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Chapter 1

Introduction

The central issue in formal language theory is the finite specification of languages. A finite
language can be finitely specified by simply enumerating the words in the language. The

issue only becomes challenging when we specify infinite languages.

Let us be more precise about what is meant by “finite specification of a language”. First we

need to introduce some notation, some of which is standard and can be found in [27].

An alphabet is a set of symbols. The alphabets considered here are always finite nonempty
sets. The elements of an alphabet 3 are called letters. A word over an alphabet X is a string
consisting of zero of more letters of ¥. The string consisting of zero letters is called the

empty word, written e. The set of all nonempty finite words over an alphabet X is denoted
£t and T* = T U {€}.

For single letters, that is, elements of X, we use the lower case letters a,b,c,d. For finite
words, we use the lower case letters u,v,w, z,y, z. For infinite words, we use bold-face letters
t,u,v,w,X,y,2. If w € £* then by |w| we mean the length of, or number of symbols in w.

If S is a set, then by Card S we mean the number of elements of S. We say z € X" is a



subword of y € X* if there exist words w,z € ¥* such that y = wzz.

Subsets of X* are referred to as languages over X. Thus, for & C Y4, if L is a language over
3, it is also a language over %,. T is the complement of L. Given a word w € ¥*, w € T if

and only if w ¢ L.

Any finite specification of a language must itself be a string over some alphabet ¥. Further-
more, different languages certainly must have different specifications, otherwise the term
“specification” is not appropriate. These two restrictions severely limit the scope of finite
specifications for the following reason. Assuming that all alphabets are subsets of some
countably infinite set of symbols A, then all finite specifications are elements of A*. How-
ever, the number of finite words over a countably infinite set is countably infinite. Therefore
only a countably infinite number of languages can be finitely specified. Now note that the
set of all possible languages over a given alphabet 3 (that is, 2%%) is uncountably infinite.
With only a countable number of specifications and an uncountable number of languages
to specify, there are an uncountably infinite number of languages that cannot be specified

finitely.

Hence, the best we can hope for is that we can find finite specifications for at least the more

interesting languages.

Naturally, it is not possible to give an example of a language that cannot be specified finitely.

We can only exhibit languages that cannot be specified with a given representational scheme.

In this thesis, we examine several problems which are directly or indirectly related to repre-

sentational schemes. The following is a description of the main results,

In chapter 2, we present examples of two k-quasi-contezt-free sequences which have exponen-
tial subword complezity. One of these sequences has maximum subword complezity. Subword

complezity and k-quasi-contezt-free sequences are defined later.




In chapter 3, we present a characterization of finite fized points. Theorem 3.0.4 shows that
given a homomorphism h and a word w, h(w) = w if and only if w belongs to a given set.
Theorem 3.0.6 gives the best possible upper bound on the shortest nonempty finite fixed

point of a homomorphism. Finite fized points and homomorphisms are defined later.

In chapter 4, we present a characterization of infinite fized points, due to Jeff Shallit. The-
orem 4.0.8 shows that given a homomorphism h and an infinite word w, h(w) = w if and

only certain conditions are met.

In chapter 5, we improve upon a result of Ehrenfeucht, Lee and Rozenberg (21, Lemma 1,
p. 64] giving a smaller upper bound on the maximum period of the prefixes (and suffixes) of
a PDOL sequence over X. Interestingly, this upper bound is related to the maximum order
of permutations over || elements. Furthermore we show that this new upper bound is the

best possible.
In chapter 6, we present some open problems related to the results given in this thesis.

We now define the notions of subword complexity and homomorphism.

1.1 Subword Complexity

Let N denote the set of non-negative integers and let X be an alphabet. By a sequence over
¥ we mean a function x from N into ¥ less formally, a sequence is a string of symbols,

infinite to the right,

indexed by the non-negative integers. Sometimes we write x; instead of x(z).

A sequence

x = x(0)x(1)x(2) - - - x(2) - -



is ultimately periodic if, for some 5 > 0 and some k > 0, x(t) = x( + ck) for all ¢ > 0.

Denote by Sub(x) the set of all subwords of x of length k, so
Subi(x) = {w € B* | In such that w = x(n)x(n+1)---x(n+k —1)}.

We define Sub(x) to be the set of all subwords of x, so

Sub(x) = | J Subs(x).

keN

Let px be a function which computes the number of subwords of x of a given length, so
px(k) = Card Subg(x).

As defined, py computes the subword complezity of x.

1.2 Homomorphisms

If there is one central idea which is common to all aspects of modern algebra it

is the notion of homomorphism [26].

We now define the operation of homomorphism, or just morphism for short. A morphism is
a map

h:Z — A*

that assigns a string h(a) to each symbol a of a finite alphabet . This map is extended to

Y* using the rule
h(zy) = h(z)h(y).

If A C ¥ then h is also an endomorphism.




If there exists an integer j > 1 such that h%(a) = ¢, then the letter a is said to be mortal. The
set of mortal letters associated with a homomorphism A is denoted by Mx. The mortality
ezponent of a homomorphism h is defined to be the least integer ¢ > 0 such that h'(a) = €
for all @ € My,. (If My, = 0, we take t = 0.) We write the mortality exponent as exp(h) = t.

If h(a) # € for all a € X, then h is non-erasing.

An upper bound on exp(h) is given in the following lemma.

Lemma 1.2.1 Given any homomorphism h, exp(h) < Card M.

Proof. Define Sy = 0. For 7 > 0, let
Si={a€X : hia) € S5]_,}.

7

We now show that
S;={a€D : hi(a) = ¢}

Clearly this is true for i = 0. Assume that for some k > 0,
Sy ={a€X : h*@a)=¢€}.
Let a € Sky1. By definition, h(a) € S;. By induction, h*(h(a)) = €. Therefore
Sir1 C {a€ X : B*1(a) = €}
Now let h**1(a) = ¢, then h*(h(a)) = €. Thus by induction, h(a) € S}, and a € Si+1. Hence,

Sky1 2{a€ X : K*(a) =€}

Clearly Sexpn) = My and

0= IS()I < ISII < e K |Sexp(h)| = thI

7



Therefore exp(h) < Card Mj,. m

We let X denote the set of all (one-sided) infinite words over the alphabet 3. Most of the
definitions above extend to £ in the obvious way. For example, if w = ajazas---, then

h(w) = h(a1)h(az)h(as)---. If L C B* is a set of nonempty words, then we define
LY = {wywws -+ : w; € L for all ¢ > 1}.

Perhaps slightly less obviously, we can also define the word h“(a) for a letter a, provided
h(a) = waz and w € M;. In this case, there exists ¢ > 0 such that h*(w) = e. Then we
define

h*(a) = 7N (w) -+ h(w) w az h(z) B¥(z) - - - ,

which is infinite iff = ¢ M.



Chapter 2

Subword Complexity of

k-quasi-context-free sequences

In this chapter we introduce the notion of k-quasi-context-free sequences and give two ex-
amples of k-quasi-context-free sequences whose subword complexity is exponential, one of

which is maximuin.

2.1 Context-Free Grammars

The context-free grammar representation scheme was initiated by Chomsky in [12] in an
attempt to find a reasonable mathematical model of natural languages such as English,
French, etc. In the period 1958-1960, several papers developing the theory were written
(14, 13, 16, 8, 9.

In late 1960, it was discovered that the languages defined by Backus-Naur Form [7, 38]

were identical with the context-free languages. Backus-Naur form is a notation used by



computer scientists to describe programming languages. This caused a flurry of activity in
the theoretical development of context-free languages. Much of this work was concerned

either with natural languages or with programming languages.

Important later writings by Chomsky on the subject appear in [15]. Applications of context-
free grammar theory have been made to compiler design, see (1, 2, 3, 28]. A useful compilation
of much of the theory of context free grammars, as of the time it was written, is found in
[24]. A comprehensive study of languages from the point of view of grammars is given in

[24]. Two excellent textbooks which cover the topic of context-free grammars are [27] and

[29].
A context-free grammar G is a quadruple (N,T,P,S), where

N (the set of non-terminals) is a set of symbols,
T (the set of terminals) is a set of symbols disjoint from N,
P (the set of productions) is a finite subset of N x (NUT)*, and

S (the start symbol ) is an element of N.

For A€ N and B € (N UT)* a production is written A — B.

Let us define the relations = and =* between two strings in (NUT)~. If A— Bis a
production of P and o and v are any two strings in (N UT)*, then aAy = aBy. We say
that aAy directly derives aBy. Two strings are related by = exactly when the second is
directly derived by the first. Now let ay, ay, -« - , @y, be strings in (N U T)*, n > 1, and

Q) = O, 0 = g, -+ - yOn_1 = QAy. (21)

Then we say a; =* a,, or a; derives a,,.

10



The language generated by a grammar G, denoted L(G), is

{w : w € T* and §=" w}.
We call a language L a contest-free language (CFL) if it is L(G) for some context-free
grammar G.

Example 2.1.1

We give a grammar G which generates the arithmetic expressions with operators + and *

and operands represented by the symbol id.

Let
G = ({E}, {+,*,(,),id}, P, E)

where P consists of the following productions.

—- E+F

E

E —» ExE
E — (E)
E — id

Now we will show that id * (id +id) € L(G) by giving a derivation.

E = ExE
= idxE
id % (E)

id * (id + E)

R

(

id x (E + E)
(
(

id * (id + id)

11



2.2 Regular Grammars

A context-free grammar is right-linear if all of the productions are of the form A — wB or
A — w, where A and B are non-terminals and w is a (possibly empty) string of terminals.

If all productions are of the form A — Bw or A — w, we call it left-linear.

A right-linear or left-linear grammar is a reqular grammar. The language generated by a

regular grammar is a regular language.

2.3 k-Automatic Sequences

We introduce the notion of k-automatic sequences and give a brief overview of the results
pertaining to these sequences. In the next chapter we introduce context-free sequences which

are a natural extension of automatic sequences.

Let w € {0,1,--,k}". Denote by [w], the value of w when treated as an integer in base
n, n > k. If w is the empty word then [w],, = 0. Inversely, for a positive integer 1, let (i),

represent the word w, not beginning with 0, such that [w], = i. Define (0), =e.

Given a sequence (a,)n>0 define
G.(a) = {(n) : an, = c}.

The sequence (@, )50 is defined to be k-automatic if and only if G.(a) is a regular language
for all c.

A good overview of the complexity results pertaining to k-automatic sequences is given in

[5]. We give a short summary of these results.

Theorem 2.3.1 For any k-automatic sequence u, p,(n) is O(n) [18]. Furthermore, p,(n) =
Qn) if and only if u is not ultimately periodic.

12



Theorem 2.3.2 Ifk is a prime number, and u is a sequence over the finite field Iy, then u

is k-automatic only if the formal series Tu,z™ is algebraic over the field of rational fractions

Fy(z) [85].
For related results see [18, 20, 4].

Theorem 2.3.3 If u is the Thue-Morse sequence then the sequence (pu(n + 1) — pu(n))n is
2-automatic [37].

Furthermore, if u is a k-automatic sequence that obeys a few extra conditions then the

sequence (pu(n + 1) — pu(n))n is k-automatic [42, 36, 6].

2.4 k-Context-Free Sequences

We introduce the notion of k-contezt-free sequences and k-quasi-context-free sequences.
Let ¥ be a finite alphabet such that |Z| > 2. Given a sequence (a,)n>0 over I, let
H.(a) = {(n)x : an = c}.

The sequence (ay)ny0 18 k-contest-free if and only if H.(a) is a context-free language for all

cE .

The sequence (@,)ny0 is k-quasi-contest-free if and only if H.(a) is not a context-free language

for at most one c € X.

Note that since context-free languages are not closed under complement, a k-quasi-context-
free sequence is not necessarily a k-context-free sequence. A k-quasi-context-free sequence

a is not k-context-free if and only if, for some ¢, H.(a) is context-free and H.(a) is not

context-free.

13



Clearly, a k-context-free sequence is also k-quasi-context-free. Furthermore, a k-automatic

sequence is both k-context-free and k-quasi-context-free.

We note that k-context-free and k-quasi-context-free sequences are generalizations of k-

automatic sequences that have not been considered previously.

In what follows we give examples of two k-quasi-context-free sequences u for which Pu(n) is
exponential. In both examples we show that the characteristic sequence of a given language

is 2-quasi-context-free.

We say that X, : N — {0,1} is the characteristic sequence of the subset L of 1{0,1}" U {e}
if w € L if and only if X([w],) = 1.

2.5 A 2-quasi-context-free sequence u for which pu(n)

is Q(277¢)

Theorem 2.1 states that for a k-automatic sequence u, pu(n) is O(n). It would be interest-
ing to show a similar result for context-free sequences. Currently we have been unable to
show the existence or non-existence of a context-free sequence u such that p,(n) is exponen-
tial. However, we have found examples of quasi-context-free sequences u for which p,(n) is

exponential.

The sequence considered here is the characteristic sequence of a relatively simple context-free

language.
For h > 1, the language Ly, is defined as follows.
Lp ={w € 1{0,1}" : w ends in a non-empty palindrome p such that lp| =0 (mod 2k)}

(2.2)

14



In what follows, all palindromes are assumed to be non-empty.

Lemma 2.5.1 For all h > 1, Ly 18 context-free.

Proof. To see that Ly, is context-free consider the following grammar Gh.

51185,

14

1B,1
0A|1A| B,

\E
1Ll

OB,'+10|1B,'+11 fOI‘ 1 S ) g h

Bh+1 - B lA

We will give a sketch of a proof that L(Gr) = Ly.

It can be seen that B; =* p € {0,1}* if and only p is a palindrome and |p| = 0 (mod 2h).
Similarly, S, =" p € {0,1}* if and only if p is a palindrome that begins with 1 and [p| = 0
(mod 2h).

Let AF be the set of sentential forms of the form {vB;} where v € {0,1}*. Then A=* w € {0,1}"
if and only there exists f € AF such that f =" w. So A derives words that end in a palin-
drome p such that |p| = 0 (mod 2h).

Therefore S derives words that start with 1 and end in a palindrome p such that |p| = 0
(mod 2h). Therefore S=* w € {0,1}* if and only if w € L. m

Denote by y4(n), n > 1, the number of occurrences of 1 in
XLh(zn—l) coe XLh(2n — ].).

15



In other words, y(n) counts the number of words in L, of length n.
Lemma 2.5.2 Forn >1 and h > 1, y(n) < .
Proof. Let § = {(2"7!),,(2" +1)3,--+, (2" — 1),}. The number of words in S that end in

palindromes of length 2i is 2"~* when 0 < i < |3]- Note that w € S may end in palindromes

of more than one length.

Therefore
,Yh(n) S 2n—h + 2n-—2h 4ot 2n—|_%_j~h
1 n n—|3|-h
= 2h_1(2 —2n il )
< 2" [ |
2k — 1

Denote by aj(n) the number of words w in

{(211—1)2’ (2n—1 + 1)27 Tt (2n - 1)2}

such that w ends in 1 and w € L,. In other words, an(n) counts the number of words,

w € Ly, of length n that end in 1.

16



Lemma 2.5.3 Forn > 1 and h > 1, an(n) < i(ya(n) +27).

Proof. First we define two sets of words in Ly. Let

Ty = {w : |w| = n and w = vp, where v € 1{0,1}"

and p is a palindrome where |p| = 0 (mod 2h)}.

Sp={p:lpl=n,
and p is a palindrome where |p| = 0 (mod 2h)}.

Clearly ap € T}, if and only if ap € Th. Thus exactly half of the words in T}y end in 1 and
the other half end in 0.

Now |S| = 2% for n = 0 (mod 2k), and |Sk| = 0 otherwise. Note that a given w may be

contained in both S, and T%. In this context,

r(n) = |Sul + |Th| = |Sn N Thl-

Therefore

1
an(n) = |5h|+§|Th|—|5hﬂTh|

1 1 1 1 1
= §|5'h| + §|Th| — §|5h N Th| + §|Sh| - EIS}; N Tl

IA

1
§(|Sh| + |Tw| = 1Sn N Tw| + |Skl)

Sln(m) +2)m

IA

Denote by dx(n) the number of words w in

{(2"71)2, (277 + 1)+, (27 = )2},
such that w endsin 1 and w & Ly, .

17



Lemma 2.5.4 §(n) > 272-¢,

Proof. The total number of words w of length n such that w € 1{0,1}*1 is 2”2, Therefore

Jh(n) = 272 _ ah(n)
1 n
> 2% - 5(’7}1(“) +27)
1, 2 n
n—-2 _ = >
g 2o o1 12)
2ﬂ—1 n-—2
_ n—2 —=
= T
h n—2
_ @
2h — 1

2h_3 n—-2 n=2
- (2h—1)2 —2

> 2727 for any € > 0 and sufficiently large h and n. m

Lemma 2.5.5 For h > 1 and k = 0 (mod 2h), let Rpp = {wy, wy, -+ ,w,} be the set of all
words such that for all 3

1. w; is of length k

2. w; € Ly, and

3. w; € 1{0,1}*1.

Let {zy, 25, -+ ,z,} be a set of words such that z; = wakw,- for some j. Then x; & Ly, for

all v # j. Furthermore, z; € Ly,

Proof. Clearly z; € Ly, since z; is a palindrome and lz;| = 0 (mod 2h).

Assume, to the contrary, that there exists 3 # 7 such that z; € Ly. Then z; = vp where
v € 1{0,1}" e and p is a palindrome such that lp| = 0 (mod 25).

18



Now p cannot be a suffix of w; since w; € Ly, so |p| > k. Also, p ends with a 1 so it must

begin with a 1, so |p| > 2k.

Let p = pop1 -+ pai—1, thus |p| = 2I. Then p;_; must be located in z;(k)---z;(2k — 1), the
block of zeroes. But since z;(k — 1) = 1 and z;(2k) = 1, and p is a palindrome, p;_; must be

located at position z;(% -1).
Therefore |p| = |z;|. But this implies that w; = w;. This gives the desired contradiction. m
Define the set Ry as in Lemma 2.5.95.

We claim that for any mapping f from Ry to {0,1}, there exists an index m such that
Xp,(m + w;) = f(w;) for all 4.

Consider the following algorithm.

FINDINDEX (Rpx = {w1, w2, ,wn}, f)
{ input: Rpy and f as defined above }
{ output: m as defined above }
set z; =w; for1<i<n
{invariant: z; always begins and ends witha1for1<i<n }
{invariant: z; € {0,1}"w; for 1 <4< n}
{invariant: [z;]; — [w;]z = [z;]s — [wjle for 1<i<nand1<j<n}
(1) for¢ < 1ton do
{after this iteration Xg,(#:) = f(wi)}
{during this iteration z; may change but Xy, (z;) for j # ¢ will not change}
(2) if f(w;) =1 then
c T;
(3) for j < 1 ton do
(4) z; + cB0Fz;

19



end for
(5) endif
end for
{output the required index into Xz, }

output m = [.'131]2 - [11)1]2 + 2k_1

After the lth iteration of loop (1),

X (z:) = fw;)
for 2 < L.

Consider the Ith iteration of loop (1). Initially, by definition, X, (z;) = 0 for all 4. If
f(wi) = 0 then we are done. Otherwise, for 1 < i < n, we need to find a new z; such that

for ¢ # I, X, (2;) does not change, and
Xp(z1) = f(w) = 1.

By Lemma 2.5.5, for j # i, if z; ¢ Lj, before execution of statement (4), then z; ¢ Ly after
execution of statement (4). If z; € Ly before execution of statement (4) then z; € Ly, after

execution of statement (4) since

{1{0,1}" U e}e; € Ly,
Clearly, z; € Lj after the execution of statement (4) since z; becomes a palindrome and
|z;] = 0 (mod 2h).

By Lemma 2.5.5, |Rp| is 2""27¢. Therefore, the minimum number of subwords of X L, of

length 2"~ is 22"7°7° and thus

n

px,, (n) =Q(227°).

20



Example 2.5.6

Let h=3, k=6, n=12,

Rss = {100011,100101,100111,101001,101011,101111,
110001,110101,110111,111001,111011,111101}

and

F=1{1,0,0,0,1,0,0,0,1,0,0,0}.

The rows in the table below give variables’ values immediately following each execution of

(1). Note that only z, is displayed in the table. The value of z,, for 1 < a < 12, after (1) is

([z1)2 = [w1]2 + [wa)2)2.

When displaying z;, spaces have been introduced for clarity.

§ w; f{w;) zy
1 | 100011 1 100011
2 | 100101 0 110001 0° 100011
3 | 100111 0 110001 0° 100011
4 | 101001 0 110001 0° 100011
5 | 101011 1 110001 0° 100011
6 | 101111 0 110101 0% 100011 014 110001 0° 100011
7 | 110001 0 110101 0% 100011 0% 110001 0° 100011
8 | 110101 0 110101 0° 1060011 0% 110001 0° 100011
9 | 110111 1 110101 0® 100011 018 110001 0% 100011
10 | 111001 0 111011 0% 100011 018 110001 0° 101011 0°® 110101 0° 100011 08 110001 0° 100011
11 | 111011 0 111011 0% 100011 018 110001 0° 101011 03® 110101 0° 100011 0*® 110001 0° 100011
12 | 111101 0 111011 0° 100011 01® 110001 0% 101011 0% 110101 0® 100011 0% 110001 0® 100011

After completion of the algorithm,

m =[], —[100011] + 2°
= [111011 06100011 08110001 06101011 03110101 0° 100011 0110001 0° 100000]2.

= 20561476 950854 489 169 224 967 059 378 489 673 322 528.

21



2.6 A 2-quasi-context-free sequence u for which p,(n)

is (2")

Here we give an example of a 2-quasi-context-free sequence u where p,(n) is maximum.

Let h be a homomorphism over {0,1} such that

Define the language L as follows.

h(0) = 00
h(1) = o1

L = {10h(w;)10h(wz)10---10h(w,)11w® : for n > 1

Ji such that w = w; and wy,w,, -+ ,w, € (0+1)}

Lemma 2.6.1 L is context-free.

Proof. To see that L is context-free consider the following grammar G.

S
A
B,
B,
Bs
C

—

A

Al0B,;

10CA|e
003,001 B;1| B,
Bi|Bs

All

00C [01C |e

We will sketch a proof that L(G) = L. Clearly C =* w € {0,1}* implies w € (004 01)*. Let
AT be the set of sentential forms of the form {10C}*. Then A=* w € {0,1}* if and only if
there exists f € AF such that f =" w.

22



Let BF be the set of sentential forms of the form h(w) A11w®. where w € {0,1}*. Then
B; =* w if and only if there exists f € Bf such that f =" w.

Let ST be the set of sentential forms of the form
{10C}*10h(w){10C} 11w".
where w € {0,1}*. Then S =" w if and only if there exists f € SF such that f=* w. m

For k > 1, let
Ry ={w : w e 1{0 +1}" and |w| = k}.

We claim that for any mapping f from Ry to {0,1}, there exists an index m such that
Xp(m + [w;]z) = f(w;) for all 2.

Consider the following algorithm.

FINDINDEX (k, Ry, f, h)
{ input: Ry = {wy,ws, -+ ,wp} as defined above }
{ input: a mapping f from R; to {0,1} }
{ input: the homomorphism & }
{ output: m as defined above }
T €
for i < 1 to p do
if f(w;) =1 then
(1) z — z10h((w;)®)
end if
end for
(2) =+ z110%
{output the required index into X}
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(3) output m = [z],

Therefore X1, contains 2B+ different subwords of length | Ri|.
Therefore py, (n) = Q(2").

Example: Let k =3, p= 8 and R; = {000,001, 010,011, 100, 101, 110, 111}. See the follow-
ing table for the definition of f.

The rows in the table below give variables’ values immediately following each execution of

(1). When displaying z, spaces have been introduced for clarity.

| w; | f(w) |z

1 {000 1 10000000

2001 1 1000000010 000001

31010 0 1000000010000001

4011 0 10000000 10000001

5 | 100 1 10000000 10000001 10 010000

6 | 101 0 10000000 10 000001 10 010000

7110 0 10000000 10 000001 10 010000

8| 111 1 10 000000 10000001 10010000 10 010101

After (2), z = 10000000 10 000001 10 010000 10010101 11 000
After (3), m = [z], = 68991193 784.
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Chapter 3

A Characterization of Finite Fixed

Points

In this chapter we are concerned with characterizing the finite fized points of h, In light of
the extensive literature on homomorphisms on free monoids [32, 11, 23], it seems remarkable
that this has not yet been done, although there are some results (usually phrased in the
language of DOL systems) that are vaguely related to ours. See, for example, [41, 19, 44].

Theorem 3.0.4 shows that given a homomorphism h and a word w, h(w) = w if and only if
w belongs to a given set. Theorem 3.0.6 gives the best possible upper bound on the shortest
nonempty finite fixed point of a homomorphism. Much of this chapter is extracted verbatim

from my joint paper [22].

Lemma 3.0.2 Let h : 3* = I* be a homomorphism. Let w € B+ be a finite nonempty word
such that w is a subword of h(w). Then there exists a letter a € ¥ occurring in w such that

a occurs in h(a).

Proof. Let w = cyc3++-¢cp, where ¢; € £ for 1 < i < n. For 0 < i < n, define s,(z) =

25



|h(crcz -+ ¢;)|. (If the word w is clear, we omit the subscript.) In particular, s(0) = 0.
Let h(w) = dyd; - - - dy(n), where d; € X for 1 <7 < s(n). Hence
h(c:) = dyi1y1++* dygs)

for 1 < 7 < n. Since w is a subword of h(w), we know there must exist an integer ¢,

0 <t <s(n) —n, such that w = dyyy -+ - dyyn. Hence ¢; = diy; for 1 <1 < n.

Consider the least index j > 1 for which s(j) > ¢t + j. Such an index must exist, since the

inequality holds for j = n. There are now two cases to consider.

Case 1: j = 1: Then h(c;) = didy - - -d,1) and s(1) > ¢t + 1. Hence h(c;) contains dyy; = c;.

Let a = ¢;.

Case 2: j > 1: Then by the definition of j we must have s(7 —1) < t+j—1. Hence
3(j —1)+1 < t+j, and since h(c;) = dyj_1)41 - - dy(5), we know h(c;) contains dyyj_1dsy; =

¢j-1¢; as a subword. Let a =¢;. m

Corollary 3.0.3 If w € X7t is a nonempty finite word with h(w) = w, then there ezist
words wy,ws, w3, wy € X* and a letter a € ¥ such that w = wiwzawzws, h(wiws) = wy,

h(a) = weaws;, and h(wsws) = w,.

If h(w) = w, then, using the notation in the proof of Lemma 3.0.2, we have t = 0 and
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s(n) = n. Let

wy =dy--- ds(j—l);

w2 = da(j—1)+1 ceedjog;
a = dj;

w3 = djt1 - dy(y);

Wy = d,(j)+1 v dn.

It works. m
Now define
A,={a€ X : Jz,y € T* such that h(a) = zay and zy € M;}

and

F, = {h*(a) : a € A, and t = exp(h)}.

Note that there is at most one way to write h(a) in the form zay with zy € M;.

Theorem 3.0.4 Let h : X* — X* be a homomorphism. Then a finite word w € ¥* has the
property that w = h(w) i and only if w € Fy.

(<=): Suppose w € F;;. Then we can write w = wyw; - - - w,, where each w; € Fj, and there
exist letters a;,as,... ,a, € A, such that w; = h¥(a;), with ¢ = exp(h).

Since a; € Ap, we know that there exist z;,y; with z;y; € M} such that h(a;) = z;a;y;. Since

t = exp(h), we have h*(z;) = h*(y;) = €. Hence
W (i) = b (2:) B (a:) B (y:) = B (as).
Thus h(w;) = w; for 1 <7 <7, and so h(w) = w.
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(=>): We prove the result by contradiction. Suppose h(w) = w, and assume w is the
shortest such word with w ¢ Fy. Clearly w # e.

By Corollary 3.0.3 there exist W1, Wz, W3, Wy, @ such that w = wywrawzw,, h(wiws) = wy,

h(a) = weaws, and h(wsw,) = w,.

Now a is a subword of w, so h(a) is a subword of h(w) = w, and hence by an easy induction,

it follows that
h'(a) is a subword of w for all i > 0. (3.1)
Then we must have wyws € My, since otherwise the length of
K(a) = h**(ws) - - - h(wy) wy @ ws h(ws) - - - K~ (ws)

would grow without bound as i — oo, contradicting (8.1). It follows that ht(w,ws) = e,

where t = exp(h).
Now we have w; = h(w,w,), so by applying h® to both sides, we see
ht('wl) = h“‘l(wlwz) = ht+1 ('wl) hH-l ('ll)z) = ht+1(’w1).

Hence, defining y; = h*(w,), we have A(y;) = y;. In a similar fashion, if we set y, = h¥(w,),
then h(y.) = ys. Since |yi], lys| < |w], it follows by the minimality of w that y,,y, € Fy.
Now

w = hY(w) = h*(w1) b (w2) h*(a) h*(ws) ht(ws) = g1 ht(a) ys,

and hence w € F}, a contradiction. m

Example 3.0.5
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Consider the homomorphism h defined on £ = {ay, az, as, as, b1, by, b3, by} as follows:

h(a1) = by b3 a; by
h(az) = a2 b2 by
h(as) = a1 bs
h(as) = asas
h(by) = by bs
h(bs) = b3 by b3
h(bs) = babs
h(bs) = €

Then Mh = {b]_,b2,b3,b4} and Ah = {al,az}. Since h4(b1) = h4(b2) = h4(b3) = h4(b4) = €
and h3(b,) # ¢, clearly exp(h) = 4. Thus

Fi = {h*(a1), h*(a2)}
= {b4 b4 b4 b4 b3 b4 b3 b4 b4 b2 b3 b4 b4 b1 b3 ai b4, aog bg bl b3 b4 b3 bz b3 b4 b4 b4 b4 b3 b4 b3 b4 b4 b4 b4}

Note that h%(a;) = h(h*(a1)) and h*(az) = h(h*(as)) since a; € An and az € Ap. Therefore

the elements of F}, are finite fixed points as expected.

We now examine the following question. Suppose h possesses a nonempty finite fixed point

w. How long can the shortest w be, as a function of the description of h?

Theorem 3.0.6 If a homomorphism h possesses a nonempty finite fized point, then there
exists such a fized point w with |w| < m™!, where n = Card £ and m = maxsex |h(a)|.

Furthermore, this bound is best possible.

As we have seen in Theorem 3.0.4, a word w is a finite fixed point iff w € Fj;. Hence, if there
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exists a nonempty finite fixed point, the shortest such must lie in Fy. But
Fy ={h*(a) : a € A; and t = exp(h)}.

Since a € Ap, we have h(a) = zay with zy € M;. Hence a ¢ M, and so exp(h) <
Card My < n — 1. If m = max,ex |h(a)], then clearly |hi(a)| < m’ for all 4 > 0. It follows
that |w| = [h*(a)] < m™!.

To see that the bound is best possible, consider the homomorphism A defined on ¥ =

{a1,a,... ,a,} as follows:
h(a1) = aia3™";
h(a;) = a7}, for2<i<n-1;
h(a,) = e.

Then

-1 m(m-—1 n=2(m_
w:ala;" 1a3( )ar (m-1)

is a fixed point of h, and

lw|=1+(m-1)+mm—1)+---+m"2(m—1) = m"'.m
Example 3.0.7

Consider the homomorphism A defined on & = {a1, a2, a3, a4,a5} as follows:

h(al) = Qa1 Qs
h(az) = azas
h(as) = a4 a4

)
h(as) = as as
)



Using the notation in the above theorem, m = 2 and n = 5. The following word w should

be a finite fixed point such that |w| < 24

w = ay az a2 a;a; and

h(w) = a; as a2 a} ag.
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Chapter 4

A Characterization of Infinite Fixed

Points

This chapter is due to Jeff Shallit and has been included because of its relevance to other

results in this thesis. It has been extracted verbatim from our joint paper [22].

Infinite fixed points of homomorphisms have received a great deal of attention in the litera-
ture. The “usual way” to generate infinite fixed points is to take a homomorphism A and a
letter a such that h(a) = az for some z ¢ Mj;. In this case, h is said to be “prolongable” on
a [39], and

h“(a) = az h(z) h*(x)---

is clearly an infinite fixed point of h. However, this approach does not necessarily generate

all the infinite fixed points of A.
As an example, consider the Thue-Morse word [43, 10]

t = totity---

= 0110100110010110- - -
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where t; is the sum of the bits in the binary representation of n, taken modulo 2. Then t is a
fixed point of the homomorphism p which sends 0 — 01 and 1 — 10; in fact, t = u*(0). The
infinite word t is of interest in part because it is cube-free, that is, it contains no nonempty
subword of the form www. Similarly, the homomorphism 2 — 210, 1 — 20, and 0 — 1 has

as a fixed point the infinite word
210201210120 - - -

which is square-free (contains no nonempty subword of the form ww).
Let w = ciczc3 -+ be an infinite (one-sided) word over X, and let h be a homomorphism.

We are interested in characterizing those w for which h(w) = w.

Theorem 4.0.8 The infinite word w is a fized point of h if and only if at least one of the

following two conditions holds:

(a) we Fp; or

b) w € Fyh“(a) for some a € X, and there exist ¢ € M} and y € M} such that h(a) =
h h h

zay.

Note that there is at most one way to write h(a) = zay with z € M} and y & M;.

(<=): First, suppose condition (a) holds. Then we can write w = wwyws - - -, where each

w; € Fy. Then by Theorem 3.0.4 we have h(w;) = w;. It follows that h(w) = w.

Second, suppose condition (b) holds. Then we can write w = vz, where v € F} and
z = h*(a), where h(a) = zay for some z € My, y ¢ M;;. Then from Theorem 3.0.4, we have
h(v) = .

Since z € M}, we have h*(z) = ¢, and hence
z = h*(a) = k' (z)--- h(z)zayh(y) R*(y) R3(y) - -
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Since y ¢ My, it follows that |h*(y)| > 1 for all 5 > 0, and hence z is indeed an infinite word.
We then have
h(z) = h*(z)--- h(z) z ay h(y) h%(y) B (y)-- =1z

and so h(w) = h(vz) = vz = w.

(=): Now suppose W = ¢;cac3 - - - is an infinite word, with ¢; € X for ¢ > 1, and h(w) = w.

As before, we define sy (i) = |h(cicy - -+ ¢;)| for ¢ > 0. There are several cases to consider.

Case 1: sw(i) = i for infinitely many integers ¢ > 1. Suppose s(i) = ¢ for i = ig,4y,1,,....

Clearly we may take iy = 0. Then we can write

W = y1y2y3--.

where y; = ¢;;_, 41+ ¢;; and h(y;) = y; for j > 1. It follows that w € Fp.

Case 2: sw(i) = i for finitely many ¢ > 1, and at least one such i. Let s(2) = 1 for

1 = 1g,%1,... %, and again take ¢; = 0. Then for some integer r > 1 we can write

W =Y1Y2Ys- - -Yr X

where y; = ¢;; 41+ ¢; and h(y;) = y; for 1 < j < r, and h(x) = x. Furthermore, if we
write X = dydyds--- for d; € 2,7 > 1, then

8x(1) # i for all ¢ > 1. (4.1)

If we can show that (4.1) implies that x = h“(a), where h(a) = zay for some z € My,
y & M;, we will be done. This leads to Case 3.

Case 3: sw(i) # 4 for all ¢ > 1. Suppose there exist i, j with 1 < 7 < j and
s(¢) > ¢ but s() < 7. (4.2)
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Among all pairs (i,7) with 1 < ¢ < j satisfying (4.2), let jo be the smallest such j. Next,
among all pairs (4, jo) satisfying (4.2), let io be the largest such i. Suppose there exists an
integer k with i5 < k < jo. If s(k) < k, then jo is not minimal, while if s(k) > k, then
ip is not maximal. It follows that jo = 4o + 1. Then s(ip) > %o, but s(ig+1) < ig+1, a

contradiction, since s(ip) < s(ip + 1).

It follows that either (a) s(i) < 4 for all i > 1, or (b) there exists an integer r > 1 such that

s(i) <ifor1<i<rands(i)>iforali>r.

Case 3a: sw(i) < i for all ¢ > 1. Since this is true for ¢ = jo := 1, in particular we see that

h(ci) = €. Now let j; be the least index such that
h(c;j,) contains cy; (4.3)

such an index must exist since h(w) = w. We then have h(c2) = h(cs) = -+ = h(cj,—1) = €,

so the first occurrence of ¢;, in w is at position j;. e

Now inductively assume that we have constructed a strictly increasing sequence Jo<n <

.++ < j; such that the first occurrence of ¢;; in w is at position j;, for 1 <1 < ¢.

Let jii1 be the least index such that h(c;,,,) contains c;,. Assume jy > jey1. Since s(z) <%
for all 7, we have h(cj,,,) = ck -+ ¢ with I < ji41 < ji. Since h(c;, 1) contains c;,, this implies

that c;, occurs to the left of position j;, a contradiction. Hence j; < Ji41.

Thus we can construct an infinite strictly increasing sequence jo < ji < --- such that the
first occurrence of ¢;, in W is at position j;. It follows that the letters cj,,cj,, ... in I are all

distinct. But X is finite, a contradiction. Hence this case cannot occur.

Case 3b: There exists an integer r > 1 such that

sw(i) <ifor 1 <i<rand sw(é) >iforale>r (4.4)
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Put @ = ¢,. Then h(a) = zay for some z,y € X*, and |y| > 1. Furthermore, the conditions
(4.4) on s imply that we can write w = wa v and h(W) = h(u) z ay h(v) such that u = h(u)z.

An easy induction now gives
R(w) = h'(u) B} (z) - - h(2) zay hy) - - b (y) b (v) (4.5)
and
u = h*(u) K (z) - h(z) z (4.6)

for all 4 > 0. Since |u| < oo, it follows from letting ¢ — oo in Eq. (4.6) that there exists an

integer j > 0 such that h?(z) = €. Hence = € M}, and so h*(z) = ¢, where t = exp(h).

Now u = h(u)z, so h*(u) = h**'(u)h*(z) = h**'(u). Define u' = h*(u); then h(v') = u'.
Hence, putting j = |u/|, it follows that s(j) = 5. Hence j = 0 and v/ = e.

Now, to get a contradiction, suppose that y € Mj;. Then h'*(y) = e. Define z = h*(a). Then
h(z) = K1 (a) = R{(h(a)) = W*(say) = b(z) h*(a) K'(y) = K'(a) = .

Hence, putting j = |z|, we see that s(j) = j, a contradiction since |z| > 1. Hence y ¢ M.

Now, letting ¢ — oo in (4.5), we see that w = h“(a). ®

Call an infinite fixed point trivial if it is in F. Our last result shows that, up to application
of a coding, all non-trivial infinite fixed points can be generated in the “usual way”, i.e., by

iterating a homomorphism f on a letter b such that f(b) = bu with u & M;.

Theorem 4.0.9 Suppose h : £* — 3* is a homomorphism and w € 3¢ is an infinite
word such that h(w) = w and w ¢ F{. Then there exists an alphabet A, o non-erasing
homomorphism f : A* — A*, a coding (i.e., a letter-to-letter homomorphism) g: A — £, a
nonempty word w € A* and a letter b € A such that f(b) = bu and g(f*(b)) = w.

36



IKw ¢ Fy, then by Theorem 4.0.8, there exists a € X such that w € Fyh“(a), and h(a) = zay
with ¢ € M and y € Mj;. Thus, if t = exp(h), there exists v € F} such that

w=vh" "} (z)---h(z)zayh(y) K*(y)--- .

Define z = vh*}(z)h*~*(z)---h(z)z, and let » = |z|. If 7 = 0, then v = = = ¢, and the
desired result follows by taking f = h and g = the identity map.

Hence assume r > 0 and write z = byby---b, for b; € ¥, 1 < i < r. Introduce r + 1 new

symbols b,a3,...,a,,a,11,and set A=3% U {b,as,...,a,,a,41}.
For d € A define

bay, ifd=b

aiy1, fd=a; with2<i<r;

f(d) =
Y, if d = apqq;

h(d), ifde 3.

Then we have

fe()=baz---ar a1y h(y) K (y)--- .

Finally, define the coding g : A — X as follows:

by, if d=0b;

b;, fd=a; with2<:i<m
g(d) = §

a, ifd=a,q;

d, ifdel.

It follows that
g(f* (b)) = b1 by---b, ayh(y) hz(y) cee=w,

as desired.
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Note that f is non-erasing iff A is. The following theorem is from Cobham [17].

Theorem 4.0.10 Let h be a homomorphism such that h(a) = az, and z ¢ M;. Then
there ezists an alphabet A, a non-erasing homomorphism f : A* — A*, a coding (i.e., a

letter-to-letter homomorphism) g : A — % and a letter b € A such that g(f*(b)) = h¥(a).
Example 4.0.11

Consider the homomorphism A defined on £ = {a, ¢, c3, c3, ca, c5, ce} as follows:

h(c1) = ecacacs
h(c2) =cses
h(cs) =€
h(cs) = cscreq
h(cs) = caescs
h(ce) = c1c6

h(a) =cyciacy

Using the notation in the above theorem, My = {¢1,¢s,¢3}, Fr = {cs,c6}, t =3, 2 = cs¢1

and y = c5. Let
v = h®(cs) h®(cs)
= C3C3C2C5C3C3C3C3C3C2C2C3C1Cg
and
w =vh'"(z) - h(z) zay h(y) h*(y)---
= €3 €3 C2 C5 C3 C3 C3C3 C3 C2 Ca C3 C1 Cg C3 C3 C3 C3 C3 C3 C2 Cp C3 C3 €1 a C5 h(cs) h¥(cs) - - -

= zacsh(cs) h?(cs) - .
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Thus 7 = 25 and z = byby---bys for b; € £, 1 < i < 25. Set A =X U {b,as,a3,"** ,azs, a2}
Therefore the homomorphism f is defined as follows:

fle:) = h(c:;) with 1 <i <6

fla) =czcracs

f(b) = baz
f(a,-) = Qi4+1 with 2 S ) S 25
fla) =y

Then we have f“(b) = bay---azs azsy h(y) h*(y) - - -

The definition of g is as follows:

g(b) = by
g(a,-) = b,' with 2 S ) S 25

g(azs) = a
gle;) =c;with1 <i <6

Finally,

g(f“(®) = byby---bsayh(y) hz(y) ves

= zayh(y)h*(y)---
— ok Yz) --- h(z)zayh(y) h2(y)---
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Chapter 5

The periodicity of prefixes (and
suffixes) of a PDOL sequence

In this chapter, we improve upon a result in [21, Lemma 1, p. 64] giving a smaller upper
bound on the maximum period of the prefixes (and suffixes) of a PDOL sequence over X.
Interestingly, this upper bound is related to the maximum order of a permutation over |X|
elements. Furthermore, we show that this new upper bound is the best possible. The proofs
given in this chapter are similar to the proofs given in [21]. They only differ notationally

and in the discussion of the improved upper bound.

A deterministic L-system without interactions (abbreviated as a DOL-system) is an ordered
triple
G = (%, h,w),

where X is an alphabet, h is an endomorphism defined on ¥*, and w, referred to as the

aziom, is an element of £*. The (word) sequence E(G) generated by G consists of the words

R (w) = w, h(w), h*(w), K3 (w), ... .
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The language of G is defined by

L(G) = {h'(w) | i = 0}.
Example 5.0.12

Consider the DOL-system
G = ({a, b}, h, ab)
with h(a) = a, h(b) = ab. Then
E(G) = ab,a®, ... ,a",..
and so

L(G) = {a"b|n > 1}.

A DOL-system (Z, h,w) is termed propagating or, shortly, a PD0L-system if h is non-erasing.
Thus Example 5.0.12 deals with a PDOL-system.

If s = wy, wy, -+ is a sequence of words over X, then

U(s) = | fwi}

ieN

and U(s) is called the language generated by s.

If s is an infinite sequence but U(s) is finite, then s is called singly infinite. Otherwise s is

called doubly infinite.

5.1 L-systems

L-systems are arguably one of the most prominent examples of the interdisciplinary nature

of formal language theory. The self-similarity of many organisms allows their description by
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simple developmental algorithms. Self-similarity is characterized by Mandelbrot (33, p. 34]

as follows:

When each piece of a shape is geometrically similar to the whole, both the shape

and the cascade that generate it are called self-similar.

Biological considerations were strongly connected with the origination of L-systems by Aris-
tid Lindenmayer in [30] and [31]. A corresponding biological phenomenon is described by

Herman, Lindenmayer and Rozenberg in [25]:

In many growth processes of living organisms, especially of plants, regularly
repeated appearances of certain multicellular structures are readily noticeable....
In the case of a compound leaf, for instance, some of the lobes (or leaflets), which
are parts of a leaf at an advanced stage, have the same shape as the whole leaf

has at an earlier stage.

Such a simple formalism for developmental processes clearly has applications to many areas,

one of which is computer graphics. In [40] Prusinkiewicz and Lindenmayer write:

Plant models expressed using L-systems became detailed enough to allow the use
of computer graphics for realistic visualization of plant structures and develop-

mental processes.

In this paper we deal only with simplest type of L-system which is the DOL-system.

A DOL-system is a string rewriting system, where each letter of a string can symbolize the
presence in that position of a cell of a certain type or state. The whole string represents a
filament of cells. Time is assumed to be discrete and, in between two consecutive moments

of time, each letter of a string is rewritten as a string which may be empty. This rewriting
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depends only on the letter concerned, as opposed to other L-systems where the rewriting
depends on the m left and n right neighbours of the letter concerned. The resultant string
consists of the concatenation of the strings resulting from the rewriting of the individual let-
ters. By repeating this process we obtain a sequence of strings representing the development

of the modeled organism.

5.2 Permutations

A permutation is simply a bijection on a finite nonempty set. Recall that a bijection is a
function F : X — Y such that for each element y € Y, there is exactly on element z € X
such that y = f(z). More precisely, a permutation o on S is a bijection o : S — S. Therefore
we can think of a permutation simply as a rearrangement of the elements in a finite nonempty

set.

Example 5.2.1

If S = {a,b,c,d}, then one permutation on S is defined by o(a) = b,a(b) = d,o(c) = a and
o(d) = c. Permutations are usually written in array notation. Array notation for o is as

follows.
a b ¢ d

b da c
where the elements of S are written in the top row and their corresponding images, under

o, are written below.

Composition of permutations expressed in array notation is carried out from right to left by

going from top to bottom.

Example 5.2.2
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Let

123 45
24351
and
1 23 45
9 41 2 3
then
_ 1 23 45 1 23 45 _ 123435
PT\ss123)\2ass1) a2t
We can see that (yo)(1) = y(o( 7(2) = 4. The remainder of the bottom row of o is

obtained in a similar fashion.

There is another notation commonly used to specify permutations. It is called cycle notation.
Cycle notation has the advantage that it helps readily determine certain important properties

of a permutation. Consider

1 23456
9 3 16 2 4

8=

In cycle notation, 3 can be written (2,3,1,5)(6,4) or (4,6)(3,1,5,2). An expression of the
form (a1, as,+++ ,am) is called a cycle of length m or an m-cycle. If we think of a cycle as
a permutation that fixes any symbol not appearing in the cycle then a permutation can
be thought of as a multiplication of cycles. Thus the cycle (4,6) can be thought of as

representing the permutation

123456
123635 4

We now state two important properties of permutations.

1. Every permutation of a finite set can be written as a product of disjoint cycles. Let a

be a permutation over a finite set S = {aj,as,--- ,an}. To express a as a product of
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disjoint cycles start by choosing any member of A, say a;, and let

Ay = a(al)’
a3 = a(a(a)) = a*(a1),
ay = a™(ay) for somem
We know that such an m exists because the sequence a;, a(a1),a*(ay),--- contains

a finite number of different elements; so there must eventually be a repetition, say
a‘(a;) = @¥(a;) for 0 < ¢ < j. Then a; = a™(a,), where m = j —i. If we have not
exhausted all the elements of A in this process then choose an element b; € A not

appearing in the first cycle and create a new cycle as before.

2. The order of a permutation of a finite set written in disjoint cycle form is the least
common multiple of the lengths of the cycles. The order of a permutation @ on S =
{a;,as,*+* ,an} is defined to be the smallest value n > 1 such that a”(a;) = a; for all
1 < ¢ < m. First, observe that a cycle of length n has order n. Next, suppose that a
and B are disjoint cycles of lengths m and n, and let k be the least common multiple
of m and n. Now let v = af3. The order of both a and 8 must divide the order of
7. The smallest such number is k by definition of least common multiple. Therefore,

k is the order of 4. The general case involving more than two cycles can be handled

similarly.

Now define G(n) to be the maximum order of a permutation on n elements and define

_ loglogn — a
f(a) = v/nlog(n) (1 + 2log ) .
From [34] we know that
f(2) <log G(n) < f(0.975), n > 810.
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Furthermore this can be improved to

£(1.16) <log G(n) < £(0.975), n > 1179568.

5.3 The maximum period of the prefixes (and suffixes)

of a PDOL sequence is G(|X|)

We improve upon a result in [21, Lemma 1, p. 64] giving a smaller upper bound on the
maximum period of the prefixes (and suffixes) of a PDOL sequence. Furthermore we show

that this new upper bound is the best possible.

We say that a letter a is growing (under a homomorphism h) if

lim [W(a)| = +oo.

Lemma 5.3.1 Let h be a homomorphism over & and let |Z| = p. Ifb € T is a growing

letter under h then h™?(b) contains > n + 1 non-erasing letters for alln > 0.

Proof. If a is a growing letter then clearly h(a) must contain a growing letter. Then for
p > J > 1 2> 0 there must exist A*(a) and h/(a) which contain the same growing letter, b.
Furthermore, h?(a) must contain at least two non-erasing letters (at least one of which is b).
To see this assume that the only non-erasing letter in A (a) is b. Now define a morphism g
over % so that for a € ¥, g(a) = h"~*(a). Then b € A, (recall the definition of A, on page
27). Therefore b derives a finite fixed point over g, and |g%(8)| = |R*=9)(b)] is bounded. So
b is not growing. Therefore A" (b) contains n + 1 non-erasing lettters. Since j < p, h"?(b)

contains at least n + 1 non-erasing letters. m

Corollary 5.3.2 Ifb € ¥ is a growing letter under h then |[R"?(b)| > n+1 for every positive

integer n.
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Given a doubly infinite PDOL sequence,
S = wo, wy = h(wp), -+ ,w; = h(wi_1), -+,
the following lemma shows that for all i, the sequence of ith letters of the words of S,

wo(2), wy(2), wa(2),- - -

is ultimately periodic with period < |Z|.

Lemma 5.3.3 Let wo, wy,--- be a doubly infinite PDOL sequence. Let G = (2,h,w) be a
PDOL system such that E(G) = S. Let m = |Z|. There exist constants f <m and C < 2m
such that for every k > 1 there ezists Ny such that Ny < C -k and for every j > Ni and
>0,

w;(k) = wjpiz(k).

Proof. Let S = wo,wy, - - - be a doubly infinite PDOL sequence. Let G = (%, h,w) be a PDOL
system such that E(G) = §. Let m = |Z| and C = 2m. We show the existence of a sequence
of integers fi, fz,- -+ such that f; < m for all ¢ > 1 and the sequence wo(¢),w1(¢)--- has

period f;.
We proceed by induction on k.

For k = 1 we need to show that the sequence w; (1), wa(1),--- is ultimately periodic. Since
this sequence is over only m different letters, there must be a repetition with the first
m + 1 elements. Hence w,(1) = w,(1) for some 1 < r < s < m+ 1. This implies that
h(w,(1)) = h(w,(1)) and, since S is a PDOL sequence, w,4+1(1) = wy41(1). Similarly, for
¢ > 1, wepe(l) = Wope(1). Since Ny < C-1land f =s—7r <m, the result is proven for
k=1
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Now assume that the result is true for 1,... | k. Let g = 2pk + p. From Lemma 5.3.1 we

know that |w,| > k + 1. There are two cases to consider.

Case 1. Suppose the direct ancestor of wy(k + 1) is the gth letter of w,_, where q < k.
Since g —1 =2pk +p—12> 2pk = C -k > Ny, then for every r such that = >g-—1,
allm >1 and all ¢ <i < k. We have

W () = Wrims(q).
Hence by the induction hypothesis

wy(k+1) = wgyys,(k+1)
Worr(k+1) = wypg41(k+1)

Wors-1(k+1) = wgyas,1(k+1).

Let Niy1 = g < C+(k+1). The above equalities together with the induction hypothesis
1mply that
wj(k +1) = Wit frya (k + 1)

for every j > Niy1,12> 1 and fry = f <m.

Case 2. Suppose the direct ancestor of w,(k + 1) is not one of the k letters of wy_3. Then

there are two cases.

Case 2a. For some e such that 2pk + p < e < 2pk + 2p, the direct ancestor of
we(k + 1) is the gth letter w,_; where ¢ < k. We can take Nepr=e<C-(k+1)

and fr1 = f;. The remainder of the proof of this case is similar to Case 1.

Case 2b. For every e such that 2pk+p < e < 2pk+2p, We—1(k+1) is the direct ancestor
of w.(k+1) (*). Then for some e; and e, such that 2pk+p < e; < e5 < 2pk + 2p,
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We, (k+1) = we,(k+1). Now we can take Npy; = e; < C-(k+1). The remainder

of the proof of this case is similar to the case for k = 1.

Thus the lemma is proved. m

Lemma 5.3.4 Let wo,w;, -+ be a doubly infinite PDOL sequence. Let G = (%, h,w) be a
PDOL system such that E(G) = S. Let m = |Z|. For i > 1 let f; be the period of the

ultimately periodic sequence wo(z), w1(7),. ...

lem(fy, fa,...) < G(m).

Proof. Let L; represent the sequence of letters wy(z), w1 (%), --. From Lemma 5.3.3 we know
that f; < m for all ¢ > 1. First note that if ¢ > j then lem(f;, f;) = f; unless L; has property
(*) from Lemma 5.3.3. Now consider ¢ > j such that L; and L; both have the property (*).
For all k > 1, let Ay = {ak,a%,--- ,a’}k_l} be the set of letters contained in the periodic
portion of Ly. Assume that there exist u and v such that a* = a*. Since h(al) = h(a?),
then af, +1 (mod f;) = af; +1 (mod £;)" By repeating this argument we see that A; = A;. Hence

either A; and A; are disjoint or A; = A;.

Let I =4,,t5--- ,i; be a sequence of integers of maximum length such that forall 1 <k < 3,
L;, has the property (*) and A;, # A;, for all 1 <[ < k. Furthermore there exists no k with
1 <k <ijand k ¢ I such that L; has the property (*) and Ay # A;, for all 1 <4, < k. This
implies that A;,A;,,--- A;; are all mutually disjoint. We know that such a finite j exists

j
since 7% > 0 for all 1 < k < j and Y i, < m. Therefore j < m.
k=1

3j
Now lem(fi,, fiy,+++ , fi;) = lem(fi, fo,--+). To see this let ¢ = } i;. Since A;;, Aiy,--- A
k=1
are all mutually disjoint, lem(f;,, fi,,--- , fi;) is the order of a permutation which is a product

j
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of disjoint cycles whose lengths are f;, fi,, -+ , fi;. Therefore lem(f;,, fiy,-++, f;;) < G(g) <
G(m). m

The following lemma states that in a PDOL sequence the sequence of prefixes (suffixes) of
length k, for any k > 1, is ultimately periodic with a period f which is independent of k.
Let m = |Z|. The following lemma is proved by Ehrenfeucht, Lee and Rozenberg [21] with
f < ml. We reiterate the proof of the lemma showing that in fact f < G(m).

Lemma 5.3.5 Let wo, w1, be a doubly infinite PDOL sequence. Let G = (,h,w) be a
PDOL system such that E(G) = S. Let m = |X|. There ezist constants f < G(m) and
C < 2m such that for every k > 1 there ezists Ny, such that Ny, < C -k and for every j > N,
and every 1 > 0,

Prefi(w;) = Prefi(w;iiy).

and

Suﬁ'k('wj) = Suffk ('wj+1f ) .

Proof. We prove the result for prefixes only. The proof for suffixes is similar.

Let S = wo, w1, -+ be a doubly infinite PDOL sequence. Let G = (X, h, w) be a PDOL system
such that E(G) = S. Let m = || and C = 2m. Let f; be the period of the ultimately
periodic sequence L;(wo), Li(w,),.... Let f =lem(fi, f2,...). We know from Lemma 5.3.4
that f exists and f < G(m). Let Ni be such that N, < C -k and for every j > N, and
every l > 0

Li(w;) = Li(wjpyg).

We have already shown, in Lemma 5.3.3, the existence of a sequence fi, fo,-- with 1 <
fi < m for all ¢, such that for some C < 2m and every k > 1 there exists N, < C -k and for

every j > N and every | > 0.
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In Lemma 5.3.4 we have shown that for all 7, lem(f1, f2,--- , fi) < G(m).
We proceed by induction on k.

For k =1 the result follows directly from Lemma 5.3.3. Now assume that the result is true
for 1,2,... ,k. From Lemma 5.3.3, we know that for every j > N1 and every I > 0

Lk+1('w,-) = Lk+1 (wj+lfk+1 )

Since fi|f this implies
Liy1(w;) = Lisr(wjisig).
Now since Ngy; > N

Prefk+1(Wj) = Prefk+1 ('wJ.Hf) |

For m > 1, we show the existence of PDOL sequences P,, in which the period of the sequence

of prefixes is G(m).

Let px be a permutation on k elements whose order is G(k). Let pi be a product of c(k)

disjoint cycles of lengths pi,pi,---, pz(k). Note that ¢(k) is well defined since all decompo-

sitions of p; into disjoint cycles contain the same number of cycles. Hence Ec(k) P = k.

1=1
Define a set of PDOL-systems P,,, for m > 1, as follows.
P, = (%,h,a})
where, a} € X for 1 <i < ¢(m), 0 < j < p, and (4,5) = (0,0). So || = m + 1. Define h as
follows.

0y _ 1.2 e(m) o
h(ag) = Anag -~ Qg "Gy

@11 (moa piy for all (i,5) # (0,0) .

h(a%)

2

Lemma 5.3.6 The sequence of prefizes of length > ¢(m) of P, has minimum period length
of f = G(m).
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Proof. First we prove by induction that, for ¢ > j > 1, the first n < ¢(m) letters of h*(ad)
and h?(ag) are the same if and only if i = j (mod lem(p},,p2,,--- ,p%)). Clearly, for j > 0,
hi(a}) = a} (mod pr ). Lherefore the first letter of h*(ad) and h?(al) are the same if and only
if ¢ = j (mod p},). Now assume that the result holds for n < k < ¢(m). Clearly, for j > 0,
R (abth) = a?‘*(:no d ki)’ Therefore by induction we know that for s > j > 1 the first k + 1

letters of h'(ag) and hi(ad) are the same if and only if i = j (mod lem(pl,,p2,,--- ,p5))
and ¢ = j (mod pjt'). Therefore i = j (mod lem(pl,,p2,,-- ,pk, p5H)). But G(m) =

m

lem(pl, p2,,- -+ ,po™ ). Therefore the result is proven. m

Example 5.3.7

Let us construct Ps. G(5) = 6 so let p; = (21453) = (21)(453). Then ¢(5) = 2, pt = 2, and

P2 = 3. Ps = ({ad,a},al, a2, a?, a2}, h,al) and h is defined as follows.

h(ag) = agagag
h(ag) = a
h(a) = aq
h(aj) = o
h(a}) = df
h(a3) = a
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Thus E(Ps) is the following sequence.

aéagao
ata?...
a(llaz---
aiao'”
ata?...
aal-..

1
agag - -

Lemma 5.3.5 implies that the period of the prefixes should be < G(5) = 6. It is easily seen

that the period is exactly 6. =
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Chapter 6

Open Problems

This chapter is dedicated to enumerating the interesting problems which we have been un-

successful at solving.

As Theorem 2.3.1 states, for a k-automatic sequence u, p,(n) is O(n). As of yet, we have
been unable to show the existence or non-existence of a context-free sequence u such that

Pu(n) is exponential.

Open Problem 6.0.8 Show the ezistence or non-eristence of a context-free sequence u such

that p,(n) is ezponential.

Let x be an infinite sequence over {0,1}. The sequence x has bounded gaps if for all w €
Sub(x) the following conditions are met.
1. The word w occurs infinitely often as a subword in x.

2. Define n’,ny, .-+ such that x(n?) is the position of first character of the ith occurrence

of w in x. For some constant C and all 5 > 1, nd, —n¥ < Clw|.
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The Thue-Morse sequence is known to have bounded gaps. The characteristic sequence of

{10*} does not have bounded gaps.

Open Problem 6.0.9 Show the ezistence of non-ezistence of a contezt-free sequence or

quasi-contezt-free sequence that is not automatic but has bounded gaps.

While attempting to find context-free sequences with exponential subword complexity, it
seems logical to consider writing an algorithm to compute the number of subwords of length
n < C, for some constant C. This would be a good method for finding candidate sequences.
However, in order to compute px(n) exactly for a given context-free sequence x, it is necessary
to find an upper bound on the position f(x,n) in x after which no new subwords of length

n exist.

Open Problem 6.0.10 Given a contezt-free sequence x compute f(x,n) such that w €

Sub(x) is a subword of x(0)x(1) - - - x(f(x, |wl)).

The density of a language L is defined to be
<n
LN B

n—o0 IES"I
Intuitively, one would think that subword complexity would tend to be less for languages
whose density approaches 0 or 1.

Open Problem 6.0.11 What is the ezact density of the following contezt-free languages.
Ly = {w € 1{0,1}" : w ends in a non-empty palindrome p such that |p| = 0 (mod 2h)}
and

L = {10h(w;)10h(wz)10---10h(w,)11w? : forn >1

35 such that w = w; and wy, ws,--- ,w, € (0+1)"}
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Open Problem 6.0.12 Decide whether or not the following sequence is a 2-CFL-sequence

(spaces have been introduced for clarity).

11011100101 110111...

Open Problem 6.0.13 Decide whether or not the following language is context free.

L = {(n); : n is composite }.
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