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Abstra
t

This thesis 
on
erns 
ombinatori
s on words. I present many results in this area, united

by the 
ommon themes of periodi
ity and repetition. Most of these results have already

appeared in journal or 
onferen
e arti
les. Chapter 2 { Chapter 5 
ontain the most signi�
ant


ontribution of this thesis in the area of 
ombinatori
s on words. Below we give a brief

synopsis of ea
h 
hapter.

Chapter 1 introdu
es the subje
t area in general and some ba
kground information.

Chapter 2 and Chapter 3 grew out of attempts to prove the De
reasing Length Conje
ture

(DLC). The DLC states that if ' is a morphism over an alphabet of size n then for any word

w, there exists 0 � i < j � n su
h that j'

i

(w)j � j'

j

(w)j. The DLC was proved by S.

Cautis and S. Yazdani in Periodi
ity, morphisms, and matri
es in Theoret. Comput. S
i.

(295) 2003, 107-121.

More spe
i�
ally, Chapter 2 gives two generalizations of the 
lassi
al Fine and Wilf

theorem whi
h states that if (f

n

)

n�0

, (g

n

)

n�0

are two periodi
 sequen
es of real numbers, of

period lengths h and k respe
tively, then

(a) If f

n

= g

n

for 0 � n < h+ k � g
d(h; k), then f

n

= g

n

for all n � 0.

(b) The 
on
lusion in (a) would be false if h+ k � g
d(h; k) were repla
ed by any smaller

number.
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We give similar results where equality in (a) is repla
ed by inequality and to where there

are more than two sequen
es. These generalizations 
an be used to prove weak versions of

the DLC.

Chapter 3 gives an essentially optimal bound to the following matrix problem. Let A be

an n�n matrix with non-negative integer entries. Let f(n) be the smallest integer su
h that

for all A, there exist i < j � f(n) su
h that A

i

� A

j

, where A � B means ea
h entry of A

is less than or equal to the 
orresponding entry in B. The question is to �nd good upper

bounds on f(n). This problem has been atta
ked in two di�erent ways. We give a method

that proves an essentially optimal upper bound of n+g(n) where g(n) is the maximum order

of an element of the symmetri
 group on n obje
ts. A se
ond approa
h yields a slightly worse

upper bound. But this approa
h has a result of independent interest 
on
erning irredu
ible

matri
es. A non-negative n � n matrix A is irredu
ible if

P

n�1

i=0

A

i

has all entries stri
tly

positive. We show in Chapter 3 that if A is an irredu
ible n�n matrix, then there exists an

integer e > 0 with e = O(n log n) su
h that the diagonal entries of A

e

are all stri
tly positive.

These results improve on results in my Master's thesis and are a version of the DLC in the

matrix setting. They have dire
t appli
ations to the growth rate of words in a D0L system.

Chapter 4 gives a 
omplete 
hara
terization of two-sided �xed points of morphisms. A

weak version of the DLC is used to prove a non-trivial 
ase of the 
hara
terization. This


hara
terization 
ompletes the previous work of Head and Lando on �nite and one-sided

�xed points of morphisms.

Chapter 5, 6 and 7 deal with avoiding di�erent kinds of repetitions in in�nite words.

Chapter 5 deals with problems about simultaneously avoiding 
ubes and large squares

in in�nite binary words. We use morphisms and �xed points to 
onstru
t an in�nite binary

word that simultaneously avoid 
ubes and squares xx with jxj � 4. M. Dekking was the

�rst to show su
h words exist. His 
onstru
tion used a non-uniform morphism. We use only

uniform morphisms in Chapter 5. The 
onstru
tion in Chapter 5 is somewhat simpler than

Dekking's.
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Chapter 6 deals with problems of simultaneously avoiding several patterns at on
e. The

patterns are generated by a simple arithmeti
 operation.

Chapter 7 proves a variant of a result of H. Friedman. We say a word y is a subsequen
e

of a word z if y 
an be obtained by striking out zero or more symbols from z. Friedman

proved that over any �nite alphabet, there exists a longest �nite word x = x

1

x

2

� � �x

n

su
h

that x

i

x

i+1

� � �x

2i

is not a subsequen
e of x

j

x

j+1

� � �x

2j

for 1 � i < j � n=2. We 
all su
h

words self-avoiding. We show that if \subsequen
e" is repla
ed by \subword" in de�ning

self-avoiding, then there are in�nite self-avoiding words over a 3-letter alphabet but not over

binary or unary alphabets. This solves a question posed by Jean-Paul Allou
he.

In Chapter 8 we give an appli
ation of the existen
e of in�nitely many square-free words

over a 3-letter alphabet. The dupli
ation language generated by a word w is roughly speaking

the set of words that 
an be obtained from w by repeatedly doubling the subwords of w.

We use the existen
e of in�nitely many square-free words over a 3-letter alphabet to prove

that the dupli
ation language generated by a word 
ontaining at least 3 distin
t letters is

not regular. This solves an open problem due to J. Dassow, V. Mitrana and Gh. P�aun. It is

known that the dupli
ation language generated by a word over a binary alphabet is regular.

It is not known whether su
h languages are 
ontext-free if the generator word 
ontains at

least 3 distin
t letters. After the defen
e of my thesis I noti
ed that essentially the same

argument was given by Ehrenfeu
ht and Rozenberg in Regularity of languages generated by


opying systems in Dis
rete Appl. Math. (8) 1984, 313-317.

Chapter 9 de�nes a new \des
riptive" measure of 
omplexity of a word w by the minimal

size of a deterministi
 �nite automaton that a

epts w (and possibly other words) but no

other words of length jwj. Lower and upper bounds for various 
lasses of words are proved

in Chapter 9. Many of the proofs make essential use of repetitions in words.
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Chapter 1

Introdu
tion

The basi
 obje
t of this thesis is a word, that is a sequen
e { �nite or in�nite { of symbols

from a �nite set. We present several results on periodi
ity and repetition in words and

their appli
ations. These results fall loosely under the subje
t of 
ombinatori
s on words

[Lot83, Lot02, CK97, BK03℄.

A fundamental notion of words is periodi
ity. A word w = w

1

w

2

� � � is said to be periodi


with period p if w

i

= w

i+p

for i = 1; 2; : : :. A fundamental and one of the oldest results about

periodi
ity is the 
lassi
al theorem of Fine and Wilf [FW65℄. The Fine and Wilf theorem

states that if (f

n

)

n�0

, (g

n

)

n�0

are two periodi
 sequen
es of real numbers, of period lengths

h and k respe
tively, then

(a) If f

n

= g

n

for 0 � n < h+ k � g
d(h; k), then f

n

= g

n

for all n � 0.

(b) The 
on
lusion in (a) would be false if h+ k � g
d(h; k) were repla
ed by any smaller

number.

In Chapter 2 we give several non-trivial generalizations of this theorem. We give re-

sults where equality in (a) is repla
ed by inequality and to where there are more than two

sequen
es.

These generalizations 
an be used to prove weak versions of the De
reasing Length Con-

1



CHAPTER 1. INTRODUCTION 2

je
ture (DLC) whi
h was proved in [CMS

+

03℄. We 
an state DLC in terms of morphisms.

A morphism is a map h from �

�

! �

�

su
h that h(xy) = h(x)h(y) for all x, y 2 �

�

. The

DLC states that if ' is a morphism over an alphabet of size n then for any word w, there

exists 0 � i < j � n su
h that j'

i

(w)j � j'

j

(w)j.

There is an interesting 
onne
tion between the Fine and Wilf theorem and in�nite stur-

mian words [dLM94, Ber02℄. An in�nite sturmian word is an in�nite binary word with

exa
tly n + 1 distin
t subwords of length n for all n � 1. We 
onsider the set PER

p;q

of

�nite words w of length p+ q�2 with 
oprime periods p and q and is not a power of a single

letter. Su
h w 
an be viewed as maximal 
ommon pre�xes of sequen
es f and g for whi
h

the 
on
lusion in part (a) of the Fine and Wilf theorem is false. It turns out that all su
h

maximal 
ommon pre�xes are binary words. In fa
t they are pre
isely the lenth p + q � 2

pre�xes of a sub
lass (
hara
teristi
 sturmian words) of sturmian words. Also the set of

subwords of sturmian words 
oin
ides with the set of subwords of PER

p;q

unioned over all


oprime p and q.

Several other generalizations should be mentioned. Castelli, Mignosi and Restivo have

generalized Fine and Wilf to three periods [CMR99℄. They de�ne a fun
tion f(p

1

; p

2

; p

3

) �

1

2

(p

1

+ p

2

+ p

3

) su
h that if three periodi
 fun
tions { with periods p

1

, p

2

and p

3

respe
tively

{ have a 
ommon pre�x of length at least f(p

1

; p

2

; p

3

), then they equal ea
h other. Justin

[Jus00℄ has extended this result to an arbitrary number of periods. Tijdeman and Zamboni

[TZ03℄ give a fast algorithm to 
ompute for a given set of periods a maximal 
ommon pre�x

w of periodi
 sequen
es for whi
h the 
on
lusion of the Fine and Wilf theorem is false. They

showed that su
h a w is uniquely determined up to isomorphism and that it is a palindrome.

A palindrome is a word w su
h that the reversal of w equals w. Simpson and Tijdeman [ST03℄

also give an multi-dimensional version of the Fine and Wilf theorem. Berstel and Boasson

dis
ussed Fine and Wilf theorem in the 
ase of partial words [BB99, BH02℄. A partial words

is a word where there are some positions in the word that are unde�ned. Finally there is a


onne
tion to problems about 
overing the integers by residue 
lasses, see [Sun04a, Sun04b℄.
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In Chapter 3 we 
onsider DLC in the matrix setting. The problem is as follows. Let

A be an n � n matrix with non-negative integer entries. Let f(n) be the smallest integer

su
h that for all A, there exist i < j � f(n) su
h that A

i

� A

j

, where A � B means ea
h

entry of A is less than or equal to the 
orresponding entry in B. The question is to �nd

good upper bounds on f(n). This problem has been atta
ked in two di�erent ways. We

give a method that proves an essentially optimal upper bound of n + g(n), where g(n) is

the maximum order of an element of the symmetri
 group on n obje
ts. A se
ond approa
h

yields a slightly worse upper bound. But this approa
h has a result of independent interest


on
erning irredu
ible matri
es. A non-negative n�n matrix A is irredu
ible if

P

n�1

i=0

A

i

has

all entries stri
tly positive. We show in Chapter 3 that if A is an irredu
ible n � n matrix,

then there exists an integer e > 0 with e = O(n log n) su
h that the diagonal entries of A

e

are all stri
tly positive. These results improve on results in my Master's thesis [Wan99℄.

They have dire
t appli
ations to the growth rate of words in a D0L system.

Morphisms and their �xed points are basi
 tools used in solving many problems on words.

For example, nearly every expli
it 
onstru
tion of an in�nite word avoiding 
ertain patterns

involve the �xed point of a morphism [HM56, Lee57, Ze
58, Ple70℄. They are also worthy

of study in their own right [CK97, HK97℄. For example, de�ne a morphism � by �(0) = 01

and �(1) = 10. The Thue-Morse word

t = 0110100110010110 � � �

is the unique one-sided in�nite �xed point of � whi
h starts with 0. The word t is overlap-

free, that is, 
ontains no subword of the form axaxa, where a 2 f0; 1g, and x 2 (0 + 1)

�

.

The Thue-Morse word appears in many di�erent 
ontexts [AS99℄. Morse [Mor21℄ introdu
ed

t in 
onne
tion with a problem in di�erential geometry. It 
an be used to solve a problem

in 
hess [Euw29, MH44℄. It provides a solution to the Prouhet-Tarry-Es
ott problem in

number theory [AL77, Pro51, Leh47℄. It is used in solving the Burnside problem for groups:
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Is every group with a �nite number of generators and satisfying the identity x

n

= 1 �nite?

[Adi79, NA68℄. A simple transformation of t 
an be used to solve the Burnside problem

for semigroups [MH44, RR85℄. t also has many interesting extremal 
hara
terizations. For

example, if an overlap-free binary sequen
e is a �xed point of a non-trivial morphism, then

it is either equal to t or its 
omplement 1001011001101001 � � � (1's and 0's are swit
hed)

[S�e�e85℄. It is also the lexi
ographi
ally largest overlap-free in�nite binary word beginning

with 0 [Ber95℄. If we 
onsider t as the binary expansion of a real number, then we have

the following interesting extremal 
hara
terization. Let � =

P

n�1

t

n

2

�n

where t

n

is the

(n+ 1)-th digit of t. De�ne a set of real numbers � by

� = fx 2 [0; 1℄ j 8k � 0; 1 � x � f2

k

xg � xg;

where fxg denotes the fra
tional part of x. Then � is the least irrational element of � [AM01℄.

Hopefully these results 
onvin
e the reader that �xed points of morphisms are interesting

obje
ts of study.

In Chapter 4 we give a 
omplete 
lassi�
ation of two-sided �xed points of morphisms.

This 
lassi�
ation e�ort led to the formulation of the De
reasing Length Conje
ture. A

weak version of DLC appears as Lemma 4.4.4 whi
h is used to prove a non-trivial 
ase of

the 
hara
terization. This 
hara
terization 
ompletes the previous work of Head and Lando

[Hea81, HL86℄ on �nite and one-sided �xed points of morphisms. Fory�s in [For04℄ studied a

related problem.

The earliest systemati
 study of problems on words was initiated by Axel Thue at the

beginning of last 
entury. He published two long papers [Thu06, Thu12℄ in whi
h he inves-

tigated among other things the stru
ture of the set of square-free words over a three letter

alphabet. A word is square-free if it does not 
ontain two adja
ent identi
al blo
ks of symbols.

Thue also noted an interesting parallel between his method/results with those in diophantine

equations in number theory. Chapter 5, 6 and 7 
ontain results on pattern avoidan
e whi
h
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are des
endants of this line of resear
h. Chapter 8 
ontains a small appli
ation of the result

that squares are avoidable over a 3-letter alphabet.

A square is a nonempty word of the form xx, as in the English word murmur. A 
ube is a

nonempty word of the form xxx, as in the English sort-of-word shshsh. Chapter 5 deals with

problems about simultaneously avoiding 
ubes and large squares in in�nite binary words.

We use morphisms and �xed points to 
onstru
t an in�nite binary word that simultaneously

avoid 
ubes and squares xx with jxj � 4. M. Dekking was the �rst to show su
h words exist

[Dek76℄. His 
onstru
tion used a non-uniform morphism. We use only uniform morphisms

in Chapter 5. The 
onstru
tion in Chapter 5 is somewhat simpler than Dekking's.

Chapter 6 deals with problems of simultaneously avoiding several patterns at on
e. Here

we 
onsider a generalization of Thue's problem. We de�ne �

k

= f0; 1; 2; : : : ; k� 1g for some

integer k � 2, and we de�ne the morphism �

k

(a) = (a+1) mod k. We omit the subs
ript k if

it is 
lear from the 
ontext. In this 
hapter, we 
onsider avoiding patterns of the form x�

i

(x).

The work here is a spe
ial 
ase of more general pattern avoidan
e problems [BEM79, Cur93℄.

Chapter 7 proves a variant of a result of Friedman [Fri01, Fri00℄. We say a word y is

a subsequen
e of a word z if y 
an be obtained by striking out zero or more symbols from

z. Friedman proved that over any �nite alphabet, there exists a longest �nite word x =

x

1

x

2

� � � x

n

su
h that x

i

x

i+1

� � � x

2i

is not a subsequen
e of x

j

x

j+1

� � �x

2j

for 1 � i < j � n=2.

We 
all su
h words self-avoiding. We show that if \subsequen
e" is repla
ed by \subword"

in de�ning self-avoiding, then there are in�nite self-avoiding words over a 3-letter alphabet

but not over binary or unary alphabets. This solves a question posed by Jean-Paul Allou
he.

In Chapter 8 we give an appli
ation of the existen
e of in�nitely many square-free words

over a 3-letter alphabet. The dupli
ation language generated by a word w is roughly speaking

the set of words that 
an be obtained from w by repeatedly doubling the subwords of w.

We used the existen
e of in�nitely many square-free words over a 3-letter alphabet to prove

that the dupli
ation language generated by a word 
ontaining at least 3 distin
t letters is

not regular. This solves an open problem due to J. Dassow, V. Mitrana and Gh. P�aun. It is
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known that the dupli
ation language generated by a word over a binary alphabet is regular

[DMP99℄. It is not known whether su
h languages are 
ontext-free if the generator word


ontains at least 3 distin
t letters. After the defen
e of my thesis I noti
ed that essentially

the same argument was given by Ehrenfeu
ht and Rozenberg [ER84℄.

Des
riptive 
omplexity is an intrinsi
 property of words. The 
lassi
al measure of Kolmogorov-

Chaitin has proved to be a ri
h area of study with many appli
ations. However, the

Kolmogorov-Chaitin measure is not a 
omputable measure. In Chapter 9, we propose a


omputable measure similar in spirit to the Kolmogorov-Chaitin measure and study some

of its basi
 properties. We de�ne for a word w, its automati
 
omplexity A(w) to be the

minimal size of a deterministi
 �nite automaton that a

epts w (and possibly other words)

but no other words of length jwj. It turns out that many aspe
ts of this measure are 
losely

related to repetitions in the word being measured. For example, a word w is said to be

kth-power-free if w does not 
ontain k adja
ent identi
al blo
ks of symbols. Theorem 9.4.3

in Chapter 9 shows that if a word w is kth-power-free, then A(w) �

jwj+1

k

. These and other

potential 
onne
tions with 
ombinatori
s on words are the reason for Chapter 9's in
lusion

in this thesis.

Finally, we note that the most signi�
ant 
ontributions to the area of 
ombinatori
s on

words are in Chapter 2 through Chapter 5.



Chapter 2

Variations on a Theorem of Fine and

Wilf

This 
hapter is based on the work of S. Cautis, S. Yazdani, F. Mignosi, J. Shallit and M.-w.

Wang [MSW01, CMS

+

03℄.

2.1 Introdu
tion

In this 
hapter we explore several generalizations of a 
lassi
al theorem of Fine and Wilf.

Periodi
ity is an important property of words that has appli
ations in various domains.

For instan
e, it has appli
ations in string sear
hing algorithms (
f. [CR94℄), in formal lan-

guages (
f. for instan
e the pumping lemmas in Salomaa [Sal73℄), and it is an important part

of 
ombinatori
s on words (
f. [CK97, Ber02℄).

We say a sequen
e (f

n

)

n�0

is periodi
 with period length h � 1 if f

n

= f

n+h

for all n � 0.

The following is a 
lassi
al \folk theorem":

Theorem 2.1.1 If (f

n

)

n�0

is a sequen
e of real numbers whi
h is periodi
 with period lengths

h and k, then it is periodi
 with period length g
d(h; k).

7
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Proof. By the extended Eu
lidean algorithm, there exist integers r; s � 0 su
h that

rh� sk = g
d(h; k). Then we have

f

n

= f

n+rh

= f

n+rh�sk

= f

n+g
d(h;k)

for all n � 0.

The 1965 theorem of Fine and Wilf [FW65℄ is the following:

Theorem 2.1.2 Let (f

n

)

n�0

, (g

n

)

n�0

be two periodi
 sequen
es of real numbers, of period

lengths h and k respe
tively.

(a) If f

n

= g

n

for 0 � n < h+ k � g
d(h; k), then f

n

= g

n

for all n � 0.

(b) The 
on
lusion in (a) would be false if h+ k � g
d(h; k) were repla
ed by any smaller

number.

We �rst 
onsider some variations on the theorem of Fine and Wilf in whi
h equality is

repla
ed by inequality.

2.2 First variation

We begin with a bit of notation and a lemma. Let a = (a

i

)

i�0

be a sequen
e of real

numbers, and let p = (p

0

; p

1

; : : : ; p

h�1

) be a ve
tor of real numbers of dimension h � 1.

We will frequently need the new sequen
e p Æ a resulting from taking su

essive \`windows"

of length h of a and forming their dot produ
t with p. More formally, we de�ne p Æ a :=

(

P

0�i<h

p

i

a

n+i

)

n�0

.

Lemma 2.2.1 Let p = (p

0

; p

1

; : : : ; p

h�1

) be a ve
tor of h � 1 real numbers and q =

(q

0

; q

1

; : : : ; q

k�1

) be a ve
tor of k � 1 real numbers. Then q Æ (p Æ a) = (qp) Æ a, where
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by qp we mean the ve
tor (r

0

; r

1

; : : : ; r

h+k�2

) de�ned by

r

n

=

X

0�i<h

0�j<k

i+j=n

p

i

q

j

:

Proof. De�ne P (z) =

P

0�i<h

p

i

z

i

, Q(z) =

P

0�i<k

q

i

z

i

, and A(z) =

P

i�0

a

i

z

�i

. If

p Æ a = (t

i

)

i�0

then it is easy to see that P (z)A(z) =

�

P

i�0

t

i

z

�i

�

+ W (z), where W is

a polynomial of degree degP su
h that W (0) = 0. If q Æ (p Æ a) = (u

i

)

i�0

it follows that

Q(z)P (z)A(z) =

�

P

i�0

u

i

z

�i

�

+ S(z) where S(0) = 0. Hen
e q Æ (p Æ a) = (qp) Æ a.

For the rest of this 
hapter, we abuse notation slightly by writing P Æ a for p Æ a, where

p = (p

0

; p

1

; : : : ; p

h�1

) and P (z) =

P

0�i<h

p

i

z

i

.

We are now ready to state and prove our �rst variation on the theorem of Fine and Wilf.

Theorem 2.2.2 Let f = (f

n

)

n�0

, g = (g

n

)

n�0

be two periodi
 sequen
es of real numbers, of

period lengths h and k, respe
tively, su
h that

X

0�i<h

f

i

� 0 (2.1)

and

X

0�j<k

g

j

� 0: (2.2)

Let d = g
d(h; k). If

f

n

� g

n

for 0 � n < h+ k � d (2.3)

then

(i) f

n

= g

n

for all n � 0; and

(ii)

P

j�i<j+d

f

i

=

P

j�i<j+d

g

i

= 0 for all integers j � 0.
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Proof. Let d = g
d(h; k), and de�ne

P (z) = 1 + z + � � � + z

h�1

= (z

h

� 1)=(z � 1);

Q(z) = 1 + z + � � � + z

k�1

= (z

k

� 1)=(z � 1):

De�ne

R(z) = (z

k

� 1)=(z

d

� 1);

S(z) = (z

h

� 1)=(z

d

� 1):

Then none of P;Q;R; S is identi
ally zero, but all have non-negative 
oeÆ
ients. By hy-

pothesis (2.1) we have P Æ f � 0. Hen
e R Æ (P Æ f) � 0. But by Lemma 2.2.1 this means

RP Æ f � 0: (2.4)

Similarly by hypothesis (2.2) we have Q Æ (�g) � 0; hen
e

SQ Æ (�g) = S Æ (Q Æ (�g)) � 0: (2.5)

Note that RP = SQ, and RP is a polynomial of degree h+ k� d� 1. De�ne the 
oeÆ
ients

e

i

by R(z)P (z) =

P

0�i<h+k�d

e

i

z

i

. By (2.4) and (2.5) we have

X

0�i<h+k�d

e

i

(f

i

� g

i

) � 0: (2.6)

Now we 
laim that all the 
oeÆ
ients e

i

are stri
tly positive. To see this, note that

R(z)P (z) =

z

h

� 1

z

d

� 1

�

z

k

� 1

z � 1

= (1 + z

d

+ z

2d

+ � � � + z

h�d

)(1 + z + z

2

+ � � � + z

k�1

):
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If i < h, write i = qd+ r where 0 � r < d, and 
hoose the term z

qd

from the left fa
tor and

z

r

from the right fa
tor to see e

i

> 0. If h � i < h+ k � d, 
hoose z

h�d

from the left fa
tor

and z

i�h+d

from the right fa
tor to see e

i

> 0.

Sin
e the e

i

are all stri
tly positive, 
ombining the inequality (2.6) with the hypothesis

(2.3) that f

n

� g

n

for 0 � n < h+ k � d gives f

n

= g

n

for 0 � n < h+ k � d. But then, by

the Fine and Wilf theorem, f

n

= g

n

for all n � 0. This proves (a)(i).

Next we prove (a)(ii). Sin
e f

n

= g

n

for all n � 0, it follows that f is periodi
 of period

length h and k, and hen
e by Theorem 2.1.1, of period d. The sum over the terms of this

period must be 0, sin
e if it were less than 0 this would 
ontradi
t hypothesis (2.1), while if

it were greater than 0 this would 
ontradi
t hypothesis (2.2).

Then f

j

+ f

j+1

+ � � � + f

j+d�1

is just a 
y
li
 permutation of f

0

+ f

1

+ � � � + f

d�1

, whi
h

equals 0. A similar argument applies to g.

It is known that the bound h+ k � d is tight [MSW01℄.

Remarks. Theorem 2.2.2 is reminis
ent of some 
lassi
al theorems on trigonometri
 poly-

nomials. For example, Fej�er [Fej13℄ proved that a real trigonometri
 polynomial with 0


onstant term

�

1


os � + �

1

sin � + �

2


os(2�) + �

2

sin(2�) + � � �+ �

r


os(r�) + �

r

sin(r�)


annot have the same sign for all real � unless it is identi
ally zero. Also see P�olya and Szeg�o

[PS76, pp. 80, 263℄ and Gilbert and Smyth [GS00℄.

2.3 Se
ond variation: more than two periods

In this se
tion we 
onsider some variations on the Fine and Wilf theorem for more than

two periods. For other generalizations of Fine and Wilf to more than two periods, see

[CMR99, Jus00, TZ03, ST03℄.



CHAPTER 2. VARIATIONS ON A THEOREM OF FINE AND WILF 12

For our �rst theorem, we need a little notation. For integers p � 1 let !

p

denote a

primitive p'th root of unity, i.e., !

p

:= e

2�

p

�1=p

. De�ne

R

p

:= f!

i

p

: 0 � i < pg = f! 2 C : !

p

= 1g:

Finally, for integers h

1

; h

2

; : : : ; h

r

� 1 de�ne


(h

1

; h

2

; : : : ; h

r

) = jR

h

1

[ R

h

2

[ � � � [ R

h

r

j;

the number of distin
t roots of unity among the h

1

'th, h

2

'th, et
., roots of unity.

By the prin
iple of in
lusion-ex
lusion, it follows that


(h

1

; h

2

; : : : ; h

r

) =

X

S�fh

1

;h

2

;:::;h

r

g

S 6=;

g
d(S)(�1)

jSj+1

;

where by g
d(S) for S a nonempty set we mean the greatest 
ommon divisor of all elements

of S. For example,


(6; 10; 15) = 6 + 10 + 15 � g
d(6; 10) � g
d(6; 15) � g
d(10; 15) + g
d(6; 10; 15) = 22:

Theorem 2.3.1 Let (f

i

(n))

n�0

, 1 � i � r, be r periodi
 
omplex-valued sequen
es with pe-

riod lengths h

1

; h

2

; : : : ; h

r

, respe
tively. Suppose

P

1�i�r

f

i

(n) = 0 for 0 � n < 
(h

1

; h

2

; : : : ; h

r

).

Then

P

1�i�r

f

i

(n) = 0 for all n � 0.

Proof. As Fine andWilf observed [FW65℄, any periodi
 
omplex-valued sequen
e (f(n))

n�0

of period length p 
an be written in the form

f(n) =

X

0�i<p




i

!

in

p

for some 
oeÆ
ients 


0

; 


1

; : : : ; 


p�1

.
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It follows that there exist 
oeÆ
ients 


i;j

, 1 � i � r and 0 � j < h

i

su
h that

f

i

(n) =

X

0�j<h

i




i;j

!

jn

h

i

:

De�ne

s = [s

1

; s

2

; : : : ; s

m

℄

= [1; !

h

1

; !

2

h

1

; : : : ; !

h

1

�1

h

1

; 1; !

h

2

; !

2

h

2

; : : : ; !

h

2

�1

h

2

; : : : ; 1; !

h

r

; !

2

h

r

; : : : ; !

h

r

�1

h

r

℄

where m = h

1

+ h

2

+ � � � + h

r

. Let B := 
(h

1

; h

2

; : : : ; h

r

) and de�ne the B � m matrix

M = (t

i;j

)

0�i<B;1�j�m

by t

i;j

:= s

i

j

. De�ne the 
olumn ve
tor

v := [


1;0

; 


1;1

; : : : ; 


1;h

1

�1

; 


2;0

; 


2;1

; : : : ; 


2;h

2

�1

; : : : ; 


r;0

; 


r;1

; : : : ; 


r;h

r

�1

℄

T

:

Then the hypothesis of the theorem is Mv = 0. Some of the 
olumns of M are identi
al

be
ause some of the entries in the ve
tor s 
oin
ide. We may delete the repeated 
olumns of

M and sum the 
orresponding entries of v to get M

0

v

0

= 0, where M

0

is a B�B matrix and

v

0

is a 
olumn ve
tor with B entries. NowM

0

is a Vandermonde matrix and hen
e invertible,

so v

0

= 0. It follows that

P

1�i�r

f

i

(n) = 0 for all n.

We next turn to another variation on Fine and Wilf for more than two periods. This

generalization is more in the spirit of Theorem 2.2.2.

Theorem 2.3.2 Let f

1

= (f

1

(n))

n�0

, f

2

= (f

2

(n))

n�0

, : : :, f

r

= (f

r

(n))

n�0

be r periodi
 real-

valued sequen
es of periods h

1

; h

2

; : : : ; h

r

, respe
tively. Suppose that for all i with 1 � i � r,

we have

X

0�n<h

i

f

i

(n) � 0:
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If

X

1�i�r

f

i

(n) � 0

for 0 � n < h

1

+ h

2

+ � � �+ h

r

� r + 1, then

X

1�i�r

f

i

(n) = 0

for all n � 0.

Proof. The proof is very similar to the proof of Theorem 2.2.2, and we indi
ate only what

needs to be 
hanged. First, we need the following easy generalization of Lemma 2.2.1.

Lemma 2.3.3 If P

1

; P

2

; : : : ; P

r

are polynomials with real 
oeÆ
ients and a = (a

n

)

n�0

then

P

1

Æ (P

2

Æ � � � Æ (P

r

Æ a) � � � ) = (P

1

� � �P

r

) Æ a.

For 1 � i � r de�ne P

i

(z) = 1+z+� � �+z

h

i

�1

= (z

h

i

�1)=(z�1). Then by hypothesis P

i

Æf

i

is a sequen
e of non-negative real numbers for ea
h i, 1 � i � r. It follows using Lemma 2.3.3

that if P := P

1

P

2

� � �P

r

, then P Æ f

i

is a sequen
e of non-negative real numbers for 1 � i � r.

But P has degree h

1

+ h

2

+ � � �+ h

r

� r and hen
e has h

1

+h

2

+ � � �+ h

r

� r+1 
oeÆ
ients.

Furthermore, all the 
oeÆ
ients of P are stri
tly positive. Hen
e if

P

1�i�r

f

i

(n) � 0 for 0 �

n < h

1

+h

2

+� � �+h

r

�r+1, it follows that

P

1�i�r

f

i

(n) = 0 for 0 � n < h

1

+h

2

+� � �+h

r

�r+1.

Now h

1

+ h

2

+ � � � + h

r

� r + 1 � 
(h

1

; h

2

; : : : ; h

r

), sin
e the left-hand side 
ounts the total

number of roots of unity among R

h

1

; : : : ; R

h

r

without double-
ounting o

urren
es of 1, while

the right-hand side 
ounts the number of distin
t roots of unity. But then

P

1�i�r

f

i

(n) = 0

for all n � 0 by Theorem 2.3.1.

We note that the bound h

1

+ h

2

+ � � � + h

r

� r + 1 is not, in general, optimal, although

the bound is optimal if the period lengths h

1

; h

2

; : : : ; h

r

are relatively prime.

One might be tempted to guess that the true bound, as in Theorem 2.3.1, is not h

1

+

h

2

+ � � � + h

r

� r + 1, but rather 
(h

1

; h

2

; : : : ; h

r

). This is not true, however. The following
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is an example of three periodi
 sequen
es of period lengths 6, 10, and 15, respe
tively,

whose periods individually sum to 0 and su
h that f

1

(n) + f

2

(n) + f

3

(n) � 0 for 0 � n <


(6; 10; 15) = 22, but not for n = 22.

f

1

= (0; 0; 0;�1; 1; 0)

!

;

f

2

= (0; 0; 0; 0; 0; 1;�1; 0;�1; 1)

!

;

f

3

= (0; 0; 0; 1;�1;�1; 1; 0; 1; 0;�1; 0; 0; 0; 0)

!

:

The true bound is not known, although there is an algorithm to 
ompute it. Theorem

2.3.2 
an be used to prove a weak version of the De
reasing Length Conje
ture. In the next


hapter, we solve a problem similar in spirit to the De
reasing Length Conje
ture.



Chapter 3

An Inequality for Non-Negative

Matri
es

This 
hapter is based on the work of J. Shallit and M.-w. Wang [SW99, Wan02℄.

3.1 Introdu
tion

In [SW99, Wan99℄ we proved that for an n � n matrix A with non-negative integer entries

there exist integers r; s with 0 � r < s � 2

n

su
h that A

r

� A

s

. Bo improved the bound 2

n

to 3

n=2

[Bo00℄. We give two results in this 
hapter. First, we improve the bound to n+ g(n)

where g is the Landau fun
tion. Thus we are 
lose to the known lower bound of g(n) [SW99℄.

Se
ond, we show that if A is an irredu
ible matrix then there is an integer i su
h that A

i

� I

and i = O(n log n). We also give examples where i = 
(n log n= log log n). The se
ond result


an also be used to atta
k Theorem 3.2.1 below via a di�erent method, though it gives a

slightly worse bound. The results of this 
hapter has appeared in [Wan02℄.

Both Theorem 3.2.1 below and the results of Chapter 2 arose in 
onne
tion with Lemma

4.4.4 of Chapter 4.

16
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Remarks.

1. The signi�
an
e of Theorem 3.2.1 below is that the upper bound on r and s depends

only on n.

2. If A

r

� A

s

, then A

s

�A

r

� 0. Hen
e A

t

(A

s

�A

r

) � 0 for all t � 0, and so it follows

that A

r+t

� A

s+t

for all t � 0.

While Theorem 3.2.1 appears to be new, there is some related work in the literature:

a. A non-negative matrix A is 
alled primitive if there exists an integer t � 1 su
h that

A

t

> 0. The least su
h t is 
alled the exponent of A and is denoted 
(A). If A is an n � n

primitive matrix, then Wielandt [Wie50℄ asserted 
(A) � n

2

� 2n + 2, and this bound is

best possible. Wielandt's assertion was proved by Rosenblatt [Ros57℄, Holladay and Varga

[HV58℄, Perkins [Per61℄, Dulmage and Mendelsohn [DM64℄, and Heap and Lynn [HL64℄. In

this 
ase, evidently I = A

0

� A


(A)

.

b. Rosenblatt [Ros57℄ studied the pattern of zero and nonzero entries in the powers of a

non-negative matrix, and proved that there exist integers i; j su
h that the pattern of zeros

and nonzeros in A

t+i

is the same as that in A

t

for all t � j. Also see [Pt�a58, PS58, HL66b℄.


. Mar
us and May [MM62℄ studied the maximumnumber of zero entries in the powers of

an irredu
ible matrix (see de�nition in Se
tion 3.3). Pullman [Pul64℄ studied the maximum

number of positive entries in the powers of a non-negative matrix, and the least power for

whi
h this maximum is assumed. Also see Heap and Lynn [HL66a℄.

d. Let A = (a

i;j

)

1�i;j�n

be an n � n matrix with 
omplex entries, and de�ne jAj =

max

1�i�n

P

1�j�n

ja

ij

j. Ma�r��k and Pt�ak [MP60℄ studied the least integer t su
h that jAj =

jA

2

j = � � � = jA

t

j = 1 implies jA

r

j = 1 for all r.
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3.2 The First Theorem

First we prove the following theorem. The te
hnique used in the proof below is adapted from

[CMS

+

03℄ and is due to Sabin Cautis and Soroosh Yazdani.

Given matri
es A = [a

ij

℄ and B = [b

ij

℄ we say A � B i� a

ij

� b

ij

for all i, j. We re
all

that g(n) is the maximum order of an element of the symmetri
 group on n obje
ts. It is

known that g(n) = e

O(

p

n logn)

[Lan03, Mil87℄.

Theorem 3.2.1 Let A � O be an n�n integer matrix. Then there exist integers r < s with

1 � r � n and s � n+ g(n) su
h that A

r

� A

s

.

Proof. Let G = G(A) be the dire
ted graph asso
iated with A, i.e., we pla
e a

ij

edges from

vertex v

i

to vertex v

j

(this may 
reate multiple edges and self-loops). Then the entry (i; j) of

A

t

gives the number of distin
t walks of length t from vertex i to vertex j in G. The length

of a walk is the number of edges traversed.

Now 
onsider some maximal set of verti
es forming disjoint 
y
les fC

1

; : : : ; C

k

g in G.

Then the vertex set V of G 
an be written as the disjoint union

V = C

1

[ � � � [ C

k

[W

where W is the set of verti
es whi
h do not lie on any disjoint 
y
les. Note that W may be

empty. Then any dire
ted walk in G of length jW j or greater must interse
t some 
y
le C

i

,

for otherwise the walk would 
ontain a 
y
le disjoint from C

1

; : : : ; C

k

, a 
ontradi
tion. Now

asso
iate ea
h walk of length jW j or greater with the �rst 
y
le C

i

it interse
ts. De�ne P

t

i;j;l

to be the number of dire
ted walks of length t from vertex i to vertex j asso
iated with 
y
le

C

l

. Let A

t

= [a

(t)

ij

℄. Then for t � jW j, we have

a

(t)

ij

=

k

X

l=1

P

t

i;j;l

: (3.1)
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Observe that

P

t

i;j;l

� P

t+jC

l

j

i;j;l

(3.2)

be
ause any walk of length t asso
iated with C

l


an be extended to a walk of length t+ jC

l

j

by traversing the 
y
le C

l

on
e. This 
onstru
tion is 1-1 and it maps a walk asso
iated with

C

l

to a walk asso
iated with C

l

, sin
e C

l

is the �rst 
y
le en
ountered by both walks.

Combining (3.1) and (3.2) we get for t � jW j

a

(t)

ij

=

k

X

l=1

P

t

i;j;l

�

k

X

l=1

P

t+l
m(jC

1

j;:::;jC

k

j)

i;j;l

= a

(t+l
m(jC

1

j;:::;jC

k

j))

ij

Hen
e for t � jW j, A

t

� A

t+l
m(jC

1

j;:::;jC

k

j)

. The theorem is proved.

3.3 An Alternate approa
h

There is a di�erent route to approa
h Theorem 3.2.1 using Theorem 3.3.1 below. A slightly

worse bound 
an be obtained this way, though Theorem 3.3.1 is of independent interest. We

give it below.

Let A � O be an n� n matrix. A is irredu
ible if

n�1

X

i=0

A

i

> O:

Theorem 3.3.1 If A � O is an irredu
ible n� n matrix, then there exists an integer e > 0

with

e = O(n log n)
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su
h that the diagonal entries of A

e

are all stri
tly positive.

Theorem 3.3.1 is equivalent to the following theorem about strongly 
onne
ted graphs

whi
h we prove.

Theorem 3.3.2 Suppose G is a strongly 
onne
ted graph on n verti
es. Then there exists

an integer e > 0 with

e = O(n log n)

su
h that for every vertex v there is a 
losed walk of length e 
ontaining v.

In the proof of Theorem 3.3.2 we will need the following fa
t.

A set of positive integers S = fa

1

; : : : ; a

m

g is said to have the distin
t subset sum property

if no two distin
t subsets of S sum to the same number. It is known that if a

i

� n for

1 � i � m, then m = O(log n) [Elk86℄.

Proof. We begin by pi
king an arbitrary vertex v and a set of 
losed walks C = fC

1

; : : : ; C

k

g

with the following properties.

1. Ea
h C

i


ontains v.

2. C 
overs G, i.e., every vertex of G is 
ontained in at least one of the C

i

's.

3. jC

i

j < 2n for 1 � i � k where jC

i

j denotes the length of C

i

.

Sin
e G is strongly 
onne
ted, we 
an �nd su
h a set of 
losed walks C. In fa
t we 
an

�nd su
h a set with k � n but we will not need this fa
t below.

If a set of 
losed walks C 
ontain at least one point in 
ommon then if we traverse any

subset of C in any order and any number of times we get another 
losed walk. This is the

reason for property 1. We use this fa
t impli
itly below.

We need a bit of notation. If C is a set of 
losed walks, we denote by k C k the sum of

the lengths of 
losed walks in C.
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Let 


i

= jC

i

j. Sin
e ea
h C

i


ontains v and C 
overs G, we see that every vertex of G is


ontained in a 
losed walk of length 
 =k C k= 


1

+ � � �+ 


k

.

In general 
 may be as large as 
(n

2

). To get an O(n log n) upper bound we pi
k a subset

D = fD

1

; : : : ;D

m

g of C with the following properties.

1. Let d

i

= jD

i

j. We require the set S = fd

1

; : : : ; d

m

g to have the distin
t subset sum

property.

2. D is maximal in the sense that if we add any 
losed walk in C � D to D, then the set

of lengths of 
losed walks in D no longer has the distin
t subset sum property.

Now let d =k D k= d

1

+ � � � + d

m

. We 
laim that for every vertex w there is a 
losed

walk of length d 
ontaining w. If the 
laim is true then we are done, sin
e m = O(log n) and

d

i

< 2n. To see the 
laim, there are two 
ases.

Case 1: w lies on one of the 
losed walks in D. Then w is 
ontained in the 
losed walk

T that traverses ea
h D

i

on
e and jT j = d.

Case 2: w does not lie on any 
losed walk in D. Sin
e C 
overs G, w lies on some 
losed

walk in C, say C

i

. Sin
e D is maximal, the set S

0

= fd

1

; : : : ; d

m

; 


i

g does not have the

distin
t subset sum property. Therefore there are two distin
t subsets U = fu

1

; : : : ; u

p

g and

H = fh

1

; : : : ; h

q

g of S

0

su
h that u

1

+ � � � + u

p

= h

1

+ � � � + h

q

. Sin
e S has the distin
t

subset sum property, exa
tly one of U or H 
ontains 


i

, say U 
ontains 


i

. Now we 
an get

a 
losed walk T of length d that 
ontains w by traversing the 
losed walks that 
orrespond

to the u

i

's on
e and then traversing the 
losed walks in D � H on
e, where H 
onsists of


losed walks 
orresponding to the h

i

's. T 
ontains w be
ause T traverses C

i

whi
h 
ontains

w. The length of T is d be
ause

jT j = u

1

+ � � � + u

p

+ k D �H k=k H k � k D �H k=k D k= d:

This 
on
ludes the proof of the theorem.
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3.4 Lower bound

Given an irredu
ible matrix A � O, let e

A

be the least integer for whi
h the 
on
lusion of

Theorem 3.3.1 is true. We re
all that in [SW99℄ we de�ned the fun
tion �(n) to be the

maximum of e

A

over all n�n non-negative irredu
ible matrix A. Theorem 3.3.1 shows that

�(n) = O(n log n). There is a lower bound of 
(n log n= log log n) for �(n) due to J. Geelen.

We sket
h the 
onstru
tion below.

The lower bound is given by the following graph G.
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1 ...k k k -1 k k

Let b

0

= k

k

and b

i

= k

k

+ k

i�1

for 1 � i � k. Then we see that the length of any 
losed

walk in G is a non-negative integer 
ombination of numbers in B = fb

0

; : : : ; b

k

g.

We now de�ne the weight, W

B

(t), of a number t with respe
t to B. If t 
annot be written

as a non-negative integer 
ombination of elements of B thenW

B

(t) =1. Otherwise suppose

t =

k

X

i=0




i

b

i

= 
k

k

+

k

X

i=1

d

i

k

i�1

(3.3)
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where 0 � d

i

< k. In this 
ase we let

W

B

(t) =

k

X

i=1

d

i

:

Note that


 � W

B

(t): (3.4)

Let s be the least integer for whi
h the 
on
lusion of Theorem 3.3.2 is true. Sin
e every

vertex of G lies on a 
losed walk of length s we see that W

B

(s� b

i

) <1 for all i. By (3.3)

and (3.4), we have

s � k

k

(1 + max

b

i

W

B

(s� b

i

)):

We 
laim

max

b

i

W

B

(s� b

i

) � k � 1:

If the 
laim is true then we are done be
ause

n = jGj = 1 + k + � � �+ k

k

� 2k

k

while

s � k

k

(1 + k � 1) = 
(n log n= log log n):

To see the 
laim we write

s =

k

X

i=0




i

b

i

= 
k

k

+

k

X

i=1

d

i

k

i�1

There are two 
ases.
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Case 1: If d

i

� 1 for 1 � i � k, then the 
laim is true sin
e W

B

(s� b

i

) � k � 1 for all i.

Case 2: If d

i

= 0 for some i, then W

B

(s� b

i

) � k � 1.

So the 
laim is proved and we are done.



Chapter 4

On Two-Sided In�nite Fixed Points of

Morphisms

This 
hapter is based on the work of J. Shallit and M.-w. Wang [SW02℄.

4.1 Introdu
tion and de�nitions

Let � be a �nite alphabet, and let h : �

�

! �

�

be a morphism on the free monoid, i.e., a

map satisfying h(xy) = h(x)h(y) for all x; y 2 �

�

. If a word w (�nite or in�nite) satis�es

the equation h(w) = w, then we 
all w a �xed point of h. Both �nite and in�nite �xed

points of morphisms have long been studied in formal languages. For example, in one of

the earliest works on formal languages, Axel Thue [Thu12, Ber95℄ proved that the one-sided

in�nite word

t = 0110100110010110 � � �

is overlap-free, that is, it 
ontains no subword of the form axaxa, where a 2 f0; 1g, and

x 2 (0+ 1)

�

. De�ne a morphism � by �(0) = 01 and �(1) = 10. The word t, now 
alled the

Thue-Morse in�nite word, is the unique one-sided in�nite �xed point of � whi
h starts with

0. In fa
t, nearly every expli
it 
onstru
tion of an in�nite word avoiding 
ertain patterns

25
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involves the �xed point of a morphism; for example, see [HM56, Lee57, Ze
58, Ple70℄. One-

sided in�nite �xed points of uniform morphisms also play a 
ru
ial role in the theory of

automati
 sequen
es; see, for example, [All87℄.

Be
ause of their importan
e in formal languages, it is of great interest to 
hara
terize all

the �xed points, both �nite and in�nite, of a morphism h. This problem was �rst studied

by Head [Hea81℄, who 
hara
terized the �nite �xed points of h. Later, Head and Lando

[HL86℄ 
hara
terized the one-sided in�nite �xed points of h. (For di�erent proofs of these


hara
terizations, see Hammand Shallit [HS99℄.) In this 
hapter we 
omplete the des
ription

of all �xed points of morphisms by 
hara
terizing the two-sided in�nite �xed points of h.

Two-sided in�nite words (sometimes 
alled bi-in�nite words or bi-in�nite sequen
es) play an

important role in symboli
 dynami
s [LM95℄, and have also been studied in automata theory

[NP82, NP86℄, 
ellular automata [Hur90℄, and the theory of 
odes [VTSS90, DT92℄. See also

the re
ent book by D. Perrin and J.-

�

E. Pin [PP04℄.

We �rst introdu
e some notation, some of whi
h is standard and 
an be found in [HU79℄.

For single letters, that is, elements of �, we use the lower 
ase letters a; b; 
; d. For �nite

words, we use the lower 
ase letters t; u; v; w; x; y; z. For in�nite words, we use bold-fa
e

letters t;u;v;w;x;y; z. We let � denote the empty word. If S is a set, then by Card S we

mean the number of elements of S. We say x 2 �

�

is a subword of y 2 �

�

if there exist

words w; z 2 �

�

su
h that y = wxz.

If there exists an integer j � 1 su
h that h

j

(a) = �, then the letter a is said to be mortal;

otherwise a is immortal. The set of mortal letters asso
iated with a morphism h is denoted

by M

h

. The mortality exponent of a morphism h is de�ned to be the least integer t � 0 su
h

that h

t

(a) = � for all a 2M

h

. (If M

h

= ;, we take t = 0.) We write the mortality exponent

as exp(h) = t. It is easy to prove that exp(h) � Card M

h

. If h(a) 6= � for all a 2 �, then h

is non-erasing.

We let �

!

denote the set of all one-sided right-in�nite words over the alphabet �. Most

of the de�nitions above extend to �

!

in the obvious way. For example, if w = 


1




2




3

� � � ,
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then h(w) = h(


1

)h(


2

)h(


3

) � � � . If L � �

�

is a language, then we de�ne

L

!

:= fw

1

w

2

w

3

� � � : w

i

2 L� f�g for all i � 1g:

Perhaps slightly less obviously, we 
an also de�ne the word

!

h

!

(a) for a letter a, provided

h(a) = wax and w 2 M

�

h

. In this 
ase, there exists t � 0 su
h that h

t

(w) = �. Then we

de�ne

!

h

!

(a) := h

t�1

(w) � � � h(w)w axh(x)h

2

(x) � � � ;

whi
h is in�nite if and only if x 62 M

�

h

. Note that the fa
torization of h(a) as wax, with

w 2M

�

h

and x 62M

�

h

, if it exists, is unique.

In a similar way, we let

!

� denote the set of all left-in�nite words, whi
h are of the form

w = � � � 


�2




�1




0

. We write h(w) = � � � h(


�2

)h(


�1

)h(


0

): We de�ne

!

L to be the set of

left-in�nite words formed by 
on
atenating in�nitely many words from L, that is,

!

L := f� � �w

�2

w

�1

w

0

: w

i

2 L � f�g for all i � 0g:

If h(a) = wax, and w 62M

�

h

, x 2M

�

h

, then we de�ne the left-in�nite word

 

h

!

(a) := � � �h

2

(w)h(w)w axh(x) � � �h

t�1

(x);

where h

t

(x) = �. Again, if the fa
torization of h(a) as wax exists, with w 62 M

�

h

, x 2 M

�

h

,

then it is unique.

We 
an 
onvert left-in�nite to right-in�nite words (and vi
e versa) using the reverse

operation, whi
h is denoted w

R

. For example, if w = 


0




1




2

� � � , then w

R

= � � � 


2




1




0

.

We now turn to the notation for two-sided in�nite words. These have been mu
h less

studied in the literature than one-sided words, and the notation has not been standardized.

Some authors 
onsider a pair of two-sided in�nite words to be identi
al if they agree after ap-
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plying a �nite shift to one of the words. Other authors do not. (This distin
tion is sometimes


alled \unpointed" vs. \pointed" [Bea85℄.) In this 
hapter, we 
onsider both the pointed

and unpointed versions of the equation h(w) = w. As it turns out, the \pointed" version of

this equation is quite easy to solve, based on known results, while the \unpointed" 
ase is

signi�
antly more diÆ
ult. The latter is our main result, whi
h appears as Theorem 4.4.1.

We let �

Z

denote the set of all two-sided in�nite words over the alphabet �, whi
h are

of the form � � � 


�2




�1




0

:


1




2

� � � . In displaying an in�nite word as a 
on
atenation of words,

we use a de
imal point to the left of the 
hara
ter 


1

, to indi
ate how the word is indexed.

Of 
ourse, the de
imal point is not part of the word itself. We de�ne the shift �(w) to be

the in�nite word obtained by shifting w to the left one position, so that

�(� � � 


�2




�1




0

:


1




2




3

� � � ) = � � � d

�2

d

�1

d

0

:d

1

d

2

d

3

� � � ;

where d

i

= 


i+1

for all i 2Z. By �

k

we mean the map � iterated k times, so that

�

k

(� � � 


�2




�1




0

:


1




2




3

� � � ) = � � � 


k�1




k

:


k+1




k+2

� � � :

If w;x are both two-sided in�nite words, and there exists an integer k su
h that x = �

k

(w),

then we 
all w and x 
onjugates, and we write w � x. It is easy to see that � is an

equivalen
e relation. We extend this notation to languages as follows: if L is a set of two-

sided in�nite words, then by w � L we mean there exists x 2 L su
h that w � x.

If w is a nonempty �nite word, then by w

Z

wemean the two-sided in�nite word � � �www:www � � � .

Using 
on
atenation, we 
an join a left-in�nite word w = � � � 


�2




�1




0

with a right-in�nite

word x = d

0

d

1

d

2

� � � to form a new two-sided in�nite word, as follows:

w:x := � � � 


�2




�1




0

:d

0

d

1

d

2

� � � :
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If L � �

�

is a set of words, then we de�ne

L

Z

:= f� � �w

�2

w

�1

w

0

:w

1

w

2

� � � : w

i

2 L� f�g for all i 2Zg:

If w = � � � 


�2




�1




0

:


1




2

� � � , and h is a morphism, then we de�ne

h(w) := � � �h(


�2

)h(


�1

)h(


0

):h(


1

)h(


2

) � � � (4.1)

Finally, if i = jwaj, h(a) = wax, and w; x 62M

�

h

, then we de�ne

 !

h

!;i

(a) := � � �h

2

(w)h(w)w :a xh(x)h

2

(x) � � � ;

a two-sided in�nite word. Note that in this 
ase the fa
torization of h(a) as wax is not

ne
essarily unique, and we use the supers
ript i to indi
ate whi
h a is being 
hosen.

We 
an produ
e one-sided in�nite words from two-sided in�nite words by ignoring the

portion to the right or left of the de
imal point. Suppose w = � � � 


�2




�1




0

:


1




2




3

� � � . We

de�ne

L(w) = � � � 


�2




�1




0

;

a left-in�nite word, and

R(w) = 


1




2




3

� � � ;

a right-in�nite word.

4.2 Finite and one-sided in�nite �xed points

In this se
tion we re
all the results of Head [Hea81℄ and Head and Lando [HL86℄.
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De�ne

A

h

= fa 2 � : 9 x; y 2 �

�

su
h that h(a) = xay and xy 2M

�

h

g

and

F

h

= fh

t

(a) : a 2 A

h

and t = exp(h)g:

Note that there is at most one way to write h(a) in the form xay with xy 2M

�

h

.

Theorem 4.2.1 [Hea81℄ Let h : �

�

! �

�

be a morphism. Then a �nite word w 2 �

�

has

the property that w = h(w) if and only if w 2 F

�

h

.

Theorem 4.2.2 [HL86, HS99℄ The right-in�nite word w is a �xed point of h if and only if

at least one of the following two 
onditions holds:

(a) w 2 F

!

h

; or

(b) w 2 F

�

h

!

h

!

(a) for some a 2 �, and there exist x 2 M

�

h

and y 62 M

�

h

su
h that

h(a) = xay.

Theorem 4.2.3 [HL86, HS99℄ The left-in�nite word w is a �xed point of h if and only if

at least one of the following two 
onditions holds:

(a) w 2

!

F

h

; or

(b) w 2

 

h

!

(a)F

�

h

for some a 2 �, and there exist x 62M

�

h

and y 2M

�

h

su
h that h(a) = xay.

4.3 Two-sided in�nite �xed points: the \pointed" 
ase

Now we 
onsider the equation h(w) = w for two-sided in�nite words. We have the following

result:
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Theorem 4.3.1 The equation h(w) = w has a solution if and only if at least one of the

following 
onditions holds:

(a) w 2 F

Z

h

; or

(b) w 2

 

h

!

(a)F

�

h

:F

!

h

for some a 2 �, and there exist x 62 M

�

h

, y 2 M

�

h

su
h that h(a) =

xay; or

(
) w 2

!

F

h

:F

�

h

!

h

!

(a) for some a 2 �, and there exist x 2 M

�

h

, y 62 M

�

h

su
h that

h(a) = xay; or

(d) w 2

 

h

!

(a)F

�

h

:F

�

h

!

h

!

(b) for some a; b 2 � and there exist x; z 62M

�

h

, y;w 2 M

�

h

, su
h

that h(a) = xay and h(b) = wbz.

Proof. Let w = � � � 


�2




�1




0

:


1




2




3

� � � . By de�nition, we have

h(w) = � � �h(


�2

)h(


�1

)h(


0

):h(


1

)h(


2

)h(


3

) � � � ;

so if h(w) = w, then we have h(


1




2




3

� � � ) = 


1




2




3

� � � and h(� � � 


�2




�1




0

) = � � � 


�2




�1




0

.

We may now apply Theorem 4.2.2 (resp., Theorem 4.2.3) to R(w) (resp., L(w)). There

are 2 
ases to 
onsider for ea
h side, giving 2� 2 = 4 total 
ases.

Example. Let � be the Thue-Morse morphism, whi
h maps 0 ! 01, and 1 ! 10. De�ne

g = �

2

. Then g(0) = 0110, g(1) = 1001. Let t = 01101001 � � � , the one-sided Thue-Morse

in�nite word. Then there are exa
tly 4 two-sided in�nite �xed points of g, as follows:

t

R

:t = � � � 10010110:01101001 � � �

t

R

:t = � � � 01101001:01101001 � � �

t

R

:t = � � � 01101001:10010110 � � �

t

R

:t = � � � 10010110:10010110 � � � :
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All of these fall under 
ase (d) of Theorem 4.3.1. In
identally, all four of these words are

overlap-free.

4.4 Two-sided in�nite �xed points: the \unpointed"


ase

In this se
tion, we 
hara
terize the two-sided in�nite �xed points of a morphism in the

\unpointed" 
ase. That is, our goal is to 
hara
terize the solutions to h(w) � w. The

following theorem is the main result of the 
hapter.

Theorem 4.4.1 Let h be a morphism. Then the two-sided in�nite word w satis�es the

relation h(w) � w if and only if at least one of the following 
onditions holds:

(a) w � F

Z

h

; or

(b) w �

 

h

!

(a) : F

!

h

for some a 2 �, and there exist x 62 M

�

h

and y 2 M

�

h

su
h that

h(a) = xay; or

(
) w �

!

F

h

:

!

h

!

(a) for some a 2 �, and there exist x 2 M

�

h

and y 62 M

�

h

su
h that

h(a) = xay; or

(d) w �

 

h

!

(a) : F

�

h

!

h

!

(b) for some a; b 2 � and there exist x; z 62 M

�

h

, y;w 2 M

�

h

, su
h

that h(a) = xay and h(b) = wbz; or

(e) w �

 !

h

!;i

(a) for some a 2 �, and there exist x; y 62 M

�

h

su
h that h(a) = xay with

jxaj = i; or

(f) w = (xy)

Z

for some x; y 2 �

+

su
h that h(xy) = yx.

Before we begin the proof of Theorem 4.4.1, we state and prove three useful lemmas.
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Lemma 4.4.2 Suppose w, x are 2 two-sided in�nite words with w � x. Then h(w) � h(x).

Proof. Sin
e w � x, there exists j su
h that x = �

j

(w). Then h(x) = �

k

(h(w)), where

k =

8

>

>

<

>

>

:

jh(


1




2

� � � 


j

)j; if j � 0;

�jh(


j+1




j+2

� � � 


�1




0

)j; if j < 0:

(4.2)

Our se
ond lemma 
on
erns periodi
ity of in�nite words. We say a two-sided in�nite

word

w = � � � 


�2




�1




0

:


1




2

� � �

is periodi
 if there exists a nonempty word x su
h that w = x

Z

, i.e., if there exists an integer

p � 1 su
h that 


k

= 


k+p

for all integers k. The integer p is 
alled a period of w.

Lemma 4.4.3 Suppose w = � � � 


�2




�1




0

:


1




2

� � � is a two-sided in�nite word su
h that there

exists a one-sided right-in�nite word x and in�nitely many negative indi
es 0 > i

1

> i

2

> � � �

su
h that

x = 


i

j




i

j

+1




i

j

+2

� � �

for j � 1. Then w is periodi
.

Proof. By assumption

x = 


i

j




i

j

+1




i

j

+2

� � � = 


i

j+1




i

j+1

+1




i

j+1

+2

� � �

for j � 1. Hen
e 


i

j

+k

= 


i

j+1

+k

for all k � 0, and so the right-in�nite word x is periodi


of period i

j

� i

j+1

. Sin
e this is true for all j � 1, it follows that x is periodi
 of period

g = g
d

j�1

(i

j

� i

j+1

), i.e., 


i

j

+k

= 


i

j

+g+k

for all j � 1; k � 0. Sin
e i

j

!�1, it follows that




k

= 


k+g

for all k, and so w is periodi
 of period g.
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Our third lemma is an appli
ation of Theorem 3.2.1 from Chapter 3 to the growth

fun
tions of iterated morphisms.

Lemma 4.4.4 Let h : �

�

! �

�

be a morphism. Then

(a) there exist integers i; j with 0 � i < j and jh

i

(w)j � jh

j

(w)j for all w 2 �

�

; and

(b) there exists an integer M depending only on k = Card � su
h that for all h : �

�

! �

�

,

we have j �M .

We note that part (a) was asserted without proof by Cobham [Cob68℄. The proof below


onne
ting the lemma with Theorem 3.2.1 does not give the best upper bound M . For the

best possible upper bound M = j�j, see [CMS

+

03℄.

Proof. Let jxj

a

denote the number of o

urren
es of the letter a in the string x. Given a

morphism h : �

�

! �

�

for � = fa

1

; a

2

; : : : ; a

d

g, we de�ne the in
iden
e matrix M = M(h)

as follows:

M = (m

i;j

)

1�i;j�d

where m

i;j

= jh(a

j

)j

a

i

.

Note that

jh(w)j

a

i

=

X

1�j�d

jh(a

j

)j

a

i

jwj

a

j

and so

2

6

6

6

6

6

6

6

4

jh(w)j

a

1

jh(w)j

a

2

.

.

.

jh(w)j

a

d

3

7

7

7

7

7

7

7

5

= M(h)

2

6

6

6

6

6

6

6

4

jwj

a

1

jwj

a

2

.

.

.

jwj

a

d

3

7

7

7

7

7

7

7

5

:

Hen
e
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2

6

6

6

6

6

6

6

4

jh

n

(w)j

a

1

jh

n

(w)j

a

2

.

.

.

jh

n

(w)j

a

d

3

7

7

7

7

7

7

7

5

= (M(h))

n

2

6

6

6

6

6

6

6

4

jwj

a

1

jwj

a

2

.

.

.

jwj

a

d

3

7

7

7

7

7

7

7

5

and �nally

jh

n

(w)j =

�

1 1 1 � � � 1

�

M(h)

n

2

6

6

6

6

6

6

6

4

jwj

a

1

jwj

a

2

.

.

.

jwj

a

d

3

7

7

7

7

7

7

7

5

:

The lemma now follows from Theorem 3.2.1.

Now we 
an prove Theorem 4.4.1.

Proof. ((=): Suppose 
ase (a) holds, and w � F

Z

h

. Then there exists x 2 F

Z

h

with

w � x. Sin
e x 2 F

Z

h

, we 
an write x = � � � x

�2

x

�1

x

0

:x

1

x

2

� � � , where x

i

2 F

h

for all i 2 Z.

Sin
e x

i

2 F

h

, we have h(x

i

) = x

i

for all i 2 Z. It follows that h(x) = x. Now, applying

Lemma 4.4.2, we 
on
lude that h(w) � h(x) = x � w.

Next, suppose 
ase (b) holds, and w �

 

h

!

(a):F

!

h

. Then w � x for some x of the form

x =

 

h

!

(a):x

1

x

2

x

3

� � � ;

where x

i

2 F

h

for all i � 1, and h(a) = xay with x 62 M

�

h

and y 2 M

�

h

. Then we have

h(x) = x, and by Lemma 4.4.2, we 
on
lude that h(w) � h(x) = x � w.

Cases (
), (d), and (e) are similar to 
ase (b).

Finally, if 
ase (f) holds, then

h(w) = h(� � �xyxy:xyxy � � � ) = � � � yxyx:yxyx � � � ;
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and so h(w) = �

k

(w) for k = jxj.

(=)): First, we introdu
e some notation. We de�ne h

k

(w) = �

�k

(h(w)). More pre
isely,

if

h

k

(� � � 


�2




�1




0

:


1




2

� � � ) = � � � b

�2

b

�1

b

0

:b

1

b

2

� � � ;

then we de�ne

b

s(i�1)+1

� � � b

s(i)

= h(


i

)

where

s(i) :=

8

>

>

<

>

>

:

jh(


1




2

� � � 


i

)j+ k; if i � 0;

k � jh(


i+1




i+2

� � � 


0

)j; if i < 0:

(4.3)

By hypothesis w = h

k

(w) for some k. Then h(


i

) = 


s(i�1)+1

� � � 


s(i)

where s is de�ned

as in Eq. (4.3). We de�ne the set C as follows: C = fi 2 Z : s(i) = ig: Our argument is

divided into two major 
ases, depending on whether or not C is empty.

Case 1: C 6= ;. In this 
ase there are four sub
ases, depending on the form of C.

Case 1a: inf C = �1 and supC =1. Then there exists a two-sided in�nite sequen
e

: : : ; e

�2

; e

�1

; e

0

; e

1

; e

2

; : : : su
h that s(e

i

) = e

i

for all i 2Z. But s(e

i

) = e

i

and s(e

i+1

) = e

i+1

together imply that

h(


e

i

+1

� � � 


e

i+1

) = 


s(e

i

)+1

� � � 


s(e

i+1

)

= 


e

i

+1

� � � 


e

i+1

:

Hen
e, de�ning x

i

:= 


e

i

+1

� � � 


e

i+1

, we have h(x

i

) = x

i

for all i 2 Z. By Theorem 4.2.1,

then, x

i

2 F

�

h

for all i 2 Z. Now de�ne x = � � � x

�2

x

�1

x

0

:x

1

x

2

� � � . Sin
e w � x, it follows

that w � F

Z

h

. This 
orresponds to 
ase (a).

Case 1b: inf C = r > �1 and supC = 1. Then there exists an in�nite sequen
e

e

0

= r; e

1

; e

2

; : : : su
h that s(e

i

) = e

i

for all integers i � 0. De�ne z := � � � 


r�2




r�1




r

, a
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left-in�nite word; then h(z) = z. It now follows from Theorem 4.2.3 and the form of z that

z 2

 

h

!

(a) for some a with h(a) = xay, x 62M

�

h

, y 2M

�

h

.

For i � 0 de�ne y

i

:= 


e

i

+1

� � � 


e

i+1

. As in Case 1a, we have h(y

i

) = y

i

for all i � 0. Thus,

letting x = z:y

0

y

1

y

2

� � � , we have x 2

 

h

!

(a):F

!

h

. Sin
e w � x, it follows that w �

 

h

!

(a):F

!

h

.

This 
orresponds to 
ase (b).

Case 1
: inf C = �1 and supC = t <1. This is similar to Case 1b, and by the same

reasoning we �nd w �

!

F

h

:

!

h

!

(a) for some a with h(a) = xay and x 2 M

�

h

, y 62 M

�

h

. This


orresponds to 
ase (
).

Case 1d: inf C = r > �1 and supC = t < 1. Let x = � � � 


r�2




r�1




r

(a left-in�nite

word), v = 


r+1

� � � 


t

(a �nite word), and z = 


t+1




t+2

� � � (a right-in�nite word). Then we

have h(x) = x, h(v) = v, and h(z) = z. By Theorem 4.2.3 and the form of x, there exists

a 2 � su
h that x 2

 

h

!

(a) with h(a) = xay, and x 62 M

�

h

, y 2 M

�

h

. By Theorem 4.2.1

we know v 2 F

�

h

. By Theorem 4.2.2 and the form of z, there exists b 2 � su
h that

z 2

!

h

!

(b) with h(b) = wbz, and w 2 M

�

h

, z 62 M

�

h

. If we let y = x:vz, then w � y, and so

w �

 

h

!

(a) : F

�

h

!

h

!

(b). Thus 
ase (d) holds.

Case 2: C = ;. On
e again there are several 
ases to 
onsider.

Case 2a: There exist integers i; j with i < j su
h that

s(i) > i but s(j) < j: (4.4)

Now 
onsider the set

S = f(i

0

; j

0

) : i

0

� i; j

0

� j; s(i

0

) > i

0

; and s(j

0

) < j

0

g:
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By hypothesis, S is nonempty. De�ne

j

0

:= minfj

0

: 9i

0

su
h that (i

0

; j

0

) 2 Sg;

i

0

:= maxfi

0

: (i

0

; j

0

) 2 Sg:

Suppose there exists an integer k with i

0

< k < j

0

. If s(k) < k, then (i

0

; k) 2 S and k < j

0

,


ontradi
ting the de�nition of j

0

. If s(k) > k, then (k; j

0

) 2 S and k > i

0

, 
ontradi
ting the

de�nition of i

0

. Hen
e s(k) = k. But this is impossible by our assumption. It follows that

j

0

= i

0

+ 1. Then s(i

0

) > i

0

, but s(i

0

+ 1) < i

0

+ 1, a 
ontradi
tion, sin
e s(i

0

) � s(i

0

+ 1).

Hen
e this 
ase 
annot o

ur.

Case 2b: There exists an integer r su
h that s(i) < i for all i < r, and s(i) > i for

all i � r. Then h(


r

) = 


s(r�1)+1

� � � 


s(r)

, whi
h by the inequalities 
ontains 


r�1




r




r+1

as a

subword. Therefore, letting a = 


r

, it follows that

w � ux : a y v;

where u = � � � 


s(r�1)�1




s(r�1)

is a left-in�nite word, x = 


s(r�1)+1

� � � 


r�1

and y = 


r+1

� � � 


s(r)

are �nite words, and v = 


s(r)+1




s(r)+2

� � � is a right-in�nite word. Furthermore, we have

h(ux) = u, h(a) = xay, and h(yv) = v.

Now the equation h(yv) = v implies that h(y) is a pre�x of v, and by an easy indu
tion

we have h(y)h

2

(y)h

3

(y) � � � is a pre�x of v. Suppose this pre�x is �nite. Then y 2M

�

h

, and

so h(y)h

2

(y)h

3

(y) � � � = h(y)h

2

(y) � � � h

t

(y), where t = exp(h). De�ne z = h(y)h

2

(y) � � �h

t

(y).

Then s(r+ jyj+ jzj) = r+ jyj+ jzj, a 
ontradi
tion, sin
e we have assumed C = ;. It follows

that z := h(y)h

2

(y)h

3

(y) � � � is right-in�nite and hen
e y 62M

�

h

.

By exa
tly the same reasoning, we �nd that � � �h

3

(x)h

2

(x)h(x) is a left-in�nite suÆx of

u. We 
on
lude that w �

 !

h

!;i

(a), and hen
e 
ase (e) holds.

Case 2
: s(i) > i for all i 2Z. Let w = � � � 


�2




�1




0

:


1




2

� � � .
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Now 
onsider the following fa
torization of 
ertain 
onjugates of w, as follows: for i � 0,

we have w � x

i

y

i

: z

i

, where x

i

= � � � 


i�2




i�1

(a left-in�nite word), y

i

= 


i

� � � 


s(i�1)

(a �nite

word), and z

i

= 


s(i�1)+1




s(i�1)+2

� � � (a right-in�nite word). Note that i � 1 < s(i � 1) by

assumption, so i � s(i� 1); hen
e y

i

is nonempty. Evidently we have

h(x

i

) = x

i

y

i

; and (4.5)

h(y

i

z

i

) = z

i

:

Now the equation h(y

i

z

i

) = z

i

implies that h(y

i

) is a pre�x of z

i

. Now an easy indu
tion,

as in Case 2b, shows that v := h(y

i

)h

2

(y

i

)h

3

(y

i

) � � � is a pre�x of z

i

. If v were �nite, then

we would have y

i

2 M

�

h

, and so s(j) = j for j = s(i � 1) + jvj, a 
ontradi
tion, sin
e

C = ;. Hen
e v is right-in�nite, and so y

i

62 M

�

h

. There are now two 
ases to 
onsider: (i)

sup

i�0

(s(i)� i) < +1, and (ii) sup

i�0

(s(i)� i) = +1.

Case 2
i: Suppose sup

i�0

(s(i) � i) = d < +1. It then follows that jy

i

j � d. Hen
e

there is a �nite word u su
h that y

i

= u for in�nitely many indi
es i � 0. From the above

argument we see that the right-in�nite word h(u)h

2

(u)h

3

(u) � � � is a suÆx of w, beginning at

position s(i� 1)+1, for in�nitely many indi
es i � 0. We now use Lemma 4.4.3 to 
on
lude

that w is periodi
.

Thus we 
an write w = � � � 


�2




�1




0

:


1




2

� � � , and w = � � � vvv:vvv � � � , where v =




1




2

� � � 


p

for some integer p � 1. Without loss of generality, we may assume p is mini-

mal.

We 
laim jh(v)j = p. For if not we must have jh(v)j = q, for q 6= p, and then sin
e

h(w) � w, we would have w is periodi
 with periods p and q, hen
e periodi
 of period

g
d(p; q). But sin
e p was minimal we must have p j q. Hen
e q � 2p. Now let s(p) = l; sin
e

s(i) > i for all i we must have l > 0. Then

h(


1




2

� � � 


p

) = 


s(�1)+1

� � � 


s(p)

= 


l�q+1

� � � 


l

:
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It now follows that

s(ip) = l� q + iq (4.6)

for all integers i. Now p < q, so p � q � 1, and hen
e p < q � 1 + q=l. Hen
e, multiplying

by �l, we get �lp > l � ql� q. Now take i = �l in Eq. (4.6), and we have

s(�lp) = l� q � lq < �lp;

a 
ontradi
tion, sin
e s(i) > i for all i. It follows that jh(v)j = p.

There exists k su
h that h(


1




2

� � � 


p

) = 


k+1




k+2

� � � 


k+p

. Using the division theorem,

write k = jp + r, where 0 � r < p. De�ne

y = 


k+1

� � � 


(j+1)p

= 


r+1

� � � 


p

;

x = 


(j+1)p+1

� � � 


k+p

= 


1

� � � 


r

:

We have h(xy) = yx, and v = xy. Then w = v

Z

= (xy)

Z

.

We know that jvj � 1, so xy 6= �. Suppose y = �. Then h(x) = x, and so x 2 F

�

h

. It

follows that w 2 F

Z

h

. A similar argument applies if x = �. However, if w 2 F

Z

h

, then C 6= ;,

a 
ontradi
tion. Thus x; y 6= �, and 
ase (f) holds.

Case 2
ii: sup

i�0

(s(i) � i) = +1. Re
all that s(i) > i for all i 2 Z and w =

� � � 


�2




�1




0

:


1




2

� � � . De�ne

x := � � � 


�2




�1




0

;

y := 


1




2

� � � 


s(0)

;

z := 


s(0)+1




s(0)+2

� � � :

Then w = x:yz and h(x) = xy, h(yz) = z.
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De�ne B

j

(k) = s

j

(k) � s

j�1

(k), where s

j

denotes the j-fold 
omposition of the fun
tion

s with itself. First we prove the following te
hni
al lemma.

Lemma 4.4.5 For all integer r � 1 there exists an integer n � 0 su
h that B

j

(n) > r for

1 � j � t.

Proof. By indu
tion on t. For t = 1 the result follows sin
e

sup

i�0

B

1

(i) = sup

i�0

(s(i)� i) = +1:

Now assume the result is true for t; we prove it for t+1. De�ne m := max

a2�

jh(a)j. By

indu
tion there exists an integer n

1

su
h that B

j

(n

1

) > mr +m

t+1

for 1 � j � t. Then, by

the de�nition of m there exist an integer n

2

< n

1

with n

1

� n

2

< m, and an integer n

3

su
h

that s(n

3

) = n

2

.

Now h(


n

3

+1

� � � 


n

2

) = 


s(n

3

)+1

� � � 


s(n

2

)

, so s(n

2

)�s(n

3

) � m(n

2

�n

3

). Similarly, we have

s

j

(n

2

)� s

j

(n

3

) � m

j

(n

2

� n

3

) (4.7)

for all j � 0. By the same reasoning, we have

s

j

(n

1

)� s

j

(n

2

) � m

j

(n

1

� n

2

) � m

j

(m� 1) (4.8)
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for all j � 0. Thus we �nd

B

1

(n

3

) = s(n

3

)� n

3

= n

2

� n

3

�

s(n

2

)� s(n

3

)

m

(by Eq. (4.7))

=

s(n

2

)� n

2

m

=

(s(n

1

)� n

1

)� ((s(n

1

)� s(n

2

))� (n

1

� n

2

))

m

=

B

1

(n

1

)� ((s(n

1

)� s(n

2

))� (n

1

� n

2

))

m

>

mr +m

t+1

�m(m� 1)

m

(by indu
tion and Eq. (4.8))

> r:

Similarly, for 2 � j � t+ 1, we have

B

j

(n

3

) = s

j

(n

3

)� s

j�1

(n

3

)

= s

j�1

(n

2

)� s

j�2

(n

2

)

= (s

j�1

(n

1

)� s

j�2

(n

1

))� ((s

j�1

(n

1

)� s

j�1

(n

2

))� (s

j�2

(n

1

)� s

j�2

(n

2

)))

= B

j�1

(n

1

)� ((s

j�1

(n

1

)� s

j�1

(n

2

))� (s

j�2

(n

1

)� s

j�2

(n

2

)))

> mr +m

t+1

�m

j�1

(m� 1) (by Eq. (4.8))

� r:

It thus follows that we 
an take n = n

3

. This 
ompletes the proof of Lemma 4.4.5.

Now let M be the integer spe
i�ed in Lemma 4.4.4, and de�ne r := sup

1�i�M

B

i

(0). By

Lemma 4.4.5 there exists an integer n � 0 su
h that B

j

(n) > r for 1 � j � M . De�ne
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w := 


n+1

� � � 


0

. We have

jh

j

(w)j = s

j

(0) � s

j

(n); and

jh

j�1

(w)j = s

j�1

(0)� s

j�1

(n):

It follows that

jh

j

(w)j = (s

j

(0) � s

j�1

(0))� (s

j

(n)� s

j�1

(n)) + jh

j�1

(w)j

= B

j

(0) �B

j

(n) + jh

j�1

(w)j

< B

j

(0) � r + jh

j�1

(w)j

� jh

j�1

(w)j

for 1 � j � M . But this 
ontradi
ts Lemma 4.4.4. This 
ontradi
tion shows that this 
ase


annot o

ur.

Case 2d: s(i) < i for all i 2 Z. This 
ase is the mirror image of Case 2


1

, and the proof

is identi
al. The proof of Theorem 4.4.1 is 
omplete.

4.5 Some examples

In this se
tion we 
onsider some examples of Theorem 4.4.1.

Example 1. Consider the morphism f de�ned by a! bb, b! �, 
! aad, d! 
. Let

w = � � � aadbbbb
aadbbbb
:aadbbbb
aadbbbb
 � � � :

1

Note that s(i) > i for all i implies that s(i � 1) > i � 1. Therefore s(i � 1) + 1 > i, and hen
e Case 2d

really is the mirror image of Case 2
.
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Then

f(w) = � � � bbbb
aadbbbb
aad:bbbb
aadbbbb
aad � � � :

This falls under 
ase (f) of Theorem 4.4.1.

Example 2. Consider the morphism ' de�ned by 0! 201, 1! 012, and 2! 120. Then if

w = '

!;2

(0) = � � � 


�2




�1

:


0




1




2

� � � = � � � 1202:01012 � � � ;

we have '(w) � w. This falls under 
ase (d) of Theorem 4.4.1. In
identally, 


i

equals the

sum of the digits, modulo 3, in the balan
ed ternary representation of i.

4.6 The equation h(xy) = yx in �nite words

It is not diÆ
ult to see that it is de
idable whether any of 
onditions (a){(e) of Theorem 4.4.1

hold. However, this is somewhat less obvious for 
ondition (f), whi
h demands that the

equation h(xy) = yx possess a nontrivial

2

solution. We 
on
lude this 
hapter by dis
ussing

the solvability of this equation and give a 
hara
terization of the solution set.

To do so it is useful to extend the notation �, previously used for two-sided in�nite

words, to �nite words. We say w � z for w; z 2 �

�

if w is a 
y
li
 shift of z, i.e., if there exist

x; y 2 �

�

su
h that w = xy and z = yx. It is now easy to verify that � is an equivalen
e

relation. Furthermore, if w � z, and h is a morphism, then h(w) � h(z). Thus 
ondition

(f) 
an be restated as h(z) � z. The following theorem shows that the solvability of the

equation h(xy) = yx is de
idable.

Theorem 4.6.1 Let h be a morphism h : �

�

! �

�

. Then h(z) � z has a solution z 6= � if

and only if F

h

d is nonempty for some 1 � d � Card �.

2

By nontrivial we mean xy 6= �.
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Proof. (=: Suppose F

h

d is nonempty for some d, say x 2 F

h

d. Then by de�nition of F

h

d,

h

d

(x) = x. Let y = h(x) � � � h

d�1

(x) and z = xy. Then h(xy) = yx and so h(z) � z.

=): Suppose h(z) � z. Then jh

n

(z)j = jzj for all n � 0, and so there exist 0 � i < j

su
h that h

i

(z) = h

j

(z). In another word h

i

(z) is a �nite �xed point of h

j�i

. Hen
e F

h

j�i
is

nonempty. This implies A

h

d is nonempty for some 1 � d � Card �. Thus F

h

d is nonempty.

Remarks.

1. Note that Theorem 4.6.1 does not 
hara
terize all the �nite solutions of h(z) � z; it

simply gives a ne
essary and suÆ
ient 
ondition for solutions to exist.

2. As we have seen in Theorem 4.2.1, the set of �nite solutions to h(z) = z is �nitely

generated, in that the solution set 
an be written as S

�

for some �nite set T . However,

the set of solutions to h(z) � z need not even be 
ontext-free. For 
onsider the morphism

de�ned by h(a) = b, h(b) = 
, h(
) = a, and let

T := fz 2 fa; b; 
g

�

: h(z) � zg:

If T were 
ontext-free, then so would be T \ a

�

b

�




�

. But

T \ a

�

b

�




�

= fa

i

b

i




i

: i � 0g

whi
h is not 
ontext-free.

We �nish with a dis
ussion of the set T of words z for whi
h h(z) � z. From the proof of

Theorem 4.6.1, we know that there exist i < j su
h that h

i

(z) is a �xed point of h

j�i

. Sin
e

h

i

(z) � z, we may restri
t our attention to the set S = T \ (

S

i�1

F

�

h

i

). Our set T then is

the set of all 
y
li
 permutations of words in S.

To des
ribe S we introdu
e an auxiliary morphism h

0

: �

0

! �

0

, where �

0

� �. A letter

a is a member of �

0

if and only if the following three 
onditions hold:
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(1) a is an immortal letter of h;

(2) h

i

(a) 
ontains exa
tly one immortal letter for all i � 1; and

(3) h

i

(a) 
ontains a for some i � 1.

We de�ne the morphism h

0

by h

0

(a) = a

0

where a

0

is the unique immortal letter in h(a).

The relation of h

0

to S is as follows. If z 2 S, then z 2 F

�

h

i

for some i. Hen
e z = w

1

� � �w

r

where w

j

= x

j

a

j

y

j

2 F

h

i, and a

j

is an immortal letter for 1 � j � r. It follows easily that

a

j

2 �

0

. Sin
e h 
y
li
ally permutes z, h

0


y
li
ally permutes z

0

= a

1

� � � a

r

. The words x

j

and y

j

are uniquely spe
i�ed by i and a

j

. Therefore, we now 
on
entrate on the set T

0

of

words z

0

that are 
y
li
ally permuted by h

0

.

Suppose �

0

= fa

1

; : : : ; a

s

g. Sin
e h

0

a
ts as a permutation P on �

0

, there exists a unique

fa
torization of P into disjoint 
y
les f(a

i

0

; : : : ; a

i

t

i

�1

)g

m

i=1

where h

0

(a

i

j

) = a

i

(j+1) mod t

i

. The

t

i

's are the length of the 
y
les. We will 
onstru
t a �nite set R of regular languages from

the set of 
y
les as follows.

Suppose 
 = (b

0

; : : : ; b

t�1

) is a 
y
le appearing in the fa
torization of P . De�ne

w

i

= b

i

b

(i+1) mod t

� � � b

(i+t�1) mod t

for 0 � i < t. Let ' denote Euler's totient fun
tion, and let k

1

; : : : ; k

'(t)

be the inte-

gers in the range [1; t℄ that are relatively prime to t. If w

i

= d

0

� � � d

t�1

, de�ne u

i;j

=

d

0

d

k

j

� � � d

((t�1)k

j

) mod t

for 1 � j � '(t). Now for 1 � j � '(t) we de�ne

L

j

(
) =

[

0�i<t

u

�

i;j

:

Thus from 
y
le 
 we 
onstru
ted '(t) regular languages L

j

(
). We repeat this 
onstru
tion

for ea
h 
y
le and let R

0

be the set of the regular languages thus obtained from all 
y
les.

Ea
h regular language in R will be the union of several regular languages of R

0

. The union
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is de�ned as follows. Ea
h regular language L

j

(
) in R

0

is asso
iated with a pair (t; k

j

)

where t is the length of 
 and k

j

is an integer relatively prime to t. A set of languages

L

j

1

(


1

); : : : ; L

j

n

(


n

) in R

0

belong to the same language of R if and only if the system of


ongruen
e equations xk

j

�

= 1 mod t

�

for 1 � � � n has a solution. Note that a language

in R

0

may be 
ontained in several languages of R.

We say a word w is the perfe
t shu�e of words w

1

; : : : ; w

r

if jw

1

j = � � � = jw

r

j and the

�rst r symbols of w are the �rst symbols of w

1

; : : : ; w

r

in that order, the se
ond r symbols

of w are the se
ond symbols of w

1

; : : : ; w

r

in that order, and so on. We 
laim that z

0

is the

perfe
t shu�e of words in a language in R if and only if h

0


y
li
ally permutes z

0

. We prove

this below. For 
onvenien
e we will refer to z

0

as z and h

0

as h in the remaining dis
ussion.

Suppose z is a word in a language L in R. By our 
onstru
tion z = z

0

� � � z

tn�1

=

(d

0

d

k

� � � d

(t�1)k mod t

)

n

for some n where d

0

� � � d

t�1

is a representation of some 
y
le 
 =

(b

0

; : : : ; b

t�1

) (i.e. d

0

= b

i

, d

1

= b

i+1 mod t

, et
.) and k is relatively prime to t. By

our de�nition of 
, h(z) = (d

1 mod t

d

k+1 mod t

� � � d

(t�1)k+1 mod t

)

n

. And for ea
h 1 � i �

tn � 1 where ik = 1 mod t we have h(z) = (d

ik mod t

d

(i+1)k mod t

� � � d

(i+t�1)k mod t

)

n

=

z

i

z

i+1 mod tn

� � � z

i�1

. This shows, in parti
ular that h(z) � z. Now suppose z is the perfe
t

shu�e of two words w and w

0

in a language L inR. The general 
ase of an arbitrary number of

words is the same ex
ept it is notationally more 
umbersome. We may assume with the same


onvention as above that w = (d

0

d

k

� � � d

(t�1)k mod t

)

n

and w

0

= (d

0

0

d

0

k

0

� � � d

0

(t

0

�1)k

0

mod t

0

)

n

0

and z = z

0

� � � z

tn+t

0

n

0

�1

= d

0

d

0

0

� � � . From the de�nitions we have 1) there exists i su
h that

ik = 1 mod t and ik

0

= 1 mod t

0

, and 2) tn = t

0

n

0

. Simple 
al
ulation shows that if su
h i

exists, we may assume 1 � i < tn = t

0

n

0

. As before we have

h(z) = d

1 mod t

d

0

1 mod t

0

d

k+1 mod t

d

0

k

0

+1 mod t

0

� � �

= d

ik mod t

d

0

ik

0

mod t

0

d

(i+1)k mod t

d

0

(i+1)k

0

mod t

0

� � �

= z

2i

z

2i+1 mod 2tn

� � � z

2i�1

:
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This shows h(z) � z.

Now suppose z = z

0

� � � z

r

is 
y
li
ally permuted by h. Then we have the following 
hain

of indi
es: 0 = i

0

; : : : ; i

l

= 0, where i

s

are distin
t for 0 � s < l, and h a
ting on z as a


y
li
al permutation sends the index i

s

to i

s+1 mod l

. Note that there may be more than one

way to de�ne h's a
tion on z. We �x an arbitrary one. We order the indi
es i

0

; : : : ; i

l�1

, say

i

0

= j

0

< � � � < j

l�1

. Let v

j

s

= z

j

s

� � � z

j

s+1

�1

for 0 � s < l � 1 and v

j

l�1

= z

j

l�1

� � � z

r

. We


laim that all the v

j

s

are of the same length. To prove this it suÆ
es to show jv

i

s

j = jv

i

s+1 mod l

j

for 0 � s � l � 1. Suppose this is false. Then there exists s su
h that jv

i

s

j > jv

i

s+1 mod l

j.

Sin
e h sends the index i

s

to i

s+1 mod l

and i

s

+ 1 to i

s+1 mod l

+ 1 and so on, the di�eren
e

in length implies that there is an index j with i

s

< j � i

s

+ jv

i

s

j � 1 su
h that h sends the

index j to j

�+1

where j

�

= i

s+1 mod l

. This is impossible by our de�nition of v

i

s

. Hen
e all

v

i

s

(or v

j

s

) are of the same length. It follows that h(v

i

s

) = v

i

s+1 mod l

sin
e h sends the index

i

s

to i

s+1 mod l

and h is a one to one map.

Let n = jv

j

0

j. For 0 � � < n de�ne

w

�

= z

j

0

+�

z

j

1

+�

� � � z

j

l�1

+�

:

Note that z is the perfe
t shu�e of w

0

; : : : ; w

n�1

. Suppose w is one of the w

j

s

, say

w = y

0

� � � y

l�1

. By our 
onstru
tion h 
y
li
ally permutes w and there exists a permutation

p

0

; : : : ; p

l�1

of 0; : : : ; l�1 su
h that p

0

= 0 and h a
ting on w sends the index p

i

to p

i+1 mod l

.

It follows that the set of distin
t symbols of w must be the same as the set of symbols of

one of the 
y
les, say 
 = (b

0

; : : : ; b

t�1

) of h. Let b

i

j

= y

j

for 0 � j � l � 1. We 
laim

that for ea
h 0 � j � l � 1, k

j

= i

j+1 mod l

� i

j

mod t has the same value, and k = k

0

is

relatively prime to t. If the 
laim is true then we must have w 2 L




(
) where k




= k. And

sin
e we 
hose w to be an arbitrary w

�

, the same applies to all w

�

. First we show all the

k

j

have the same value. Let �(j) be the permutation where h sends the index j to �(j).

It suÆ
es to prove �(j) � j mod l is 
onstant, say equal to d, for 0 � j � l � 1 be
ause
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then 1) d must be relatively prime to l be
ause 0; d; : : : ; (l � 1)d 
over all residue 
lasses

(mod l), and 2) thus there exist unique 1 � k � l � 1 su
h that kd = 1 mod l. We note

that k

j

= k mod t for 0 � j � l � 1. Now suppose not all d

j

= �(j) � j mod l have the

same value. Then there must be a j su
h that d

j

> d

j+1 mod l

. Sin
e h sends the index j

to �(j) and j + 1 mod l to �(j) + 1 mod l and so on, d

j

> d

j+1 mod l

implies that there

is a index � in the range j + 1 mod l � � � �(j) � 1 mod l su
h that h sends � to �(�(j)).

But this is impossible be
ause h permutes the indi
es and by de�nition h already sends

�(j) to �(�(j)). It remains to show that k = k

0

is relatively prime to t. Observe that

w = b

i

0

� � � b

i

l�1

= b

i

0

b

i

0

+k mod t

� � � b

i

0

+(l�1)k mod t

. Sin
e w 
ontains all distin
t symbols in 
,

0; k; : : : ; (l� 1)k 
over all residue 
lasses (mod t). Hen
e k is relatively prime to t.

We have shown above that w

�

2 L

�

(


�

) for 0 � � < n where 


�

is of length t

�

and k

�

is relatively prime to t

�

. Suppose 


�

= (b

�

0

; � � � ; b

�

t

�

�1

) for 0 � � < n. Sin
e L

�

(


�

) 
ontains

all representations of 


�

(i.e. L

�

(


�

) 
ontains b

�

i

� � � b

�

i+t

�

�1 mod t

�

for all 0 � i � t

�

� 1, et
.)

we may assume w

�

= b

�

0

� � � b

�

k

�

(l�1) mod t

�

for 0 � � < n. We know h(v

i

s

) = v

i

s+1 mod l

. In

parti
ular we have h(v

0

) = h(v

i

0

) = v

i

1

. Sin
e z is a perfe
t shu�e of w

0

; : : : ; w

n�1

we have

h(v

0

) = h(b

0

0

� � � b

n�1

0

)

= b

0

1

� � � b

n�1

1

= b

0

xk

0

mod t

0

� � � b

n�1

xk

n�1

mod t

n�1

= v

i

1

for some 1 � x � l � 1. Thus the system of 
ongruen
e equations xk

�

= 1 mod t

�

for

0 � � < n has a solution. Hen
e by the 
onstru
tion of R, w

0

; : : : ; w

n�1

belong to a

language in R. This 
on
ludes our dis
ussion.



Chapter 5

Avoiding Large Squares in In�nite

Binary Words

This 
hapter is based on the work of N. Rampersad, J. Shallit and M.-w. Wang [RSW03℄.

5.1 Introdu
tion

A square is a nonempty word of the form xx, as in the English word murmur. It is easy to

see that every word of length � 4 
onstru
ted from the symbols 0 and 1 
ontains a square,

so it is impossible to avoid squares in in�nite binary words. However, in 1974, Entringer,

Ja
kson, and S
hatz [EJS74℄ proved the surprising fa
t that there exists an in�nite binary

word 
ontaining no squares xx with jxj � 3. Further, the bound 3 is best possible.

A 
ube is a nonempty word of the form xxx, as in the English sort-of-word shshsh.

Dekking [Dek76℄ showed that there exists an in�nite binary word that 
ontains no 
ubes

xxx and no squares yy with jyj � 4. Furthermore, the bound 4 is best possible.

Dekking's 
onstru
tion used iterated morphisms. If h : �

�

! �

�

and h(a) = ax for some

letter a 2 �, then we say that h is prolongable on a, and we 
an then iterate h in�nitely

often to get the �xed point h

!

(a) := axh(x)h

2

(x)h

3

(x) � � � .

50
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A morphism is k-uniform if jh(a)j = k for all a 2 �; it is uniform if it is k-uniform for

some k. Uniform morphisms have parti
ularly ni
e properties. For example, the 
lass of

words generated by applying a 
oding to in�nite iteration of k-uniform morphisms 
oin
ides

with the 
lass of k-automati
 sequen
es, generated by �nite automata [AS03℄.

Dekking's 
onstru
tion used a non-uniform morphism. In this 
hapter we show how to

obtain, using the image of a uniform morphism, an in�nite binary word that is 
ubefree and

avoids squares yy with jyj � 4. Our 
onstru
tion is somewhat simpler than Dekking's.

5.2 A 
ubefree word without arbitrarily long squares

In this se
tion we 
onstru
t an in�nite 
ubefree binary word avoiding squares yy with jyj � 4.

We introdu
e the following notation for alphabets: �

k

:= f0; 1; : : : ; k � 1g.

Theorem 5.2.1 There is a squarefree in�nite word over �

4

with no o

urren
es of the sub-

words 12, 13, 21, 32, 231, or 10302.

Proof. Let the morphism h be de�ned by

0 ! 0310201023

1 ! 0310230102

2 ! 0201031023

3 ! 0203010201

Then we 
laim the �xed point h

!

(0) has the desired properties.

First, we 
laim that if w 2 �

�

4

then h(w) has no o

urren
es of 12, 13, 21, 32, 231, or

10302. For if any of these words o

ur as subwords of h(w), they must o

ur within some

h(a) or straddling the boundary between h(a) and h(b), for some single letters a; b. They do

not; this easy veri�
ation is left to the reader.
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Next, we prove that if w is any squarefree word over �

4

having no o

urren
es of 12, 13,

21, or 32, then h(w) is squarefree.

We argue by 
ontradi
tion. Let w = a

1

a

2

� � � a

n

be a squarefree string su
h that h(w)


ontains a square, i.e., h(w) = xyyz for some x; z 2 �

�

4

, y 2 �

+

4

. Without loss of generality,

assume that w is a shortest su
h string, so that 0 � jxj; jzj < 10.

Case 1: jyj � 20. In this 
ase we 
an take jwj � 5. To verify that h(w) is squarefree,

it therefore suÆ
es to 
he
k ea
h of the 49 possible words w 2 �

5

4

to ensure that h(w) is

squarefree in ea
h 
ase.

Case 2: jyj > 20. First, we establish the following result.

Lemma 5.2.2 (a) Suppose h(ab) = th(
)u for some letters a; b; 
 2 �

4

and strings t; u 2

�

�

4

. Then this in
lusion is trivial (that is, t = � or u = �) or u is not a pre�x of h(d)

for any d 2 �

4

.

(b) Suppose there exist letters a; b; 
 and strings s; t; u; v su
h that h(a) = st, h(b) = uv,

and h(
) = sv. Then either a = 
 or b = 
.

Proof.

(a) This 
an be veri�ed with a short 
omputation. In fa
t, the only a; b; 
 for whi
h

the equality h(ab) = th(
)u holds nontrivially is h(31) = th(2)u, and in this 
ase

t = 020301, u = 0102, so u is not a pre�x of any h(d).

(b) This 
an also be veri�ed with a short 
omputation. If jsj � 6, then no two distin
t

letters have images under h that share a pre�x of length 6. If jsj � 5, then jtj � 5, and

no two distin
t letters have images under h that share a suÆx of length 5.

On
e Lemma 5.2.2 is established, the rest of the argument is fairly standard. It 
an be

found, for example, in [KS03℄; we omit the details here.
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Theorem 5.2.3 Let w be any in�nite word satisfying the 
onditions of Theorem 5.2.1.

De�ne a morphism g by

0 ! 010011

1 ! 010110

2 ! 011001

3 ! 011010

Then g(w) is a 
ubefree word 
ontaining no squares xx with jxj � 4.

Before we begin the proof, we remark that all the words 12, 13, 21, 32, 231, 10302 must

indeed be avoided, be
ause

g(12) 
ontains the squares (0110)

2

; (1100)

2

; (1001)

2

g(13) 
ontains the square (0110)

2

g(21) 
ontains the 
ube (01)

3

g(32) 
ontains the square (1001)

2

g(231) 
ontains the square (10010110)

2

g(10302) 
ontains the square (100100110110)

2

:

Proof. The proof parallels the proof of Theorem 5.2.1. Let w = a

1

a

2

� � � a

n

be a squarefree

string, with no o

urren
es of 12, 13, 21, 32, 231, or 10302. We �rst establish that if

g(w) = xyyz for some x; z 2 �

�

4

, y 2 �

+

4

, then jyj � 3. Without loss of generality, assume w

is a shortest su
h string, so 0 � jxj; jzj < 6.

Case 1: jyj � 12. In this 
ase we 
an take jwj � 5. To verify that g(w) 
ontains no

squares yy with jyj � 4, it suÆ
es to 
he
k ea
h of the 41 possible words w 2 �

5

4

.

Case 2: jyj > 12. First, we establish the analogue of Lemma 5.2.2.
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Lemma 5.2.4 (a) Suppose g(ab) = tg(
)u for some letters a; b; 
 2 �

4

and strings t; u 2

�

�

4

. Then this in
lusion is trivial (that is, t = � or u = �) or u is not a pre�x of g(d)

for any d 2 �

4

.

(b) Suppose there exist letters a; b; 
 and strings s; t; u; v su
h that g(a) = st, g(b) = uv,

and g(
) = sv. Then either a = 
 or b = 
, or a = 2, b = 1, 
 = 3, s = 0110, t = 01,

u = 0101, v = 10.

Proof.

(a) This 
an be veri�ed with a short 
omputation. The only a; b; 
 for whi
h g(ab) = tg(
)u

holds nontrivially are

g(01) = 010 g(3) 110

g(10) = 01 g(2) 0011

g(23) = 0110 g(1) 10:

But none of 110, 0011, 10 are pre�xes of any g(d).

(b) If jsj � 5 then no two distin
t letters have images under g that share a pre�x of length

5. If jsj � 3 then jtj � 3, and no two distin
t letters have images under g that share

a suÆx of length 3. Hen
e jsj = 4, jtj = 2. But only g(2) and g(3) share a pre�x of

length 4, and only g(1) and g(3) share a suÆx of length 2.

The rest of the proof is exa
tly parallel to the proof of Theorem 5.2.1, with the following

ex
eption. When we get to the �nal 
ase, where jyj is divisible by 6, we 
an use Lemma 5.2.4

to rule out every 
ase ex
ept where x = 0101, z = 01, a

1

= 1, a

j

= 3, and a

n

= 2. Thus

w = 1�3�2 for some string � 2 �

�

4

. This spe
ial 
ase is ruled out by the following lemma:
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Lemma 5.2.5 Suppose � 2 �

�

4

, and let w = 1�3�2. Then either w 
ontains a square, or w


ontains an o

urren
e of one of the subwords 12, 13, 21, 32, 231, or 10302.

Proof. This 
an be veri�ed by 
he
king (a) all strings w with jwj � 4, and (b) all strings

of the form w = ab
w

0

de, where a; b; 
; d; e 2 �

4

and w

0

2 �

�

4

. (Here w

0

may be treated as

an indeterminate.)

It now remains to show that if w is squarefree and 
ontains no o

urren
e of 12, 13, 21,

32, 231, or 10302, then g(w) is 
ubefree. If g(w) 
ontains a 
ube yyy, then it 
ontains a

square yy, and from what pre
edes we know jyj � 3. It therefore suÆ
es to show that g(w)


ontains no o

urren
e of 0

3

, 1

3

, (01)

3

, (10)

3

, (001)

3

, (010)

3

, (011)

3

, (100)

3

, (101)

3

, (110)

3

.

The longest su
h string is of length 9, so it suÆ
es to examine the 16 possibilities for g(w)

where jwj = 3. This is left to the reader.

The proof of Theorem 5.2.3 is now 
omplete.

Corollary 5.2.6 If g and h are de�ned as above, then

g(h

!

(0)) = 010011011010010110010011011001010011010110010011011001011010 � � �

is 
ubefree, and avoids all squares xx with jxj � 4.



Chapter 6

New Problems of Pattern Avoidan
e

This 
hapter is based on the work of J. Loftus, J. Shallit and M.-w. Wang [LSW99℄.

6.1 Introdu
tion

Pattern avoidan
e problems have long been studied in formal language theory, and have

interesting appli
ations to group theory, universal algebra, and other areas. For example,

Axel Thue 
onstru
ted an in�nite squarefree word over f0; 1; 2g; i.e., a word that 
ontains

no subword of the form xx, where x is a nonempty word [Thu12, Ber95℄.

Eventually, generalizations of Thue's problem were 
onsidered. Erd}os, for example, sug-

gested trying to �nd in�nite words 
ontaining no subword of the form xy, where y is a permu-

tation of the letters of x. Su
h words are now sometimes 
alled \abelian squarefree" [Bro71℄.

The reader 
an read other interesting papers on pattern avoidan
e [BEM79, Cur93, Cas93℄.

In this 
hapter, we 
onsider some new generalizations of Thue's problem. We start with

some notation. Let �;� be �nite alphabets. We let �

!

denote the set of all one-sided in�nite

words over �, and we let �

1

= �

�

[ �

!

. If x 2 �

+

, then by x

!

we mean the one-sided

in�nite word xxx � � � .

If there exist words x; y 2 �

�

, w; z 2 �

1

su
h that w = xyz, then we say y is a �nite

56
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subword of w. Suppose we are given a �nite or in�nite subset P � �

�

. Then we say a word

w 2 �

1

avoids P if we 
annot write w = xyz su
h that y 2 P . We say P is avoidable over

� if it is possible to 
onstru
t an in�nite word w 2 �

!

whi
h avoids P .

Sometimes we employ a 
ommon abuse of notation. For example, instead of saying that

the in�nite word w avoids fxx : x 2 �

+

g, we will instead simply say that w avoids the

pattern xx. When we use this formulation, we always assume the strings in the pattern are

nonempty.

We de�ne �

k

= f0; 1; 2; : : : ; k � 1g for some integer k � 2, and we de�ne the morphism

�

k

(a) = (a + 1) mod k. If the subs
ript k is 
lear from the 
ontext, we omit it. In this


hapter, we 
onsider avoiding patterns of the form x�

i

(x).

We use two notational 
onventions that may be somewhat 
onfusing. First, we think of

the elements of �

k

as residue 
lass representatives so that, for example, �1 and 2 denote

the same element of �

3

. Se
ond, sin
e we allow negative numbers in words, we sometimes

use the notation (a

1

; a

2

; a

3

; : : : ; a

n

) to denote the word a

1

a

2

a

3

� � � a

n

. Thus, for example, 012

and (0;�2;�1) denote the same element of �

�

3

.

Some of the in�nite words we 
onstru
t arise from iterated morphisms. Call a morphism

h : �

�

! �

�

non-erasing if h(a) 6= � for all a 2 �.

6.2 Avoiding x�(x)

It is 
lear that over �

2

= f0; 1g, there are only two in�nite words avoiding the pattern x�(x),

namely 0

!

and 1

!

. However, we have the following result:

Theorem 6.2.1 Over �

k

for k � 3, there are un
ountably many in�nite words avoiding

x�(x).
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Proof. De�ne a

1

= 1, and set a

i+1

= a

i

+ 1 or a

i

+ 2, a

ording to 
hoi
e. Then

w =

Y

i�1

((�i) mod 3)

a

i

= 2

a

1

1

a

2

0

a

3

2

a

4

1

a

5

0

a

6

� � �

avoids the pattern x�(x), and there are un
ountably many su
h words.

6.3 Avoiding xx, x�(x), : : :, x�

j

(x) simultaneously

The following theorem 
onstitutes our main result. It 
hara
terizes, for ea
h integer j � 0,

the smallest integer k for whi
h we 
an avoid the j + 1 patterns xx, x�(x), : : :, x�

j

(x)

simultaneously over �

k

= f0; 1; : : : ; k � 1g.

Theorem 6.3.1 (a) One 
an avoid the pattern xx over �

3

, and 3 is best possible.

(b) One 
an avoid the patterns xx and x�(x) simultaneously over �

5

, and 5 is best possible.

(
) One 
an avoid the patterns xx, x�(x), x�

2

(x) simultaneously over �

5

, and 5 is best

possible.

(d) One 
an avoid the patterns xx, x�(x), x�

2

(x), x�

3

(x) simultaneously over �

6

, and 6

is best possible.

(e) For j � 4, one 
an avoid the j+1 patterns xx, x�(x), : : :, x�

j

(x) simultaneously over

�

j+4

, and j + 4 is best possible.

Remark. Our proofs of these fa
ts are of two di�erent types. First, in order to show that it

is possible to avoid a 
ertain set of patterns over �

k

, we expli
itly 
onstru
t an in�nite word

over �

k

having the desired property. Se
ond, to show that k is optimal for a 
ertain set of

patterns, we use a 
lassi
al breadth-�rst tree traversal te
hnique, as follows:
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Suppose we wish to avoid a given set of words P over �

k

. We maintain a queue, Q, and

initialize it with the empty word �. If the queue is empty, we are done. Otherwise, we take

the next element w from the queue, and form k new words by appending 0; 1; : : : ; k � 1 to

it. For ea
h new word wa, we 
he
k to see whether some suÆx of wa o

urs in P . If it does,

we dis
ard it; otherwise we add it to the queue.

If this algorithm terminates, we have proved that it is not possible to avoid P over �

k

.

The resulting proof may be represented in the form of a tree, with the leaves representing

minimal length pre�xes that 
ontain an o

urren
e of one of the patterns as a suÆx.

In the parti
ular 
ase of the patterns we dis
uss in this se
tion, two additional eÆ
ien
ies

are possible. First, sin
e a word w simultaneously avoids the patterns xx, x�(x), : : :, x�

j

(x)

i� �(w) does, we may without loss of generality 
onsider only the words that begin with the

letter 0. Se
ond, if the last letter was a, then the next letter must be 
ontained in the set

fa+ j + 1; : : : ; a+ k � 1g, for otherwise our word would 
ontain a length-2 subword of the

form x�

i

(x) for 0 � i � j. This observation signi�
antly 
uts down on the bran
hing fa
tor

of the trees we generate.

Proof of Theorem 6.3.1. Let us start with assertion (a). As already noted, a 
lassi
al

result due to Thue shows that one 
an avoid the pattern xx over �

3

= f0; 1; 2g [Thu12,

Ber95℄. Furthermore, it is an old and easy observation that any word of length � 4 over

�

2

= f0; 1g 
ontains an o

urren
e of the pattern xx. More generally, we have

Proposition 6.3.2 Let k � 2 be an integer, and let r be an integer with 1 � r < k. Then

any word of length � 4 over �

k


ontains an o

urren
e of the pattern x�

a

(x) for some a 6� r

(mod k).

Proof. We use the tree traversal algorithm. Assume the �rst letter is 0; then if the next

letter is a 6= r, we are done. Hen
e assume the next letter is r. Then, by a similar argument,

the next letter must be 2r, and the next 3r. However, the word (0; r; 2r; 3r) 
ontains the

pattern x�

2r

(x) for x = (0; r). Sin
e r 6= 0, we have 2r 6� r (mod k).
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Now let us prove assertion (b) of Theorem 6.3.1. By Proposition 6.3.2 with r = 2, one


annot avoid the patterns xx and x�(x) simultaneously over �

3

. We also have

Proposition 6.3.3 Every word of length � 24 over �

4


ontains an o

urren
e of either xx

or x�(x).

Proof. We use the tree traversal algorithm. The resulting tree has depth 24 and 
ontains

233 leaves. Figure 1 below lists these leaves in breadth-�rst order.
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0202 0203210202 031321310310 021020320210313 02102032021032020 0313213103132103131

0213 0210203203 031321031320 021020320210310 02102032021032021 0313213103132103132

0310 0210313210 031321031321 021020320210321 02103132131031320 0320210203202103203

02031 0210320213 032021032020 021031321310310 02103132131032132 0321310313213103202

03131 0313213102 032021032021 031321310321313 02103202102032020 0321310313213103203

03203 0313210202 032131031320 031321310321310 02103202102032131 0321310313213103210

021021 0313210203 032131032131 032021020320213 02103202102032132 02032102032021020320

031320 0313210310 032131032132 032021020321021 02103202102032103 02032102032021032020

032020 0320210202 032102032020 032131031321313 03132131031321020 02032102032021032021

032132 0320210313 032102032102 032131031321020 03132131031321021 02103132131031321020

032103 0320210310 032102032103 032131031321021 03132131031321032 02103132131031321021

0203203 0320210321 0203202102031 032131031321032 03213103132131031 02103132131031321032

0210202 0321310310 0203202103203 032102032021021 03213103132103131 03202102032021032020

0210310 0321310320 0203210203203 0203202102032020 03213103132103132 03202102032021032021

0210321 02032021021 0210203210202 0203202102032021 03210203202102031 03213103132131032132

0320213 02032102031 0210203210203 0203202102032131 03210203202103203 03210203202102032131

0321313 02102032020 0210313213102 0203202102032132 020320210203210202 03210203202102032132

0321021 02102032131 0210320210202 0203202102032103 020320210203210203 03210203202102032103

02032020 02102032132 0313213103131 0210203202102031 020321020320210202 021031321310313210310

02032132 02102032103 0313213103202 0210203202102032 020321020320210313 021032021020320210313

02032103 02103132132 0313213103203 0210203202103203 020321020320210310 021032021020320210310

02102031 03132103131 0313213103210 0210313213103131 020321020320210321 021032021020320210321

02103131 03202102031 0320210203203 0210313213103202 021031321310313213 032131031321310321313

02103203 03202103203 0321020320213 0210313213103203 021031321310321313 032131031321310321310

03132132 03213103131 02032021032020 0210313213103210 021031321310321310 032102032021020321021

03213102 03213103210 02032021032021 0210320210203203 021032021020320213 0203210203202102032131

03210202 03210203203 02032102032020 0313213103132131 021032021020321021 0203210203202102032132

020320213 03210203213 02102032021021 0313213103132132 031321310313210310 0203210203202102032103

020321313 020320210202 02103202102031 0320210203202102 032021020320210313 0210313213103132103131

020321021 020320210313 03132131031320 0320210203210202 032021020320210310 0210313213103132103132

021031320 020320210310 03132131032132 0320210203210203 032021020320210321 0210320210203202103203

021032020 020320210321 03202102032020 0321310313213102 032102032021020320 0321020320210203210202

031321313 020321020321 03202102032131 0321310313210310 032102032021032020 0321020320210203210203

031321021 021020320213 03202102032132 0321020320210202 032102032021032021 02032102032021020321021

031321032 021020321021 03202102032103 0321020320210313 0203210203202102031 02103202102032021032020

032021021 021031321313 03213103132132 0321020320210310 0203210203202103203 02103202102032021032021

032102031 021032021021 020320210203203 0321020320210321 0210320210203202102 020321020320210203210202

0203213102 021032021031 020321020320213 02032021020321021 0210320210203210202 020321020320210203210203

0203213103 021032021032 021020320210202 02032102032021021 0210320210203210203

Figure 1: Leaves of the tree giving a proof of Proposition 6.3.3.

Thus we 
annot avoid the patterns xx and x�(x) simultaneously over �

4

. However,

we 
an avoid the patterns xx and x�(x) simultaneously over �

5

. This will follow from

Theorem 6.3.4 below.

Next, let us prove assertion (
). As we have seen in Proposition 6.3.2 above, every word

of length � 4 over �

4


ontains an o

urren
e of one of the patterns xx, x�(x), or x�

2

(x).
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We now show

Theorem 6.3.4 It is possible to simultaneously avoid the patterns xx, x�(x), and x�

2

(x)

over �

5

.

Before starting the proof, we introdu
e some notation. If w = a

1

a

2

a

3

� � � is a word over

�

k

, then

�(w) := (a

2

� a

1

; a

3

� a

2

; a

4

� a

3

; : : :);

where the di�eren
es are, of 
ourse, taken mod k. Similarly, we write

S(w) = (0; a

1

; a

1

+ a

2

; a

1

+ a

2

+ a

3

; : : :);

where the sums are, of 
ourse, taken mod k. Note that �(S(w)) = w, and if a

1

= 0, then

S(�(w)) = w. Finally, if x = a

1

� � � a

m

2 �

�

k

, we de�ne s

k

(x) = (�

1�i�m

a

i

) mod k.

The following lemma relates o

urren
es of patterns of the form x�

a

(x) in w to other,

easier-to-study patterns in �(w).

Lemma 6.3.5 Let w 2 �

1

k

, and let a 2 �

k

. Then w avoids the pattern x�

a

(x) i� �(w)

avoids fy
y : y 2 �

�

k

; 
 2 �

k

; and s

k

(y
) = ag.

Proof. Suppose w 
ontains an o

urren
e of the pattern x�

a

(x). Write x = b

1

b

2

� � � b

i

. Then

w = w

0

b

1

b

2

� � � b

i

�

a

(b

1

) � � � �

a

(b

i

) � � � :

Thus

�(w) = �(w

0

b

1

); (b

2

� b

1

; : : : ; b

i

� b

i�1

; �

a

(b

1

)� b

i

; b

2

� b

1

; : : : ; b

i

� b

i�1

; : : :);

and hen
e 
ontains y
y with

y = (b

2

� b

1

; : : : ; b

i

� b

i�1

); 
 = �

a

(b

1

)� b

i

:
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Also

s

k

(y
) = (b

2

� b

1

) + � � �+ (b

i

� b

i�1

) + �

a

(b

1

)� b

i

= (b

i

� b

1

) + (a+ b

1

� b

i

)

= a:

Now suppose �(w) 
ontains a subword y
y with y 2 �

�

k

, 
 2 �

k

, and s

k

(y
) = a. Then

�(w) = xy
yz for some x = b

1

b

2

� � � b

j

and y = d

1

d

2

� � � d

i

. Then

�(w) = b

1

b

2

� � � b

j

d

1

d

2

� � � d

i


d

1

d

2

� � � d

i

� � � :

Then if e is the �rst letter of w, we have

w = (e; e+ b

1

; e+ b

1

+ b

2

; : : : ; e+ b

1

+ b

2

+ � � �+ b

j

; e+ f + d

1

; e+ f + d

1

+ d

2

; : : : ;

e+ f + d

1

+ d

2

+ � � �+ d

i

; e+ f + g + 
; e+ f + g + 
+ d

1

; e+ f + g + 
+ d

1

+ d

2

; : : : ;

e+ f + g + 
 + d

1

+ d

2

+ � � �+ d

i

; : : :)

where f := b

1

+ b

2

+ � � � + b

j

and g := d

1

+ d

2

+ � � � + d

i

. It follows that w 
ontains an

o

urren
e of x�

a

(x), where x = (e+f; e+f+d

1

; : : : ; e+f+d

1

+d

2

+ � � �+d

i

) and a = g+
.

But g + 
 = s

k

(d

1

d

2

� � � d

i


) = s

k

(y
).

Now to prove Theorem 6.3.4, it suÆ
es to 
onstru
t an in�nite word v where v avoids

P

2

:= fy
y : y 2 �

�

5

; 
 2 �

5

; and s

5

(y
) 2 f0; 1; 2gg:

For then we 
ould set w = S(v), and by Lemma 6.3.5, w avoids the patterns xx, x�(x), and

x�

2

(x) over �

5

. We 
onstru
t su
h a v using the following theorem.

Theorem 6.3.6 Let h be the morphism over f3; 4g de�ned by h(4) = 4433 and h(3) =
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44433. Let w be a �nite word. If w avoids P

2

, then h(w) avoids P

2

.

Proof. We prove the 
ontrapositive.

Suppose h(w) 
ontains an o

urren
e of the pattern y
y with y 2 �

�

5

, 
 2 �

5

, and

s

5

(y
) 2 f0; 1; 2g. Write h(w) = z

1

y
yz

2

. Without loss of generality, we may assume that

jz

1

j is as small as possible, or, in other words, that the o

urren
e of y
y we are dealing with

lies as far to the left as possible within h(w).

Also note that s

5

(i) = s

5

(h(i)) for i 2 f3; 4g, and so it follows that s

5

(w) = s

5

(h(w)) for

all �nite strings w 2 f3; 4g

�

.

We 
laim that if y
y is a subword of h(w) for some w su
h that y; 
 obey the given


onditions, then jyj � 5. Table 1 below suÆ
es to prove this.

The explanation of the table is as follows. We examine all possible subwords y
 of length

� 5 that o

ur in f4433; 44433g

�

. For ea
h su
h subword, it suÆ
es to show that either

s

5

(y
) 62 f0; 1; 2g, or y
y 
annot o

ur as a subword of h(w) for any w 2 f3; 4g

�

. For this

last 
he
k, it suÆ
es to observe that if y
y 
ontains any of the subwords 434; 343; 333; or

4444, then it 
annot o

ur as a subword of h(w).
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y
y 
ontains

jyj y
 s

5

(y
) y
y forbidden if so,

subword whi
h one

0 3 3 3 no

4 4 4 no

1 33 1 333 yes 333

34 2 343 yes 343

43 2 434 yes 434

44 3 444 no

2 334 0 33433 yes 343

344 1 34434 yes 434

433 0 43343 yes 343

443 1 44344 yes 434

444 2 44444 yes 4444

3 3344 4 3344334 no

3443 4 3443344 no

3444 0 3444344 yes 434

4334 4 4334433 no

4433 4 4433443 no

4443 0 4443444 yes 434

4 33443 2 334433344 yes 333

33444 3 334443344 no

34433 2 344333443 yes 333

34443 3 344433444 no

43344 3 433444334 no

44334 3 443344433 no

44433 3 444334443 no
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Table 1: Proof that jyj � 5.

It follows that jyj � 5. There are now several 
ases to 
onsider.

Case 1: y starts with 33. Then y
y = 33 � � � 
 33 � � � . Sin
e h(w) 2 f4433; 44433g

�

, we must

have 
 = 4. Also, y must end with 4, and furthermore the letter immediately pre
eding the

o

urren
e of y
y in h(w) must be 4. We 
an therefore write y = 33t4 for some string t,

and observe that 4 33t4 4 33t4 = 4y4y is a subword of h(w). Now let y

0

= 433t, and note

that y

0

4y

0

is a subword of h(w). But s

5

(y

0

4) = s

5

(433t4) = s

5

(33t44) = s

5

(y4) 2 f0; 1; 2g, so

y

0

4y

0

2 P

2

, 
ontradi
ting our assumption that y
y was the leftmost su
h o

urren
e in h(w).

Case 2: y starts with 34. Then y
y = 34 � � � 
 34 � � � , so 
 = 3. Thus y
y = 34 � � � 3 34 � � � ,

so y must end in 4, and further the letter immediately pre
eding the o

urren
e of y
y

in h(w) must be 3. We 
an therefore write y = 34t3 for some string t, and observe that

3 34t3 3 34t3 = 3y3y is a subword of h(w). Now let y

0

= 334t and note that y

0

3y

0

is a

subword of h(w). But s

5

(y

0

3) = s

5

(334t3) = s

5

(34t33) = s

5

(y3) 2 f0; 1; 2g, so y

0

3y

0

2 P

2

,


ontradi
ting our assumption that y
y was the leftmost su
h o

urren
e in h(w).

Case 3: y starts with 43. Then y
y = 43 � � � 
 43 � � � , so 
 = 4, and further the letter

immediately pre
eding the o

urren
e of y
y in h(w) must be 4. Thus y = 43t. Write

t = t

0

b, where jbj = 1. Then y = 43t

0

b. Then 4y
y = 4 43t

0

b 4 43t

0

b is a subword of h(w).

Let y

0

= 443t

0

. Then y

0

by

0

is a subword of h(w), and s

5

(y

0

b) = s

5

(443t

0

b) = s

5

(43t

0

b4) =

s

5

(y4) 2 f0; 1; 2g, so y

0

by

0

2 P

2

, 
ontradi
ting our assumption that y
y was the leftmost su
h

o

urren
e in h(w).

Case 4: y starts with 444. Then y
y = 444 � � � 
 444 � � � , so 
 = 3, and further, y ends with 3.

Sin
e jyj � 5, we 
an write y = 444t3 for some string t. It follows that y3y3 = 444t3 3 444t3 3

is a subword of h(w). Hen
e there exists a string u su
h that h(3u) = y3, and 3u3u is a

subword of w. We have s

5

(u3) = s

5

(3u) = s

5

(y3) 2 f0; 1; 2g, so u3u is an o

urren
e of a

string of P

2

in w, as desired.

Case 5: y starts with 443. There are two sub
ases to 
onsider:
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Case 5a: 
 = 3. Then the last two 
hara
ters of y must be 43. We have

y
y = 443 � � � 43 3 443 � � � 43. Then y3y3 is a subword of h(w), and there must

exist u su
h that h(4u) = y3 and u4u is a subword of w. Then s

5

(u4) = s

5

(4u) =

s

5

(y3) 2 f0; 1; 2g, so u4u is an o

urren
e of a string of P

2

in w, as desired.

Case 5b: 
 = 4. Then y
y = 443 � � � 4 443 � � � , so the last three 
hara
ters of y

must be 433. Sin
e jyj � 5, we must have y = 4433 � � � 433. Write y = 4433y

0

.

Then y
y = 4433 y

0

44433 y

0

is a subword of h(w) and there exists u su
h that

h(u) = y

0

. Then h(u3u) = y

0

44433 y

0

. Now s

5

(u3) = s

5

(h(u3)) = s

5

(y

0

44433) =

s

5

(4433y

0

4) = s

5

(y4), so u3u is an o

urren
e of a string of P

2

in w, as desired.

This 
ompletes the proof of Theorem 6.3.6.

Proof of Theorem 6.3.4. De�ne

v = h

!

(4) = 443344334443344433 � � � :

We 
laim v avoids P

2

. This follows be
ause the word 4 avoids P

2

, and by Theorem 6.3.6,

if w avoids P

2

then so does h(w). Now 
onsider S(v) = 0431432032103104314 � � � . From

Lemma 6.3.5, it follows that S(v) avoids the patterns xx, x�(x), and x�

2

(x).

This 
ompletes the proof of Theorem 6.3.4, and hen
e assertion (
) of Theorem 6.3.1.

We now turn to assertion (d) of Theorem 6.3.1. From Proposition 6.3.3 with r = 4 we

know any word of length � 4 over �

5


ontains an o

urren
e of one of the patterns xx, x�(x),

x�

2

(x), or x�

3

(x). The methods of Theorem 6.3.6 and Lemma 6.3.5 lead immediately to

Theorem 6.3.7 It is possible to simultaneously avoid the patterns xx, x�(x), x�

2

(x), and

x�

3

(x) over �

6

.

Proof. We 
onstru
t an in�nite word w over �

6

su
h that w simultaneously avoids the

patterns xx, x�(x), x�

2

(x), and x�

3

(x). Let g be the morphism over f4; 5g de�ned by
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g(5) = 55544 and g(4) = 555544. We 
laim that w = S(g

!

(5)) simultaneously avoids the

patterns xx, x�(x), x�

2

(x), and x�

3

(x). The proof follows exa
tly the same plan as that of

Theorem 6.3.6. We omit it here.

Remark. We note that the morphisms used in the proof of Theorem 6.3.6 and Theorem

6.3.7 do not generalize to any other j. For example, if we were to de�ne h analogously

for j = 4, we would have h(6) = 666655 and h(5) = 6666655. By inspe
tion, we see that

h(6) = 6666655 
ontains y
y where y = 66 and 
 = 6. Hen
e s

7

(y
) = 4 = j and so S(h(6))

does not avoid the pattern x�

4

(x).

Finally, we turn to assertion (e). First, we show it is not possible to avoid the patterns

xx, x�(x), : : :, x�

4

(x) on 7 letters. Here the 
orresponding tree has 215 leaves, and the

longest leaf has length 36. See Figure 2 below.
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0531 0543205432 0653106542065432 06542065431654320543210 065431654320543216432105321065

0542 0543216431 0654206543165431 06543165432054321643216 0532106421065310654206543165431

0643 0642106420 0654316543205431 053210642106531065420653 0543216432105321064210653106543

05320 0642106421 05321064210653105 054321643210532106421064 0642106531065420654316543205431

06420 0642106532 05432164321053216 064210653106542065431653 0653106542065431654320543216431

06532 0653106531 06421065310654205 065310654206543165432053 0654206543165432054321643210531

054310 0653106532 06531065420654310 065420654316543205432165 0654316543205432164321053210643

064216 0653106543 06542065431654321 065431654320543216432106 05321064210653106542065431654321

065316 0654206542 06543165432054320 0532106421065310654206542 05432164321053210642106531065421

065421 0654316542 053210642106531064 0543216432105321064210654 06421065310654206543165432054320

065432 05321064216 054321643210532105 0642106531065420654316542 06531065420654316543205432164320

0532165 05432164320 064210653106542064 0653106542065431654320542 06542065431654320543216432105320

0543164 06421065316 065310654206543164 0654206543165432054321642 06543165432054321643210532106420

0543206 06531065421 065420654316543206 0654316543205432164321054 053210642106531065420654316543206

0543210 06542065432 065431654320543210 05321064210653106542065432 054321643210532106421065310654205

0653105 06543165431 0532106421065310653 05432164321053210642106532 064210653106542065431654320543210

0654205 053210642105 0543216432105321065 06421065310654206543165431 065310654206543165432054321643216

0654310 054321643216 0642106531065420653 06531065420654316543205431 065420654316543205432164321053216

05321642 064210653105 0653106542065431653 06542065431654320543216431 065431654320543216432105321064216

05321643 065310654205 0654206543165432053 06543165432054321643210531 0532106421065310654206543165432053

05321054 065420654310 0654316543205432165 053210642106531065420654310 0543216432105321064210653106542064

05321065 065431654321 05321064210653106543 054321643210532106421065316 0642106531065420654316543205432165

05431653 0532106421064 05432164321053210643 064210653106542065431654321 0653106542065431654320543216432106

05431654 0543216432106 06421065310654206542 065310654206543165432054320 0654206543165432054321643210532105

05432053 0642106531064 06531065420654316542 065420654316543205432164320 0654316543205432164321053210642105

05432165 0653106542064 06542065431654320542 065431654320543216432105320 05321064210653106542065431654320542

06421053 0654206543164 06543165432054321642 0532106421065310654206543164 05432164321053210642106531065420653

06421054 0654316543206 053210642106531065421 0543216432105321064210653105 06421065310654206543165432054321642

06531064 05321064210654 054321643210532106420 0642106531065420654316543206 06531065420654316543205432164321054

06542064 05432164321054 064210653106542065432 0653106542065431654320543210 06542065431654320543216432105321065

06543164 06421065310653 065310654206543165431 0654206543165432054321643216 06543165432054321643210532106421064

053210531 06531065420653 065420654316543205431 0654316543205432164321053216 053210642106531065420654316543205431

053210643 06542065431653 065431654320543216431 05321064210653106542065431653 053210642106531065420654316543205432

054320542 06543165432053 0532106421065310654205 05432164321053210642106531064 054321643210532106421065310654206542

054321642 053210642106532 0543216432105321064216 06421065310654206543165432053 054321643210532106421065310654206543

064210643 054321643210531 0642106531065420654310 06531065420654316543205432165 064210653106542065431654320543216431

064210654 064210653106543 0653106542065431654321 06542065431654320543216432106 064210653106542065431654320543216432

065420653 065310654206542 0654206543165432054320 06543165432054321643210532105 065310654206543165432054321643210531

065431653 065420654316542 0654316543205432164320 053210642106531065420654316542 065310654206543165432054321643210532

0532105320 065431654320542 05321064210653106542064 054321643210532106421065310653 065420654316543205432164321053210642

0532105321 0532106421065316 05432164321053210642105 064210653106542065431654320542 065420654316543205432164321053210643

0532106420 0543216432105320 06421065310654206543164 065310654206543165432054321642 065431654320543216432105321064210653

0543205431 0642106531065421 06531065420654316543206 065420654316543205432164321054 065431654320543216432105321064210654

Figure 2: Leaves of the tree giving the proof of assertion (e)

Using the tree traversal algorithm, we 
an prove

Theorem 6.3.8 One 
annot avoid the patterns xx, x�(x), : : :, x�

j

(x) on j + 3 letters, for
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j � 5.

Proof. Consider trying to generate an in�nite word w over Zstarting with 0, subje
t to

two 
onditions: (1) avoiding the pattern x�

i

(x) for all i, where jxj � 2, and (2) avoiding all

subwords of length 2 that are not of the form (n; n� 1) or (n; n � 2) for n 2 Z.

Let us now apply the tree traversal algorithm to this avoidan
e problem. The tree T

so produ
ed has 71 leaves and the longest leaf has length 12. All the o

urren
es of x�

i

(x)

found at the leaves of T , for jxj � 2, satisfy i 2 X = f�3;�4;�6;�7;�8g.

Now 
onsider the labels of this tree redu
ed modulo j+3. The patterns at the leaves are

still of the form x�

i

(x), ex
ept now i is redu
ed modulo j + 3. In order for T to 
orre
tly

represent a proof that the pattern x�

i

(x) 
annot be avoided for 0 � i � j we must 
he
k

that i mod (j + 3) 2 f0; 1; : : : ; jg for all i 2 X. But this is 
learly true for j � 5.

Figure 3 lists the leaves of T in 
oded form. We use the letters A;B;C;D;E;F;G to

represent 10; 11; 12; 13; 14; 15; 16 respe
tively, and the word a

1

a

2

� � � a

j

represents the leaf

(�a

1

;�a

2

; : : : ;�a

j

).

0246 024568AC 01356789A 0234568ABCE

0235 024568AB 01235789B 01356789BDF

0134 0245679A 01234689B 01246789ACD

02457 02456789 0245679BCE 01235789ABC

01357 0234689B 0245679BCD 01234689ABD

01245 0234689A 0245678ACE 0245678ACDEG

023467 0234579B 0234579ABD 0245678ACDEF

013568 02345689 0234579ABC 0234568ABCDF

012468 0135679B 0234568ABD 0234568ABCDE

012356 0135679A 0135678ACE 01356789BDEG

012345 0124678A 0135678ACD 01356789BDEF

0245689 0123578A 01356789BC 01246789ACEG
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023468A 0123468A 01246789BD 01246789ACEF

0234578 0245679BD 01246789BC 01235789ABDF

0234567 0245678AB 01246789AB 01235789ABDE

0124679 0234579AC 01235789AC 01234689ABCE

0123579 0234568AC 01234689AC 01234689ABCD

0123467 0135678AB 0245678ACDF

Figure 3: Leaves of the tree giving the proof of Theorem 6.3.8.

We now show it is possible to simultaneously avoid the patterns xx, x�(x), : : :, x�

j

(x) on

�

j+4

for j � 4. A
tually, we prove a more general result from whi
h this result will follow.

Theorem 6.3.9 Let k � 4 be an integer, and let A � �

k

su
h that Card A � k � 3. Then

it is possible to simultaneously avoid the patterns fx�

a

(x) : a 2 Ag over �

k

.

Proof. On
e again, the idea is to 
onsider the �rst di�eren
es of words, modulo k. Suppose

we 
an 
onstru
t a word w over �

k

su
h that w avoids both (i) the pattern y
y, where

jyj � 1 and j
j = 1, and (ii) the letters a 2 A. Then it follows from Lemma 6.3.5 that S(w)

avoids the pattern x�

a

(x).

Lemma 6.3.10 Let w = a

1

a

2

a

3

� � � be any squarefree word over �

3

. Then the word a

1

a

1

a

2

a

2

a

3

a

3

� � �

avoids the pattern y
y for y 2 �

+

3

and 
 2 �

3

.

Remark. This lemma is due to J. Loftus.

Proof. Suppose y = b

1

b

2

� � � b

k

, and the pattern y
y o

urs in z = a

1

a

1

a

2

a

2

a

3

a

3

� � � . There

are three 
ases to 
onsider, depending on jyj and where y starts in z.
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Case 1: jyj is even and y starts with a

i

a

i

. Let k = 2j. Then we have

b

1

b

2

� � � b

2j


 b

1

b

2

� � � b

2j

=

a

i

a

i

� � � a

i+j�1

a

i+j

a

i+j

a

i+j+1

� � � a

i+2j

and so a

i+j

= b

1

= a

i

= b

2

= a

i+j+1

. It follows that w 
ontains the square a

i+j

a

i+j+1

, a


ontradi
tion.

Case 2: jyj is even and y starts with a

i

a

i+1

. Let k = 2j. Then we have

b

1

b

2

� � � b

2j


 b

1

b

2

� � � b

2j

=

a

i

a

i+1

� � � a

i+j

a

i+j

a

i+j+1

a

i+j+1

� � � a

i+2j

and so a

i

= b

1

= a

i+j+1

= b

2

= a

i+1

. It follows that w 
ontains the square a

i

a

i+1

, a


ontradi
tion.

Case 3: jyj is odd. Let k = 2j + 1. Then either

b

1

b

2

� � � b

2j

b

2j+1


 b

1

b

2

� � � b

2j

b

2j+1

=

a

i

a

i

� � � a

i+j�1

a

i+j

a

i+j

a

i+j+1

a

i+j+1

� � � a

i+2j

a

i+2j+1

or

b

1

b

2

� � � b

2j

b

2j+1


 b

1

b

2

� � � b

2j

b

2j+1

=

a

i

a

i+1

� � � a

i+j

a

i+j

a

i+j+1

a

i+j+1

a

i+j+2

� � � a

i+2j+1

a

i+2j+1
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In either 
ase we �nd

a

i

= b

1

= a

i+j+1

a

i+1

= b

3

= a

i+j+2

.

.

.

a

i+j

= b

2j+1

= a

i+2j+1

It follows that a

i

a

i+1

� � � a

i+j

= a

i+j+1

a

i+j+2

� � � a

i+2j+1

and sow 
ontains the square a

i

a

i+1

� � � a

i+2j+1

,

a 
ontradi
tion. The proof of the Lemma is 
omplete.

Remark. One 
annot avoid the pattern y
y, with jyj � 1 and j
j = 1, over an alphabet of

2 letters. As the tree traversal algorithm shows, any word of length � 7 over f0; 1g 
ontains

an o

urren
e of y
y.

Now we 
an 
omplete the proof of Theorem 6.3.9. Let x be any squarefree word over

f0; 1; 2g. Sin
e Card A = k � 3, we have �

k

� A = fd; e; fg for some distin
t integers

0 � d; e; f < k.

Consider the morphism ' : �

�

j+4

! �

�

j+4

de�ned as follows:

0 ! d d

1 ! e e

2 ! f f

We 
laim S('(x)) avoids the patterns xx, x�(x), : : :, x�

j

(x).

Let v = S('(x)). Then �(v) = '(x) 
learly avoids y
y by Lemma 6.3.10, and it also

avoids all the letters in A by 
onstru
tion. Then by Lemma 6.3.5, v avoids the patterns

x�

a

(x) for a 2 A.

As a 
onsequen
e we get
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Corollary 6.3.11 It is possible to simultaneously avoid the patterns xx, x�(x), : : :, x�

j

(x)

on �

j+4

for j � 4.

The proof of Theorem 6.3.1 is now 
omplete.

6.4 Even more results

One may also 
onsider the problem of avoiding other sets of patterns of the form x�

a

(x). In

this se
tion, we let j � 1 be an integer, and 
onsider avoiding the 2j + 1 patterns x�

�j

(x),

: : :, x�

�1

(x), xx, x�(x), : : :, x�

j

(x) simultaneously over the alphabet �

k

.

Theorem 6.4.1 For j � 1, one 
an simultaneously avoid the patterns x�

�j

(x), : : :, x�

�1

(x),

xx, x�(x), : : :, x�

j

(x) over �

2j+4

, and this is best possible.

Proof.

By Theorem 6.3.9 with A = f�j; 1� j; : : : ;�1; 0; 1; 2; : : : jg, we see that we 
an simulta-

neously avoid the patterns x�

�j

(x), : : :, x�

�1

(x), xx, x�(x), : : :, x�

j

(x) over �

2j+4

.

It follows from Proposition 6.3.2 that one 
annot avoid x�

�j

(x), : : :, x�

�1

(x), xx, x�(x),

: : :, x�

j

(x) over �

2j+2

or smaller alphabet.

To prove that one 
annot simultaneously avoid the patterns x�

�j

(x), : : :, x�

�1

(x), xx,

x�(x), : : :, x�

j

(x) over �

2j+3

, we use the tree traversal algorithm. Then every word of length

� 8 over �

2j+3


ontains an o

urren
e of x�

l

(x) for some l with �j � l � j. Figure 4 below

gives the output of the tree traversal algorithm, showing that there are 24 leaves. Here

t = j + 1.

(0, -t, -2t, -3t) (0, -t, -2t, -t, 0, t) (0, -t, -2t, -t, 0, -t, -2t, -3t)

(0, -t, 0, -t) (0, -t, 0, t, 0, t) (0, -t, -2t, -t, 0, -t, -2t, -t)

(0, t, 0, t) (0, t, 0, -t, 0, -t) (0, -t, 0, t, 0, -t, 0, -t)
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(0, t, 2t, 3t) (0, t, 2t, t, 0, -t) (0, -t, 0, t, 0, -t, 0, t)

(0, -t, -2t, -t, -2t) (0, -t, -2t, -t, 0, -t, 0) (0, t, 0, -t, 0, t, 0, -t)

(0, -t, 0, t, 2t) (0, -t, 0, t, 0, -t, -2t) (0, t, 0, -t, 0, t, 0, t)

(0, t, 0, -t, -2t) (0, t, 0, -t, 0, t, 2t) (0, t, 2t, t, 0, t, 2t, t)

(0, t, 2t, t, 2t) (0, t, 2t, t, 0, t, 0) (0, t, 2t, t, 0, t, 2t, 3t)

Figure 4: Leaves of the tree giving a proof of Theorem 6.4.1.

6.5 Avoiding x�

i

(x) for all i

Generalizing the results of the previous se
tion, we may ask if it is possible to avoid the

patterns x�

i

(x) for all i. Unfortunately, this is 
learly impossible, for if a word z begins with

i j, then it 
ontains a subword of the form i �

j�i

(i).

However, we 
an relax our 
onditions for avoidan
e, as follows: we say an in�nite word

weakly avoids the patterns x�

i

(x) if it 
ontains no subwords of the form x�

i

(x) with jxj � 2.

(In 
ontrast, our previous notion of avoidability we will 
all strong.)

Proposition 6.5.1 Over �

2

, every word of length � 8 
ontains a subword of the form x�

i

(x)

for some i � 0, with jxj � 2.

Proof. Our simple tree traversal algorithm proves this. The tree generated has 24 leaves,

and the leaves are given in Figure 5.

0000 000101 00010000

0011 001001 00010001

0101 010000 00100010

0110 011100 00100011

00011 0001001 01000100
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00101 0010000 01000101

01001 0100011 01110110

01111 0111010 01110111

Figure 5: Leaves of the tree giving a proof of Proposition 6.5.1.

However, it is possible to weakly avoid the patterns x�

i

(x) for all i � 0 over �

3

. Let w

be any squarefree word over f0; 1; 2g, and 
onsider the morphism f whi
h maps

0 ! 00

1 ! 10

2 ! 20:

Theorem 6.5.2 The in�nite word f(w) weakly avoids the patterns x�

i

(x) for all i � 0.

Proof. Let w = 


1




2




3

� � � , and f(w) 
ontains a subword of the form z = x�

i

(x) for some

i and jxj � 2. There are two 
ases, depending on jxj mod 2.

Case 1: jxj � 0 (mod 2). In this 
ase, there are two possibilities, depending where x

starts in f(w):

z =

x

z }| {

d

1

0d

2

0 � � � d

j

0 j

�

i

(x)

z }| {

d

j+1

0 � � � d

2j

0

z = 0d

1

0d

2

� � � 0d

j

j 0d

j+1

� � � 0d

2j

where d

t

= 


t+k

for some integer k � 0. Comparing the se
ond symbol in the �rst 
ase, or

the �rst symbol in the se
ond 
ase, we see that if z = x�

i

(x), then i = 0. Hen
e d

t

= d

j+t

for 1 � t � j, and so 


k+t

= 


k+j+t

for 1 � t � j, 
ontradi
ting the assumption that w was

squarefree.
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Case 2: jxj � 1 (mod 2).

z =

x

z }| {

d

1

0d

2

� � � j

�

i

(x)

z }| {

0d

j

0 � � �

z = 0d

1

0 � � � j d

j

0d

j+1

� � �

If z = x�

i

(x), then, in the �rst 
ase, we must have d

1

= d

2

, and in the se
ond d

j

= d

j+1

.

Both 
orrespond to a square in w, a 
ontradi
tion.

We might also try weakly avoiding x�

i

(x) for 0 < i < k over �

k

, while simultaneously

(strongly) avoiding xx.

Theorem 6.5.3 If k = 4, one 
an, over �

k

, simultaneously weakly avoid x�

i

(x) for 0 < i <

k and strongly avoid xx. Here k is best possible.

Proof. We 
an weakly avoid x�

i

(x) for 0 < i < k and strongly avoid xx over �

4

as follows:

let w be any squarefree word over f1; 2; 3g, and 
onsider the morphism f whi
h maps

1 ! 10

2 ! 20

3 ! 30:

Then it follows from the same method of the proof of Theorem 6.5.2 that f(w) weakly avoids

x�

i

(x) for all i. However, it is 
lear from the 
onstru
tion that f(w) has no subword of the

form 

 for 
 2 �

4

, so f(w) also strongly avoids xx.

On the other hand, the tree traversal algorithm shows that over �

3

, any word of length

� 8 has a (weak) o

urren
e of x�

i

(x) with 0 < i < 3, or a strong o

urren
e of xx. The

tree generated has 24 leaves, and the leaves are given in Figure 6.

0101 010202 01020101
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0120 012102 01020102

0202 020101 01210120

0210 021201 01210121

01021 0102012 02010201

01212 0121010 02010202

02012 0201021 02120210

02121 0212020 02120212

Figure 6: Leaves of the tree giving a proof of Theorem 6.5.3.



Chapter 7

Weakly Self-Avoiding Words and a

Constru
tion of Friedman

This 
hapter is based on the work of J. Shallit and M.-w. Wang [SW01b℄.

7.1 Introdu
tion

We say a word y is a subsequen
e of a word z if y 
an be obtained by striking out 0 or more

symbols from z. For example, \iron" is a subsequen
e of \introdu
tion". We say a word y

is a subword of a word z if there exist words w; x su
h that z = wyx. For example, \du
t"

is a subword of \introdu
tion".

We use the notation x[k℄ to denote the k'th letter 
hosen from the string x. (The �rst

letter of a string is x[1℄.) We write x[a::b℄ to denote the subword of x of length b � a + 1

starting at position a and ending at position b.

Re
ently H. Friedman has found a remarkable 
onstru
tion that generates extremely

large numbers [Fri01, Fri00℄. Namely, 
onsider words over a �nite alphabet � of 
ardinality

k. If an in�nite word x has the property that for all i; j with 0 < i < j the subword x[i::2i℄

is not a subsequen
e of x[j::2j℄, we 
all it self-avoiding. We apply the same de�nition for a
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�nite word x of length n, imposing the additional restri
tion that j � n=2.

Friedman shows there are no in�nite self-avoiding words over a �nite alphabet. Fur-

thermore, he shows that for ea
h k there exists a longest �nite self-avoiding word x over

an alphabet of size k. Call n(k) the length of su
h a word. Then 
learly n(1) = 3 and

a simple argument shows that n(2) = 11. Friedman shows that n(3) is greater than the

in
omprehensibly large number A

7198

(158386), where A is the A
kermann fun
tion.

Jean-Paul Allou
he asked what happens when \subsequen
e" is repla
ed by \subword".

A priori we do not expe
t results as strange as Friedman's, sin
e there are no in�nite anti-


hains for the partial order de�ned by \x is a subsequen
e of y", while there are in�nite

anti-
hains for the partial order de�ned by \x is a subword of y".

7.2 Main Results

If an in�nite word x has the property that for all i; j with 0 � i < j the subword x[i::2i℄ is

not a subword of x[j::2j℄, we 
all it weakly self-avoiding. If x is a �nite word of length n, we

apply the same de�nition with the additional restri
tion that j � n=2.

Theorem 7.2.1 Let � = f0; 1; : : : ; k � 1g.

(a) If k = 1, the longest weakly self-avoiding word is of length 3, namely 000.

(b) If k = 2, there are no weakly self-avoiding words of length > 13. There are 8 longest

weakly self-avoiding words, namely 0010111111010, 0010111111011, 0011110101010,

0011110101011 and the four words obtained by 
hanging 0 to 1 and 1 to 0.

(
) If k � 3, there exists an in�nite weakly self-avoiding word.

Proof.

(a) If a word x over � = f0g is of length � 4, then it must 
ontain 0000 as a pre�x. Then

x[1::2℄ = 00 is a subword of x[2::4℄ = 000.
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(b) To prove this result, we 
reate a tree whose root is labeled with �, the empty word. If

a node's label x is weakly self-avoiding, then it has two 
hildren labeled x0 and x1. This tree

is �nite if and only if there is a longest weakly self-avoiding word. In this 
ase, the leaves

of the tree represent non-weakly-self-avoiding words that are minimal in the sense that any

proper pre�x is weakly self-avoiding.

Now we use the breadth-�rst tree traversal te
hnique of Se
tion 6.3 in the previous


hapter.

If this algorithm terminates, we have proved that there is a longest weakly self-avoiding

word. The proof may be 
on
isely represented by listing the leaves in breadth-�rst order.

We may shorten the tree by assuming, without loss of generality, that the root is labeled 0.

When we perform this pro
edure, we obtain a tree with 92 leaves, whose longest label is

of length 14. The following list des
ribes this tree:

0000 00111100 0011010101 001011111011

0001 00111110 0011010110 001011111100

0101 00111111 0011010111 001011111110

001000 01000000 0011101000 001011111111

001001 01000001 0011101001 001110101000

001010 01000010 0011101011 001110101001

001100 01000011 0011110100 001110101010

010001 01100001 0011110110 001110101011

010010 01100010 0011110111 001111010100

010011 01100011 0110000000 001111010110

011001 01110001 0110000001 001111010111

011010 01110010 0110000010 011100000000

011011 01110011 0110000011 011100000001

011101 0010110100 0111000001 011100000010

011110 0010110101 0111000010 011100000011
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011111 0010110110 0111000011 00101111110100

00101100 0010110111 001011110100 00101111110101

00110100 0010111000 001011110101 00101111110110

00110110 0010111001 001011110110 00101111110111

00110111 0010111010 001011110111 00111101010100

00111000 0010111011 001011111000 00111101010101

00111001 0010111100 001011111001 00111101010110

00111011 0011010100 001011111010 00111101010111

Figure 1: Leaves of the tree giving a proof of Theorem 7.2.1 (b)

(
) Consider the word

x = 22010110111011111011111110111111111110 � � �

= 22 0 1 0 1

2

0 1

3

0 1

5

0 1

7

0 1

11

0 1

15

0 1

23

0 1

31

0 1

47

0 � � �

where there are 0's in positions 3; 5; 8; 12; 18; 26; 38; 54; 78; 110; 158; : : :. More pre
isely, de�ne

f

2n+1

= 5 � 2

n

� 2 for n � 0, and f

2n

= 7 � 2

n�1

� 2 for n � 1. Then x has 0's only in the

positions given by f

i

for i � 1.

First we 
laim that if i � 3, then any subword of the form x[i::2i℄ 
ontains exa
tly two

0's. This is easily veri�ed for i = 3. If 5 � 2

n

� 1 � i < 7 � 2

n

� 1 and n � 0, then there are

0's at positions 7 � 2

n

� 2 and 5 � 2

n+1

� 2. (The next 0 is at position 7 � 2

n+1

� 2, whi
h is

> 2(7 � 2

n

� 2).) On the other hand, if 7 � 2

n�1

� 1 � i < 5 � 2

n

� 1 for n � 1, then there

are 0's at positions 5 � 2

n

� 2 and 7 � 2

n

� 2. (The next 0 is at position 5 � 2

n+1

� 2, whi
h is

> 2 � (5 � 2

n

� 2).)

Now we prove that x is weakly self-avoiding. Clearly x[1::2℄ = 22 is not a subword of

any subword of the form x[j::2j℄ for any j � 2. Similarly, x[2::4℄ = 201 is not a subword

of any subword of the form x[j::2j℄ for any j � 3. Now 
onsider subwords of the form
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t := x[i::2i℄ and t

0

:= x[j::2j℄ for i; j � 3 and i < j. From above we know t = 1

u

01

v

01

w

, and

t

0

= 1

u

0

01

v

0

01

w

0

. For t to be a subword of t

0

we must have u � u

0

, v = v

0

, and w � w

0

. But

sin
e the blo
ks of 1's in x are distin
t in size, this means that the middle blo
k of 1's in t

and t

0

must o

ur in the same positions of x. Then u � u

0

implies i � j, a 
ontradi
tion.

7.3 Another 
onstru
tion

Friedman has also 
onsidered variations on his 
onstru
tion, su
h as the following: letM

2

(n)

denote the length of the longest �nite word x over f0; 1g su
h that x[i::2i℄ is not a subsequen
e

of x[j::2j℄ for n � i < j. We 
an again 
onsider this where \subsequen
e" is repla
ed by

\subword".

Theorem 7.3.1 There exists an in�nite word x over f0; 1g su
h that x[i::2i℄ is not a subword

of x[j::2j℄ for all i; j with 2 � i < j.

Proof. Let

x = 00 1 0 0 1

3

0 1

2

0 1

7

0 1

5

0 1

15

0 1

11

0 1

31

0 1

23

� � �

= 00 1 0 0 1

g

1

0 1

g

2

0 1

g

3

0 � � �

where g

1

= 3, g

2

= 2, and g

n

= 2g

n�2

+ 1 for n � 3. Then a proof similar to that above

shows that every subword of the form x[i::2i℄ 
ontains exa
tly two 0's, and hen
e, sin
e the

g

i

are all distin
t, we have x[i::2i℄ is not a subword of x[j::2j℄ for j > i > 1.
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Chapter 8

On the irregularity of the dupli
ation


losure

This 
hapter is based on [Wan00℄. After the defen
e of my thesis I noti
ed that essentially

the same argument was given by Ehrenfeu
ht and Rozenberg [ER84℄.

In this 
hapter we solve a problem proposed in \On the regularity of the dupli
ation


losure" by J. Dassow, V. Mitrana and Gh. P�aun [DMP99℄.

First we need some notation. Let w 2 �

�

be a word. De�ne D(w) to be the set of

words u for whi
h there exists x, y, z 2 �

�

with w = xyz and u = xyyz. We extend the

de�nition of D to set of words in the natural way. We also de�ne D

2

= D(D). So powers of

D 
orrespond to 
ompositions. Finally let D

�

=

S

1

i=1

D

i

.

We prove the following.

Theorem 8.0.2 Suppose w is a word 
ontaining at least 3 distin
t letters. Then D

�

(w) is

not regular.

We assume w = ab
 below. The general 
ase follows easily from this. Let � be an

alphabet.
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Lemma 8.0.3 Suppose u = ab
 u

0

where u

0

2 �

�

, then there exists v 2 �

�

su
h that uv 2

D

�

(w).

Proof: We show how to 
onstru
t z = uv iteratively. Initially we set z = ab
. Suppose

u = a

1

a

2

:::a

k

and z = b

1

b

2

:::b

l

. Initially we have that a

i

= b

i

for 1 � i � 3. Then for

ea
h 4 � i � k, we do the following: we �nd the largest index j < i su
h that b

j

= a

i

.

Then we perform a subword 
opy on z using indi
es j:::i � 1. This means that now z =

b

1

b

2

:::b

j

:::b

i�1

b

j

:::b

i�1

b

i

:::b

l

. The e�e
t of this is to make the pre�xes of u and z agree on all

indi
es up to and in
luding i. For example, suppose u = ab
ba

a. We 
onstru
t z iteratively

as follows, where the underlined portion displays the subword to be repeated:

ab
! ab
b
! ab
bab
b
! ab
ba
bab
b
! ab
ba

bab
b
! ab
ba

a

bab
b
.

Now observe that ea
h word x 2 D

�

(w) is obtained from the word w by a sequen
e of

subword doubling operations. Let t(x) be the minimal number of doubling operations to

obtain x from w. We have

Lemma 8.0.4

t(x) � log

2

(jxj=3):

Proof: Ea
h doubling operation at most doubles the length of the previous word and the

starting word w = ab
 is of length 3. The lower bound follows.

Lemma 8.0.5 Suppose u = ab
 u

0

2 �

�

is square free. Let v be a shortest word su
h that

uv 2 D

�

(w). Then

jvj � log

2

(juj=3): (8.1)

Proof: By the de�nition of t, uv is obtained from w by a sequen
e of at least t(uv)

subword doubling operations. Sin
e u is square free, ea
h of these doubling operations must

result in at least one additional letter outside u, i.e., in v. It follows that

jvj � t(uv) � log

2

(juvj=3) � log

2

(juj=3):
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Now we are ready to prove the theorem using Myhill-Nerode's 
hara
terization of regular

languages. We 
onstru
t an in�nite sequen
e of pairwise inequivalent words as follows.

We start by de�ning W

1

= ab
. For i � 1, we de�ne W

i+1

indu
tively as follows: let V

i

be su
h that W

i

V

i

2 D

�

(w). Then we 
hoose W

i+1

to be a square free word, starting with

ab
, su
h that log

2

(jW

i+1

j=3) > jV

i

j. Su
h a word exists be
ause there are in�nitely many

square free words over a 3 letter alphabet. This length 
ondition ensures (by Lemma 8.0.5)

that W

i+1

V

j

62 D

�

(w) for all j � i. It follows that the W

i

are pairwise inequivalent. Sin
e

there are in�nitely many W

i

, by Myhill-Nerode D

�

(w) is not regular.

8.1 Open Problem

The most obvious question is still open. Is D

�

(w) 
ontext-free?
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Chapter 9

Automati
 Complexity of Strings

This 
hapter is based on the work of J. Shallit and M.-w. Wang [SW01a℄.

9.1 Introdu
tion

We are interested in a 
omputable measure of 
omplexity for �nite strings x over a �nite al-

phabet, typi
ally f0; 1g. Any su
h measure should re
e
t, in some sense, how \
ompli
ated"

the string x is.

Of 
ourse, any su
h dis
ussion must start with Kolmogorov-Chaitin 
omplexity [LV97℄

C(x), whi
h (roughly speaking) measures the 
omplexity of a string x as the size of the

shortest pair

(T; y) = (Turing ma
hine des
ription; input)

su
h that T on input y outputs x. Not only does C(x) measure the 
omplexity of x, but

also the pair (T; y) 
an be viewed as the optimal way to 
ompress the string x.

However it has three major de�
ien
ies (the �rst two are equivalent):

1. It is un
omputable! It is known that \C(x) < n" is 
omputably enumerable, but

\C(x) � n" is not 
omputably enumerable.
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2. There is no e�e
tive pro
edure for �nding a 
ompression pair (T; y).

3. K depends somewhat on the parti
ular model of universal Turing ma
hine 
hosen, and

is de�ned in a ma
hine-independent way only up to an additive 
onstant.

One 
onsequen
e of de�
ien
y (3) above is that sin
e C(xx) = C(x) + O(1), with the


onstant depending on the parti
ular model of universal Turing ma
hine 
hosen, it doesn't

make sense to ask if C(xx) > C(x) for any, most, or all strings x. We will see below, however,

that in the measure of 
omplexity proposed in this 
hapter, we have A(xx) � A(x) for all

strings x, and in fa
t there are in�nitely many strings x for whi
h this inequality is stri
t;

see Theorems 9.2.3 and 9.5.4.

It would be ni
e to �nd a measure without these de�
ien
ies. Turing ma
hines are

extremely powerful, and this suggests that we 
ould repla
e the Turing ma
hine with a less

powerful model and hope to �nd a 
omputable measure.

For example, we 
ould 
onsider repla
ing the Turing ma
hine with a 
ontext-free grammar

(CFG). We 
hoose, perhaps arbitrarily, some measure of the 
omplexity of a 
ontext-free

grammar, and then ask for the smallest grammar G su
h that L(G) = fxg.

If we demand that the 
ontext-free grammar be in Chomsky normal form (i.e., all pro-

du
tions are of the form A! BC or A! a where A;B;C are variables and a is a terminal),

and use the number of variables as the measure of a grammar's size, then then we get a well-

known measure of 
omplexity asso
iated with \word 
hains". Diwan [Diw86℄ was apparently

the �rst to study this measure; for other papers see [BB88, Rot89, AB89, Alt90, Bou92℄.

In this 
hapter we 
onsider repla
ing the Turing ma
hine with a deterministi
 �nite

automaton, or DFA.

Given a string x, in analogy with the word 
hain problem mentioned above, we might

seek to �nd a smallest DFA M su
h that L(M) = fxg. But this is 
learly uninteresting,

sin
e if jxj = n, a smallest su
h DFA always has exa
tly n + 2 states. Hen
e we 
onsider

relaxing the requirement somewhat.
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If a DFAM has the property that it a

epts a string x, but no other strings of length jxj,

we say M a

epts x uniquely. In this 
hapter, we examine the 
onsequen
es of the following

de�nition. We de�ne A(x), the automati
 
omplexity of x, to be the smallest number of

states in any DFA M that a

epts x uniquely. Of 
ourse, there may be many su
h DFA's

with the smallest number of states. We do not 
are how M behaves on strings that are

shorter or longer than x. More formally,

De�nition 9.1.1 Let � = f0; 1g and x 2 �

�

with jxj = n. De�ne A(x) to be the smallest

number of states in any DFA M su
h that L(M) \ �

n

= fxg.

J. Shallit and Y. Breitbart [SB96℄ explored a similar notion of des
riptional 
omplexity

for languages. However, that measure turns out to be uninteresting for the 
ase of a single

string.

There is a 
onne
tion between the measure studied in this 
hapter and the so-
alled

\separating words" problem, whi
h, given two strings w and x, both of length � n, asks

for the number B(w; x) of states in the smallest DFA M su
h that M separates w from x,

i.e., M a

epts exa
tly one of fw; xg. It is known that B(w; x) = O(log n) if jwj 6= jxj, and

B(w; x) = O(n

2=5

(log n)

3=5

) if jwj = jxj; see, for example, [GK86, Rob89, Rob96℄. Given w,

the fun
tion A(w) 
an be viewed as measuring the size of the smallest DFA M su
h that M

separates w from �

jwj

� fwg.

9.2 Basi
 results

Clearly A(x) � jxj + 1, sin
e we 
an uniquely a

ept any string of length jxj with a 
hain

of jxj states that loops ba
k to the start state, plus one additional \dead" state. It follows

that A is 
omputable, sin
e we 
an simply examine all �nite automata with jxj+ 1 or fewer

states, and test ea
h DFA by brute for
e to see if x is a

epted uniquely. As we will see

below, it is possible to improve this algorithm somewhat, but we still do not know if A(x) is


omputable in time polynomial in jxj.
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It is possible, however, that A(x) is signi�
antly smaller than jxj+1. Roughly speaking,

there are two ways to save states. The �rst is to use a loop. For example, the DFA in

Figure 9.1 shows that A(0

9

1

8

) � 8. (Unspe
i�ed transitions go to a \dead state" whi
h is

not shown.)

0 0

1

0

1 1 1

1

Figure 9.1: Automaton uniquely a

epting 0

9

1

8

.

The se
ond way to save states is through reuse. For example, you 
an reuse states, if the

string is of the form x y z y

R

w, as shown in Figure 9.2. (By y we mean the string obtained

by 
hanging 0 to 1 and vi
e versa.)

0 1 0 1
1

2
2

1 0 1 0 0

Figure 9.2: Automaton uniquely a

epting 010112200101

Hopefully the reader is already 
onvin
ed that this de�nition is somewhat natural and

worthy of study.

1

Let us �rst see if the de�nition is useful; for example, 
an we use the

measure as a data 
ompression te
hnique?

The answer is yes, in the following sense.

1

But if not, there are some alternatives that also may be of interest. For example, we 
ould de�ne B(x)

to be the smallest number of states in any DFA M su
h that x is the lexi
ographi
ally least string of length

jxj a

epted by M .
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Theorem 9.2.1 Given a des
ription of a DFA M whi
h uniquely a

epts x, and the length

n = jxj, we 
an eÆ
iently re
over x.

Proof. By \eÆ
iently", we mean polynomial in the des
ription size of M and n, the length

of x.

Let M = (Q;�; Æ; q

1

; F ) be a DFA uniquely a

epting x. Let Q = fq

1

; q

2

; : : : ; q

r

g, with

r = jQj. Create a dire
ted graph G = (V;E) with vertex set V de�ned as follows:

V = fp

i;j

: 1 � i � r; 0 � j � ng:

Create a dire
ted edge (p

i;j

; p

k;l

) labeled a if Æ(q

i

; a) = q

k

and l = j + 1. Note that G is

a
y
li
.

Sin
e M uniquely a

epts x, there exists a single index t with q

t

2 F su
h that there

is exa
tly one path from p

1;0

to p

t;n+1

, and for all u 6= t, there is no path from p

1;0

to

p

u;n+1

. We 
an now �nd this path using, for example, depth-�rst sear
h, in O(jV j+ jEj) =

O((n + 1)jQjj�j) time.

Given a DFA, we 
an also eÆ
iently de
ide if it uniquely a

epts a given x.

Theorem 9.2.2 Given a DFA M with r states and a string x of length n � 1, we 
an

determine in O(n + r

3

log n) steps whether M uniquely a

epts x.

Proof. Let M = (Q;�; Æ; q

1

; F ), where Q = fq

1

; q

2

; : : : ; q

r

g. We 
an determine if M

a

epts x by simply simulating it on x, whi
h 
an be done in O(n) time.

Now 
reate a matrixM = (a

i;j

)

1�i;j�n

where a

i;j

= Cardfb 2 � : Æ(q

i

; b) = q

j

g. Then an

easy indu
tion gives that if M

k

= (


i;j;k

)

1�i;j�n

, then 


i;j;k

= Cardfx 2 �

k

: Æ(q

i

; x) = q

j

g.

Now 
ompute

P

j:q

j

2F




1;j;jxj

. This sum is 1 i� M uniquely a

epts x.

Thus it suÆ
es to 
ompute M

k

eÆ
iently. To do so we 
an use the familiar \binary

method" of exponentiation; see, for example, [BS96℄. Furthermore, during the 
omputation

of M

k

, we 
an always redu
e an entry that is � 2 to 2. The result is a matrix M

0

with
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entries in f0; 1; 2g with the property that if an entry of M

k

is 0 or 1, so is the 
orresponding

entry of M

0

, and if an entry of M

k

is 2 or more, the 
orresponding entry in M

0

is 2. Sin
e

the sizes of the entries of M

0

are bounded by 2, it follows that this 
omputation 
an be done

in O(r

3

log n) bit operations.

Our last theorem of this se
tion is the following:

Theorem 9.2.3 We have A(xx) � A(x) for all strings x.

The following simple proof was shown to us at the DCAGRS 2000 workshop in London,

Ontario, by Kai Salomaa:

Proof. Consider the DFA M = (Q;�; Æ; q

0

; F ) minimizing A(xx). Then we know there

is only one path of length jxxj from q

0

to a state of F , and this path is labeled xx. Let

q = Æ(q

0

; x). Constru
t a new DFA M

0

= (Q;�; Æ; q

0

; fqg). Then we 
laim M

0

uniquely

a

epts x. For if not, there exists another string w 6= x, jwj = jxj, su
h that Æ(q

0

; w) = q.

Then Æ(q

0

; wx) 2 F , and so M a

epts wx, another string of length jxxj, and wx 6= xx. This


ontradi
tion proves that A(x) � A(xx), as desired.

In Theorem 9.5.4 below we show that in fa
t A(xx) > A(x) for in�nitely many strings x.

9.3 Upper bounds

In this se
tion we prove some upper bounds on A(x).

Theorem 9.3.1 Let x 2 �

�

with j�j = k � 2 and jxj = n. Suppose n > k

t

+ t � 1. Then

A(x) � n+ 2� t.

Proof. If n > k

t

+ t � 1, then x = a

1

a

2

� � � a

n

has at least k

t

+ 1 subwords of length t.

Hen
e some subword of length t appears at least twi
e in x. Let y be a longest repeated

subword, and let the �rst two o

urren
es of y be denoted y

0

and y

00

(they may overlap).

Then we have the two fa
torizations shown in Figure 9.3.
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u y

00

w

w

y

0

x =

v

u

v

0

Figure 9.3: Two fa
torizations of x.

where y = y

0

= y

00

. Furthermore, sin
e y is a longest repeated subword, we know that either

w = � or the �rst letter of v di�ers from the �rst letter of w.

By a 
lassi
 theorem of Lyndon & S
h�utzenberger [LS62℄, the equality yv = v

0

y implies

that there exist strings r; s and an integer e � 0 su
h that

y = (rs)

e

r

v = sr

v

0

= rs:

Thus x = u(rs)

e+1

rw. It follows that the �rst letter of s di�ers from the �rst letter of w, so

we 
an a

ept x uniquely with a DFA as in Figure 9.4.

u

r

s

w

Figure 9.4: DFA uniquely a

epting x = u(rs)

e+1

rw.

The total number of states is jurswj+ 2 = n+ 2� jyj.

Theorem 9.3.2 Let x 2 f0; 1g

n

. Then

A(x) �

3

4

n+ (log n)

r

n

8
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for almost all strings x.

Proof. (Sket
h.) The idea is to write x = x

0

ax

00

where jx

0

j = jx

00

j = b

n

2


 and a 2

f�; 0; 1g. Then the expe
ted number of mismat
hes between x

0

and x

00

R

is

n

4

+ O(1), with

standard deviation

p

n

8

+O(1). We 
an now build a DFA for x

0

, and attempt to reuse states


orresponding to the mismat
hes between x

0

and x

00

R

, as in Figure 9.2.

9.4 Lower bounds

First, we show by a simple 
ounting argument the existen
e of a 
onstant C su
h that almost

all strings x of length n satisfy A(x) > C

n

logn

.

More pre
isely, we prove

Theorem 9.4.1 Suppose j�j = k � 2, and let 0 < "; Æ < 1 be �xed. If n is suÆ
iently large,

then

A(x) � (1 � Æ)"

log k

k

n

log n

for all strings x 2 �

n

, with at most k

"n

ex
eptions.

Proof. It is easy to see there are at most q

qk+1

essentially distin
t automata with � q

states and exa
tly one �nal state. (The fa
tor q

qk


omes from the transition fun
tion, and

the fa
tor q 
omes from the assignment of �nal states. Note we 
an simulate a DFA with

� q states by one with exa
tly q states, by simply adding non-
onne
ted states, if ne
essary.)

Ea
h of these automata uniquely a

epts at most one string of length n. Thus if

q

qk+1

< k

"n

; (9.1)

then at most k

"n

di�erent strings of length n 
an be represented. Now a routine 
al
ulation

shows that if q < (1� Æ)"

logk

k

n

logn

, then the inequality (9.1) holds.

It is possible to improve this bound as follows:
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Theorem 9.4.2 We have A(x) � n=13 for almost all strings x 2 f0; 1g

n

.

Proof. Suppose M is a DFA with A(x) states that uniquely a

epts x. Let n = jxj.

Consider the transition diagram D of M , whi
h is a labeled dire
ted graph whose verti
es

are the states of M and whose (labeled) edges 
orrespond to transitions. We de�ne the

a

epting path P for x to be the sequen
e of n + 1 edges traversed in this graph. Note that

the �rst element of P is an edge labeled � that enters the initial state q

0

of M . We de�ne the

abbreviated a

epting path P

0

to be the sequen
e of edges obtained from P by 
onsidering

ea
h edge in order and deleting it if it has previously been traversed. The idea is to en
ode

P

0

in a spa
e-eÆ
ient manner so that x 
an be re
overed.

The outdegree of ea
h vertex en
ountered along P

0

is at most 2, sin
e M is a DFA. We


laim the indegree of ea
h vertex is at most 2. If not, then let v be a vertex with indegree

at least 3. Then there are at least three distin
t edges entering v, say g

1

; g

2

; g

3

. Let x

1

be a

pre�x of x su
h that the edge g

1

is used in the last transition when the DFA pro
esses x

1

.

(If v = q

0

, the initial state, we may have x

1

= �.) Let x

1

x

2

be a pre�x of x su
h that g

2

is

used in the last transition when pro
essing x

1

x

2

, x

2

6= �. Let x

1

x

2

x

3

be a pre�x of x su
h

that g

3

is used in the last transition when pro
essing x

1

x

2

x

3

, x

3

6= �. Finally, let x

4

be su
h

that x = x

1

x

2

x

3

x

4

. Then x

0

:= x

1

x

3

x

2

x

4

is also a

epted by M , and jxj = jx

0

j. If x = x

0

,

then x

2

x

3

= x

3

x

2

. Then, by a theorem of Lyndon & S
h�utzenberger [LS62℄, there exist a

string z 6= � and integers i; j � 1 su
h that x

2

= z

i

, x

3

= z

j

. Now if there is a path labeled

z

i

going from v to v, and a path labeled z

j

from v to v, then there is a path labeled z

g
d(i;j)

from v to v. But then g

2

= g

3

, a 
ontradi
tion. Hen
e x 6= x

0

, 
ontradi
ting the hypothesis

that x is a

epted uniquely.

Now 
onsider the verti
es visited by P

0

= (e

0

; e

1

; : : : ; e

t

), the abbreviated a

epting path

for x. Ea
h vertex v is of exa
tly one of the following types:

Type 1. There is exa
tly one edge e

i

of P

0

entering v and there is exa
tly one edge e

i+1

leaving v.

Type 2. There are exa
tly two edges, e

i

and e

j

, i < j, entering v, and exa
tly one edge
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e

i+1

leaving v.

Type 3. There is one edge, e

i

, entering v, and exa
tly two edges, e

i+1

and e

j

, i < j,

leaving v.

Type 4. There are exa
tly two edges, e

i

and e

j

, entering v, with i < j, and there are

exa
tly two edges, e

i+1

and e

j+1

, leaving v.

We now des
ribe a spa
e-eÆ
ient en
oding E of P

0

whi
h will avoid re
ording the state

numbers. Instead, we re
ord the labels of the edges along with some additional information

that tells us what type ea
h vertex is, and allows us to re
over how these verti
es are


onne
ted.

If P

0

= (e

0

; e

1

; : : : ; e

t

), then we de�ne E(i; n) to be a 
ertain en
oding, over the alphabet

f0; 1; [; ℄

0

; ℄

1

; �;+g of the edges (e

i

; : : : ; e

n

). We also de�ne a

i

to be the label of the edge

e

i


orresponding to the symbol 
ausing the transition. The meaning of the symbols is as

follows: 0 and 1 represent the labels on the edges of P

0

. A left bra
ket [ represents a vertex

that is the target of a ba
kedge. A right bra
ket (℄

0

or ℄

1

) represents a ba
kedge labeled with

its subs
ript. The symbol + represents a vertex of outdegree 2, and the symbol � (introdu
ed

later) represents a �nal state.

The base 
ase is when i > n, in whi
h 
ase we de�ne E(i; n) = �. For the indu
tive

de�nition there are four 
ases, depending on the type of the vertex rea
hed by the dire
ted

edge e

i

, given in Figures 9.5{9.8.

e ei i+1

Figure 9.5: Vertex of type 1: E(i; n) := a

i

E(i+ 1; n)
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e e

e

i i+1

j

Figure 9.6: Vertex of type 2: E(i; n) = a

i

[E(i+ 1; j � 1) ℄

a

j

E(j + 1; n)

e e

e

i i

j

+1

Figure 9.7: Vertex of type 3: E(i; n) = a

i

+ E(i+ 1; n)

e e

e

i i+1

j

ej+1

Figure 9.8: Vertex of type 4: E(i; n) = a

i

[ +E(i+ 1; j � 1) ℄

a

j

E(j + 1; n)

Finally, if P

0

= (e

0

; e

1

; : : : ; e

t

), we de�ne E(x) to be E(0; t) with a symbol � inserted

after the symbol leading to the (unique) a

epting state, followed by the symbol #, followed

by the base-2 representation of n = jxj, followed by ##. Thus E(x) is a self-delimiting

en
oding of x over the 8-symbol alphabet f0; 1;+; �; [; ℄

0

; ℄

1

;#g. We 
onsider some examples

of this en
oding.
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Figure String En
oding

Figure 9.1 0

9

1

8

[+00℄

0

1[111�℄

1

#10001##

Figure 9.10 0110100110 [+0[+1[+10℄

1

℄

0

℄

0

110 �#1010##

Figure 9.11 01101001100101 0[1 � 101[001+℄

1

℄

0

#1110##

We leave it to the reader to verify that P

0


an be re
onstru
ted from E(0; t) and x 
an be

re
onstru
ted from E(x). It is easy to prove by indu
tion that jE(a; b)j � 2(b� a+1). Now

P

0

has at most 2A(x) edges with nonempty labels, so we �nd jE(0; t)j � 4A(x)+2. It follows

that jE(x)j � 4A(x)+6+log

2

jxj. Sin
e E is over an 8-letter alphabet, it 
an be re
oded over

f0; 1g using three bits for ea
h symbol. It follows that C(x) � 12A(x) + 18 + 3 log

2

jxj. On

the other hand, it is known that C(x) � jxj � log

2

jxj for almost all x. Hen
e A(x) � jxj=13

for almost all x.

Remark. We have not tried to optimize the 
onstant 13 in Theorem 9.4.2. H. Petersen

informs us (personal 
ommuni
ation) that 13 
an be redu
ed to 7.

We 
an improve the lower bound for 
ertain kinds of strings, as follows:

Theorem 9.4.3 Suppose w 2 �

�

is kth-power-free for some integer k � 2, i.e., w 
ontains

no subword of the form x

k

with x 6= �. Then A(w) �

jwj+1

k

.

Proof. Let w = a

1

a

2

� � � a

n

be uniquely a

epted by some DFA M = (Q;�; Æ; q

0

; A), and

de�ne p

i

:= Æ(q

0

; a

1

a

2

� � � a

i

) for 0 � i � n.

Suppose some state is visited at least k + 1 times on the a

eptan
e path for w. Then

there exist indi
es i

1

; i

2

; : : : ; i

k+1

su
h that

p

i

1

= p

i

2

= � � � = p

i

k+1

:
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De�ne

w

0

= a

1

a

2

� � � a

i

1

w

1

= a

i

1

+1

� � � a

i

2

w

2

= a

i

2

+1

� � � a

i

3

.

.

.

w

k

= a

i

k

+1

� � � a

i

k+1

w

k+1

= a

i

k+1

� � � a

n

:

Then M uniquely a

epts w = w

0

w

1

w

2

w

3

� � �w

k+1

. However, it also a

epts, for example,

w

0

= w

0

w

2

w

1

w

3

� � �w

k+1

. But jw

0

j = jwj. If w

1

6= w

2

, this gives a 
ontradi
tion. Hen
e

w

1

= w

2

. By a similar argument we �nd w

i

= w

j

for 1 � i; j � k. It follows that

w = w

0

w

k

1

w

k+1

, and so w 
ontains a k'th power, a 
ontradi
tion.

Thus we have shown that no state 
an be visited k +1 times on the a

eptan
e path for

w. Now for 0 � i < jQj let b

i

be the number of times state q

i

is visited on the a

eptan
e

path for w. Then we have

X

0�i<jQj

b

i

q

i

= n+ 1:

But by the argument above 0 � b

i

� k. Thus

n+ 1 =

X

0�i<jQj

b

i

q

i

�

X

0�i<jQj

kq

i

= kjQj:

It follows that jQj � (n + 1)=k, and so A(w) = jQj � (n+ 1)=k, as desired.
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9.5 Some spe
i�
 examples

In this se
tion we determine the automati
 
omplexity for some parti
ular examples. There

are interesting 
onne
tions to number theory.

Theorem 9.5.1 We have A(0

n

1

n

) = O(

p

n).

Proof. Assume n � 1. Let r = b

p

n
, so r

2

� n < (r + 1)

2

. Write n = r

2

+ a. Then

0 � a � 2r and r � 1. Then we 
an a

ept 0

n

1

n

with a DFA of the form given in Figure 9.9.

(Unspe
i�ed transitions go to a \dead state" whi
h is not shown.)

0 0 0 0 0 loop of 
size 
on input 0

rq q q0 1 a-1 aq

p

p

p

1

2

a+1

loop of
size 
on input 1

r+1

1

1

1

1

. . .

..

.

Figure 9.9: Automaton uniquely a

epting 0

n

1

n

, where n = r

2

+ a.

This DFA does indeed a

ept 0

n

1

n

be
ause

1. We go from state q

0

to state q

a

on 0

a

;

2. We then go around the loop at q

a

r times;

3. Next on 1

a

we go from q

a

to p

a+1

;
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4. Finally, we go around the loop at p

a+1

r � 1 times.

This path a

epts 0

a

(0

r

)

r

11

a

(1

r+1

)

r�1

= 0

r

2

+a

1

r

2

+a

.

On the other hand, we 
laim that this DFA a

epts no other string of length 2n. Suppose

it did. Then any a

epting path must go around the loop on q

a

b times and the loop on p

a+1


 times. Then

2n = a+ br + a+ 1 + 
(r + 1):

Sin
e n = r

2

+ a, it follows that 2r

2

� 1 = br + 
(r + 1). Redu
ing modulo r, we get


 � �1 (mod r). Thus 
 2 fr� 1; 2r� 1; : : :g. But if 
 � 2r� 1 then the string would be of

length � (2r � 1)(r + 1) + 2a+ 1 = 2r

2

+ r � 1 + 2a+ 1 � 2n + r > 2n, a 
ontradi
tion.

Finally, our DFA uses a+1+ r� 1+ a+1+ r = 2r+2a+1 � 6r+1 � 6

p

n+1 states.

We now show that the bound of O(

p

n) is tight. First we state the following lemma:

Lemma 9.5.2 Let 
; d be integers � 1. Suppose the linear diophantine equation N = x
+yd

is solvable in integers, i.e., suppose g
d(
; d) jN . If N > 2
d � 
 � d, then the linear

diophantine equation N = x
+ yd has at least two solutions in non-negative integers x; y.

The proof is easy and left to the reader. This result (in a more general form) has re
ently

been proved independently by Be
k & Robins [BR00℄.

We now prove

Theorem 9.5.3 Any DFA that uniquely a

epts 0

n

1

n

must have at least

p

n� 1 states.

Proof. Suppose M is a DFA with <

p

n � 1 states that uniquely a

epts 0

n

1

n

. De�ne

p

i

= Æ(q

0

; 0

i

) for 0 � i � n. Sin
e M has < n states, some state must be repeated, and thus

there must be a \loop" of r � 1 states that is repeated j times, for some integer j � 0. There

may also be a \tail" at the beginning, and at the end we may not go around the \loop" an

integral number of times. Let s = n� rj. Then r; s <

p

n� 1.
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Similarly, de�ne r

i

= Æ(p

n

; 1

i

) for 0 � i � n. By the same argument there must be a

\loop" of u � 1 states that is repeated k times, for some integer k � 0. Let t = n � ku.

Then t; u <

p

n� 1.

Sin
eM a

epts 0

n

1

n

uniquely, it must be the 
ase that the equation ra+ub = 2n�s� t

has exa
tly one solution (a; b) = (j; k). Then, by Lemma 9.5.2, we have 2n�s�t � 2ru�r�u.

Thus 2n � 2(

p

n � 1) � 2n � s � t � 2ru � r � u � 2(

p

n � 1)(

p

n � 1) � 2. But then

2

p

n+ 2 � 0, a 
ontradi
tion.

We 
an now exhibit in�nitely many strings for whi
h A(xx) > A(x).

Theorem 9.5.4 Let x = 0

n

1. Then A(xx) = 
(

p

n), but A(x) = O(1).

Proof. It is 
lear that A(x) = O(1), sin
e we 
an a

ept 0

n

1 uniquely with a 3-state DFA.

However, mimi
king the lower bound proof of Theorem 9.5.3 above, it is easy to see that

A(0

n

10

n

1) = 
(

p

n).

It is possible to generalize Theorem 9.5.1. We need some te
hni
al lemmas. The �rst


on
erns solvability of 
ertain linear diophantine equations.

Lemma 9.5.5 Let k � 1, and let n

1

; n

2

; : : : ; n

k

be positive integers, relatively prime in pairs.

Let r � 0 be an integer. De�ne P := n

1

n

2

� � �n

k

. If r = 0, the linear diophantine equation

a

1

P

n

1

+ a

2

P

n

2

+ � � �+ a

k

P

n

k

= (n

1

� 1)

P

n

1

+ (n

2

� 1)

P

n

2

+ � � �+ (n

k

� 1)

P

n

k

� rP (9.2)

has a unique solution

(a

1

; a

2

; : : : ; a

k

) = (n

1

� 1; n

2

� 1; : : : ; n

k

� 1)

in non-negative integers. If r � 1, then (9.2) has no solutions in non-negative integers.
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Proof. By indu
tion on k. If k = 1 Eq. (9.2) be
omes a

1

= n

1

� 1 � rn

1

. If r = 0 this

equation has the unique solution a

1

= n

1

� 1, but if r � 1 then 
learly there are no solutions

in non-negative integers.

Now assume the result is true for 1; 2; : : : ; k � 1. We prove it for k. Consider Eq. (9.2)

mod n

k

. We get

a

k

P

n

k

� �

P

n

k

(mod n

k

):

Sin
e the n

i

are pairwise relatively prime, it follows that a

k

� �1 (mod n

k

). Sin
e a

k

is a

non-negative integer, we 
an therefore write a

k

= jn

k

� 1 for some integer j � 1.

Now substitute a

k

= jn

k

� 1 in Eq. (9.2). After a little easy algebra, we get

a

1

P

n

1

+ a

2

P

n

2

+ � � �+ a

k�1

P

n

k�1

=

(n

1

� 1)

P

n

1

+ (n

2

� 1)

P

n

2

+ � � �+ (n

k�1

� 1)

P

n

k�1

� (j + r � 1)P (9.3)

By indu
tion Eq. (9.3) has a solution i� j + r � 1 = 0. But j � 1. Hen
e j = 1 and

a

k

= n

k

� 1, and hen
e Eq. (9.3) has a solution i� r = 0. If r = 0, by indu
tion the solution

is (a

1

; a

2

; : : : ; a

k�1

) = (n

1

� 1; n

2

� 1; : : : ; n

k�1

� 1).

Lemma 9.5.6 (a) If M

1=k

> 2B, then

M

M

1=k

�B

< M

k�1

k

+ 2BM

k�2

k

:

(b) If 0 < B < A and k � 1, then

(A�B)

k

� A

k

� kA

k�1

B:

Proof.
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(a) We have

(M

1=k

�B)(M

k�1

k

+ 2BM

k�2

k

) =M +BM

k�2

k

(M

1=k

� 2B) > M:

(b) An easy indu
tion on k proves that if 0 < x < 1 and k � 1 then (1 � x)

k

� 1 � kx.

Now let x = B=A and multiply by A

k

.

For our last lemma, we will need a 
ertain number-theoreti
 fun
tion. For t � 1, de�ne

f(t) to be the least integer n su
h that every set of n 
onse
utive positive integers 
ontains

a subset of size t that is pairwise relatively prime. Then, for example, f(4) = 6, sin
e the

set f2; 3; 4; 5; 6g 
ontains no subset of 4 relatively prime integers, while it is easy to 
he
k

that every set of 6 
onse
utive positive integers does.

It seems quite diÆ
ult to estimate f pre
isely. However, the following lemma follows

easily from results of Erd}os and Selfridge [ES71℄:

Lemma 9.5.7 For all Æ > 0 and t suÆ
iently large we have f(t) < t

2+Æ

.

Proof. Erd}os and Selfridge de�ned F (n; k) to be the largest subset of pairwise relatively

prime integers in fn + 1; n + 2; : : : ; n + kg, and proved that min

n�0

F (n; k) > k

1=2��

. Now

let k = t

2+5�

for some � < 1=10. We �nd

min

n�0

F (n; t

2+5�

) > (t

2+5�

)

1=2��

> t

1+�=2�5�

2

> t;

sin
e � < 1=10. Hen
e for all 0 < � < 1=10 and all t suÆ
iently large, any t

2+5�


onse
utive

integers 
ontains a pairwise relatively prime subset of 
ardinality > t. In other words,

f(t) < t

2+Æ

where Æ = 5�.

We are now ready to prove

Theorem 9.5.8 Let a

1

; a

2

; : : : ; a

k

be k distin
t symbols. Then A(a

n

1

a

n

2

� � � a

n

k

) = O(n

1�1=k

),

where the 
onstant in the big-O may depend on k.
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Proof. The idea is as follows: we 
hoose k pairwise relatively prime integers, ea
h � n

1=k

,

say n

1

; n

2

; : : : ; n

k

. Let P = n

1

n

2

� � �n

k

. We then form a DFA similar to that in Figure 9.9,

with k loops, one on ea
h a

i

, 1 � i � k, of size P=n

i

. Ea
h loop is pre
eded by a \tail"

of length n� (P=n

i

)(n

i

� 1) = n � P + P=n

i

. By Lemma 9.5.5, this DFA uniquely a

epts

a

n

1

a

n

2

� � � a

n

k

.

The total number of states is � N , where

N := 1 + k(n� P ) + 2

X

1�i�k

P

n

i

: (9.4)

By Lemma 9.5 we 
an 
hoose the pairwise relatively prime numbers n

i

su
h that n

1=k

�k

2+Æ

<

n

i

< n

1=k

. Setting A = n

1=k

and B = k

2+Æ

in Lemma 9.5.6 (b) we obtain

P = n

1

n

2

� � � n

k

� n� k

3+Æ

n

k�1

k

:

Hen
e

k(n� P ) < k

4+Æ

n

k�1

k

: (9.5)

On the other hand, setting M = P and B = k

2+Æ

in Lemma 9.5.6 (a) we obtain

P

n

i

< P

k�1

k

+ 2k

2+Æ

P

k�2

k

(9.6)

for all n suÆ
iently large. Combining Eqs. (9.4){(9.6), we obtain N = O(k

4+Æ

n

k�1

k

), as

desired.

9.6 In�nite words

Up to now we have been dealing with �nite words. However, it is also interesting to 
onsider

the 
ase of in�nite words. In this 
hapter, by an in�nite word we will mean a one-sided,
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right-in�nite word, i.e., a map from IN to �. For an in�nite word x we are interested in


omputing

I(x) = lim inf

x is a pre�x of x

A(x)

jxj

and

S(x) = lim sup

x is a pre�x of x

A(x)

jxj

:

for \interesting" in�nite words x.

We start with the Thue-Morse word t. Let � be a morphism de�ned by �(0) = 01,

�(1) = 10. Then t = t

0

t

1

t

2

� � � = lim

n!1

�

n

(0). We de�ne T (r) = t

0

t

1

� � � t

r�1

, the pre�x of

t of length r.

Theorem 9.6.1 We have

I(t) �

1

3

and

S(t) �

2

3

:

Proof. The lower bound for I(t) follows immediately from Theorem 9.4.3, sin
e, as is

well-known, the Thue-Morse word is 
ube-free.

For the upper bound, we break the argument up as follows. We 
laim that we 
an a

ept

T (m) using h(m) states, where h is given in the table below.

m h(m)

2 � 2

2n

� m � 3 � 2

2n

m+ 3� 2

2n

3 � 2

2n

< m < 4 � 2

2n

2 � 2

2n

+ 2

4 � 2

2n

� m < 5 � 2

2n

m+ 2 � 2 � 2

2n

5 � 2

2n

� m � 6 � 2

2n

m+ 1 � 2 � 2

2n

6 � 2

2n

< m < 8 � 2

2n

4 � 2

2n

+ 2

For 2 � 2

2n

� m � 3 � 2

2n

, we use the fa
t that T (2 � 2

2n

) = T (2

2n

)T (2

2n

)

R

, whi
h allows

us to reuse 2

2n

� 1 states, as illustrated in Figure 9.10.
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For 3 � 2

2n

� m < 4 � 2

2n

, we use the fa
t that T (4 � 2

2n

) = T (2

2n

)(T (2

2n

))

2

T (2

2n

), whi
h

allows us to reuse 2

2n

states in an inner loop and m � 3 � 2

2n

states in an outer loop, as

illustrated in Figure 9.11.

For 4 � 2

2n

� m < 5 � 2

2n

, it is easiest to give the en
oding of the 
orresponding ma
hine,

as introdu
ed in Se
tion 9.4:

t

0

[t

1

� � � t

m�3�2

2n

�1

� t

m�3�2

2n
[t

m�3�2

2n

+1

� � � t

2

2n+1

�1

+ t

2

2n+1
� � � t

m�2

2n+1

�1

℄

t

m�2

2n+1

℄

t

3�2

2n

This is illustrated in Figure 9.12.

For 5 � 2

2n

� m � 6 � 2

2n

, we use the fa
t that T (5 � 2

2n

) = (T (2

2n

)T (2

2n

)T (2

2n

))

5=3

, as

illustrated in Figure 9.13.

For 6 � 2

2n

� m � 8 � 2

2n

, we use the fa
t that T (m) = T (2

2n+3

� m)xx

R

, where

x = t

2

2n+3

�m

� � � t

2

2n+2
, as illustrated in Figure 9.14.

In the �gures that follow, unspe
i�ed transitions go to a \dead state" whi
h is not shown.

0 1

1

0
1

001

1

0

Figure 9.10: Automaton uniquely a

epting t

10
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0 1 1 0 1 0 0

1

1

0

Figure 9.11: Automaton uniquely a

epting t

14

0 1 1 0 1 0 0 1

1

0

0

0

Figure 9.12: Automaton uniquely a

epting t

18

0 1 1 0 1 0 0 1 1 0 0

0

1

1

Figure 9.13: Automaton uniquely a

epting t

22

0 1 1 0

1

0 0 1 1 0 0 1 0 1 1

0
1

001011001

Figure 9.14: Automaton uniquely a

epting t

26

If we 
onsider the Thue-Morse word on three symbols [Ber79℄, we 
an get a sharper result.
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Theorem 9.6.2 Let u = 102120102012 � � � be the in�nite Thue-Morse word on three sym-

bols, generated by 1! 102, 0! 12, 2! 0. Then

I(u) =

1

2

:

Proof. The lower bound 
omes from Theorem 9.4.3. For the upper bound, we 
laim that

if we let rs be a pre�x of u with jrj = jsj = 2

2k

for some k � 0, then r di�ers in every single

position from s

R

. Hen
e we may reuse states in analogy with Figure 9.2.

To prove the 
laim, let u = u

0

u

1

u

2

� � � . Let r = u

0

u

1

� � �u

2

2k

�1

and s = u

2

2k
� � �u

2

2k+1

�1

.

It is known that u

i

= (2t

i

+ t

i+1

) mod 3, where t = t

0

t

1

t

2

� � � is the Thue-Morse word. For

0 � i < 2

2k+1

we have t

i

= 1 � t

2

2k+1

�i�1

. Now t is 
ube-free, so t

i�1

t

i

t

i+1

62 f000; 111g.

Hen
e t

i

+ t

i+1

6= 2t

i�1

, and t

j

2 f0; 1g for j � 0, so t

i

+ t

i+1

6� 2t

i�1

(mod 3). Adding t

i

to

this last in
ongruen
e, we have

u

i

� 2t

i

+ t

i+1

6� t

i

+ 2t

i�1

� 2(1� t

i

) + (1� t

i�1

)

� 2t

2

2k+1

�i�1

+ t

2

2k+1

�i

� u

2

2k+1

�i�1

(mod 3):

This proves that r di�ers in every position from s

R

.

One might wonder if S(x) = 0 implies that x is ultimately periodi
. The answer is no,

as the following example shows:

Theorem 9.6.3 Let v = 0

2

1 0

4

1 0

16

1 0

256

10

65536

1 � � � . Then S(v) = 0.

Proof. First, we need the following lemma.

Lemma 9.6.4 Let y 2 f0; 1g

�

. Then for all r; s � 1 we have A(y10

r

10

s

) � jyj + 6

p

m,

where m = max(r; s).
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Proof. Suppose r � s. (The proof for r < s is similar and is left to the reader.) De�ne

t := b

p

r
 and u = min(bs=t
; t). Now 
onstru
t the following DFA:

y

0

t+1
0

t

0

s�tu

1

1

0

r�t

2

+1

Figure 9.15: DFA uniquely a

epting y10

r

10

s

We 
laim this DFA uniquely a

epts y10

r

10

s

. It 
learly a

epts this string, by going

around the �rst loop t � 1 times and the se
ond loop u times. To see that a

eptan
e is

unique, 
onsider going around the �rst loop k � 0 times and the se
ond loop j � 0 times.

This gives a string of length jyj+ 1 + r � t

2

+ 1 + k(t + 1) + 1 + s � tu + jt. Setting this

equal to the desired length of jyj+ 1 + r + 1 + s, we get the linear diophantine equation

r � t

2

+ 1 + k(t+ 1) + s� tu+ jt = r + s;

in other words, k(t + 1) + jt = t

2

� 1 + tu. Now 
onsider this equation modulo t. We �nd

k � �1 (mod t). Suppose k � 2t� 1. Then t

2

� 1+ tu = k(t+1)+ jt � (2t� 1)(t+1)+ jt.

Simplifying, we obtain u � t+ 1 + j. But j � 0, so u � t + 1, 
ontradi
ting the de�nition

of u. It follows that k = t� 1, and hen
e j = u, as desired.

Our DFA has N := jyj + 1 + r � t

2

+ 1 + t + 1 + s � tu + t � 1 + 1 states. Sin
e

p

r � 1 � t �

p

r, it follows that r � t

2

� 2

p

r � 1 and

s� tu � s� tmin(bs=t
; t) = max(s� tbs=t
; s� t

2

) = max(s mod t; s� t

2

)

� max(t; r � t

2

) � max(

p

r; 2

p

r � 1) � 2

p

r � 1:

Hen
e N < jyj+ 6

p

r.

Now we 
an 
omplete the proof of Theorem 9.6.3. Every suÆ
iently long pre�x of v is
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of the form

x = 0

2

1 0

2

2

1 0

2

2

2

1 0

2

2

3

1 � � � 1 0

2

2

n

1 0

a

where 0 � a � 2

2

n+1

. Let y = 0

2

1 0

2

2

1 0

2

2

2

1 0

2

2

3

1 � � � 1 0

2

2

n�1

, r = 2

2

n

, and s = a. Then

jxj = 2

2

n

+ a + O(2

2

n�1

), while Lemma 9.6.4 states that A(x) � 6

p

2

2

n

+ a + O(2

2

n�1

). It

follows that A(x)=jxj = O(1=

p

x), and so S(v) = 0.

9.7 Open Problems

There are many open problems related to this work. For example, is A(x) 
omputable in

polynomial time? Does the inequality A(x) < A(xx) hold for almost all x ?
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Chapter 10

Con
lusion

In this thesis, we presented several results on periodi
ity and repetition in words. The most

signi�
ant 
ontributions are the results in Chapter 2 { Chapter 5.

In Chapter 2 we gave several non-trivial generalizations of the Fine and Wilf theorem.

In parti
ular, we generalize the Fine and Wilf theorem to inequalities and to more than two

periodi
 sequen
es.

In Chapter 3 we gave two results on non-negative matri
es that have dire
t appli
ations

to the growth rate of words in a D0L system.

In Chapter 4 we gave a 
omplete 
lassi�
ation of two-sided �xed points of morphisms.

This 
hara
terization 
ompletes the previous work of Head and Lando [Hea81, HL86℄ on �nite

and one-sided �xed points of morphisms. It also led to the formulation of the De
reasing

Length Conje
ture.

In Chapter 5 we gave a method (following Thue) to 
onstru
t an in�nite binary word

that simultaneously avoid 
ubes and squares xx with jxj � 4. This method 
an be applied

to other pattern avoidan
e problems.

There are many potential areas for further resear
h. We list some of them below.

1. There is a version of the Fine and Wilf theorem for 
ontinuous fun
tions. It is as follows.

Let f(x) and g(x) be 
ontinuous periodi
 real fun
tions of periods �, �, respe
tively.
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(a) �=� = p=q where p, q are 
oprime positive integers. Then if f(x) = g(x) on an

interval of length � + � � �=q, then f(x) = g(x) everywhere. Furthermore, the

result would be false if � + � � �=q were repla
ed by anything smaller.

(b) �=� is irrational. Then if f(x) = g(x) on an interval of length � + �, then

f(x) = g(x) everywhere. Furthermore, the result would be false if � + � were

repla
ed by anything smaller.

None of the generalizations mentioned in this thesis have been proved/adapted for


ontinuous fun
tions. It would be interesting to extend these results to 
ontinuous

fun
tions. The proof of the upper bounds in both 
ases above 
an probably be adapted

to these generalizations. To prove mat
hing lower bounds seems to require something

new.

2. Let A be a non-negative n� n irredu
ible matrix. In Chapter 3 we showed that there

is an integer e = O(n log n) su
h that A

e

has stri
tly positive diagonal entries. We also

showed a lower bound of 
(n log n= log log n) on e. It would be ni
e to have mat
hing

upper and lower bounds here.

3. L. Ilie, P. O
hem and J. Shallit [IOS04℄ 
onsidered the following type of pattern avoid-

an
e problem.

Let � > 1 be a rational number, and let ` � 1 be an integer. A word w is a repetition

of order � and length ` if we 
an write it as w = x

n

x

0

where x

0

is a pre�x of x, jxj = l,

and jwj = �jxj. For brevity, we also 
all w a (�; `)-repetition. Noti
e that an �-power

is an (�; `)-repetition for some `. We say a word is (�; `)-free if it 
ontains no fa
tor

that is a (�

0

; `

0

)-repetition for �

0

� � and `

0

� `. We say a word is (�

+

; `)-free if it is

(�

0

; `)-free for all �

0

> �.

For integers k � 2 and ` � 1, we de�ne the generalized repetition threshold R(k; `) as

the real number � su
h that either
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(a) over �

k

there exists an (�

+

; `)-free in�nite word, but all (�; `)-free words are �nite;

or

(b) over �

k

there exists a (�; `)-free in�nite word, but for all � > 0, all (�� �; `)-free

words are �nite.

R(k; `) generalizes the repetition threshold of Brandenburg [Bra83℄. Apparently Pan-

siot also suggested looking at this generalization at the end of his paper [Pan84℄.

[IOS04℄ gives several results on R(k; `) and 
ontains many open problems. We men-

tion two below.

Conje
ture 10.0.1 R(3; `) = 1 +

1

`

for ` � 2.

Conje
ture 10.0.2 R(4; `) = 1 +

1

`+2

for ` � 2.

These 
onje
tures are weakly supported by numeri
 eviden
e. A lot of related problems


ould be investigated.

4. Is the language D

�

(w) de�ned in Chapter 8 
ontext-free?

5. Is the automati
 
omplexity fun
tion A(x) de�ned in Chapter 9 
omputable in poly-

nomial time?

6. Does the inequality A(xx) > A(x) hold for almost all x?

7. In Chapter 9, we showed that given an integer k � 1 and a \large" N , there exists k

positive integers 


1

; : : : ; 


k

ea
h approximately N

(k�1)=k

and a positive integer C with

the following two properties:

1. C 
an be written as a unique positive linear 
ombination of 


i

.

2. Let C =

P

i

x

i




i

. Then x

i




i

� N .

Is it possible to �nd 


i

's approximately

p

N? This would improve the bound in Theorem

9.5.8 and is of some independent interest.
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