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aAbstra
tIn the paper, we present 
ylindri
al surfa
e pasting, an extension of standard surfa
e pasting thatuses the surfa
e pasting te
hnique to blend two surfa
es. The major issues dis
ussed here are the domainmappings and the mapping of the feature 
ontrol points. There are two types of domain mappings,depending on whether we paste a 
ylinder on a NUBS sheet or another NUBS 
ylinder. The mapping ofthe feature 
ontrol points has to address both 
ontinuity and shape issues.1 Introdu
tionHierar
hi
al modeling is an important resear
h topi
. Many surfa
es have varying levels of detail, andmodeling te
hniques that expli
itly represent these levels of detail are useful both in terms of redu
edstorage and in intera
tive modeling paradigms where users want to intera
t with their models at di�erentlevels of detail.There are several methods for hierar
hi
al modeling, in
luding Hierar
hi
al B-splines [6℄, variouswavelet te
hniques, and LeSS [7℄. Surfa
e pasting is another hierar
hi
al modeling method that has a
ouple of advantages over most other te
hniques. In parti
ular, with surfa
e pasting, the user 
an 
reatea library of features, allowing for reuse of features. Further, unlike many te
hniques, the features, on
epasted, 
an be reoriented in any dire
tion on the base surfa
e, and do not have to align with parametri
dire
tions.Current surfa
e pasting methods allow the user to paste one surfa
e atop another. However, theydo not allow for a single feature to 
onne
t two surfa
es. Blending or �lleting operations need to beemployed to 
onne
t surfa
es together. While there are many �lleting methods, with the inspirationof standard surfa
e pasting, we propose new a blending method in this paper, 
ylindri
al pasting, thatelaborates the domain mapping and displa
ement s
hemes of surfa
e pasting, and applies it to pla
e
ylinders on NUBS base surfa
es.Our goal in 
ylindri
al surfa
e pasting is to extend the standard surfa
e pasting method to a widervariety of modeling situations. Thus, while our method 
an be thought of as a blending method, we willtreat it instead as a modeling te
hnique, and in this paper we will fo
us on the mathemati
al detailsbehind these operations rather than the user interfa
e for modeling with these blends.In the next se
tion, we will state the relationship of 
ylindri
al surfa
e pasting to blending te
hniques.Then in Se
tion 3, we will brie
y review the standard surfa
e pasting pro
ess. Se
tion 4 is the heart ofour paper, where we des
ribe in detail the 
ylindri
al surfa
e pasting pro
ess. We 
on
lude with somesample pasted surfa
es and dire
tions for future work.2 BlendingBlending is an operation of 
reating smooth transitions between a pair of adja
ent surfa
es. A

ordingly,the transition surfa
e is simply 
alled a blend or a blending surfa
e. Blending methods that use parametri
surfa
es are the most popular te
hniques. Martin, Vida, and Varady have published a survey of di�erent1



blending methods using parametri
 surfa
es that 
lari�es the nature of blending and the relationshipsbetween various parametri
 blending methods [10℄.Using the Martin-Vida-Varady terminology, the 
ylindri
al surfa
e pasting method des
ribed in thispaper 
an be though of as a lo
al parametri
-blending method. In parti
ular, we use a trimline-basedblend as the basi
 idea for Cylindri
al Pasting. In the following, a brief summary of the most importantideas in parametri
 blending is given. Figure 1 
an be used as a guide to the di�erent terms used in theblending literature.
��
��
��

��
��
��

�
�
�
�

b

b

c d

e

e

f

a
e: correspondence points
f: spine curve

d: profile curve
c: blending surface
b: trimline
a: base surfaces

Figure 1: TerminologyThe surfa
es to be joined smoothly (the surfa
es being blended) are 
alled base surfa
es. The 
urvethat forms the 
ommon boundary of a base surfa
e and the blend surfa
e is 
alled a trimline. The basesurfa
es are trimmed at these 
urves. In general, the blending surfa
e is 
reated as a surfa
e or volumeswept along a given longitudinal traje
tory, whi
h is 
alled the spine 
urve. At ea
h point of the spine, a
ross-se
tional pro�le 
urve is asso
iated with it that lo
ally de�nes the shape of the blend. A pro�le 
anbe 
onstant or varying along the spine, and 
an be symmetri
 or asymmetri
, and 
an be de�ned as a
ir
ular or free-form ar
. Having two trimlines, a 
orresponding point pair (one point from ea
h trimline)
an be joined by a pro�le 
urve. Corresponden
es between these pairs of points need to be establishedby the assignment pro
ess.Cylindri
al Pasting is similar to trimline-based methods, whi
h are a 
lass of te
hniques where anauxiliary spine is generated from the two trimlines, mainly for the purposes of assignment and the
reation of pro�le 
urves. Sin
e we know that blending repla
es parts of the base surfa
es with blendingsurfa
es, one obvious way of spe
ifying su
h an operation is to de
ide expli
itly whi
h parts are to besubstituted by 
hoosing where the trimlines should lie on the base surfa
es. On
e a pair of trimlines hasbeen 
hosen, a spine 
urve is used to 
hoose 
orresponding points on the trimlines to be assigned together.The �nal important phase of trimline-based methods is a method of generating pro�le information thatmakes it possible to de�ne the pro�le 
urves that 
onne
t assigned pairs of trimline points and 
ontributeto the blending surfa
e.3 Surfa
e Pasting Pro
essTensor produ
t B-spline surfa
es play an important role in 
urrent surfa
e design [5℄, espe
ially in surfa
epasting. Sin
e standard surfa
e pasting is the starting point for the te
hnique des
ribed in this paper,we give a qui
k review of how it works. For details, see any of the earlier works on the subje
t [1, 2, 3℄.The pasting pro
ess is illustrated in Figure 2. In surfa
e pasting, we have both a base surfa
e and afeature surfa
e, ea
h of whi
h is in tensor-produ
t B-spline form. The basi
 idea is to adjust the feature's
ontrol points in su
h a way that the boundary of the pasted feature lies on or near the base surfa
e,and the shape of the pasted feature re
e
ts the original shape of the feature as well as the shape of thebase surfa
e on to whi
h it is pasted.To map the feature's 
ontrol points, we �rst embed the feature's domain in the feature's range (upperleft of Figure 2); i.e., we make the feature's domain be a subspa
e of the feature's range. Typi
ally,we 
onstru
t the feature surfa
e to allow for an embedding of the domain that pla
es the boundary2
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Base Domain

Feature DomainFigure 2: Pasting pro
ess
ontrol points of the feature at the Greville points of the embedded domain. Next, we 
onstru
t a lo
al
oordinate frame Fi;j = fui;j ; vi;j ; wi;j;Og for ea
h feature 
ontrol point Pi;j with the origin Oi;j of ea
hframe being the Greville point 
orresponding to the 
ontrol point, with two of the frame's basis ve
torsbeing the parametri
 domain dire
tions and the third basis ve
tor being the dire
tion perpendi
ularto the domain. Ea
h 
ontrol point Pi;j is then expressed relative to its lo
al 
oordinate frame Fi;j asPi;j = �i;jui;j + �i;jvi;j + 
i;jwi;j +Oi;j .Next, we asso
iate the feature's domain in the base's domain (right half of Figure 2). This gives usthe lo
ation on the base surfa
e on to whi
h we want to lo
ate the feature. We now map ea
h 
oordinateframe Fi;j on to the base surfa
e, giving a new 
oordinate frame F 0i;j = fu0i;j ; v0i;j ; w0i;j;O0i;jg, whoseorigin O0i;j is the evaluation of the base surfa
e at Oi;j , and two of its basis ve
tors lie in the tangentplane of the base surfa
e at that point, the third being perpendi
ular to the tangent plane. We then usethe 
oordinates of ea
h feature 
ontrol point Pi;j relative to Fi;j to weight the elements of the frame F 0i;j .This gives us the lo
ation of the pasted feature 
ontrol point, P 0i;j = �i;ju0i;j + �i;jv0i;j + 
i;jw0i;j +O0i;j .4 Cylindri
al Surfa
e PastingCylindri
al Pasting is a surfa
e modeling tool that integrates the te
hniques of parametri
 trimline-basedblending into surfa
e pasting, and 
reates a smooth transition 
ylinder between two base surfa
es. Wemade modi�
ations to the major pasting te
hniques (domain mapping and 
ontrol points displa
ement)to adapt standard surfa
e pasting to the 
ylindri
al pasting environment.In this paper, we give details of the �nal te
hnique that we used for 
ylindri
al surfa
e pasting. Amore 
omplete des
ription and a des
ription of other ideas we tried that did not work 
an be found ina te
hni
al report [9℄. However, we will des
ribe one approa
h that we dis
arded and repla
ed with abetter method, sin
e this improved te
hnique works both in standard pasting and 
ylindri
al pasting.The main idea in surfa
e pasting is the mapping of the feature 
ontrol points to get the feature surfa
eto lie in the appropriate pla
e relative to the base surfa
e. There are three types of 
ontrol points tomap, ea
h of whi
h requires a di�erent mapping te
hnique. The �rst 
ontrol points are those along theboundary of the feature. These should be mapped to a
hieve approximate C0 
ontinuity. The se
ondlayer of 
ontrol points are mapped to a
hieve approximate C1 
ontinuity. And the remaining interior
ontrol points are mapped to a
hieve the desired feature shape. In this paper, we fo
us on the mappingof the �rst two layers, as their mapping is the pasting pro
ess; for 
ompleteness, we also give the mappingof the remaining 
ontrol points, although they 
ould be mapped using any standard extrusion method.We will begin by stating the representation of the 
ylindri
al feature used in our system. Next, wedes
ribe the �rst step to mapping the feature boundary 
ontrol points, whi
h is to asso
iate the featuredomain with the base domain. We then give the mapping of the �rst and se
ond layers of 
ontrol points.We then dis
uss our mapping of the remaining interior points. In Se
tion 5, we give a brief overview of3



our user interfa
e, and show some results of the 
ylindri
al pasting pro
ess.4.1 Representing a Cylinder Using NUBSOur work deals with non-uniform B-splines (NUBS). To represent a 
ylindri
al shape using a NUBSsurfa
e, we use the standard tri
k of identifying one of the edges of the domain re
tangle with theopposite edge of the domain re
tangle. The 
ross se
tion of a 
ylinder is a 
ir
ular 
urve. Although
ir
les 
annot be represented exa
tly using a NUBS 
urve, a NUBS 
urve 
an represent a 
losed 
urvethat is a good approximation a 
ir
le [4℄, although for our implementation we 
onstru
ted the 
ir
ularapproximation by hand. To represent a 
losed 
urve with a 
ubi
 NUBS, we set the last three 
ontrolpoints to be the �rst three 
ontrol points, with an appropriate setting of the knot ve
tor.Mathemati
ally, if we have a 
ubi
 B-spline with a knot ve
tor fv0; : : : ; vNg and 
ontrol pointsP0; : : : ; PN�3, the following 
onditions must hold to get a 
losed 
urve:P0 = PN�5; P1 = PN�4; P2 = PN�3; (1)and v1 � v0 = vN�3 � vN�4; v2 � v1 = vN�2 � vN�3;v3 � v2 = vN�1 � vN�2; v4 � v3 = vN � vN�1: (2)(Note: we are using the knot ve
tor typi
ally used with the blossoming variant of the B-spline; otherforms of B-splines will typi
ally put an additional knot at ea
h end of the knot ve
tor.)A tensor B-spline surfa
e has a two-dimensional domain de�ned in two parametri
 dire
tions, U andV . We represent our 
ylinders by a re
tangular domain where the V dire
tion joins itself as in Equations 1and 2, and U aligns with the axis of the 
ylinder. We will use a knot ve
tor with full end knot multipli
ityin the U dire
tion.4.2 Mapping of Domain for CylindersThe �rst step in performing standard surfa
e pasting is to map the domain of the feature surfa
e to thedomain of the base surfa
e. The same pro
edure has to be done for Cylindri
al Pasting. The re
tangulardomain of the feature 
ylinder has to be �rst mapped inside the domain of the base surfa
e.A 
ylinder 
an be pasted on two types of NUBS base surfa
es: a normal NUBS surfa
e, or a 
ylindri
alNUBS surfa
e. Depending on the type of the base surfa
e, the re
tangular domain of the feature 
ylinderwill be transformed to the base domain in two di�erent ways.
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(a) World spa
e Base Domain

Edge of Feature Domain

(b) Domain spa
eFigure 3: A blending 
ylinder on a normal NUBS surfa
e.In the �rst 
ase, the base surfa
e is a normal NUBS surfa
e with a re
tangular domain. Only oneof the two edges of the feature 
ylinder will be pasted on the base, as shown in Figure 3(a). We lo
ate4



the position of the edge of the feature on the base surfa
e through a domain asso
iation. The edge ofthe feature domain 
orresponding to the edge of the feature surfa
e that is to lie on the base surfa
e ismapped to 
ir
le in the base domain as shown in Figure 3(b). By default, we initially lo
ate the domainfor the feature 
ylinder at the 
enter of the base domain with a prede�ned radius; the user may s
ale andtranslate this 
ir
le within the base domain. The se
ond 
ir
le (dotted) in this �gure is used for mappingthe derivatives, as dis
ussed in the next se
tion.
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(a) World spa
e Feature
Domain

Edge of

Base Domain(b) Domain spa
eFigure 4: A blending 
ylinder on a 
ylindri
al NUBS surfa
e.In the se
ond 
ase, both the base and features surfa
es are NUBS 
ylinders. Again, only one of thefeature 
ylinder's edges is pasted on the base as illustrated in Figure 4(a), with the top 
ylinder as thebase. To lo
ate the edge of the feature surfa
e on the base surfa
e, we again map an edge of the feature'sdomain into the base domain. As shown in Figure 4(b), the mapping of this edge is di�erent. Sin
e thebase is a 
ylinder, we map the edge of the domain to a line that spans the base domain. Sin
e the twosides of the base domain represent the seam of the 
ylinder, we have mapped the 
losed 
urve of the edgeof the feature surfa
e to a 
losed 
urve on the base surfa
e. The arrow in this �gure is used to map thederivatives, as dis
ussed in the next se
tion.4.3 Control Points Displa
ement S
hemeAs the me
hanism of Cylindri
al Pasting is based on the idea of trimline-based blending, the major issueis to determine the trimlines on the base surfa
es. The body of the blend is 
onstru
ted from the spine
urve to be de�ned from the trimlines, and the pro�le 
urves along the spine 
urve.In standard pasting, ea
h 
ontrol point of the feature surfa
e is represented relative to a lo
al 
oor-dinate frame. These frames are then mapped on to the base surfa
e, and ea
h feature 
ontrol point ispla
ed relative to the image of its lo
al frame. For 
ylindri
al pasting, we only have an identi�
ation ofthe �rst two rows of the feature 
ontrol points with the base surfa
e. These two layers 
an be mappedusing the standard pasting method, although we will present a better mapping of the se
ond layer of
ontrol points. The remaining feature 
ontrol points must be mapped in a di�erent manner. In thisse
tion, we dis
uss the mapping of the �rst two layers of 
ontrol points, and in the next se
tion wedis
uss the mapping of the remaining layers of 
ontrol points.The �rst two layers of 
ontrol points at either end of the 
ylinder determine the position and �rstderivatives along the boundary. We 
all these two rows of 
ontrol points the 0th and 1st layers in theworld spa
e, denoted as L0 and L1, respe
tively. L0 is analogous to the trimline in the trimline-basedblending method.We mapped the L0 layer of the feature 
ylinder in the same manner as standard pasting. Ea
h L0point is lo
ated at the Greville point in the embedded feature domain, giving a zero displa
ement ve
torrelative to its lo
al frame, and the standard pasting pro
edure is used to paste these points. In otherwords, the boundary 
ontrol points of the feature 
ylinder map to points on the base surfa
e. Thispro
edure is done for both edges of the feature 
ylinder. The result is that the boundary of the pasted5




ylinder will lie 
lose, but not dire
tly on, the base surfa
e. If the C0 dis
ontinuity is too high, it 
an beredu
ed by performing knot insertion on the feature 
ylinder, as is done for standard pasting.Next, we map the L1 layer to approximate C1 
ontinuity, whi
h in standard pasting required thedispla
ement ve
tors for the L1 layer 
ontrol points to be set to zero. With 
ylindri
al pasting, we onlyhave the boundaries of the 
ylinder's domain asso
iated with the base domain. So in our initial attempt,for pasting a 
ylinder on a NUBS surfa
e we pla
ed a se
ond 
ir
le in the base domain, with the same
enter but smaller radius than the �rst 
ir
le (the dotted 
ir
le of Figure 3(b)). And to paste a 
ylinderon another 
ylinder, we asso
iated the L1 layer with the base domain by using a ve
tor perpendi
ularto the lo
ation of the feature domain edge within the base domain (the arrow in Figure 4(b)). In both
ases, on
e the identi�
ation of the L1 layer of the feature with the base domain was made, we mappedthe L1 layer of the feature in the same manner as standard pasting.
            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

(a) Untrimmed base view
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(b) Trimmed base viewFigure 5: Pasting with C1 
ontinuity.To get a better feel for the C0 and C1 dis
ontinuities, we looked at both the trimmed and untrimmedsurfa
es, and dis
overed two problems. The �rst problem is that while the boundary of the feature liesnear the base, it is still una

eptably far from it as seen in Figure 5(b). This problem 
an be handledby inserting more knots in the V parametri
 dire
tion. However, using the standard pasting methodfor the se
ond layer of 
ontrol points was problemati
: the C1 dis
ontinuity was still una

eptably highFigure 5(a) (in this �gure, the feature 
ylinder is rendered as partially transparent). Adding knots inthe V parametri
 dire
tion has no e�e
t on this dis
ontinuity, and adding knots in the U parametri
dire
tion yields only small improvements.To redu
e the C1 dis
ontinuity, we 
hanged the method for pasting the L1 layer of 
ontrol points. For
ylindri
al pasting, we still paste the L0 layer of 
ontrol points by using the method of standard pastingusing zero length displa
ement ve
tors. Then, at ea
h feature 
ontrol point C0;j of L0, we 
onstru
ta 
oordinate frame F0;j, where C0;j is the origin, the unit derivative ve
tor in the V dire
tion is one
oordinate ve
tor, the derivative ve
tor in the U dire
tion is the se
ond 
oordinate ve
tor, with their
ross-produ
t forming the third derivative ve
tor (Figure 6(a)).Next, we map the frames for the L0 layer to the embedded domain of the base surfa
e (Figure 6(b)).Here, the two frame ve
tors that are tangent to the unpasted feature surfa
e are mapped to the domainplane so that the basis ve
tor tangent to the 
ir
le along the edge of the 
ylinder maps to be tangent tothe 
ir
le in the base domain, and other tangent ve
tor that lies in the tangent plane of the 
ylinder mapsto be perpendi
ular to the 
ir
le, pointing inside the 
ir
le (the third basis ve
tor is mapped parallel tothe z-axis). We then map the frames on to the base surfa
e and 
onstru
t the F 00;j frames. Ea
h L1layer 
ontrol point P1;j is then expressed as a displa
ement relative to frame F0;j, and as with standardpasting these values are used to weight the elements of F 00;j to get the lo
ation of P 01;j.The net e�e
t of the new method is to map di�eren
es of 
ontrol points on the L1 and L0 layers (e.g.,P1;j �P0;j) to 
ross-boundary derivatives of the base surfa
e. With the new s
heme both the C0 and C1dis
ontinuities are de
reased as we insert knots in the V parametri
 dire
tion of the feature.This new method of mapping the L1 layer has a lower C1 dis
ontinuity than the original method formapping this layer as 
an be seen in the other images in this paper. Although devised for 
ylindri
alpasting, this method for mapping the se
ond layer of 
ontrol points 
ould easily be in
orporated intostandard pasting, and should give a redu
tion in C1 dis
ontinuity with no in
rease in 
omputational 
ost.6



F

P1,j

0,j(a) Feature 
ylinder (b) Base domainFigure 6: Cylindri
al displa
ement mapping4.4 The Remaining Control PointsOn
e we have mapped the L0 and L1 layers of both ends of the feature on to two bases surfa
es, we needto map the remaining layers of the feature's 
ontrol points. This is a standard extrusion problem; sin
eour fo
us was on the pasting pro
ess (i.e., the mapping of the boundary 
ontrol points), we implementeda simple te
hnique using a spine 
urve, reparameterized to a near ar
 length parameterization, and thenmapped the L1 layers along this 
urve.We 
onsidered using 
ubi
 Hermite splines to 
onne
t the Li layers as Kim and Elber did [8℄. Had wedone this, then the mapping of the L0 and L1 layers des
ribed in the previous se
tion would 
ompletethe mapping of our 
ylinder, and our method would essentially be identi
al to that of Kim and Elber.However, we intend to use our method for both blending and for longer 
onne
ting pie
es, and we foundthat using only four layers of 
ontrol points gave poor results for longer 
onne
ting pie
es.If we have more than four layers of 
ontrol points, after mapping both pairs of L0 and L1 layers,we need to map the remaining interior 
ontrol points of the feature 
ylinder. Initially we tried somesimple linear interpolation te
hniques of the L1 layers to lo
ate the remaining interior 
ontrol points.However, we found that these te
hniques gave us sharp 
reases and/or skews in our 
onne
ting 
ylinder,as illustrated in Figure 7.
L1

L 0

L 1=C 1,j

L 0 =C 0,j

P P2,j 3,j 7,j
P6,jP

5,j
P4,jP P8,j =C 9,j

=C 10,j(a) Sharp turns L 0 =C 0,j

L 0 =C 0,j

L 1=C 1,j

L 0 =C 7,j

L1 =C 6,j

P2,j

P3,j

5,jP

4,jP(b) Skew 
ylinderFigure 7: Linear interpolation leads to poor blends.Instead, we de
ided to use a spine 
urve to spe
ify the approximate path of the feature 
ylinder, and
onstru
t the remaining interior feature 
ylinder 
ontrol points by mapping the L1 layers to lie roughly7



perpendi
ular to this spine 
urve. The rest of this se
tion gives the details of the 
onstru
tion of thisspine 
urve and the mapping of the L1 layers.
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SpineFigure 8: Method to determine an inbetween layer of 
ontrol points.To get a well-shaped blending 
ylinder, we 
onstru
ted the interior 
ontrol points around a spine
urve. This spine 
urve plays the role of the skeleton for the 
ylinder. It is a simple 
ubi
 B�ezier 
urvede�ned by four 
ontrol points: C0, C1, C2 and C3. Ea
h of the two end points, C0 and C3, is the averagepoint of the 
orresponding L1 layers of 
ontrol points. We then 
onstru
t ve
tors ~n0 and ~n3 at C0 andC3 by summing the 
rossprodu
ts with the surrounding points in the layer:n0 = Xj (C1;j �C0)� (C1;j+1 �C0)n3 = Xj (Cn�1;j �C3)� (Cn�1;j+1 � C0)where j + 1 is taken modulo m + 1, with n + 1 and m + 1 being the number of 
ontrol points in thetwo parametri
 dire
tions. The orientations of the ~ni are set to point away from the 
orresponding basesurfa
es.On
e we have C0, C3, ~n0 and ~n3, we lo
ate the other two 
ontrol points, C1 and C2 by pla
ing C1 onthe line given by C0 and ~n0, and C2 on the line given by C3 and ~n3. The Ci are now the 
ontrol pointsof a simple 
ubi
 B�ezier 
urve as shown in Figure 8. The distan
e along the ~ni that we pla
e C1 and C2is a 
urvature parameter that determines the bending of the 
ylindri
al body, and is made available asa shape parameter for the user.To de�ne the 
ylindri
al body, ea
h remaining layer of 
ontrol points P is built as a ring of pointsalong the spine. We will build ea
h of these 
urves as a linear interpolation of the mapped images of thetwo L1 layers at both ends. These mapped images are denoted as L01 in Figure 8.The e�e
t we want is for the left L1 layer to sweep along the 
urve, gradually transforming into theright L1. If we have n+4 layers of 
ontrol points in our blending 
ylinder, then four layers are Li layers,and we need n pro�le 
urves. To 
onstru
t the L01 and P layers, we �rst build a lo
al 
oordinate frame atC0 and one at C3, and represent ea
h of the 
ontrol points in the L1 layers relative to the 
orrespondingframe. We then map these 
oordinate frames along the 
urve so that they are 
entered at a point O(t)on the spine obtained by evaluating O(t) =PCiB3i (t) at some set of t values; the mapping of the basisve
tors of the frames is des
ribed below.While the values t = in+1 , for i = 1 : : : n, might seem like appropriate 
hoi
es for sampling O,this B�ezier 
urve is not ar
-length parameterized. Thus, with uniform samplings of t, we get non-uniform samples on O, resulting in a blend surfa
e with twists. To address that problem, we made anapproximate ar
-length parameterization of O by sampling O uniformly, 
omputing the distan
e betweenthese sample points, and using these distan
es to reparameterize the 
urve. The result is a 
lose-to-ar
-length parameterization, and rings of 
ontrol points that are uniformly spa
ed over O.On
e we have the sample points on O, we need to map the L1 layers to these sample points. Weinitially 
onsidered the idea of rotating L1 along the spine 
urve with progressive degrees to get mappedimages L01 has been 
onsidered. Unfortunately, it is un
lear how to �nd the appropriate degree variationsfor how mu
h ea
h L1 should rotate to give the �nal pro�le to best represent the geometry of its base.8



Instead, we used a geometri
 transformation of ~n, mapping ~n to the ve
tor ~t tangent to the spine 
urveat O(t). This gives the dire
tion for lo
ating the mapped 
oordinate frame derived from C0, hen
e, themapped 
ontrol points 
an be used to lo
ate L01. Applying the same pro
ess to L1 at C3, two mapped
urves L01 are obtained at O(t). To obtain the �nal pro�le 
urve P that re
e
ts the transition betweenthe base surfa
es, we applied linear interpolation (in the layer number) on the generated L01s.4.5 Corresponden
e Assignment Pro
essThe 
ylindri
al pasting pro
ess 
onstru
ts the �rst two layers of 
ontrol points on either end of thepasted 
ylinder by asso
iating boundary 
ontrol points with two edges of the 
ylinder domain, and thenmapping these two edges into the base domain. The interior 
ontrol points are found by transformingthe se
ond layer at either end of the 
ylinder along a 
urve, and then blending 
orresponding points, asdes
ribed earlier in this 
hapter. However, one question that we have left unanswered is how to set up a
orresponden
e between the two layers of blended 
ontrol points.The 
orresponden
e pro
ess is a non-trivial one. If we make a poor mat
h between the two layers,then we introdu
e a twist in our blending surfa
e. In our prototype for 
ylindri
al pasting, we used thefollowing pro
ess (whi
h we note is inadequate in general):1. Using the Cartesian 
oordinate system for the range spa
e and the normal to the plane approximat-ing the ea
h se
ond layer of pasted 
ontrol points, �nd the 
oordinate dire
tion most perpendi
ularto ea
h normal.2. Sele
t the 
ontrol point within the layer whose 
oordinate relative to the sele
ted axis is a maximum.3. Repeat the sele
tion pro
ess with the se
ond layer at the other end of the pasted 
ylinder.4. Asso
iate the two sele
ted 
ontrol points, and asso
iate the remaining 
ontrol points within thelayers starting from the sele
ted 
ontrol points.As stated, the last step still leaves unspe
i�ed the dire
tion around the ring of 
ontrol points. We 
hosethis dire
tion arbitrarily, and allow the user to 
hange the dire
tion for either ring of 
ontrol points.
L1

L 0

L 1=C 1,j

L 0 =C 0,j

P2,j

P3,j 7,j
P

P8,j

6,jP5,j
P

4,jP

=C 9,j

=C 10,j(a) Type 1 L 0 =C 0,j

L 0 =C 0,j

L 1=C 1,j

L 0 =C 7,j

L1 =C 6,j

P2,j

P3,j

5,jP

4,jP(b) Type 2Figure 9: Good blend.Note that this method works reasonably well if the two layers have relative lo
ations similar to thaton the right of Figure 9, but is a poor 
hoi
e if the layers have relative lo
ations similar to that on theleft of Figure 9. Using a better method for solving the 
orresponden
e problem has been left for futurework.For more details on our method, see the te
hni
al report [9℄; see the Vida-Martin-Varady survey [10℄for referen
es to other extrusion methods.5 ResultsWe tested our 
ylindri
al pasting method by blending two surfa
es. Two examples were shown earlier(Figures 3 and 4). A third example is shown in Figure 10. In this �gure, the bottom surfa
e is a plane,9



while the top surfa
e is a 
urved surfa
e. The plane provides a useful test 
ase sin
e the pasting methodfor the boundary 
ontrol points will result in the boundary of the feature meeting the plane with C1
ontinuity. Note, however, that on
e we trim the base, we will not have a C0 join, sin
e the featureboundary is not the trim 
urve. In any 
ase, in this image we see that 
ylindri
al pasting has the desirede�e
t.
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Figure 10: Cylindri
al pasting example.Our system was designed to test the mathemati
al ideas, and was implemented with a simple userinterfa
e. The following is an overview of the system. The user sele
ts two surfa
es to be joined with themouse. The system pla
es the boundary of the feature's domain in ea
h of the base domains. The L0and L1 layers of the feature's 
ontrol points are mapped on to the base, an initial spine 
urve is 
reated,and the remaining layers are set using the method des
ribed in Se
tion 4.4.The user 
an adjust both domains using sliders to adjust the radius of the 
ir
les, and 
an drag the
ir
les/lines representing the feature domains in a pop-up domain window. The user also 
an adjust thespine 
urve using sliders to adjust the 
urvature of the spine 
urve. In the 
urrent system, the user hasto visually inspe
t the joins of the features to the base, and tell the system to insert knots in the featureif the dis
ontinuities are too high. After any adjustment, the system re
omputes the blending feature.Using our surfa
e editor, we were able to drag the ends of the 
ylinder along the base surfa
es andadjust other parameters at intera
tive speeds. The C0 dis
ontinuity was only visible when a small numberof 
ontrol points were used in the V parametri
 dire
tion. This gap would disappear after performingknot insertion in the V dire
tion, although some pixel drop-out was still visible due to the mismat
h intessellations between the base and feature surfa
es.The C1 dis
ontinuity was not visible, although if the 
ross-boundary tangents are too short then thesharp 
urvature at the join was visible.6 Con
lusions and Future WorkThe goal of this work was to extend the surfa
e pasting method to allow us to use the feature surfa
es to
onne
t two base surfa
es. The results in this paper show how to modify the pasting pro
ess to a
hievethis goal. We 
an now use the surfa
e pasting method to 
onne
t two surfa
es, similar to other blendings
hemes. The advantages of 
ylindri
al surfa
e pasting are low degree 
onne
ting pie
es that 
an bemodi�ed at intera
tive speeds.Further, we found an improvement to the standard pasting method for mapping the 
ross-boundary
ontrol points. Our new method of mapping these 
ontrol points results in a lower C1 dis
ontinuity,and knot insertion in the V dire
tion redu
es both the C0 and C1 dis
ontinuities (for standard surfa
epasting, knot insertion in the V dire
tion only redu
es the C0 dis
ontinuity).At this point, several major issues still need to be explored:1. Domain 
urves. We used a NUBS approximation to a 
ir
le to map the edge of the feature domaininto the base domain. However, we have no guarantee that a 
ir
le in the base domain will map toa ni
e 
urve on the base surfa
e. An ideal user interfa
e would either allow the user to spe
ify a10




urve on the base surfa
e, or the system would �nd automati
ally a good �rst guess of a 
urve onthe base surfa
e, and map this 
urve ba
kwards into the base domain.2. Hierar
hi
al Modeling. The goal of surfa
e pasting is to provide a hierar
hi
al modeling methodthat allows reuse of feature surfa
es. The 
urrent version of 
ylindri
al surfa
e pasting is non-hierar
hi
al. While some aspe
ts of extending 
ylindri
al surfa
e pasting to be a hierar
hi
al methodare straightforward, other aspe
ts will be more diÆ
ult. In parti
ular, if you paste both ends of a
ylinder on to the same surfa
e, then the resulting surfa
e will be of higher genus than the originalbase surfa
e.1 Su
h topologi
al issues will 
ompli
ate the hierar
hi
al 
ylindri
al surfa
e pastingte
hnique.Re
ently, Gozonlez-O
hoa and Peters [7℄ have developed an o�set method similar to surfa
e pasting.Their method works on top of a winged-edge data stru
ture, and readily solves these topology issues.Hierar
hi
al modeling with 
ylindri
al surfa
e pasting will probably need to take a similar approa
h.3. Fine tuning. The 
urrent system was a proof-of-
on
ept implementation. The user interfa
e is lowlevel, with the user dire
tly adjusting various parameters through sliders. Further, parts of what isnow dire
tly 
ontrolled by the user 
ould be automated, su
h as automati
ally inserting knots toredu
e the C1 and C0 dis
ontinuities to the user spe
i�ed toleran
e.Finally, our 
onstru
tion of the interior 
ontrol points was an ad ho
 
onstru
tion intended to testthe feasibility of 
ylindri
al surfa
e pasting. Instead, the shape of the 
ylindri
al blend 
ould beautomati
ally set to a
hieve various goals (
losest �t to a 
ylinder, minimize maximal 
urvature,et
.).7 A
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