint only the ad and 9 propagation equations need be

checked.

The symmetries, I5 and 16, related to the group orbits will
be examined first. Then I1, 12 and 14 will be examined individually
and with combinations of I5 and I6. Finally, since any two of I1,

IZ2 and I4 imply the third, we shall investigate the case where all

three hold and again consider combinations with I5 and I6.
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The majority of these calculations have been performed using
the symbolic computing system MACSYMA (see section 1.4). The
calculations for I5 and 16 will be outlined in some detail in computer-
free terms,.as will be those for I1. For I2 the specialization is
done with the aid of the computer and will again be presented in some
detail. The remaining cases will only be summarized, the computational

specifics being given in Appendix E.

4,1 Combinations of ZBR = (0 and (0)236 =0

The first intrinsic symmetries that we shall investigate
are those associated with the orbits of the isometry group. We
examine specializations in which the group orbits are intrinsically
flat (I5), the group orbits have zero extrinsic curvature in the

hypersurfaces orthogonal to the fluid flow (I16), or both (I5 & 6).

(I5) R=20

2
In this case we have

R=0<>r=0. (15)

For this constraint to be preserved along gy We must have, using J4,

aor =0 <=> -28r = 0 ,

which is an identity. For the constraint to be preserved along e »
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we must have, using J5,
31r =0 <=>2ar =0,

which is also an identity. Hence the intrinsic symmetry may be
imposed without requiring that any additional conditions be satisfied.

This is indicated in figure 4.1.7.

Note that since J4 and J5 always hold, we may have I5
in conjunction with any of the other intrinsic symmetries, unless

r =0 is specifically prohibited.
(IG) (0)239 =0
We now consider the condition

(0)236 =0<=>p8=0 (16)

and check for the necessary conditions for it to hold on an open set.

The €0 propagation of 8 1is given by the field equation F2:
g8 =0 <=>A-p+al-r-2an+r=0, (I6,0)
using I6, and the & propagation is given by F4:
9;8=0<=> au =0,

again using I6.
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The last equation is satisifed if and only if a =0 or
a =0 on an open set. Note, though, that a = 0 gives a contra-
diction since 3,2 = 0 implies by F3, 16 and (16,0) that p+p =0,
which contradicts the perfect fluid energy condition. Therefore

we must have
a=0. (16,1)

There are now two more equations, (16,0) and (16,1),
which must be preserved along £p and ey - The four resulting

“propagation equations are:

aOCA -p+ a2 -r-2a0+1)=0
<> agp = -2a3,li (16,00)
by J2 , J4, M5 and I6,
2 _
aT(A -pt+ta -r-2at+1)=0

<> 0y00= -t° + 27 - p 4 By 435 (16,01

by BI2, F3, J5, M6, 16 and (16,0),

<=>¢k =0 (16,10)

by F3, 16 and (16,01), and
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20=0. (16,11)

We shall examine each of these equations in turn.

Equation (16,00) may be split into two propagation equations

by introducing a new, arbitrary variable, U0 » 1.€.

-2aU0 (16,00a)
3l = Ug - (I6,00b)

Since 3;p is already known through BI2, p must satisfy the

integrability condition:
3931P = 343P = uaop (using (16,1))

<=> ao(-(u+p)ﬁ) - a](-ZaUO) = -ZaGUO

(using BI2 and (16,00a))

<=>3Uy = -Uo(a+3a) | (I6,00a*)
(using BIT, (16,00a), (I6,00b) and F3).

This Tast equation will be automatically consistent with the system

Since aOUO has yet to be specified.

Now considering equation (16,00b) in conjunction with (16,01),
we have equations for both derivatives of & . The integrability

condition for this variable is identically satisfied using (16,10),
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M5,J4, (16,00a), BI1, J2 and (I6,00a*) in addition to (16,00b)
and (16,01), so the values of the directional derivatives of & are

compatible with our system.

Next consider equation (I16,10). There are now two possible

cases as well as the combination:
E=0 . (16,10A)
e =0 (16,108)

0 . Therefore

"If E=0 then, by M, 2E =0 implies «

Further propagation yields an identity, by M7, and a]e =0 , which

is consistent with M7 by the commutation relation.

Finally the derivatives of o trivially satisfy the commutation

relations so (I6,11) is an identity.

We have now checked all of the necessary conditions for I5
to hold on an open set. Since these equations are compatible, we have

a consistent specialization. In summary, we have
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B=40 : (16)

o =0 (16,1)

c=0 (16,108)
A-p+al-r-2an+1=0 (16,0)  + (4.1.1)
%P = ~2a30 (16,00)

R B2 4 a2 (16,01)

3190 = -aoﬂ(a+30) , (16,00a*) J

as well as the equations (LRSII) of Appendix A.

The computations we have performed are depicted in figure

4.1.2.

(1586) R=0 and 0

23 (0)23&="2

We now consider the specialization in which both I5 and I6
hold. This is, in effect, the intersection of the two classes just
considered. To see if the specialization is consistent, we first
impose the constraint 16, obtaining the additional conditions (4.1.1).
We then check to see if I5 may be imposed on the new system (LRSII
and 4.1.1.). We find that I5 is admitted unconditionally, since

r =0 is not specifically prohibited. This is shown in figure 4.1.3.

Alternatively, the constraint IS5 may be imposed first, after
which 16 would be applied. We would then work through a sequence of

steps similar to those for I6 alone, except that the quantity r
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would be zero. Either way, we see that we have a consistent special-
ization in which we have (LRSII), (4.1.1) and the additional equation

r=0.

4,2 ]23R = () and Combinations of 23R = 0 and (0)236 =0

We shall now investigate the intrinsic symmetry I1 - the
vanishing of the Ricci scalar of the hypersurfaces orthogonal to the

fluid flow:
R=0<=>23a~32+p=0 (11)
123 1

We shall also explore this condition along with either or both of I5

and 16, labelling the combinations as follows:

]23R =0 and 23R =0 (I185)
]23R =0 and (0)238 =0 (I1186)
]23R =0 and 23R = 0 and (0)236 = 0. (I118586)

The calculations involved in imposing these conditions will be outlined

here in a fairly detailed way.

We now show that the investigation of ]23R =0 splits
naturally into two disjoint cases: one in which (0)236 z 0 and
one in which (0)236 =0 . Using F3, the equation Il may be

rewritten as an algebraic constaint:
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Figure 4.1.1: I5: ,,R=0

r=0 (15)

identity identity



g=0  (I16)

9 9
0 4
A-p+a2-£j;;;:::;__’(I6,0) R
3 3
0 1
a.p=-2a3.6  (16,00) 3 ;:j;;:;]-r+ LRy £y w0 (16,0) az0
0P=-£3% ] 1 T a a ’
(new) (16,01) /Q\ /Q
: % — % M, |
3gP=-2al0  (16,002) 20=U0  (16,00b) ek=0  (16,10) 3ya=0 identity  contradiction
(16,11)
[ao.a]] [80.3,] A B [90'31]
a]A=-UO(30+a) (16,00a*) identity E=0  (I6,10A) e=0 identity
(new) (16,108)
r % Jao 1
identity =0 identity identity

$¢°L°y =4nbi4

o= ece {05y

..[9..
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Figure 4.1.3

1586 R =0 after imposing ,0)2,8 =0
A\ >

23
(16) 15)
B:
=0
fiqure 4.1.2

identity "~ identity
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A+ u+1-B(2048) =0, (11)

Applying 3 to this equation gives the condition for preservation

of the constraint along g - We then have

pn + 3T - 2(a+6)808 - 2330a =0

<=> 26(3,0+0°) + (a%-r) (a-6) - 2a0(a+s) =0 ,  (I1,0)

by BI1, M5, F2 and F1. Similarly, preservation along 3| gives
Jyu + ¥yt - 2(a+8)3]8 - 28312 =0

<=> 3qu + dat + <E - 2a(p2-02) - 2887 = 0 , (11,1)

by M6 and F4. As before, we need not check the e, and g3 Ppro-

pagation equations, since these operators give zero identically when

applied to the quantities in IT.

Examination of equations (I11,0) and (I1,1) indicates that
we must indeed consider two disjoint cases: one in which B = (0)236/2
vanishes identically on the open set and another in which 8 never
assumes the value zero. We shall first consider the more general
case, in which 8 = 0 and the calculations are somewhat more involved,

and then proceed to the special case g8 =0 ,

(11) p3R=0 (g #0)

~F

In this subcase, division by B8 1is possible since the
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quantity is never zero. Therefore we may write the first propagation

equations as

310 = -02 + %.3-1(a2-r)(8-a) + S-]aﬁ(a+8) (I1,0)
and
ala = .;_ 5-][451,1: + ¢E - 23(82"0.2) + 3111] o (11’])

Equation (I1,0) gives a]ﬁ . Since this is the first specification
of a derivative of U we need not check any integrability condition.
(Equation (I1,1) relates two previously unknown derivatives. We shall
split this equation into two, each with only one previously unknown

derivative, by introducing a new function, M1 , as follows:

B]U = M] (11,1a)

s 1[M + dar + <E - 2a(g%-o%)7 . (11,1b)

N}

B]G =

(The notation M1 is used for consistency with cases done on the computer
and is not to be confused with the Maxwell's equation M1.) Both

30“ and Boa are known, so we must now check the commutators.

First we shall check the commutation relation for u .

Using 3yu from (I1,1a) and 3gH from BI2, the integrability condition

331K ~ 319gm = ﬁaou - adqu
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becomes
30M1 + 3][(u+p)(a+28)] = -ﬁ(u+p)(a+28) ~ aMl .

The 97 term may now be expanded employing (I1,1a), BI2, (I1,1b)
and F4. The resulting equation is solved for aOMT to obtain

-1
M1 = -(u+p) ﬁ?"[4ar + eb + 2a(8-a)2 + MIJ

+ (at+28)¢E - 2B(p+a) . (I1,1a%)

This is the first derivative of MI to be specified. Provided that the
resulting constraints are compatible with the commutation relation
for o , Ml may be chosen arbitrarily and no further checking is

necessary,

Now we do a similar check of the commutation relation for o .
With 9ja given by (I1,1b) and 3pe by F1 (substituting for a]ﬁ
from I1,0), the commutator may be expanded. After a straightforward
but quite lengthy calculation using I1 and most of the equations
specifying derivatives (including (I1,7a*)), the commutation relation

is found to be equivalent to
(atB) e E=0 . (I1,1b%*)
There are now three possible cases, as well as their combinations:

a+ g =90 (I1,1b*A)
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E=0 (I1,1b*B)
e =0. (I1,1b*C)

We shall examine these cases in order, and show that the first two are

special cases of (I1,1b*C).

Consider the equation (I1,1b*A). Differentiating along
gy » We use F1 and (I1,0) to substitute for 392 and F2 for 3B -
Then we apply I1 and (I1,1b*A) to replace A and B respectively,

obtaining

u+p+2r+aﬁ+2a2+]7(r-a2)=0.

(I1,1b*A0)

Similarly, we differentiate (I1,1b*A) along gy » using (I1,1b)
to substitute for 3j0 and F4 for 318 . Then we employ (I1,1b*A)

to replace g with -o , giving

Ml + dat + ¢F + 4a2 = 0 . (I1,1b*A1)

Normally we would now proceed to examine all four of the
second propagation equations of (I1,1b*A). However, upon comparing
two of these second propagation equations, it becomes apparent that
further inquiry into the subcase A 1is not necessary, This is seen
as follows. First differentiate (I1,1b*A0) along € and substitute

for the derivatives. Next, replace 1in the resulting equation
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A, B8, u and Ml with their values according to (I1), (I1,1b*A),
(I1,1b*A0) and (I1,1b*A1) respectively. Simplification of the result
yields

4(t+2a) (a2+c) - a(al-r-2at) = 0 . (I1,1b*A01)

In the same vein, differentiating (I1,1b*A1) along g » replacing

the derivatives and substituting for A, 8, u and Ml , yields
al4(t+2a) (aZ+1) - a(a®-r-2a0) + 2¢E1 = 0 . (11,1b*A10)

We know o = -8 2 0 so the second factor must vanish. A comparison

with (I1,1b*A01) then shows we must have

Hence this subcase is merely a special instance of some combination of

the subcases B and C .

We now turn our attention to equation (I1,1b*B). Differen-
tiation along & and using M3 yields an identity but differentiation

along g vields

e=0, (I1,1b*B1)
using M1. Again we have a special instance of subcase C .

We now look at the last of the three subcases. As it has
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turned out, subcase C includes both of subcases A and B as special

cases. Therefore e must be zero in any solution admitting I1 with

B#0 . No further restrictions are necessary since differentiation

of (I1,1b*C) yields an identity.

Since no equations remain to be checked for compatibility,

we have a consistent specialization of the LRS type II space-times.

From the preceding argument, any solution in the specialization is

subject to

B =0
A+ u+ 1 - p(2u48) =0

e=20

i + 3 87 (a%r) (8-a) + 87 ai(ate)
-1

a_la = %_ B [3]u + 4at - Za(BZ-aZ)]

dnd U = :LE%El B-][B]u + dat + 2a(8-a)2]

Q
—
e
t

-2(a+8)8]u .

as well as the system (LRSII) of Appendix A.

(I1)
(I1,1b*C)
(I1,0)
(11,1)
(I1,1a%)

L (4.2.7)

The procedure followed for this specialization is outlined

schematically in figure 4.2.1.

(11#5) 1238 =0 and R=0 (g =0)

23

This is the specialization in which I1 and I5 both hold.

Here we consider the more general case of ]23R =0

(i.e. 8 =

0),
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leaving the special case to be considered separately. We first impose
the constraint given by I1 on the system (LRSII). We then see that
I5 may be imposed without requiring any additional conditions, since

r =0 1is not specifically prohibited. This is shown in figure 4.2.2.

Alternatively, the constraint given by I5 may be imposed
first, after which I1 would be applied. Either way, we see that

the specialization is consistent and (LRSII), (4.2.1) and I5 hold.

(1186) R=0 and

123

(0)239_5_2

This is the special case of I1 in which g =0 . It was
found in Section 4.1 that if g8 = 0 , then the equations (4.1.1) must

also hold. In this case then, the intrinsic symmetry I1 reduces to
A+p+ =0, (11&6)

Using BI1, M5, 16 and (I16,1), we find that the 3% propagation of
[1&6 yields an identity. Using M6, we see that the 3 propagation

gives
3 = -4at . (1186,1)

1
Finally, employing J2 , M5 and BI1, subject to «=8=0,
shows that equation (I186,1) is consistent with BI1, the prescription

of Bou .
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These steps are given in figure 4.2.3 and the equations which
are to be satisfiedin this specialization are (I186) and (11&6,1)

as well as (4.1.1) and (LRSII).

(118526) 123R‘='O 5 ]ZR'='O and

We shall now consider the case in which all three of 11,
I5 and 16 hold. The necessary conditions for I1 and 16 to hold together
were found in the previous case. We may now impbse the additional
constraint I5 and no additional conditions are necessary since
“r =0 1is again not specifically prohibited. This is indicated in

figure 4.2.4,

The equations satisfied in this specialization are I5,

(1186), (1186,1) and those of (4.1.1) and (LRSII).

4.3 123>=0 and Combinations of 23R =0 and (0)2‘6'='0

The next intrinsic symmetry that we shall investigate is I2 -

the Ricci tensor of the fluid rest space is to be isotropic:

]235 =0 <=> 3ja-r=0. (12)

We shall also explore this condition along with either or both of

I5 and 16, labelling the combinations as follows:

S=0 and R=0 (1285)

123 23



Myutr-g(2a+8)=0  (I1)

P1°2°Y adnbig4

0=9 Wi 0= gcct

% 9
-1 -1
a]0=-02+% (a2-r) (8Ta)+a " Tan(atp) (11,0) oo § :4a1+5?-‘za(ez-a"’)+a,u3 (n,1
(new)
b a
..'| -
dj0= 5 [dar+dZa(8-a®)#M1] (11,7b) P (11,1a)
[80.3]] [30.&']
-1
(a+B)eE=0  (I1,1b%) agMy == (+p) %— [dat+eE+2a
(8-a)2+M1]
(new) (I1,1a%)
A - c
D
-
atg=0  (I1,1b*A) E=0 (I1,1b*B) e=0  (I1,1b*C)
% N % 3
(11,1b*AQ) (11,1b*A1) identity e=0 identity identity
/
(11,1b*A01) (11,1b*A10) ;

‘I

-LL-
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Figure 4.2.2.

1&: ,.R =0 after imposingAAJZ,R =0 with 8 =0

i
-

Atptr-3(2a+8)=0

figure 4.2.1

identity identity
Figure 4.2.3
1186: }23R = 0 after imposing (0)23§ =0
(16) (11)
BTO A;u+t=0
'
figure 4.1.1 R
iy 3
0
r
identity 8]u=-4ar (1186,1)

identity
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Figure 4.2.4:

]23R =0 and (0)238 =0

I1185&: ,.R =0 after imposing

AMp+tr=0 and g=0
r=0
figure 4.2.3
" '

identity identity
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1235 =0 and 23R =0 and (0)236 =0 . (I2858%6)

The course followed in imposing these conditions is similar in strategy
to that followed for I1, since the investigation of 1235 =0 splits

naturally into two disjoint cases: (0)236 =0 and (0)236 z 0,

Here, the specialization has been performed with the aid of
the symbolic computing system MACSYMA. To do this, the basic equations
of the LRS type II space-times were placed in the file MC:SWATT;LRSII

'SETUP on>the MACSYMA Consortium computer. This file has been reproduced
in Appendix D.

This file contains a few commands whjch tailor the manner in

which MACSYMA operates, before anything else is done.

Next, the atomic variables F, X, s, a, r, udt, alf, bet,
E, H, tau, eps, mu, p and LAM are defined. They represent, respec-
tively, the unknown quantities F, X, s, a, rs U, a, 8, E, Hy, 7, €, 1, p
and A . A1l of these variables are made to depend on two more, the

coordinates t and x , except for LAM, since it corresponds to A

*

a constant,

The two functions e0 and el are defined to act as the

differentiation operators. For example
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1 5A
el (A) <> 'x‘ 57 .

Another function, CR , has been included for convenience to
implement the commutation relations. This function first computes

the action of
[ao,a]] - nao + a3y
On a quantity and then equates the result to zero.

Finally, all the equations of the LRSII system of Appendix A
have been included as GRADEFs. For instance, the Jacobi identity J1
is given as

GRADEF (s ,x,a*s*X)

<> §§_:= asX <=> 3,5 = as .
ax 1

The computations to impose I2 on the class of solutions are
now given in the form of a MACSYMA session. The first thing to be

done is to Toad the file MC:SWATT;LRSII SETUP.

(Cl) BATCHLOAD ("MC:SWATT\;LRSII SETUP"} $
MLOAD FASL DSK MACSYM being loaded
loading done
We may now obtain the algebraic constraint equation equivalent

to I2. We shall solve this equation for LAM, since we expect to
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substitute for this quantity later on. (In trial computations it was
found that substituting for other quantities yielded slightly more
complicated expressions.)

(C2) 1I2 : SOLVE(r: = el(a), LAM)[1];

2 2
{D2) LAM = - tau + bet + 2 alf bet + 3 r=- 3 3 - mu

This entire equation may now be referred to as I2.

Now we find the first propagation equations. The MACSYMA
function_ EV is used to replace the occurrences of LAM in the differ-
entiation results. Note that MACSYMA syntax necessitates the inclusion
of the character "\" in the variables names 12,0 and 12,1 since *."

is non-alphanumeric [see Mathlab 19777.

(C3) 1I2\,0 : RATSIMP(EV(e0('I2), I2));

2 2
(D3) 0 = ((2 bet udt + (4 abet - 2 a alf) udt + (2 a - 2 r) bet
2
+ (2 r -2 a) alf) X + 2 bet udt ) /X
X
(C4) I2\,1 : RATSIMP(EV(el('I2), 12));
2 2
(4 atau + Eeps - 2 abet + 2 a alf) X - 2 alf bet + mu
x X
(D4) 0 = - =~ —-— - - -
X

Just as with the constraint I1, we find we must consider two
disjoint cases: 8 = 0 on the open set or B # 0 on the open set.
If g =0, then (I2,0) is an algebraic constraint and (I2,1) specifies

du . If 8 =0, then (I2,0) specifies 9710 and (I2,1) relates two
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unknown derivatives.

We now consider the more general case g = 0 , Teaving the

simpler case g = 0 until later.

(12) S=0 (8 =0)

123

First we reformulate (12,0):

(C5) 1I2\,0 : SOLVE(I2\,0, DIFF(udt, x))[11;
(D5) udt =
X
2 2 5
(bet udt + (2 a bet - a alf) udt + (a - r) bet + (r - a“) alf) x

bet

This gives a value for a]ﬁ which we may substitute into the specifica-

tion of 80a .

(C6) GRADEF(udt, x, RHS(I2\,0))$

(C7) GRADEF (alf, t, EV(DIFF(alf, t), DIFF))S$S

The propagation equation (I12,1), along 3 relates the
derivatives 344 and 310 We shall split this equation by intro-

ducing a new variable, M1, defined by
8]u =Ml .

The propagation is then treated as follows.
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{C8) DFPENDS (M1, COORDS)S

(C9) 1I2\,la : DIFF(mu, x) = MLI*X$

(C10) GRADEF (mu, x, RHS(I2\,1la))$

(C11) 12\,1b : SOLVE(EV(el('I2), I2), DIFF(alf, x))[1];

2 2
(4 a tau + E eps + M1 - 2 a bet + 2 a alf X

(D11) alf =
X 2 bet

(C12) GRADEF(alf, x, RHS(I2\,1b))$

Equations (I2,1a) and (I12,1b) specify a1ﬁ and 3,0
-respectively. Since we already know aou and aoa » Wwe must check
for consistency through the commutation relationships for the two
unknowns, 1 and o . We shall examine the commutator for u
first since it is the simpler of the two.
(C13) I2\,la\* : SOLVE(EV(CR(mu), I2), DIFF(Ml, t))[1];
(D13) Ml =- ((4p+ 4mu) a tau + (- 4 bet2 - 2 alf bet + p + mu) E eps
2t 2
+ (4 bet + 4 alf bet + p + mu) ML + (2 p + 2 mu) a bet
+ (-4p-4mu) aalf bet + (2 p+ 2 mu) a alfz)/(2 bet F)

(C14) GRADEF(Ml, t, RHS(I2\,la\*))$

Equation (12,1a*) is the first specification for a derivative of M1
so this branch of the investigation is complete and we may proceed

to examine the commutator for o .
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(C15) 1I2\,1b\* : RATSIMP(EV(CR{alf), I2));
(bet + alf) E eps

(D15) 0=
bet

At least one of the factors in the numerator must vanish. We shall
now examine the vanishing of each factor in turn and show that ¢ =0

is a necessary and sufficient condition for (I12,1b*) to hold.
We shall first examine the case g8 + a =10.
(Cl6) 1I2\,1b\*A : bet = - a$
\The first propagation equations of (I2,1b*A) are computed as follows.

(C17) 1I2\,1b\*A0 : SOLVE(EV(eO('I2\,1b\*a), I2, 12\,1b\*a), mu)[1];

2 2
{D17) mu=-~4audt - 2 tau-22ailf +4r~4a -~-p

(C18) 1I2\,1b\*Al : SOLVE(EV(el('I2\,1b\*a), I2, I2\,Ib\*a), M1)[11;
2
(Db18) ml = -4 a tau - E eps + 2 a alf bet - 2 a alf

Comparing two of the second propagation equations of (I2,1b*a) shows

we must have <E =0 :

{C19) 12\,1b\*a01 :
RATSIMP (EV(el(RHS('I2\,1b\*A0) - LHS('I2\,1b\*A0) = 0),
I2, 1I2\,1b\*a, I2\,1b\*A0, I2\,1b\*Al));
2 2 2 3
(D19) (-2 tau - 2 alf + 8 a ) udt - 4a tau - 4 a alf -8 ar+8a =20

{C20) 12\,1b\*al0 :
RATSIMP (EV(eO(RHS ("I2\,1b\*Al) - LHS('I2\,1b\*Al) = 0Q),
I2, I2\,1b\*aA, I2\,1b\*A0, I2\,1b\*aAl));
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3 2
{D20) (- 4 alf tau - 4 alf + 16 a alf) udt - 8a alf tau - 2 alf E eps

3 3
~8aalf + (l6a -16ar) alf =20

(C21) RATSIMP(I2\,1b\*A01 - I2\,1b\*Al0/(2*alf));
(D21) . E eps = 0

Hence the vanishing of g + o 1is merely a special case of the vanishing

of ¢€E.

We now examine the vanishing of the seéond factor, E , in

(12,1b%),
(C22) 1I2\,1b\*B : E = 0$
The first propagation equations of (I2,1b*B) are

(C23) EV(e0('I2\,1b\*B), I2\,1b\*B);
(D23) 0=0 s

an identity, and

(C24) EV(el('I2\,1b\*B), I2\,1b\*B);
(D24) eps = 0

So the vanishing of E 1is merely a special case of the vanishing of
€. Since o+ 8 =0 necessitates ¢E =0, we must have ¢ =0

in that case as well.

Finally, we examine the vanishing of ¢ .
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(C25) 12\,1b\*C : eps = 0$

We only know one of the derivatives of ¢ , namely 3 » SO it

remains to verify that the gy propagation equation holds.

(C26) EV(eO('I2\,1b\*C), I2\,1b\*C);
{D26) 0=20

Thus this propagation yields an identity.

We have found all the necessary conditions for this speciali-

-zation to be consistent. These conditions are, in summary:

820 )
A+ p+ T - B(2a+8) + 3(al-r) = 0 (12)
e=0 (I2,1b*C)
a1t = -t7 + 71 (aPr) (a-g) + al8” (a-28) (12,0)
_ > 2 (4.3.1)
B]a =% B [a]u + dat - 2a(B"-a")] (12,1)

g ! 2 2

- 23qu(B+a) (12,1a%)

as well as the system (LRSII).

The process we have followed is given diagramatically in

figure 4.3.1.
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(1285) ...S = 0 and

123 23

R=20 (5 z Q)

The case of 1235 =0 with 8 =0 does not require
r=0 . We may therefore impose I5 on the system given by (LRSII)
and (4.3.]).without requiring any additional conditions. This is
shown in figure 4.3.2. The specialization is consistent and (LRSII),

(4.3.1) and I5 hold.

0

(1286) (0)238=0

]235 = 0 and

We now consider the case when ]235 =0 with g=20.
The constraint (0)236 =0 <=>p8 =0 , examined earlier, has been
checked on the computer. The commands to do this have been placed in
the file MC:SWATT;CASE 16, given in Appendix E. Loading this file
after MC:SWATT;LRSII SETUP performs the necesséry computations,
specifying the derivatives with GRADEF and placing the additional

algebraic constraints in a list named I6LIST.
(C1) BATCHLOAD("MC:SWATT\;LRSII SETUP")$
MLOAD FASL DSK MACSYM being loaded

Ioading done.

(C2) BATCHLOAD ("MC:SWATT\;CASE I6")S

We proceed to apply the constraint S=0. To begin,

123
we find the algebraic constraint equation.
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{C3) 1I2&6 : EV(r = el(a), I6LIST, EXPAND);
2 p mu
(D3) r=audt+a + - + =
2 2

We now compute the first propagation equations of (I1286).
(C4) EV(e0(I2s6), I6LIST, EXPAND);
(D4) 0=0
(C5) 1I2&6\,1 : SOLVE(EV(el('I2&6), I2&6, I6LIST), DIFF(mu, x))[1]
(D5) ma = -4 a tau X
X

(C6) GRADEF(mu, x, RHS(I2&6\,1))$S

The 30 propagation yields an identity, while the propagation along

g, specifies a new derivative, 3;u .

Since aou is already known from BI1, we must now check the
integrability condition for u .
(C7) EV(CR(mu), I2&6, I6LIST, EXPAND);
(D7) 0=0
We have obtained an identity so the specification of 3qu is

consistent. No equations remain to be checked so this completes the

case.

These steps are depicted schematically in figure 4.3.3. The
equations which must be satisfied are (12&) and (1286,1), as well
as those of (4.1.1) and (LRSII).
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(128586) ]235 = 0 and 23R = 0 .and =0

(0)232

The conditions for I2 and I6 to hold together were found in
the case (I286). Upon the original system with these additional
conditions, we may now impose the additional constraint I5, since r =0

is not specifically prohibitted. This is shown in figure 4.3.4.

The equations satisfied in this specialization are I5,

(1286), (1286,1) and those of (4.1.1) and (LRSII).

-4.4 ]ZR‘= 0 and combinations of 23R = 0 and (0)239 =0
The intrinsic symmetry
o _ 2 '
R=0 <=> 3ja = a” , (14)

12
like IT and I2 divides naturally into two disjoint subcases depending

on the vanishing or otherwise of (0)239 =0 . The conditions

necessitated by combinations of 14, I5 and 16 are summarized below.

(14) 12R =0 (g=0)

In this specialization we have



Mutr-a(2a+8)+3(a2-r)=0  (I2)

% %
- r . -l T
3, t=- 2487 (a%or) (a-p) 46 ati(a-28)  (12,0) dom & Ldarve-2a(s2-aP)rapu1  (12,1)
(new) ‘ )
b
-1 2 2
[3g+9;] [3gs3;]
-1
(a*8)eE=0  (I2,1b%) agM=-(1#p)§ M1 +4ar+cE+2a(B-a)2)
+eE (ot28)-2M1 (B+a)
(new) (I12,1a%)
A C
— B
«tg=0 (12,1b*A) E=0  (12,1b%8) e=0  (12,1b*C)
% - 9 r"o ‘ 3 ‘}o 4
(12,16*A0) (12,1b*A1) identity =0 identity identity
3 ?0
b (12,10%801)  (I2,1b*A10)

SLTETy 2undid

XAl

0= ¢ pue 0= 5ol

-l6-
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‘Figure 4.3.2

1285+ R =0 after imposing

}2,5 =0 with 8 =0

A+u+r-s(2a-5)+3(a2-r)=0

figuré 4.3.1

identity identity

Figure 4.3.3

1286: ]23§ = 0 after imposing;4{0)23e =0
(16) (12)

BIP

1
figure 4.1.1

identity a]u=-4ar (1286,1)

(35,341
identity
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Figure 4.3.4

128586 R =0 after imposing 1235 = 0 and (0)236 =0

N

2
>

+a2and g=0

!

figure 4,333

r=ali+ E%E

identity identity
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B=0 | W
A+ T+ u+ (az-r) - 8(2a+8) = 0O (14)
e =0 A (14,1b*C)
2,0 = 88 (ca-50) (14,0)
R H(4.4.1)
30 = ﬁg— [4ar+2a(a2-r) + 2a(a2-82) + 3qu] (14,1)
3p3qu = - iE%El-B'][4ar + 2a(a2-r) + 2a(a—8)2 + 3qud
- 2(a+8)8]u (14,1a%*) |

as well as (LRSII).

The equations are obtained in the manner depicted in figure

4.4.1.

(1485) | ,R=0 and ,R=0 (g&=0)

)

The results here are the same as for (I4), except we also

have r =0 . See figure 4.4.2.

(1486) R=0 and =0

12 (0)23%

In addition to the system (LRSII) and the equations associated

with B8 =0 , we also have the algebraic representation of the constraint,

p+u+2i=0, (1486)

and the following propagation equation:
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“agu = - dar - 2a(a’r) . (1486,1)
The steps to arrive at these equations are shown in figure 4.4.3.

(148586) (,R =0 and ,.R =0 and (0)23%= 0

Here the results are the same as for (148&6), except that

we also have r =0 . See figure 4.4.4,

4.5 ]23B,= 1235 = iZR'= 0 and Combinations of 23R =0 and (0)239 =.0
Theeonstraints I1, 12 and 14 are not independent. Using
(4.0.1), it is easily seen that taking any two of them automatically
gives the third.
123R = 1235 = 0 <= 3R = R = 0 <=> 1535 = (R =0
> 23R T 435 T R =0
<=> 32 = al = r (1182&4)

Again we have two disjoint subcases, depending on whether or not

8 1is zero.

(118284) S R=0 (8 =0)

1238 = 1235 = 17

We start by assuming all the conditions required for I1 with
B #0 . Then, in adding ]233 =0, we find the additional conditions

necessary for this case are



3,008
(new)

atf= 0

TZ323553'"'11120>

A+r+u+(az'”)'B(B*2a)=0 (18)

80.

-1 ;
3y0= %- [4ar+eE+2a(az-r)+2a(a2-52)+M]],

A

3
3y %- [4at+eE+é;z12-r)+2a(a2-82)+3]u]

[30.8]]

(atB)Ee=0  (14,1b%)

(14,1)

(14,1b) 3yu=Ml (14,1a)

[3g:3

1
agMi=- f (u+p)[4ar+2a(a -r)
+eE+2a(p-a) +M]] +eE(a+28)

-2M1{a+8) (new) (14,la%)

(14,1b*A)

L

(14, lb*Ao)

]
+ (14,1b*A01)

(14, 1b*A1)

3
r0
(14,1b*A10)

E=0 (14,1b*B)

S

1dent1ty

L (14,1b*C)

r9o 1
identity identity

TLTpTy sunbi4

B2t

2L
0=9 Pue 0=

-96-
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Figure 4.4.2

1485: - ,,R = 0 after imposing 12R =0 with 8 =0

[

A+u+t-8(2a+8)+(a2-r)=0

figure 4.4.1
% G
identity identity

Figure 4.4.3

14%: .,R =0 after imposing ,é =0
12 {0)23

(16) (14)
g=0
| pHu+2aii=0
)
X
figure 4.1.1
identity a]n=-4ar-2a(a2-r)
. (1436,1)
[30,3]]

identity
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Figure 4.4.4

148586: ,.R = 0 after imposing iZR =0 and

n

(0)239 =0

A

~

(1436) (15)

e

A+r+u+(a2-r)=0 and g=0

- figure 4.4.3

identity identity



a -r=90 (118284)
and
=0 : (118284,0)

(see figure'4.5.]). Note that F3 now reduces to 3ja = a2 .

(11228485) R S=.,R=,R=0_(58=0)

12322128 = o3

123

We first assume all the conditions of the case (I1328&4).

In particular note that r = a2

. Now, with 23R =0 <=>r=0,
We may not have g =0, since a =g =0 has been shown to give a

contradiction. However, this problem cannot arise in this case.

Setting r =0 in case (I1%284) gives no further conditions
through propagation so we have a consistent specialization. See

figure 4.5.2.

(11828486) 1p3R = 1558 = 1pR =0 and (gy,06 =0

We first assume all the conditions required for (I1186).

Then imposing 12, we find that

al - =0 (11628436)

and =0 (11828486,0)

are the only additional conditions necessary. This is depicted in

figure 4.5.3.
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(1182842586)

]23R = ]235 = LR =0 and JR =0 and ,

In case (11&28486) we have a2 =r and B =0. If we
additionally impose 23R =0 <=>r=0, then a=8=0 Tleads to a
contradiction, as indicated in figure 4.5.4. This specialization of

the LRS type II solutions is inconsistent and yields an empty class.

4.6 Summary

We have now examined all possible combinations of the intrinsic
‘symmetrfes given at the outset of this chapter. The inter-relation
between these combinations is summarized in two specialization diagrams:
figure 4.6.1 and figure 4.6.2. Figure 4.6.1 gives the relationship
between the combinations of intrinsic symmetries in the general case
when 8 = 0 . For the special case 8 = 0 , the relationship is given
in figure 4.6.2. In these diagrams, each box represents the class of
space-times considered in the subsection of that title and an arrow
denotes the inclusion of one class in another. For example, in figure
4.6.1. the class of space-times which admit I2 includes all space-times
in the class with box labelled I285. Since I3 holds identically for

all LRS type II space-times, it has not been included in these diagrams.

The LRS type IIspace-times may then be characterized by

division into these classes. The classes which may not contain



- 101 -

Figure 4.5.1

H&M;,PS=0aﬂﬂiWMMg}rR=0wﬁhB:0

Aptc-(20+8)=0

l az-r=0
:
figure 4.2.1
(ao "~
=0 (113224,0) identity
3 3
— 9 1—
identity identity

Figure 4.5.2

11828485: _.R =0 after imposing ]Z’R = 129S = 12R = 0 withg =90

 (118284) (15)

Mute-8(20+8)=0 and a’-r=0 -555-1

| r=0

figure 4.5.1

e ™

identity identity
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Figure 4.5.3

11828426 ,2,§ = 0 after imposing

1238 20 _and 44,40 = 0

A+u+t=0 and g=0

figure 4.2.3

0=0 (I18224%6,0) identity

identity identity

Figure 4.5.4

1182848586: ,,R = 0 after imposing

(11828486) (15)

Aty+t=0 and 8=0 and az-r=0
| a=0

figure 4.5.3

identity contradiction
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space-timés of type. Ilc are 11&2&4, 1182848&5 and 118&2848&6, since for
these classes & =0 . Al solutions from 1182848&5 will have a = 0
and so are of type Ila. The space-times in the class 1182838 have

8 =0, which implies a =0, so are of type IIb.
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Figure 4.6.1: Specialization diagram with 8 = 0
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CHAPTER V

FURTHER RESULTS FOR LRS CLASS II

USING INTRINSIC SYMMETRIES

In this chapter, we give some further results for the LRS
class II space-times. In section 5.1 we show that the method of
Chapter 2 does not always terminate, by showing that the intrinsic
symmetry 0]R = 0 Teads to an infinite sequence of computations. In
section 5.2 we give results for intrinsic symmetries related to the
“congruence defined by the spacelike axis of symmetry in the fluid
restspace at each point of a space-time. Finally, in section 5.3
we examine the consequences of imposing an equation of state of the

form A(p,u) =0 .

5.1 A Non-terminating Process: 0]R =0

So far, whenever we have used the procedure given in Chapter
2, the process has terminated after a finite number of stebs. There
are situations, however, where this does not happen. The following
example, using the constraint propagation procedure for a simple partial

differential equation, is such a case.

Example 5.1.1:

We shall attempt to impose Laplace's equation,

- 106 -
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2 2

O A
oyl

as a constraint on the class of C° real functions of two variables,
x and y . The differential operators are 3, and 3y and the

commutator is [ax,ay] =0 . The original system is given by

axf = X ayf =Y

[}
b=

ByX axY

A,

where we have ayX = aXY by [ax,ay]f =0 . At this stage the

functions f , X , Y and A are arbitrary apart from the four equations.

We now impose Laplace's equation as a constraint:

axX + ayY 0.
This equation may be split up as

aXX =B, ;yY

it

[}
[we)
L]

Applying the commutator to X gives

3 A

X 3yB => BXA =C,3B=C

and to Y gives

axB

-3 A=>53A=D, 3B=-D.
VAR %% D

Notice that the propagation equations for A and B are the same



- 108 -

as those for X and- Y with the unknowns relabelled. Therefore the
application of the commutator will lead to an infinite sequence of

equations, which is inconclusive from the present point of view.

When a situation such as this occurs, another method of approach
may yield more information. For instance, here if we introduce
D := ax + 1ay
then the original system plus Laplace's equation isvequivalent to

D(X - iY) =0 .
This is a single propagation equation for X - iY wusing D, so we may
impose it as a constraint. However, this and similar methods are unsatis-

factory in that they are not systematic, as we reguire. O

In general, the procedure of Chapter 2 may involve checking
three commutators at any given stage and whether or not the process
terminates depends on how the equations are coupled. The exact nature

of this dependency has not been thoroughly studied by the present author.

This problem can occur in the investigation of intrisinc
symmetries, even in the case of LRS type II space-times where only one

commutator is involved. We shall now describe such a case.

With the usual tetrad, we have in LRS type II space-times

that e, and g, are surface-forming. Defining O]Lgyz,gi({go,g1}) ,
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we find

R(gr A = 2(3pa + o - 3,0 - &)

and
S(g A3 = olg; Fom) = olgyTom) = 0

for all n such that n - & =1 . e, = 0 . We shall examine the

consequences of imposing R(Ovl;zi =0 :

aoa = 8]0 + 0" - a" . (5.1.1)
Using F3, (5.1.1) reduces to
2t + B3 g2 +al - r=0. (5.1.1)

Employing the usual methods we find the first propagation equations

are

3P (6t - 3p -~ u + 2A) +‘a(p+u) (5.1.2,0)

and

dqu -a(6t - 3p -u + 24) + ﬁ(p+u) - 3¢k . (5.1.1,1)

The commutation relation for p yields
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3o = -aoﬁ +2(3p +u- 61 - 20)(Bd + ga + aa)(u*'p)-]
+ (8eE(26-24)- 24a87) (tp)”!
- 2al o (5.1.1,0%)
and, using this, the commutation relation for u gives
BeE=0 (5.1.1,1%)
which in turn implies
€ = 0. (5.1.1,1%c)
The pair of equations (5.1.1) and (5.1.1,0*%) is of the form

Boa = B]G + G]
(5.1.2)

81(1 —300 + H .

This leads, in a manner similar to example 5.1.1, to an infinite sequence

of equations.

When a stage such as this is reached the condition for the
constraint to give a consistent specialization is that the pair of
equations admit a solution. In the case of (5.1.2) the pair of
equations is equivalent to a single partial differential equation,

second order in U and o with over one hundred terms.

Under some circumstances, additional ground may be gained by
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introducing complex differential operators. This approach has not
been found to be useful in dealing with (5.1.2), since both «
and O appear in G and H , leading to unintelligibly Tengthy

expressions.

5.2 Intrinsic Symmetries Related to the Spacelike Congruence

In Chapter 4 we examined intrinsic symmetries related to the
timelike congruence defined by the fluid flow iﬁ LRS type II space-
times. We shall now consider the congruence of curves tangent to the
‘rest space axis of symmetry, g - Examining the commutators (1.3.2)
shows that for LRS type II space-times the €y congruence is hyper-
surface orthogonal. In fact, any subset of 1gg>85-831 s surface-
forming. In this section, we investigate the intrinsic symmetries
related to the €y congruence, analogous to those studied in Chapter 4.

The equations are:

\
023k = R(023;S;§ =0 <=>r= -2348 - 382 (17)
023° = 5(02315;7 =0 <=>r = 308 (18)
0237 = T(023;S;§ =0 (holds identically) (I9)

+ (5.2.1)

o = R(O?_% =0 <= 0= g8 + g2 (110)
oqR = R(235/) =0 <=>r=0 (15)

(y23° = 83 F ) =0 <> a =0 . (111))



- 112 -

The subspaces are defined by

023%5 1({gg-87-237)
02%92({%,g2}) e {92({.@.0,x})lrso =xg =0

with the usual tetrad. Each of the fami]iesef;]({go,gz,g3})
T a
{Fo(1ggsut)v-gy = v-e; =03 and\;f;({gz,g3}) is geometrically
- - y - -
well defined andg,gé({go,gz}) is a representative element of its

‘class.

We shall summarize the results for these symmetries applied
individually and in combinations. The intrinsic symmetrics, I5 and
I1T, related to the group orbits will be dealt with first. Each of
I7, 18 and I10, then the three together will be summarized by them-
selves and with combinations of I5 and I11.  The details of the cal-

culations are given in Appendix F.

1.) Combinations of o3R = 0 and (1)238=0 .
(15) R =0
| We have already examined
ogR=0<=>r=0 (15)

~in Chapter 4 and have found that no additional conditions are necessary.
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(111) (1)23220_ .

The conditions found by propagating this constraint are:

a=0 (111) )

G=0 (111,0)
A+u+c-82-208-r=0  (I11,1)

+ (5.2.2)

B-lu = ZSS]a - (I11,11)

e =0 (I11,11a*C)

ALY
g = -32;(43 +4a8+p+y) (IT1,11b*) |

The steps followed are outlined in figure 5.2.1.

(15&11) R=0 and =0

23 (1)232

The results here are the same as for the previous case with

r=0.

2.) 023k =0 and Combinations of 53R =0 and (1)23%= 0

(%,

Here the main constraint is

023R =0 <= 98 *+ 382 +r=0
<=> A -p+ 1T - 2al + a2 =0 . (17)
The first propagation equations are
2a350 + 3yp + 28(a% - 6% + 21) = 0 (17,0)
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and

2

2aa]u + (a-ﬂ)(82+208+r) - a(2a2-20 +ptutdt) - 2¢E =0 . (17,1)

Examination.of (17,0) and (17,1) shows that we need to consider two
9
disjoint cases: one in which a = il%%§_. vanishes identically

on the open set and another in which a is never zero.

We have the following cases.

(17) gp3R=0 (a=0)

In this specialization, we must have

A+t-p+ala-20) =0 (17) 1
_ 2 2
3gP = -2ad,0 + 28(0"-a"-21) (17,0)
20 = a® - o+ E§H-+ 21 + %§-+ (uég) (8%+r+208) (17,1)
+(5.2.3)
31900 = -B(3a%+2a0-02+pHu+107) - (a+30) 2,40
-1
- g§§5 (2a-0) + Ei—-(82+r+2a8)[g§ (az—aa+a2)+aon]
a a
+ a(a-t+2q) (17,02%),

See figure 5.2.2.

(17&5) 023R =0 and 2,2_&.—.' 0 (a = '0)

The results for this case are the same as for (I7) with r
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set to zero.
(17811) 023R=0 and (1)232=0
In addition to the system (LRSII) and (5.2.2) we must have
r=-g%- 208 +p+y (17a11)
and
P = -4t . (17811,0)
The steps followed are shown in figure 5.2.3.

(1785&11) 023R =0 and 233¥= 0 and (])23§7= 0

The results for this case are the same as for (I178&5) with

r=0.

3.) 023>=0 and Combinations of o3R =0 and (1)238= 0

Just as with (I7) this case splits into two disjoint possibilities

according as a =0 and a =0 .

(18) 023§;? 0 (a=0)

Here we have
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A+ 1 -p+a(a-20) - 3(82;r) =0. (18) ]
%P = -2a3,0 + 2g(t2-a%-21) C (18,0)
330 = a® -+ p;—“ *+ 21 - —(ﬂ;fzi)- (82+r-a8) (18,1)
3,900 = -8(3a%+2a0-tP+p++107) - (2+31) 3,8 L (5.2.4)
- 3-1(82+Y‘-0LB)[2a—B (a2+2at‘1+ﬂ2) + 9t]
+ a(a®-02+20) (18,0a%)
e=0. . (18,00%0)

See figure 5.2.4.

(1825)

02,3 =0 and 2QR =0 (a=0)

In this case the results are the same as for (I8) with r

set to zero.

=0

(18811) 1,58 and (1238

Here we have the results of (I11) and the additional relations
r= -82 + aB - % (18811)

and

9P = -4gt . (18811,0)



- 117 -

This result was achieved in exactly the same way as for (I7&11).

(1885&11) ,.S'=0 and ,,R =0 and 0

23 (1)232 =2

The results here are those of (I8&11) with r =0 .

4.) ooR =0 and Combinations of 53R =0 and (1)238= 0

As with (I7) and (I8) this case divides naturally depending

on the vanishing or otherwise of a .
-(110) 02R =0 (a=0)

For this specialization we must have

A+ r-p+a(a-20) - (8%4r) = 0 (10) |

2P = -2a3y8 + 28(tP-a2-21) + 28(gPsr) (110,0)

3,0 = a? - %+ -"%l+ 27 - (82+r) + aB—g— (110,1)

0390 = -8(3a%+2at-t24py+107) - (a+3t) 340 L (5.2.5)
+ (8%4r) (38-0) + % (200%ras0)
+ a(a®-0%+21) (110,0a%)

c=0. (110,00%C)|

See figure 5.2.5.
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(11085) 02R =0 and 238 =0 ‘(g': 0)

Here the results are the same as (I10) with r=0.

(110811) R=0 and ,

02 (1)23%=0

In addition to the results of (I11), here we have

0=qp -2 (110&11)
and
P = -437 , (110&11,0)

(1085811) (R =0 and ,.R = (1)238.=.0

The results here are the same as for (I10&11) with r =0 .
In particular, note that we must put r =0 in (5.2.2), the system

of equations for (I11).

5.) 023R = 9235 = goR = 0 _and Combinations of o3R =0 and (1)23%= 0

Any two of I7, I8 and I10 implies the third. That is,

023R = 0235 =0 <> 3R = R =0 <= (508 = ,R=10
> 0238 = 023° = 2R = 0
_ - .2 _
<=> 2348 =-8"=r, (1788&10)



- 119 -

Since each of I7, IB and I10 divide naturally into the disjoint cases

a=#=0 and a =0, so does their combination.

(1788210) 023R = 0235 = 02R =0 (a#0)

Imposing 17 after I8 we find the necessary conditions

for this specialization are

r = -g2 (1788810)
«=0 (1788810,18)} (5.2.6)
e=0,

in addition to the equations for 17, I8 or 110. See figure 5.2.6.

(178881085) R =

.S = 02R =0 and 23R =0 (a = 0)

023 023

Here we impose the condition 23R = 0 on the case (I7&8&10).

If r=20, then by equation (I788&10) 8 =0 . Since a =0 ,

we then have a consistent specialization.

(1788810&11) 023R = 0235 = 02R = 0 and (])239 =0

Imposing I11, I7 and I8, in that order, we find that we

must have

o = KB (1788810811)

and
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r=-87, (1788%10&11,0)

in addition to the equations (5.2.2) and (LRSII). See figure 5.2.7.

(I7&881085411) 023R = 0235 = 02R = 0 and 23ﬂr= 0 and (1)236 =0

~

We may not have r =0 in (I788&10&11), since this would
imply u+p =0 . There are therefore no LRS type II space-times with
perfect fluid and, possibly, electromagnetic field that exhibit all

of the intrinsic symmetries of (5.2.1).

6.) Summary

We have examined all combinations of the intrinsic symmetries
(5.2.1). The relation between the cases considered is given in the
specialization diagrams figure 5.2.8 and figure 5.2.9. As in Chapter 4,

we give separate diagrams for the general case and the special case.

The classes which may contain LRS type IIc space-times are
those of the general case a =0 . 1In the special case a =0 ,

the space-times are LRS type Ila.

5.3 Equation of State with Intrinsic Symmetries

We now address the problem of an equation of state with the
aid of intrinsic symmetries. We shall assume there exists a functional
relationship between the quantitites p and u . That is, we shall

assume there exists a function A , of two variables such that
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_Figure 5.2.3
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Figure 5.2.6:

(1748&10): 023R = 0 after 0235 =0 with a# 0

(18) (17)
A= 2a&

figure 5.2.4

identity

o = 0 (I788210,1)

) a=0 identity identity
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Figure 5.2.7

R=,,.5=

1788410&11: 02382023 02R = 0 and (1)23 6= 0

(17&11) -
r=-32-2a5+p+u and a=0

figyré 5.2.3

identity

identity identity



Figure 5.2.8

- 128 -

Specialization diagram with

a =0

I5

110

18

110845

1885

1785

I7

17488&10&11




I

17

178117

\

1748810&11

18

18411

110811

110

[7&5811

I5

16411

i

1885411

11085411

6°2°G. 84nbLy

UILM Wweabelp uoizezieroads

0=2¢

= 62l -



- 130 -

A(psﬂ)_= 0. (5.3.])

We shall see that even with a general restriction of this sort it

is possible to gain some ground using the present approach.

Equation (5.3.1) may be viewed as a constraint equation which
must be propagated. Since the 32 and 33 operators yield zero for
p and u , we need only consider the 30 and 3 propagation

equations for A :

_ __ oA 2A _
aoA - 0 <=> ap 80p + au 301.1 = 0
(5.3.2)
_ __ 9A A -
a]A =0 <=> SB-B]p + Si'alu 0.

A necessary and sufficient condition for the homogeneous system (5.3.2)

to have a solution (other than the trivial solution %§-= %€-= 0) is
Bop Eou
det = 3gP3qu - 3Pyyu = 0. (5.3.3)
3-Ip B]U .

Above, the second term, 31P3gu » is known from the Bianchi identities

to be

3yP3gu = (U(utp)+eE) (utp)(ot2s) . (5.3.4)

Since we do not, in general, know the propagation equations for
aop or dyu, we shall examine equation (5.3,3 with the aid of

intrinsic symmetries. We shall divide the investigation into three
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disjoint and exhaustive cases: g =0, a =0 s B=20,a=0;

and B=0,a=0. (Recall g=0,a =0 gives a contradiction.)

1.) B=0,a=0

This' is the intrinsic symmetry 16, examined in section 4.1.
There, we found 8 = 0 implies « =0 and 3P = -2a300 . Equation

(5.3.3) now reads

~S0 we have two possibilities: either 300 =0 or dqu = 0. If

aoﬁ =0, then using (16,0) to specify a]ﬂ the commutation relation
for O is identically satisifed. If 9qu = 0 then u is a constant,
since a =8 =0 implies dgu = 0 . Thus both of the possibilities

are consistent 1in the LRS class II space-times.

2.)8=z0,a=0

In this case we have the intrinsic symmetry (I11) from
section 5.2. Among the conditions necessary for a = 0 » 1t was

found that we must have 0 = ¢ =0 and 3]u = ZBS]a . Since U

and e vanish we have 9;p = 0 so equation (5.3.3) becomes
Zsaopa]a =0 .

If P = 0O then p 1is a constant and trivially satisfies the inte-

grability condition. If 31a = 0 then, using F1 for dpa 5 We see
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that « would also satisfy the commutation relation. Therefore
both of these possibilities are consistent ‘im“the LRS class II space-

times.

3.)8=20,a=0

In this case we divide the investigation into two parts

according as 81u is zero or nonzero.
(3a) .3_]1_1_.13.
From (5.3.3), (5.3.4) and pu+p =0 , we have
(a+28) (G(u+p)+eE) = 0 .

Since at least one factor must vanish we have two main subcases,

which we shall examine in turn.
(3ai) a+23=0
We must check the consistency of the constraint
a+28=0. (5.3.5)
Propagation along g yields
0= a(2a-0) +v- v 684 W (5.3.5,0)

which is the first propagation equation for o . Using this, propagation

of (5.3.5) along g; gives
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e = -6ag . (5.3.5,1)

Checking the commutation relation for o gives ¢E =0 which

implies
e=0 (5.3.5,1*)
and there are no further constraints to satisfy.

(3aii) a{utp) + cE =0

In this case we may write

_ =¢E
g = TatpT (5.3.6)

so these space-times are accelerating if and only if e =20 .

Introducing two new quantities
3-'6 = Q1
P = PO ,

the first propagation equations of (5.3.6) are

[PO + 2(p+u)lecE

g =
(ptu)®

3 (5.3.6,0)

and

- (p+u)(€E+52+266E+EQ1) + (EE)Z
(P+u)2

(5.3.6.1)
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The commutators for ¢ and p yield, respectively,

aOQI = -2(a+8)Q1
_ ek
B]PO = E;B'[PO + 4g(u+p)]

and the commutator for ¢ 1is satisifed identically.

Since we have specified dqm = 0 we must check the inte-

grability condition for u . Doing this yields

eE(at+28)
utp :

3](1 = 2&(&"3) +
Checking the commutator for o yields a lengthy propagation equation
for a]Q] and‘checking the commutation relation for Q1 yields an
even lengthier propagation equation for 3]PO . The unknown PO

then satisifes the integrability condition if and only if an algebraic

constraint with approximately 200 terms holds.

The consistency of imposing the equation of state has not
been checked in full for this case since, propagating the 200 term
constraint along gy » We obtain an equation with nearly 19,000
terms and we do not feel it worthwhile to pursue this case further.
Imposing some additional constraints would be appropriate in a case
such as this. However, since most of the intrinsic symmetries we
have examined require ¢ =0 , imposing one of them reduces this case

to checking the consistency of & =0 , which is trivial.
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(30) »quz0

————

v

In this case we may use (5.3.3) to obtain

o = LGP HeET(tp) (0428)
oP M

where we have defined
B]U =M] .

We have found this too complicated to check for consistency in the
_full generality and have restricted our attention to the case where
f23R =0 . (The investigation would be quite similar if another
intrinsic symmetry had been used instead.) With this restriction,

we have

2 .
= G(utp) (o+28)
30p h M-I . (5.3.7)

Checking the commutation relation for p we obtain a propagation
equation for aou involving a]Ml . Splitting this propagation

equation by defining
a]Ml = M1 ,

we must check the commutation relations for both & and M] , Since

3]0 and 30M1 have been found in the investigation of R=20.

123
Checking the commutator for. G, we obtain an algebraic constraint,if

a + 28 = 0, or a lengthy propagation equation for a]M11,if at+ 28 0.



- 136 -

Checking the commutator for M1 yields a propagation equation for
80M11 . Therefore this case divides naturally, depending on whether

the expansion is zero or non-zero.
(3bi) a+28=0

In this case 3gu = P = 0 , and we must propagate the

constraint
a = -28 . (5.3.8)

“We shall show that (5.3.8) leads to a contradiction. Propagating.

the constraint along gy, We obtain
6al + 4c + 1887 - 3a% + 3(p+u) + 3r = 0 (5.3.8,0)
Differentiating (5.3.840), we obtain | |
3t% - T2at - 188% - 3(p+y) + 81 = 0 (5.3.8,00)
and
0% - 300 + (652-4a%-p-u)t + a(305%p-u) = 0 . (5.3.8,01)
Then propagation of (5.3.8,00) along & yields

2 2

90" + 8al + 68" + u+p=0. (5.3.8,000)

Another propagation along & » then comparing the result with (5.3.8,00)

gives
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-

= 5a ' :
6=, (5.3.8,0000)

Substituting this back into (5.3.8,01) and using (5.3.8,000) gives

2

a(34688% + 55a%) = 0 .

This holds if and only if a = 0, which is a contradiction.

We have shown that the LRS class II space-times with 123R = 0 and
agdju # 0 do not admit an equation of state of the form A(p,u) =0 ,

if the expansion vanishes.
(3bii) a+28 =20

In this case, we have propagation equations for both aOM11
and a]Mll so we must check the commutator of M11 . Doing this yields
an equation with approximately 13,000 terms so this case remains

intractable unless further conditions are imposed.

We have now completely examined all of the cases except
(3aii) and (3b). The case (3bi) has been examined in full with the
additional condition 12-3-R =0 . Even with this additional condition,
the case (3bii) remains too complicated to handle unless further
restrictions are imposed. All of the cases we have examined completely
contain solutions with an equation of state A(p,u) =0 . The case {(3bi)
does not admit an equation of state of this form if 123R* =0.

The cases which have not been examined in full remain inconclusive.
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Finally, we note that in cases (2) and (3) we may have
space-times of LRS class IIc . In case (3bii) we may not use the
intrinsic symmetries ]235 =0 or 12R =0 to comb]ete the investigation
if we wish to obtain solutions in class IIc, since we have shown that

any two of I1, I2 and I4 imply G =10 .



CHAPTER VI

AUTOMATING THE CONSTRAINT-CHECKING PROCEDURE

We now revisit the topic of Chapter 2 - the method for checking
whether a constraint may be imposed consistently on a class of solutions.
Although the procedure does not always terminate, we have seen that
in many cases it does and that in these cases it is a useful computational
method. There are at least two reasons why we might consider writing
a computer program for the constraint-checking procedure. One reason
is simply that such a program would prove useful in investigating
problems similar to those with which we have dealt. Another reason
is that to write such a program we must describe in detail all aspects
of the problem and would therefore be forced to consider fine points
which might otherwise be overlooked. In this chapter we discuss some

aspects of implementing our procedure as a computer program.

6.1 General Considerations

In the calculations of previous chapters, we have encountered
many possible situations, using the method for checking the consistency
of a constraint equation. Often we have come to a stage where any
one of a number of new constraint equations is sufficient for the
equation under consideratién to hold. Sometimes when this happens
the investigation is divided into cases, as with the vanishing or
otherwise of 8 while examining ]23R = 0. At other times one of
the conditions includes the others as special cases so only the
general case need be considered. This occurs, for example, when
eE = 0, because E =0 implies e =0 so only the latter case need
be examined.
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Another possibility is that we have a number of new conditions,
all of which must hoid. This happens whenever both propagations yield
non-trivial equations so both must be checked. A second situation
where this wpu]d happen occurs when we split an equation with more than

one derivative into separate propagation equations, which must all hold.

¥e shall abstract away from the specifics of propagation
equations and integrability conditions and deal with the problem from

a more general point of view.

.Suppose we have a constraint which implies that at least
one of a number of further conditions hold. Then this divides the
investigation into a number of cases in which the conéistency of each
of the new conditions is checked. If there was more than one case
to start with, then each of the new conditions ﬁust be checked with
each of the old ones, giving a new set of cases in which the constraint

may hold.

If we have a constraint which implies that a number of new
conditions all hold, then one way of checking for consistency is to
apply the new constraints one after another and demand that all of
the generated conditions hold. When there is more than one case to
start with, then this should be done for each case and the original

constraint may hold only if it may hold in at least one of the cases.

The methods for handling these two general situations may

be given as the following two MACSYMA procedures:
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CHECK%OR (CONSTRAINTSLIST, CASERLIST) :=

BLOCK([NEWSCASESLIST, THIS3CASESLIST],
NEWSCASE3LIST : [], ’
FOR CASE IN CASESLIST DO :
FOR CONSTRAINT IN CONSTRAINTRLIST DO
(THIS%CASESLIST : CHECKZONE (CONSTRAINT, CASE),
IF THISRCASESLIST # CONTRADICTION THEN
- NEW3CASESLIST : APPEND (NEWSCASESLIST,
THIS%CASERLIST)),
RETURN (IF NEWSCASESLIST = [] THEN
CONTRADICTION
ELSE.
NEWSCASESLIST))S

CHECK%AND (CONSTRAINTSLIST, CASESLIST) :=

-BLOCK ([NEW%CASESLIST],

NEWSCASERLIST : CHECK32OR([FIRST (CONSTRAINTILIST)],
CASES’LIST),
FOR CONSTRAINT IN REST(CONSTRAINTSLIST)
WHILE NEWSCASESLIST # CONTRADICTION DO ‘
NEW3CASESLIST : CHECK%OR([CONSTRAINT], NEWSCASESLIST),
RETURN (NEW%CASE3LIST))S

In these procedures, CHECKYZONE is the function used to check the
consistency of a single constraint in a single case, returning either

~a list of cases or the atom CONTRADICTION.

If the above procedures had been used in performing the
calculations in the preceding chapters, then the use of CHECK%O0R would
correspond to the OR gates ( C} ) in the diagrams and the use of
CHECKZAND would correspond to the AND gates (()).

6.2 A Prototvpe Computer Program

In this section we shall discuss a prototype program which

can be used for simple problems. The purpose of this program is not



to implement the full constraint-checking procedure, but rather to
illustrate the feasibility of doiné_so. A 1isting of the MACSYMA

procedures and two example runs are given in Appendix G.

Before describing the operation of the functions, we define
a few data types to facilitate the discussion. First, we define an
"algebraic rule" to be an equation of the form variable = expression,
where expression 1is free of derivatives. We shall define a
“propagation rule" to be a list of the form [variable, variable,
expression]. This shall be interpreted as an argument 1ist to the
function GRADEF. Finally, we define a "case" to be a two element

Tist of the form [List of algebraic nules, List 0§ propagation equations].

The main procedure of the constraint-checking program is
CHECKZONE, which is a recursive function of two érguments. The first
argument is an equation, which represents the constraint, and the
second argument is a case, which should contain algebraic and propagation
rules for the basic equations of the class of space-times. If the
constraint equation may not be imposed consistently for the given case,
then the atom CONTRADICTION is returned. When the constraint may be
applied consistently, then the 1list of cases for which the constraint
may hold is returned. Each case in the list would contain the rules

for the basic equations, the constraint and additional necessary conditions.

A number of simplifying assumptions are made about the problems
with which CHECK%ONE deals. First, it is assumed that the space-time

is spatially homogeneous so that only one- propagation equation need be
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checked for a given q]gebraic constraint. Second, it is assumed that
an equation which contains derivati?es which are not known is always

a propagation equation. That is, it is assumed that such an equation
does not necessitate checking two cases in which a coefficient is zero
or non-zero, accordingly. Also, it is assumed that the expressions
with which the procedures deal are rational functions of the unknowns

and their derivatives.

Internally, CHECKZONE performs the following actions. First
local GRADEFs are set up using the propagation rules from the given
- case and a list of algebraic rules, to be used in simplifications, is
taken from the first element of the case. These initializations are
performed by the function INITIALIZE%LEVEL. The function CLEAN is
then used to recast the equation in a form in which it will be easier
to divide the investigation into special cases if necessary. CLEAN
first collects all terms on the right-hand side of the equation and
then performs an evaluation, using the Tocal GRADEFs and the 1ist of
algebraic rules. The resulting expression is then factored and returned

to CHECKZONE.

The constraint equation is then examined to see what type
it is. If it is an identity for the current case, then no additional
conditions are necessary and a list of cases is returned which contains
only the one input case. If the equation is recognized as a contradiction
then the atom CONTRADICTION is returned. If the equation does not

fall into either of these categories, we then check whether it may be



- 144 -

a propagation equation by Tooking for first derivatives. At this
point one of PROPN%PROCESS or ALG%PROCESS is calied according to
the result of the test. The function called returns a Tist of cases

(or CONTRADICTION) and this result is returned by CHECK%ONE.

With the assumptions we have made, whenever PROPN%ZPROCESS
is called nothing further need be done than record the equation and

return the current case.

When ALGZPROCESS is invoked, the constraint equation is
reshaped to give an algebraic rule. In fact a number of cases may
need to be investigated if the constraint equation gives a product as
zero or if the equation is not linear in any of its unknowns. The
propagation equation(s) are then checked recursively and the result
is returned. (Note that for the spatially homogeneous case

CHECKZAND (DIFF%LIST,[CASE]) is equivalent to CHECKZONE(D%OP(1, EON), CASE) ).

There are a number of possible directions in which this
prototype may be improved. First, it would be desirable to implement
a more intelligent version of MAYZNOT%ZERO%PRED, which remembered the
answers to the prompts for each case, and used them in future deductions.
It would be useful to extend the scope of the program to include spatially
inhomogeneous space-times. This would be achieved mainly by rewriting
PROPN:PROCESS, using CHECKZOR and CHECKZAND to combine the results of

division into cases and checking commutators.
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There is one final point we shall note. When these calculations
are performed by hand and a stage is reached where a number of conditions
must all hold, it is easiest to perform a "breadth first" investigation.
That is, one would normally compute all the first pfopagation equations
for the conditions before proceeding on to second and further propagations.
A procedure such as CHECK%AND, on the other hand, performs a "depth
first" investigation, completely investigating one constraint before
going on to the rest. This is done to take advantage of the recursion

stack to simplify the specification of the procedure.



CHAPTER VII

CONCLUDING REMARKS

We have used our method of imposing constraints both for
intrinsic symmetries and for an equation of state,with LRS Class II

space-times.

The intrinsic symmetries we have examined are related to the
u and € congruences and the subspaces orthogonal to them. Imposing
_any one of the intrinsic symmetries leads to a number of additional
relationships between the unknowns. Using this method, a number of
identities have been obtained for Class Ila by imposing a = 0 as the
intrinsic symmetry (])236 =0 on Class II. By examining all com-
binations of intrinsic symmetries associated with each of the u
and g congruences, we have shown which may hold simultaneously
and have obtained the related necessary conditions. With the intrinsic
symmetries we have examined, the simplification of the field equations
has not yet led to the discovery of new solutions. This is a question

which the author intends to investigate further.

We have examined the restriction that the equation of state
be of the general form A(p,u) = 0 . Dividing the investigation into
a number of disjoint cases, we have completely examined most of the
cases and determined the additional conditions which must hold. In

the most general cases we have been forced to impose additional conditions,
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otherwise the calculations become impractical even using a large

system for symbolic computation.

.In the last chapter we have shown how the procedure for
checking the consistency of a constraint may be implemented on a
computer. Even though the general theory of ihposing constraints in
this way is still incomplete, the method presented could well be

useful in other areas besides general relativity.



Appendix A Bas{c Equations for LRS Class II

For the tetrad of section 1.3 with LRS class II space-times,
the commutation relations, Jacobi identities, Maxwell equations, field
equations and Bianchi identities reduce to the following formulae

[Stewart & E11is 19681].

Commutation Relations:

[eg:87] = lgg - og (CR1)
“legee,d = -Be (CR2)
leg.e31 = -8g3 (CR3)
[e,.83] = se4 (CRr4)
[e3.8;] = ©-ag, ' 7 (CR5)
[ey-e,] = ag, (CR6)

Jacobi Identities:

(133) <=> 3;s = as | | (J1)
(0$2) <=> 318 + dja = -Bl - aa ' (J2)
(033) <=> 39S = -BS (d3)
Maxwell Equations:

31E = ZaE + € (M1)
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a]H = ZaH . (M2)
BOE = -2gE (M3)
BOH = -2gH (M4)

Field Equations:

w
(00) 3p2 = = l-(u+p) + 52 - u2 - a2 +r+ 3,0+ 02 - 2t (F1)
0 2 1
(1)} <=> {248 = % (8 - p - 382 + a% - r - 2a0 + 1) (F2)
(22) b2 =2 (A + - g% - 2ag + 3% - r+ 1) (F3)
J

(01) <=> 348 = a(g-a) (F4)
Bianchi Identities:

(0) <=> agu = -(u+p)(a+28) (BIT)
(1) <=> 3;p = -(w+p)l - <E (B12)

From the Jacobi identities, we obtain further useful relations.
Since 318 is known from F4, the identity J2 gives a propagation

equation for 3pa:

32 = -8(a+) . (J2')
From the definition r := 3,8 = s2 » the identities J3 and J1 imply,
respectively,

T = -28r (98)

3yr = 2ar (95)
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Using Maxwell's equations, three additional propagation

equations may be obtained. The definition ¢ = l-(E2+H2) implies
2

3T = -481 | (M5)
and
9T = 4atr + ¢k . (M6)
Applying CR1 to E and simplifying using M1, M3 and J2 yields
3¢ = -(at28)e . (M7)
Finally, let

LRSIT = {CR1,..., CR6,J1,J2',J3,J4,J5,
Mi1,...,M7,F1,...,F4,BI1,BI2} .

Then, for any space-time of LRS class I, each equation of the basic

set (LRSII) holds.



Appendix B . Two Results

In this appendix, we prove two results, the first referred

to in section 1.3 and the other in section 3.1.

Result 1: If a space-time containing perfect fluid and electromagnetic
field is LRS in the region of interest, then in a tetrad with & = U
and g an axis of symmetry, the electromagnetic stress-energy tensor

has g1 = 0 if and only if E = Ee; and B = Bey -

Proof:

We shall use the following formulae:

-1 . )
90 = g (EE + B:B)
T = - = (ExB) % (8.1)
Oa by ‘RTRy *
=1 1 3
‘ap T L (EOLEB * BaBB) * 2 gOLB(E‘ E+E-B) J
and by LRS we have
"TOO To] 0 O n
T10 ™ 0 O
T =
ab 0 0 1,0
22 ]
~ 0 0 0 T33
- - a _
where Typ = T33 a5 well as 01 ° 10 and a = 0.
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Suppose T91 = 0 . Then, examining the components of

Tab s We see

g T Ty > (E)° + (8,7 = ()% + (85 (B.2a)
1 70 T BBy = ByEs . (B.2c)

Without Toss of generality, assume E2 20 . If E2 = 0 then either
B, =0, in which case E3 and 83 are zero by (B.2a), or By =0,
“in which case B3 = E3 =0 by (B.2b) and (B.2c) and (B.2a) gives a
contradiction. If E2 >0 then (B.Zb)'B3 and (B.Zc)-E3 combine

to give
) 2 _ \2

Then if 82 z 0 we have 83 = E3 =0 and (B.2a) gives a contradiction.
Otherwise B, =0 so (B.2b) and (B.2c) imply By = E; =0 and (B.2a)
again gives a contradiction. The only case which does not lead to a

contradiction is E2 = E3 = 82 = B3 = 0 . Therefore we have shown

91 = 0=FE = Ee; and B = Bgy .

Now suppose E = Eg] and B = Bg] . Substituting the tetrad

component values of L and B into (B.1) gives 01 = 0 so

E=Ee; and B = Bey =>191 =0 .
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Assuming the cosmological constant is zero, we have

Result 2: In a space-time with perfect fluid admitting a homothetic

vector field h such that h-u =0 , we have either p =y or h

s a Killing vector [McIntosh 19761. If in addition there is an
electromagnetic field, with stress-energy tensor Tab ° this result

remains true only if the additional condition
by = % [(Tabuaub)’ch°+2bfabuaubj
{ho]ds.
Proof:

Since h is a homothetic vector we have

%gab = 2bg,

. _ .a
for some constant b . We may define fab = f[ab] and j° such that

fia=0 by

ha;b = bgab * fab

and

[cf. McIntosh 1976].

The field equations give
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R = (up)u®® + 5 (uep)g®® + <P

We have h-u = 0 by hypothesis, so contracting the above equation with

h gives
i* = 7 (up)h® + <,
.d . .
and j .a = 0 implies
b b
0 = 7 (up),gh® + 3 (wephn® 4 <% 4 oD
= 3£ u-p) + 2(u-p) + <0y (8.3)

using the fact that Tab is symmetric and trace-free to deduce that

hb_a =0 . To evaluate QE%? (u-p) , we use the relations
. a b, _ ab
%(Tabu WP) = 26T,

a - a
g’gn Q) = -2

(B.4)

[Eardiey 1974]. From these, we have

;gﬁ:(u+rabuaub) = -Zb(u+fabuaub)
SEw3) = <2b(-y43p)

SO

2 b b
S0ep) = 2bluep) - Syt nSeame A
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Using this result, (B.3) becomes .
b b
b(u-p) = % [(Tabuau )’Chc+2b1abuau ] -1

Finally, if p=1u or h is a Killing vector then the left-hand

side of the above equation vanishes and

ab
T

_ 1 ab c ab
;ahb =73 [(Tabu u ),Ch + ZbTabu u J .

Remark: Note that if the perfect fluid and electromagnetic are

-hon-interacting » then

If it is also assumed that
b
%(Tabuaub) = -2bt AT

then the condition of Result 2 is satisfied and therefore p = u

or h is a Killing vector, as in the perfect fluid case.



Appendix C Some Possible Intrinsic Symmetries

With space-times from LRS class II all combinations of
the basis vectors given in section 1.3 are surface-forming. This
gives several geometrically well defined families of submanifolds
with which we may use intrinsic symmetries. The combinations of

basis vectors lead us to consider the following surfaces:

123“?€ 51(‘521 »87583})

023~ ¢
>0
o7 ¢ Flege)
Ozgf;zye . ;%({go,gz})+ € {,gzg({go,x}) ¥y = X8 = 0}
]25/5 Filieyeon)' e ( Fligyuh) vgy = vogq = 0}
Letting
a...dee = Rde(a...bkg;y)

and
(c)a...bede = ede(a...bhs;féc) ’

we may consider the intrinsic symmetries listed below.

1L'l'hese families are not defined uniquely but are representative of

their classes.
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S

1257=—

_ 2 _ - -
]23R = 2r + 4B]a -6a" =0 (0)]236 = q + 25 = 0

2

R L 2 (a=p)? _
1235 = —"—"3"'—'— = 0 (0)]230 = 3 = O
]23T6 =0 (holds identically) (0)2316 =0 (holds identically)
023;2%?

- 2 _ _ _
023R = 2r + 4806 + 68 =0 (])0236 =0 =-2a=0

2 .

) SZ _ (308'7‘) -0 2 . (u+a)2 -0
023 -3 (1)023° =~ T3
023T6 = 0 (holds identically) (1)02316 = 0 (holds identically)
el
0128 =

2 _
012° =0

6 _
012! =0
i

= .2 2 _
0]R = -ZB]G - 20 + ZBOa + 20 =0

s2 = 0 (holds identically)

01



A

0=~

2

02R = 2303 +28° =0

625" = 0 (holds identically)

12“f;%7

_ 2 _
12R = 281a -2 =0

s2 =0 (holds identically)

12

$® =0 (holds identically)
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(0)2302 = 0 (holds identically)

(])2302 = 0 (holds identically)

Here we have not included the equations for the extrinsic

curvature of a surface with normal €y, Or gs, since Y323 =S

and the equations depend on the choice of tetrad. Also, we have

omitted the explicit formulae for the intrinsic symmetries of

0]2L§;¢ because their subspace is quite general and the expressions

are lengthy compared to the other cases.



Appendix D Initialization File for LRS Class II

/*******************************************************************/

/* _ , */
/* This file defines the basic equations for LRS Class II- */
/* space-times. First a few controcl variables are reset */
/* and the unknowns are defined. Then the propagation * /
/* equations are implemented as GRADEF's. */
/* */

/*******************************************************************/

/* TAILOR THE MACSYMA ENVIRONMENT */
LINEL : /5% /* Set output line length. */
BOTHCASES : TRUES /* Distinguish upper and lower case., */
DECLARE ("&", ALPHABETIC)S /* Treat & as a..z,A..Z and %. */
DERIVABBREV : TRUES /* Use subscriptt notation. */
PROGRAMMODE : TRUES /* Make SOLVE return evaluated list. */
INFEVAL : TRUES /* Make EV use INFEVAL nmocde, */
LOADPRINT : FALSES /* - Suppress loading messages. */

/* DEFINE UNKNOWNS */

-ORDERGREAT(F, X)$ /* Change default ordering so */

ORDERLESS {mu, v, a, r, alf, bet)S /* expressions group nicely. * /
UNKNOWNS : [F, X, ¥, s, a, r, udt, alf, bet, E, H, tau, eps, mu, pl$
COORDS : t, x18

DEPENDS (UNKNOWNS, COORDS, LaM, [1)$

/* DEFINE DIFFERENTIAL OPERATORS AND THE COMMUTATOR */

e0 (ARG) := DIFF(ARG, t)*FS
el (ARG) := DIFF(ARG, ¥) /XS
CR(ARG) := 0 = e0(el(ARG)) - el(e0 (ARG)) - udt*e0(ARG) + alf*el (ARG)S
/* GIVE THE BASIC SYSTEM OF EQUATIONS */
/* Jacobi identities: */

/¥ J1 */ GRADEF (s, X, a*s*X)$

J* J2V*,/ GRADEF({(a, t, —-bet*(a+ udt)/F)$
/¥ J3 */ GRADEF (s, t, -bet*s/F)$

/* J4 */ GRADEF(r, t, -2*bet*r/F)$

/* 35 */ GRADEF(r, x, 2%a*r*X;$
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/* Maxwell's equations: */

/* M1 */ GRADEF(E, x, (2*a*E + eps)*X)$
J* M2 */ GRADEF(H, x, 2*a*H*X)$S -

/* M3 */ GRADEF(E, t, —-2*bet*E/F)S$

/* M4 */ GRADEF(H, t, -2*bet*H/F)$

/* M5 */  GRADEF{tau, t, -4*bet*tau/F)$

/* M6 */ GRADEF (tau, %, (4%*a*tau + eps*E)*X)$
/* M7 */ GRADEF (eps, t, -eps*(alf + 2*bet)/F)S$S

/* Field equations: */

/* Fl1 */ GRADEF(alf, t, (-mu/2 - p/2 + bet”™2 - alf"2 - a2 + r
+ el(udt) + udt™2 - 2*tau)/F )$
/* F2 */  GRADEF(bet, t, (LAM - p - 3%*bet”2 + a"2 - r - 2%*a*udt
. + tau)/(2*F) )s
/* F3 */ GRADEF(a, %, (LAM + mu - bet”™2 - 2%alf*bet + 3*a"2 -~ r
+ tau)*X/2 )S
/* F4 */ GRADEF (bet, x, a*(bet - alf)*X )S

VA Blanchl 1dent1t1es- */

/*_311 %/ GRADEF(mu, t, -(mu + p)*(alf + 2%bet)/F )$
/* BI2 */ GRADEF(p, X, (-(mu + p)*udt - eps*E)*X )$

- ' /% END OF FILE */



Appendix E Details of Calculations for Chapter 4

The following pages give the details of the calculations,

in the form of a MACSYMA session, for the intrinsic symmetries examined

in Chapter 4. The symmetry 12 has been omitted since the MACSYMA

session was discussed in the text.
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N: 1R =0 with 8 #0

U

(C1) BATCHLOAD("MC:SWATT\;LRSII SETUP®);
(D1) ‘ DONE
(C2) BATCH("MC:SWATT\;CASE I1");

{C3) I1 : SOLVE(r = -2*el(a) + 3*a~2, LAM)[1l];

2
(D3) LAM = - tau + bet + 2 alf bet - mu

(C4) I1\,0 : SOLVE(EV(eQO('Il), I1), DIFF(udt, x))[1];
2

(D4) udt = - (2 bet udt + (- 2 a bet - 2 a alf) udt
x ;

- 2 2
+ (r - a) bet + (a =~ r) alf) X/(2 bet)

(C5) GRADEF(udt, x, RHS(I1\,0))$

(C6) GRADEF(alf, t, EV(DIFF(alf, t), DIFF))$

(C7) DEPENDS (M1, COORDS)S$

(C8) I1\,1la : DIFF(mu, x) = ML*X$

(C9) GRADEF(mu, x, RHS(I1\,la))$

(C10) T1\,1b : SOLVE(EV(el('I1), T1), DIFF(alf, x))(1];

(4 a tau + E eps + M1 - 2 a bet + 2 a alf ) X
{D10) alf = —~=—mwe—————— e —————— ——— -—

(Cll) GRADEF(alf, x, RHS(II\,1b))$

(C12) I1\,la\* : SOLVE(EV(CR{mu), Il), DIFF(M1l, t))[1);
(D12) M1 = - ({4 p + 4 mu) a tau
t

2
+ (- 4 bet - 2 alf bet + p + mu) E eps

2 2
+ (4 bet + 4 alf bet + p + mu) M1 + (2 p + 2 mu) a bet
: 2
+ (-4 p -4 mu) aalf bet + (2 p + 2 mu) a alf )/(2 bet F)

(C13) GRADEF (M1, t, RHS(I1\,la\*))$
(C14) I1\,1b\* : RATSIMP(EV(CR(alf), Il));

(bet + alf) E eps
(D14) 0 = ~————mm—
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(C15) I1\,1b\*A : bet = -alf$
(C16) I1\,1b\*A0 : SOLVE(EV(eO('I1\,1b\*a), I1, IIN,1b\*2), nmu)l11;
2 2

2 audt + 4 tau + 4 alf +r -a + 2 P
(D16) my = - v

2
(C17) I1\,1b\*Al : SOLVE(EV(el('Il\,1b\*a), I1, I1\,Ib\*a), M1)I11};
2
{D17) Ml = - 4 a tau - E eps + 2 a alf bet - 2 a alf
(C18) II\,1b\*A01 :

RATSIMP (EV(el(RHS ('I1\,1b\*A0) - LHS('I1\,1b\*A0) = 0),
© I1, IIN\,1b\*A, I1\,1b\*A0, I1\,1b\*Al));

(D18)
) 2 2 2 3

(4 tau + 4 alf + 2 a ) udt + 8 a tau + 8 a alf + ar - a
- P—— _—_0

2

(C19) I1\,1b\*Al0 :

RATSIMP(EV(eO(RHS(’Il\,lb\*Al) = LHS{'I1\,1b\*aAl) = 0),

I1, II\,1b\*a, I1\,1b\*Ao0, I1IN\,1b\*al));
3 2
(D19) (- 4 alf tau - 4 alf - 2 a alf) udt - 8 a alf tau
3 3
-~ 2alf Eeps - 8 a alf + (a - a r) alf =0

(C20) RATSIMP(I1\,1lb\*aA01 - IIN,1b\*Al0/(2%alf));
(D20) E eps = 0 :

(C21) II\,1b\*B : E = 0$

(C22) EV(e0('I1\,1b\*B), I1\,1b\*B);

(D22) 0=0
(C23) EV(el('I1\,1b\*B), I1\,1b\*B);
(D23) eps = 0

{(C24) II\,1Ib\*C : eps = 03

(C25) EV(e0('I1i\,1b\*C), 1I1\,1b\*C);

(D25) 0 =0

(C26) IL1LIST:{Il, Il\,lb\*C};

(D26) [LAM = - tau + bet2 + 2 alf bet - mu, eps = 0]
(D27) BATCH DONE

(C28) KILL(ALL)S
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0)239_=_Q_

(1)
(p1)
(C2)

(C3)
(D3)

(c4)
(D4)

(C5)
(DS)

(C6)
(D6)
(€7}

(C8)
(D8)

(D9)

BATCHLOAD ("MC:SWATT\; LRSII SETUP");
DONE
\
BATCH ("MC:SWATT\;CASE I1&6%);

BATCHLOAD ("MC: SWATT\;CASE 16");

DONE

Ila6 : EV(r = -2%el(a) + 3*a"2, I6LIST, EXPAND);
2
r=-2audt+a - p-mu

EV(e0('I1&6), IASLIST, EXPAND);

0 =0
I1s6\,1 : SOLVE(EV(el('I1&6), I6LIST), DIFF(mu, x)){l1;

mi = ~- 4 a tau X
X

GRADEF (mu, x, RHS(I1&6\,1))$

EV(CR(mu) , I6LIST, Il&6, EXPAND);
0=0

BATCH DONE

(C10) KILL(ALL)S
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~14: J,R=0 with g8 #0

{Cl) BATCHLOAD("MC:SWATT\;LRSII SETUP");
{D1) DONE

(C2) BATCH(*MC:SWATT\;CASE I4");

(C3} I4 : SOLVE(D = el(a) - a"2, LaM)[1];
2 2
(D3} LAM = - tau + bet + 2 alf bet + r - a - mu

(C4) I4\,0 : SOLVE(EV(eO('I4), I4), DIFF(udt, x))I[11;
2
(bet udt - a alf udt) X

(D4) udt = -
X bet

(CS) GRADEF (udt, ;, RHS(14\,0))$

(C6} GRADEé(alf, t, EV(DIFF(alf, t), DIFF))$

{(C7) DEPENDS (M1, COCRDS)S

(C8) 1I4\,la : DIFF(mu, x) = M1*XS$S

(C9} GRADEF(nu, x, RHS(I4\,la))$

(Cl0) I4\,1b : SOLVE(EV(el('14), I4), DIFF(alf, ;))[1];
(D12) alf =

X

2 2 3
{4 a tau+ E eps + M1 - 2 a bet +2aalf -2 ar +2a) X

2 bet
{C1l1l) GRADEF({alf, x, RHS(I4\,1b))$S
(C12) 1I4\,la\* : SOLVE(EV(CR({mu), I4), DIFF{M1l, t))({1l];
(D12) M1 = - ((4 p + 4 nmu) a tau
t

2
+ (- 4 bet -~ 2 alf bet + p + mu) E eps

2 2
+ {4 bet + 4 alf bet + p + mu) Ml + (2 p + 2 mu) a bet

2
+ (-~ 4p -4 mu) a alf bet + (2 p + 2 mu) a alf

. 3
+ (- 2p-2mu) ar+ (2 p+ 2 mu) a)/(2 bet F)

(C13) GRADEF(M1, t, RHS(I4\,la\*))$

{C1l4) T4\,1b\* : RATSIMP({(EV(CR{=21f), 14));
(bet + alf) E eps
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" {C15) I4\,1b\*A : bet = -alf$

(C16) I4\,1b\*A0 : SOLVE(EV(eO('I4\,1b\*A), I4, I4\,1b\*3), mu) [11;
: 2

{D16) mu= -2 a udt - 2 tau - 2 alf + r - a2 -p
(C17) I4\,1b\*Al : SOLVE(EV(el('I4\,1b\*a), I4, I4\,Ib\*a), M1)I[1l];
(D17) Ml = - 4 a tau - E eps + 2 a alf bet - 2 a alf2 + 2ar
3
-2 a

{C18) I4\,1b\*A0l :
RATSIMP(EV(el (RHS ('I4\,1b\*A0) -~ LHS('I4\,1b\*A0) = 0),
14, I4\,1b\*A, I4\,1b\*A0, I4\,1b\*Al));
2 2 2

{D18) (~ 2 tau - 2 alf + r - a ) udt - 4 a tau - 4 a alf =0
{C19) I4\,1b\*Al0 :
RATSIMP (EV{(e0 (RHS('I4\,1b\*Al) - LHS('I4\,1b\*al) = 0},
I4, I4\,1b\*A, I4\,1b\*A0, I4\,1b\*Al));
3 2
(D19) (- 4 alf tau - 4 alf + (2 r - 2 a ) alf) udt - 8 a alf tau

3
- 2 alf E eps - 8 a alf =0

(C20) RATSIMP(I4\,1b\*A01l - I4\,1b\*Al0/(2*alf));
{(D20) E eps = 0

(C21) I4\,1b\*B : E = 0S

(C22) EV(e0('I4\,1b\*B), I4\,1b\*B);
(D22) 0=20

(€23) EV(el('I4\,1b\*B), I4\,1b\*B);
(D23) eps = 0

(C24) 14\,1b\*C : eps = 0$

(C25) EV(eO0(*I4\,1b\*C), I4\,1b\*C);

(D25) 0 =0
(C26) I4LIST:[I4, I4\,1b\*C];
2 2
(D26) [LAM = - tau + bet + 2 alf bet + r - a - mu, eps = 0]

(D27) BATCH DONE

(C28) KILL(ALL)S
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1436: ]ZR = 0 After Imposing =0

- (0)23%

(C1) BATCHLOAD("MC:SWATT\;LRSII SETUP");
(D1) DONE

(C2) BATCH("MC:SWATT\;CASE I4&6");

(C3) BATCHLOAD ("MC:SWATT\;CASE I5");

(D3) | , DONE
(C4) I456 : EV(r = -2%el(a) + 3*a"2, I6LIST, EXPAND);
2

(D4) r=-2audt+a - p- mu
(CS) EV(e0('14&6), IGLIST, EXPAND);
(D5) . 0 =0
(C6) I4s6\,1 : SOLVE(EV(el('I4&5), I6LIST), DIFF(mu, x))I[1];
{D6) me = - 4 a tau X

x

{(C7) GRADEF(mu, x, RHS(I4&6\,1))$

{(C8) EV(CR(mu), ISLIST, I4&6, EXPAND);
(D8) 0 =0

(D9) BATCH DONE
(Cl0) KILL(ALL)S

15 _,R=10

(C1) BATCHLOAD("MC:SWATT\; LRSII SETUP");
(D1) ' DONE

{C2) BATCH("MC:SWATT\;CASE I5");

(C3) 15 : r = 0%
"(C4) EV(eO('I5), 1I5);

(D4) 0=0
(C5) EV(el('I5), 15);

(D5) 0 =0
(D6) BATCH DONE

(C7) KILL(ALL)S
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I6: (0)236 =0

(C1) BATCHLOAD(*MC:SWATT\;LRSII SETUP");
(D1) DONE

{C2) BATCH("MC:SWATT\;CASE 16");

{C3) I6 : bet = 0%

(C4) I6LIST : [I6]$

{(C5) 1I6\,0 : SOLVE(EV(e0('16), I6LIST), LAM)[1]; )
(D5) - LAM = 2 a udt - tau + r - a2 + p

(C6) IGLIST : SNDCONS(I6\,0 , IBLIST)S

(C7) /* Show that a = 0 1is a contradiction */
CONTR : a = 0§

{C8) EV(el(2*'CONTR), I6SLIST, CONTR, EXPAND);
(D8) p+mu=0

{(C9) RILL(CONTR)S
(c10) /* Continue with the propagation of bet=0 */

I6\,1 : EV(el(-'I6), I6LIST)/a;
(Dl10) ale =0

{C11) I6LIST : ENDCONS(I6\,1 , I6LIST)$S
(C12) DEPENDS (U0, COORDS)}$
(C13) GRADEF(udt, t, UO/F)$
(C14) I6\,00 : SOLVE(EV(eO('I6\,0), I6LIST), DIFF(p, t))I[1];

2 a U0
(D14) p = - —————

t F

(C15) GRADEF(p, t, RHS(I6\,00))$
{Cl6) I6\,00\* : FACTOR(SOLVE (EV(CR(p), I6LIST), DIFF(UO, x))[11);

(D16) U0 = - U0 (3 udt + a) X
X
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(C17) GRADEF(UO, x, RHS(I6\,00\*))S

(C18) I6\,01 : FACTOR(SOLVE(EV(el('I6\,0), I6LIST), DIFF(udt, x))([11);
(D18) udt =
X
2 3
(2awudt -4 atau-2Eeps+2ar-2a -pa-mua)X

2 a
(Cl19) GRADEF(udt, x, RHS(I6\,01))$
(C20) GRADEF(alf,.t, EV(DIFF(alf, t), DIFF))$

(C21) EV(CR(udt), I6LIST, EXPAND);
(D21) 0 =20

(C22) 1I6\,10 : EV(e0{'I6\,1), I6LIST, EXPAND)*a;
(D22) E eps =0

(C23) 1I6\,10A : E = 0%
(C24) 16\,10B : eps = 0$

(C25) EV(e0('I6\,10B), I6\,10B);
{D25) 0=0
(C26) I6LIST : ENDCONS(I6\,10B , I6LIST)S

(C27) I6\,11 : el(I6\,1);
(D27) === =0

{C28) GRADEF(alf, x, RHS(I6\,11))$

{C29) EV(CR(alf), I6LIST, EXPAND);
(D29) 0=20

(C30) I6LIST;
(D30) [bet = 0, LAM = 2 a udt - tau + r - a? + p, alf = 0,

eps = 0}
(D31) BATCH DONE

(C32) KILL(ALL)S



Appendix F Details of Calculations for Chapter 5

This appendix gives MACSYMA sessions for the intrinsic
symmetries examined in Chapter 5. The intrinsic symmetry I5 1is not

included since it has been given in Appendix E.
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I7: . 023R =0 with a#0

(Cl) BATCHLOAD("MC:SWATT\;LRSII SETUP");

{D1) DONE

(C2) BATCH('MC:SWAT%\;CASE I7%);

(C3) I7:EV(SOLVE (e0 (bet)==(3*bet~2+r)/2,LAM) [11);
{D3) ' LAM = 2 a udt - tau - a2 +p

(C4) DEPENDS (U0, (t,x])$

(C5) GRADEF(udt,t,U0/F)$

(C6) I7\,0:EV(SOLVE(EV(e0('1I7), I7),DIFF(p,t))[11);

2
2 bet udt - 4 bet tau - 2 a U0 - 2 a bet

(D6) p =
t F

(C7) GRADEF(p,t,RHS(I7\,0))$
(C8) I7\,1:EV(SOLVE(EV(el('17), 17),DIFF(udt,x))[1]);
2 2

(D8) udt = - (2 a udt + (- bet - 2 alf bet - r) udt - 4 a tan
X

2 3
'~ 2Eeps + abet +2 aalfbet+ar-2a + (-p-mu a) X

/(2 a)

(C9) GRADEF (udt,x,RHS(I7\,1))$ .
(C10) GRADBF(alf,t,RATSIMP(EV(DIFF(alf,t),DIFF)))é
{ci1) I7\.0a\*:EV(SgLVE(EV(CR(p\z, I7),DIFF(UOix))[l]);

(D11) U0 = ((2 bet + 4 alf bet + (2 r+ 2 a ) bet - 2 a alf)
x

2 2 3 2
udt + (4 bet Eeps - 6 a U0 - 2 a bet - 4 a alf bet

3 2 2
+ (-2ar -4a) bet) udt + (4 a alf - 20 a bet) tau

2 3
-~ 8 a bet Eeps + (abet + 2 a alf bet+ ar -2a) U0

2 3 2 2 2 4
+2a bet +4 a alf bet + (2 a r ~ 6 a

2 4 2
+ (-2p~-2mu) a) bet + 2 a alf) X/{(2 a )

(Cl1l2) GRADEF(UO,x,RHS(I7\,0a\*))$

(C13) I7\,O0b\*:RATSIMP(EV(CR(udt) , I7));
(D13) 0 =0

(C14) I7LIST : (17];

2
{D14) [LAM = 2 2 udt - tau - a + p]
(D15) BATCH DONE

(C16) KILL{ALL)S



17811 023R = 0 After Imposing
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(1)238=.0

(C1)

(D1)
(c2)

(C3)
(D3)

(C4)
(64)
(CS)
(D5)

(C6)

(C7)
(D7)

(C8)
(D8)

(D9)

BATCHLOAD("MC:SWATT\;LRSII SETUP"};

DONE

BATCH ("MC:SWATT\;CASE I7&11");

BATCHLOAD {"MC:SWATT\;CASE I11");
’ DONE

17&11:SOLVE{EV(e0 (bet)=-(3*bet"2+r)/2,I11LIST) , mu) [1];
2
mu = bet + 2 alf bet + r - p

I7&811\,0:SOLVE(EV{(e0({(I7&1l1),I11LIST),DIFF(p, t)})I[1];
4 bet tau

GRADEF(p,t ,RHS(I7&11\,0))$

RATSIMP(EV(el('I7&11) ,I11LIST));
Ml =M1

EV(CR(p) ,I11LIST,17&11,EXPAND);
0 =0

BATCH DONE

(C10) KILL(ALL)S



- 173 -

18: 0235 =0 with a#0

(Cl) BATCHLOAD ("MC:SWATT\;LRSII SETUP");
(D1l) DONE

(C2) BATCH("MC:SWATT\;CASE I8");

(C3) I8:EV(SOLVE (e0 (bet)=r,LAM) [1]);

{D3) LAM = 2 a udt - tau + 3 bet + 3 r - a2 + p
(C4) DEPENDS (U0, [t,x]1)$

(C5) GRADEF (udt,t,U0/F)$

(C6) IB\,O:EV(SOLVE(EV(;O('18), IB),DIFF(p,t))[l]);2

2 bet udt - 4 bet tau - 2 a U0 - 2 a bet

(D6) p =
t F

(C7) GRADEF (p,t,RHS(I8\,0))$
(C8) I8\,1:EV(SOLVE(EV(el('I8), I8),DIFF(udt,x))[11);
2 2

(D8) udt = - (2 a udt + (2 bet - 2 alf bet #:2 r) udt
X

2 3
-4 atau~- 2 Eeps + 4 abet -~ 4 a alf bet +4 ar -2 a

4+ (- p - mu) a) X/{(2 a)

(C9) GRADEF(udt,x,RHS(I8\,1))$

(C10) GRADEF(alf,t,RATSIMP(EV(DIFF(alf,t),DIFF)))S
(C11) Is\,Oai*:EV(SOLgE(EV(cn(p) ,218),DIFF(UOéx))[1]);

(D11) U0 = - ((2 bet - 2 alf bet + (2 r - a ) bet + a alf)
X

2 2 3 2
udt + (- 2 bet Eeps + 3 a U0 + 4 a bet - 4 a alf bet

3 2 2
+ (4 ar+2a) bet) udt + (10 a bet - 2 a alf) tau

2 3 2 3
..+ 4 a bet E eps + (a bet - a alf bet + ar + a) U0 +2 a bet

2 2 2 4 2 4
~2a alfbet +# (2a r+3a + (p+mu a) bet — a alf) X

2
/a

(C12) GRADEF(UO,x,RHS(I8\,0a\*))$
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 (C13) 18\,0b\*:RATSIMP(EV(CR(udt) , I8));

3 bet E eps
(D13) 0 = ———mmmmemm
. . a
 (C14) I8\,0b\*A:bet = 0;
- (D14) bet = 0
(C15) I8\,0b\*A0:RATSIMP(EV(eO('IS\,Ob\*A), I8\ ,0b\*A, 1I8));
{(D15) r=20
(C16) I8\,0b\*Al:EV(el('I8\,0b\*A), I8\,0b\*A)/(-a);
(D16) alf = 0 B
(C17) RATSIMP(EV(eO("I8\,0b\*Al), I8\,0bL\*A, I8\,0b\*A0, I8\,O0b\*Al});
. E eps
(D17) ——— =
- a
(C18) I8\,O0b\*B:E = 0;
(D18) E=0

(C19) EV(el('I8\,0b\*B), I8\,0b\*B);
(D19) eps = 0

(C20) I8\,0b\*C:eps = 0;
(D20) eps = 0

(C21) EV(e0('I8\,0b\*C), IB\,0b\*C);
(D21) 0 =0

(C22) ISBLIST : [1I8, I8\,0b\*Cl;

2 2
(D22) [LAM = 2 a udt - tau + 3 bet + 3 r - a + P, eps = 0]
(D23) BATCH DONE

(C24) KILL({ALL)S
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18411: 0235 = 0 After Impnosing

(Cl) BATCHLOAD('MC:SWATT\;LRSII SETUP"):;
{D1) DONE

{C2) BATCH("MC:SWATT\;CASE I8&11%);

{C3) BATCHLOAD ("MC:SWATT\; CASE I11");
{D3) ’ DONE

(c4) 18511:SOLVE (EV(e0 (bet)=r,I11LIST) ,mu) [11;
2

{D4) mu=-2bet +2alfbet-2r1r-0PD
{C5) IB&ll\,O:SOLVB(EV(eO('18&11),IllLIST, 18&11) ,DIFF(p, t)y)I[1i}l:
4 bet tau
(DS) p = - ————=——=-
t F

{C6) GRADEF(p,t,RHS(18&11\,0))5

(C7) RATSIMP(EV(el('IS&ll),IllLIST));

{P7) M1 = M1
{C8) EV(CR (p) ,I11LIST,18&11,EXPAND);
(D8) 0=0
(D9) BATCH DONE

(C10) KILL{ALL)S
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110: 02R =0 with a#0

(Cl) BATCHLOAD ("MC:SWATT\;LRSII SETUP");
(D1) } DONE
(C2) BATCH("MC:SWATT\;CASE I10");

A}

(C3) I10:EV(SOLVE (e0(bet)=-bet”2,LAM) [11);
2 2
{D3) LAM = 2 a udt = tau + bet + r - a + p

(C4) DEPENDS (U0, [t,x]1)$
{C5) GRADEF(udt,t,UD/F)$
(C6) I10\,0:EV(SOLVE(EV(e0('110), I10),DIFF(p,t))[11);

(D6) p =
t

2 3 2
2 bet udt - 4 bet tau - 2 a U0 + 2 bet + (2 r - 2 a ) bet

F

(C7) GRADEF(p,t,RHS(I10\,0))$

(C8) I106\,1:EV(SOLVE(EV(el('I10), I10),DIFF(udt,x))[11);
2

(D8) udt = - (2 a udt - 2 alf bet udt - 4 a tau - 2 E eps
b4

2 3 _
+ 2abet +2ar-2a + (-p - mu) a) X/(2 a)

(C9) GRADEF(udt,x,RHS(I10\,1))$

(C10) GRADEF(alf,t ,RATSIMP(EV(DIFF(alf,t) ,DIFF)))$

(C11) 110\,0a\*:EV(SOLVE(EV(CR{(p) , I10),DIFF(UC,x))[1]);"
2 2 2 2

{(Dil) U0 = {((2 alf bet + a bet - a alf) udt
X ,

: 2 3
+ (2 bet Eeps - 3 a U0 - 2 a bet) udt”

2 2
o+ (2 a alf - 10 a bet) tau - 4 a bet E eps

3 2 3 2 2
+ (a alf bet - a') U0 + 3 a bet - a alf bet

2 4 2 4 2 2
+(3a r-3a + (-~p=-mu) a) bet + (& - a r) alf) X/a

(C12) GRADEF (UO0,x,RHS(I10\,0a\*))$



(C13)

. {D13)

(C14)
{(D14)

(C15)
{(D15)

(C16)
(D16)
(C17)
(D17)

(C18)
(D18)

(C19)
(D19)

{Cc20)
(D20)

(c21)
(b21)
(D22)

(C23)
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I10\,0b\*:RATSIMP(EV(CR{udt) , I10));

bet E eps
[+ J R
a
I10\,0b\*A:bet = 0;
bet = 0
I10\,0b\*Al:EV (el ('I10\,0b\*A), I10\,0b\*A)/(-a);
alf =0
RATSIMP(EV(eO ('I10\,0b\*Al), I10\,0b\*A, I10\,0b\*Al));
E eps
———— = )
a
I10\,0b\*B:E = 0;
E=0
EV(el('I10\,0b\*B), I10\,0b\*B);
eps = 0
I10\,0b\*C:eps = 0;
eps = 0

EV(e0 ("I10\,0b\*C), I10\,0b\*C);
0=290

TI10LIST ¢ [I10, T10\,0b\*C];
2 2
(LAM = 2 2 udt -~ tau + bet + r - a + p, eps = 0}
BATCH DONE

KILL (ALL)S
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110&11: OZR = 0 After Imposing (])239 =0

(Cl) BATCHLOAD (*MC:SWATT\;LRSII SETUP");
(p1) DONE

(C2) BATCH("MC:SWATT\;CASE I10&11%);

(C3) BATCHLOAD ("MC:SWATT\;CASE I11%);
(D3) DONE

{C4) 110511 :SOLVE (EV (el (bet)=-bet~2,I11LIST) ,mu) [1];
(D4) ) mu = 2 alf bet - p

(C5) 110&11\,0:SOLVE(EV(e0('I10&11),I11LIST, I10&l1),DIFF(p, t) y{13l:;
. 3
4 bet tau - 2 bet - 2 r bet

(D5) P ==
t F

(C6) GRADEF(p,t,RHS(I10&11\,0))$

(C7) RATSIMP(EV(el('I10&11),I11LIST));

(D7) Ml = Ml
(C8) EV(CR(p) ,I11LIST,I10&11,EXPAND);
(D8) 0=0
(D9) BATCH DONE

{C10) XILL{ALL)S
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I11: (])236 =0

(Cl) BATCHLOAD("MC:SWATT\;LRSII SETUP");
{D1) DONE

(C2) BATCH("MC:SWATT\;CASE Ill1l");

{C3) Ill:a = 0;
(D3) a=290

-

(C4) I11\,0:-EV(e0('I1l1l),I11)/bet;
(D4) _ ‘ udt = 0

(CS) I1l1LIST:(I11,I11\,0]$

(C6) I11\,1:SOLVE(EV(el('I11),I11LIST),LAM)[1];

(D6) LAM = - tau + bet2 + 2 alf bet + r - mu
(C7) I11LIST:ENDCONS(I11\,1,I11LIST)S

(C8) RATSIMP(EV(eO('I1l1l\,1),I11LIST));
(D8) 0=20

(C9) DEPENDS (M1,COORDS)S$
(C10) GRADEF{mu,x,M1*X)$

{Cl1l1) Ill\,lla:SOLVE(EV(el('Ill\,l),IllLIST),DIFF(alf,x))[l];
(E eps + M1l) X
(D11) alf = ~=—=wmm————————
’ b4 2 bet

(C12) GRADEF(alf,x,RHS(I11\,1la))$

(C13) I11\,11b\*:SOLVE (EV(CR(mu),I11LIST),DIFF(M1,t))[1];
2
(D13) M1 = ((4 bet + 2 alf bet - p - mu) E eps
t

2 :
+ (- 4 bet - 4 alf bet - p - mu) M1)/(2 bet

(Cl4) GRADEF(M1,t,RHS(I11\,11b\*))$
(C15) I11\,11a\*:RATSIMP(EV(CR(alf),I11LIST));

{bet + alf) E eps
{D15) T
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(C16) I11\,1lla\*A:alf = -bet;
{D16) alf = - bet

(C17) Ill\,lla\*AO:SOLVE(EV(eO('Ill\,lla\*A),IllLIST,Ill\,lla\*A),mu)[l];
) 2

(D17) mu =~ 2 tau - 2 bet +r-p

(C18) ALIST:([I11\,1la\*A,I11\,11a\*A0]S

(C19) I11\,11a\*Al:SOLVE(EV(el('I11\,1la\*A),I11LIST,ALIST),M1)[1];
(D19) Ml = -~ E eps

(C20) ALIST:ENDCONS (%$,ALIST)S

(C21) RATSIMP(EV(eO('Ill\,lla\*Al),ALIST,IllLIST));
(D21) . bet E eps = 3 bet E eps

(C22) KILL(ALIST)S

(C23) I11\,1la\*B:E = 9;

(D23) E=0

{C24) EV(e0('I11\,11a\*B),I11\,11a\*B);

(D24) 0=0

(C25) EV(el('I11\,11a\*B),I11\,1la\*B);

(D25) . eps = 0

(C26) I1l\,lla\*C:eps = 0;

(D26) eps = 0

(C27) EV(ed("I11\,11a\*C),I11\,11a\*C);

(D27) 0=20

(C28) IllLIST:ENDCONS(Ill\,lla\*C,IllLIST);
2

(D28) [a = 0, udt = 0, LAM = - tau + bet .+ 2 alf bet + r - mu,

eps = 0]
{D29) BATCH DONE

(C30) KILL{ALL)S



Appendix G A Prototyoe Proqram

This anpendix contains a 1isting of the program discussed
in Chapter 6. Two sample runs, corresponding to examples 2.2.1 and 2.2.2,

are included after the listing.

Program Listing

. /*****t**t****tttt**********************************t********t*********/

/* */
/* This file contains a collection of functions to check the */
/* consistency of a constraint with aset of eguations. To do 4
/* this the function CHECK$ONE is invcked at command level and */
/* questions regarding whether or not certain quantities are */
/* " 2zero must be answered. The result returned is either a list */
/* of possible cases or the atom CONTRADICTION. The method used */
/* is discussed in Chapter 6. */
/* */

/*****************************t*********************************t******/

/* These two names shall be used as mnemonic indices
to case lists., */

(ALG : 1, PROPN : 2)$

CHECK%ONE (CONSTRAINT, CASE) :=

BLOCK(/* This procedure checks whether the given constraint
may hold in the given case. The result is returned
as either a list of possible cases or as the
atom CONTRADICTION, */

{ALGS$LIST, PROPNSLIST],
LOCAL (UNXNOWNS) ,
INITIALIZESLEVEL(),
CONSTRAINT : CLEAN(CONSTRAINT),
IF IDENT3PRED (CCNSTRAINT) THEN
RETURN ({CASE]})
ELSE IF ALGSCONTRADICTSPRED (CONSTRAINT) THEN
RETURN (CONTRADICTION)
ELSE
IF PROPNSPRED (CONSTRAINT) THEN
RETURN (PROPN$PROCESS {CONSTRAINT))
ELSE
RETURN (ALG3PROCESS (CONSTRAINT)))S
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CHECKSOR (CONSTRAINTRLIST, CASESLIST) :=

BLOCK(/* This procedure checks each of the list of
constraints against each of a list the cases. The
l1ist constructed by concatinating all the resu1t1ng

- constraint lists is returned. */

[NEWSCASESLIST, THISICASESLIST],
NEWSCASESLIST : (I,
FOR CASE IN CASELIST DO
FOR CONSTRAINT IN CONSTRAINT3LIST DO
(THIS$CASERLIST : CHECK3ONE (CONSTRAINT, CASE),
IF THISRCASESLIST # CONTRADICTION THEN
NEWSCASESLIST : APPEND (NEWRCASESLIST,
THIS$CASESLIST)),
RETURN (IF NEWSCASESLIST = [] THEN
CONTRADICTION
ELSE
NEW$CASESLIST))S

CHECK%AND(CONSTRAI&T%LIST, CASESLIST) :=

BLOCK(/* This procedure checks whether all of the constraints
in CONSTRAINTRLIST hold for any of the cases in CASESRLIST.
This is achieved by iteratively checking the results of
one constraint using the next. The resulting list
of cases is returned. */

{NEWSCASERLIST],
NEW$CASESLIST : CHECKROR(([FIRST (CONSTRAINTSLIST)],
CASESRLIST),
FOR CONSTRAINT IN REST(CONSTRAINTSLIST)
WHILE NEWRCASESLIST # CONTRADICTION DO
NEWSCASERLIST : CHECK%OR{[CONSTRAINT], NEWSRCASESRLIST),
RETURN (NEW3CASERLIST))S$

INITIALIZERLEVEL() :=

(/* Define the list of equations to be used with EV and
the local GRADEFs for this level. */

ALGRLIST : CASE[ALG],

PROPNSLIST : CASE[PROPN],

FOR GRADSSPEC IN PROPNZLIST DO
APPLY ('GRADEF ,GRADSSPEC),

DONE)$

ADD(KIND, WHAT%TOSADD, CASE) :=

/* This function is to add new results to the collection
of old results stored in the variable CASE. */

SUBSTPART(SNDCONS(WHAT%TO%ADD,CASE[KIND]), CASE, KIND)S
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CLEAN(EQN) :=

BLOCK(/* Put the equation in a form amenable to spotting
special cases. */ ’

[RHSIDE],
RHSIDE : FACTOR(EV(RHS(EQN)-LHS(EQON) ,ALGSLIST,DIFF,INFEVAL)),
IP (NOT ATOM(RHSIDE)) AND (PART(RHSIDE,Q)="-") THEN
RHSIDE : -RHSIDE,
RETURN (0=RHSIDE))S$

IDENTSPRED(EQN) ==
/* This predicate checks for a syntactic identity. */

IS(0 = RHS(EQN))S

ALGSCONTRADICT2PRED(EQN) :=

/* Check if the equation gives a contradiction by
seeing if the RHS may never be zero. */

MAY$NOTS$ZEROSPRED (RHS (EQN))$

PROPNSPRED(EQN) :=

BLOCK(/* See if the equation is a propagation equation
by looking for first derivatives. */

[EXPR, VARIABLERLIST, RESULT],
EXPR : RHS(EQN),
VARIABLESRLIST : SORT(LISTOFVARS({EXPR)),
RESULT : FALSE,
FOR COORD IN COCRDINATES UNLESS RESULT DO
FOR VAR IN VARIABLESLIST UNLESS RESULT DO
IF 1 = DERIVDEGREE(EXPR, VAR, COORD) THEN
RESULT : TRUE,
RETURN (RESULT))}$

PROPNSPROCESS (EQN) :=

/* Nothing need be done in the spatially
homogeneous case. */

PRINT("Base of recursion reached checking”,
“the propagation equation:",
EQN)$
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ALGSPROCESS (EQN) :=

-~ BLOCK(/* _In this procedure we first solve the constraint
o egutaion for one of the variables so ‘that the result

may be used to simplify any further propagation
equations. If the equation is not linear in all of the
variables, then we have more than one possible
solution. We check each one of the pcssibilities by
calling CHECKSOR with the solution list as an
argument. Otherwise, there is only one solution so
we check the propagation(s) of that constraint. */

[SOLNSLIST, DIFFS$LIST, NI,
PRINT ("Checking algebraic constraint:*, EQN),
SOLNSLIST : RESHAPE (ECN),
N ¢ LENGTH(SOLNSLIST),
IFP N > 1 THEN
: RETURN (CHECX3OR (SOLNSLIST, [CASE]))
ELSE IF N = 1 THEN
(CASE : ADD(ALG, SOLNRLISTI[1], CASE),
DIFFSLIST : [},
FOR CCORDNO : 1 THRU LENGTH(COORDINATES) DO
DIFF$LIST : ENDCONS (CLEAN (D%0OP (COQORDNO, SOLNSLISTI[11)),
. DIFF&LIST),
RETURN (CHECK3AND (DIFFSLIST, [CASE])))
ELSE IF N = 0 THEN
: RETURN (CONTRADICTION)
ELSE
ERROR ("ALG%PROCESS: internal error"))$

MAYINOTSZEROSPRED (EXPR) :=

BLOCK(/* This function checks whether an expression
may not be zero, by asking about appropriate
parts. */

[PIECE, RESULT],
EXPR : NUM(FACTOR(EXPR)),
IF ATOM(EXPR) THEN
IF NUMBERP (EXPR) THEN
RESULT : IS (0 # EXPR)
ELSE
RESULT : IS {(NO = MAY$ZERO%PROMPT (EXPR))
ELSE
(PART (EXPR, 0),
IF PIECE = "-" THEN
RESULT : MAY$NOTYZERORPRED (-EXPR)
ELSE IF PIECE = "*" THEN
RESULT : MAYSNOT3YZEROS$PRED (FIRST(EXPR)) AND
MAYINOTSZEROZPRED (REST (EXPR))
ELSE IF PIECE = """ THEN
RESULT : MAYSNOTS$ZERO%PRED (FIRST(EXPR))
ELSE
RESULT : IS (NO = MAY$ZERO$PROMPT (EXPR))),
RETURN(RESULT))S$
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MAY3ZERORPROMPT (EXPR) :=

(PRINT ("May the following expression ever assume®,
“the value zero?",
EXPR), v

READ("Enter YES\; or NO\; or DONTKNOW\; ."))$

DYOP(COORDNO, EXPR) :=

/* This is the differentiation operator. By specifying
the list of coefficients or by giving an alternative
function, we may choose the directicnal derivative
operators as we wish. */

DR0OPICOEFF3LIST [COORDNO] *DIFF(EXPR, COORDINATES [COORDNO])$

RESHAPE (EQN) :=

BLOCK(/* From the input equation, this procedure constructs
a list of solutions for the same varable. First the
procedure checks for a linear wvarable so as to
return a one element list if possible. If the
equation is not linear in any of the variables,
then the varaible of the lowest degree is sought. */

[EXPR, VARIABLESLIST, RESHAPED, MIN$DEGREE,
MIN3DEGREESVAR, RESULT],
EXPR : RHS(EQN), /* The input is factored. */
IF (NOT ATOM(EXPR)) AND (PART{EXPR, 0) = "*") THEN
(RESULT : [],
~FOR FACTOR IN EXPR DO
IF NOT MAYINOT%ZERO%PRED (FACTOR) THEN
: RESULT : APPEND (RESHAPE (0=FACTOR), RESULT))
ELSE :
(EXPR : RAT(EXPR},
VARIABLESLIST : SORT(LISTOFVARS (EXPR)),
RESHAPED : FALSE,
FOR VAR IN VARIABLESLIST UNLESS RESHAPED DO
IF HIPOW(EXPR, VAR) = 1 AND LOPOW(EXPR, VAR) >=0 THEN
IF MAYSNOTSZEROSPRED(RATCOEF(EXPR, VAR, 1)) THEN
(RESULT : SOLVE (EQN, VAR),
RESHAPED : TRUE),
IF NOT RESHAPED THEN
(MINSDEGREE : HIPOW(EXPR, FIRST(VARIABLERLIST)),
MINRDEGREEXVAR : FIRST(VARIABLIYLIST),
FOR VAR IN REST(VARIABLERLIST) DO
IF HIPOW(EXPR, VAR) < MINSDEGREE THEN
(MINSDEGREE : HIPOW(EXPR,VAR),
MINSDEGREESVAR : VAR),
RESULT : SOLVE (EQN, MINRDEGREESVAR))),
RETURN(RESULT)) S
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Sample Runs

Bianchi-B ehr type VIpgt M = 0, n, >0, ng

{Cl) BATCHLOAD ("MC:SWATT\;CHECK VO")$
(C2) BATCHLOAD(™MC:SWATT\; TEST BIANGH")S

(C3) CHECK3ONE (N1+N2+N3=0, CASE)$

- May the following expression ever assume the

Enter YES; or NO; or DONTKNOW; .
DONTKNOW;

Checking algebraic constraint: 0 = N3 + N2
May the following expression ever assume the
Enter YES; or NO; or DONTKNOW; .

NO; )

May the following expression ever assume the
Enter YES; or NO; or DONTKNOW; .
DONTKNOW;

Checking algebraic constraint: 0 = 2 N3 (TH3
May the following expression ever assume the
Enter YES; or NO; or DONTKNOW; .

NO;

May the following expression ever assume the
Enter YES; or NO; or DONTKNOW; .
DONTKNQW;

(C4) GRIND(D3);

[{(THETA = TH3+TH2+TH1l,Nl = 0,N2 = -N3,TH2 =

{IN1,T,NL*{2*TH1-THETA)],[N2,T,N2* (2*TH2-THETA)], [N3,T,N3* (2*TH3-THETA)],

<0

value zero? N3 + N2

value zero? N3

value zero? TH3 -~ TH2

- TH2)
value zero? N3

value zero? TH3 - TH2

TH3],

{THETA,T,-TH3"2-TH2"2-TH1 2- (3*P+MU) /2+LAM],

[TH1,T, -TH1*THETA+ (MU-P)/2+(N2-N3)"2/2-N1"
[TH2,T,-TH2*THETA+ (MU-P) /2+(N3-N1)"2/2-N2"
[TH3,T,-TH3*THETA+ (MU~P) /2-N3"2/2+(N1-N2)"

{D4) DONE
{C5) KILL(ALL)S

2/2+LAMT,
2/2+LaM],

2/2+LAM], [MU,T,—- (P+MU)*THETA]]1]S
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Bianchi-Behr type VIII: ny > 0, n, > 0, n3 < 0

(Cl) BATCHLGAD ("MC:SWATT\;CHECK VO™)$
(C2) BATCHLOAD("MC:SHATT\;TEST BIANS")$
(C3) CHECKS$ONE (H1+N2+N3=0, CASE);

May the following expression esver assume the value zero? N2
Enter YZS; or NO; or DONTKNOW; .
DONTKNGH ;

Checking algebraic constraint: 0 = N2 + N1 + N3
May the follocwing expression ever assume the value zero?

N2 TH2 + N1 TH1
Enter YES; or NO; or DONTKNOW; .
DONTKNOW;

Checking algebraic constraint: 0 = 2 (N2 TH2 + N1 TH1 - TH3
May the following expression ever assume the value zero?

N2 TH2 + N1 TH1
Enter YES; or NO; or DONTKNOW; .
DONTKNGW;

May the following expression ever assume the value zero? N2
Enter YES; or NO; or DONTXNOW; .
NO;

May the following expression ever assume the value zero? N1
Enter YES; or NO; or DONTKNOW; .
NO;

May the following expression ever assume the value zero? N2
Enter YES; or NO; or DONTKNCW; .
NO;

May the following expression ever assume the value zero?

2 T2 2
TH2 - 2 TH1 TH2 + TH1 + 3 N2
Enter YES; or NO; or DONTKNOW; .
NO;

{D3) CONTRADICTION

(C4) KILL(ALL)S

+ N1 + N3

- TH3 N2 - TH3 N1

N2 - TH3 N1)

- TH3 N2 - TH3 N1

+ N1

2
+ 6 N1 N2 + 3 N1
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Input Files for Sample Runs

MC :SWATT; TEST BIANGH

UNKNOWNS : [N1,N2,N3,TH1,TH2,TH3,P,MU,THETA]S

COORDINATES : [T]$

D$OP%COEFFSLIST : [1]$

DEPENDS (UNKNOWNS, COORDINATES)S

ALGL: [THETA = TH1+TH2+TH3, N1 = 0]$%

PRL : [[N1,T,N1*(2*TH1-THETA)],
[N2,T,N2* (2*TH2-THETA) ],
[N3,T,N3*(2*TH3-THETA)],
[THETA,T,- (TH1"2+TH2"2+TH3"2) - (MU+3*P) /2+LAM],
[TH1,T,-THETA*TH1-N1"2/2+ (N2-N3)"2/2+ (MU-P) /2+LAM],
[TH2,T,-THETA*TH2-N2"2/2+(N3-N1)"2/2+4 (MU-P) /2+LAM],
[TH3,T,-THETA*TH3-N3"2/2+ (N1-N2) “2/2+ (MU-P) /2+LAM],

- [MU,T,~ (MU+P)*THETA] ]$
CASE : [ALGL, PRL];

MC:SWATT;TEST BIANS

ORDERLESS (N3, TH3)S

UNKNOWNS : [N1,N2,N3,TH1,TH2,TH3,P,MU,THETA]S

COORDINATES : [T]$

D%OP3COEFFSLIST : [1]$

DEPENDS (UNKNOWNS, COORDINATES)S

ALGL: [THETA = TH1+TH2+TH3]$

PRL : [[N1,T,N1*(2*TH1-THETA)],
[N2,T,N2* (2*TH2-THETA) 1,
[N3,T,N3*(2*TH3-THETA)],
[(THETA,T,- (TH1"2+TH2"2+TH3"2)~- (MU+3*P) /2+LAM],
(TH1,T,-THETA*TH1-N1"2/2+(N2-N3)"~2/2+(MU-P)/2+LAM],
[(TH2,T,-THETA*TH2-N2"2/2+(N3-N1)"2/2+ (MU-P)/2+LAM],
[(TH3,T,-THETA*TH3-N3"2/2+(N1-N2)"2/2+ (MU-P)/2+LAM],
[MU,T,- (MU+P)*THETA] 1$

CASE : [ALGL, PRL];
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