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Abstra
t

In this thesis, we study various 
omplexitymeasures of regular languages. In parti
-

ular, we study state 
omplexity, nondeterministi
 state 
omplexity, regular expres-

sion size, radius, and nondeterministi
 state 
omplexity. We 
ompare these di�erent

measures, and study the e�e
ts of various operations su
h as union, interse
tion,


on
atenation, Kleene 
losure, and reversal.

iv



A
knowledgements

I would like to thank Je� Shallit for his supervision and guidan
e throughout the

writing of this thesis. I would also like to thank Jonathan Buss and Dan Brown for

agreeing to read this thesis and give suggestions.

Jean{Camille Birget dis
ussed one of his papers with me, and 
lari�ed one

of his previous results, whi
h I found extremely helpful. Also, I thank Martin

Kutrib for sending me one of his papers whi
h 
ontained many useful results. I also

thank Ming{Wei Wang, Mike Domaratzki, and Andrew Martinez for our helpful

dis
ussions on many problems.

Finally, I would like to thank my parents for their support and en
ouragement

throughout my entire edu
ation.

v



Contents

1 Introdu
tion 1

2 General Notation 5

3 State Complexity 8

3.1 De�nitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

3.2 Unary Languages . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3.3 Languages Over an Arbitrary Alphabet . . . . . . . . . . . . . . . . 12

3.3.1 Proportional Removals and

1

2

L . . . . . . . . . . . . . . . . 14

3.3.2 Quotients . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

4 Nondeterministi
 State Complexity 16

4.1 De�nitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

4.2 Deterministi
 and Nondeterministi
 State Complexity . . . . . . . . 20

4.2.1 Unary Languages . . . . . . . . . . . . . . . . . . . . . . . . 21

4.3 A Lower Bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

4.4 Operations on Regular Languages . . . . . . . . . . . . . . . . . . . 23

4.4.1 Union . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

vi



4.4.2 Interse
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

4.4.3 Con
atenation . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.4.4 Kleene Closure . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.4.5 Reversal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4.4.6 Complementation . . . . . . . . . . . . . . . . . . . . . . . . 33

4.4.7 Quotients . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

5 Regular Expression Size 40

5.1 De�nitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

5.2 Regular Expressions and Finite Automata . . . . . . . . . . . . . . 42

5.3 Operations on Regular Languages . . . . . . . . . . . . . . . . . . . 47

5.3.1 Union . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

5.3.2 Con
atenation . . . . . . . . . . . . . . . . . . . . . . . . . . 49

5.3.3 Kleene Closure . . . . . . . . . . . . . . . . . . . . . . . . . 50

5.3.4 Reversal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

5.3.5 Complementation . . . . . . . . . . . . . . . . . . . . . . . . 51

5.3.6 Interse
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5.3.7 Quotients . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

6 Radius 57

6.1 De�nitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

6.2 Minimal DFAs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

6.3 State Complexity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

6.4 Operations on Regular Languages . . . . . . . . . . . . . . . . . . . 66

6.4.1 Union and Interse
tion . . . . . . . . . . . . . . . . . . . . . 67

vii



6.4.2 Con
atenation . . . . . . . . . . . . . . . . . . . . . . . . . . 76

6.4.3 Kleene Closure . . . . . . . . . . . . . . . . . . . . . . . . . 78

6.4.4 Reversal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

6.4.5 Complementation . . . . . . . . . . . . . . . . . . . . . . . . 84

6.4.6 Quotients . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

7 Nondeterministi
 Radius 87

7.1 De�nitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

7.2 Lower Bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

7.3 Deterministi
 and Nondeterministi
 Radius . . . . . . . . . . . . . . 92

7.4 Unary Languages . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

7.5 Operations on Regular Languages . . . . . . . . . . . . . . . . . . . 97

7.5.1 Union . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

7.5.2 Interse
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

7.5.3 Con
atenation . . . . . . . . . . . . . . . . . . . . . . . . . . 102

7.5.4 Kleene Closure . . . . . . . . . . . . . . . . . . . . . . . . . 107

7.5.5 Reversal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

7.5.6 Complementation . . . . . . . . . . . . . . . . . . . . . . . . 111

7.6 Computability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

8 Con
lusions and Open Problems 113

8.1 State Complexity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

8.2 Nondeterministi
 State Complexity . . . . . . . . . . . . . . . . . . 113

8.3 Regular Expression Size . . . . . . . . . . . . . . . . . . . . . . . . 114

8.4 Radius . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

viii



8.5 Nondeterministi
 Radius . . . . . . . . . . . . . . . . . . . . . . . . 115

A Sour
e Code 117

Bibliography 120

ix



Chapter 1

Introdu
tion

There are many di�erent areas of theoreti
al 
omputer s
ien
e that deal with some

sort of 
omplexity. Computational 
omplexity measures the diÆ
ulty of determining

whether a 
ertain word is in a language. This is usually measured in terms of

time or spa
e required by an algorithm or Turing ma
hine, although there are

other possibilities. For example, 
ommuni
ation 
omplexity measures the minimum

amount of information that must be 
ommuni
ated between two simultaneously{

run algorithms, when ea
h algorithm only has a

ess to half of the input.

We are interested in studying regular languages. In terms of 
omputational


omplexity, these are exa
tly the languages that 
an be a

epted using 
onstant

spa
e. However, we wish to study their 
omplexity in more detail, so we will


onsider des
riptional 
omplexity. Intuitively, the des
riptional 
omplexity of a

language is the amount of information needed to des
ribe the language. As there

are many di�erent ways to des
ribe a regular language, there are many di�erent

measures of des
riptional 
omplexity.

1



CHAPTER 1. INTRODUCTION 2

Regular languages are exa
tly those languages that are a

epted by deterministi


�nite automata (DFAs). One way to measure the des
riptional 
omplexity of a

regular language is to 
ount the number of states in the smallest DFA whi
h a

epts

that language. This is known as the state 
omplexity of the language. The e�e
ts

that various operations have on the state 
omplexities of regular languages has been

studied by many people, in
luding Yu, Zhuang, and Salomaa [24, 26℄ and Birget [2℄.

We will examine state 
omplexity in Chapter 3 of this thesis. However, be
ause

state 
omplexity has already been so extensively studied by others, most of this

se
tion is simply a summary of previous work.

Another 
hara
terization of regular languages is that they are exa
tly those

languages whi
h are re
ognized by nondeterministi
 �nite automata (NFAs). This

leads us to 
onsider another way of measuring the 
omplexity of a regular language,

that is, by 
ounting the number of states in the smallest NFA whi
h a

epts that

language. We will refer to this as the nondeterministi
 state 
omplexity of the

language, whi
h will be studied in Chapter 4. Relationships between deterministi


and nondeterministi
 state 
omplexity are quite well known. Rabin and S
ott [20℄

showed that a minimal DFA 
an require, at most, exponentially more states than an

NFA that a

epts the same language. Moore [19℄ showed that this exponential gap

is, in fa
t, a
hievable. Chrobak [5℄ studied this problem for unary languages, and

found an asymptoti
ally tight bound on the possible in
rease from nondeterministi


to deterministi
 state 
omplexity in the unary 
ase.

Birget [3, 4℄ studied the e�e
t of 
omplementation on the nondeterministi
 state


omplexity of a regular language. However, other than this, very little attention
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had been paid to the e�e
ts of various operations on the nondeterministi
 state


omplexity of a regular language at the time that this thesis was started. Many

of these results were dis
overed and are original to this thesis. However, many of

these results were studied independently, and subsequently published, by Holzer

and Kutrib [10, 11℄.

A third 
hara
terization of regular languages is that they are exa
tly those lan-

guages that 
an be spe
i�ed by a regular expression. Although a regular expression

is arguably the most intuitive way of spe
ifying a regular language, very little work

has been done regarding minimal regular expressions. Ehrenfeu
ht and Zeiger [8℄

studied many di�erent 
omplexity measures of regular expressions. However, in-

stead of using �xed{sized alphabets, they studied languages over alphabets that

grew arbitrarily in size. In Chapter 5 we will study the size (number of alpha-

beti
al symbols in) a minimal regular expression for a language, and how this size

is a�e
ted by the appli
ation of 
ertain regularity{preserving operations. Many of

these results 
an also be found in a paper published by Ellul, Shallit and Wang [9℄.

As was noted earlier, regular languages are exa
tly those languages that 
an be

a

epted by �nite automata (deterministi
 or nondeterministi
). Now, we will look

to another way of measuring their 
omplexity. While state 
omplexity is a measure

of the size of a �nite automaton, if we 
onsider radius as well as size, we get an

idea of its shape. Intuitively, the radius of a �nite automaton is the distan
e from

the start state to the state that is furthest away. As a result, a �nite automaton

whose radius is small 
ompared to its size has a 
ompa
t \tree{like" shape, while a

�nite automaton whose radius is 
lose to its size has more of a \path{like" shape.
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The radius of a regular language is the radius of the minimal{radius DFA whi
h

a

epts that language. Similarly, the nondeterministi
 radius of a regular language

is the radius of the minimal{radius NFA whi
h a

epts that language. These are

similar measures to the one studied by Barzdin & Kor~sunov [1℄. We will dis
uss

deterministi
 and nondeterministi
 radius in Chapters 6 and 7 respe
tively. As

these subje
ts have not been extensively studied in the past, the results presented

in these 
hapters are original to this thesis.



Chapter 2

General Notation

Throughout this thesis, we will use the following standard notation, mu
h of whi
h

is borrowed from Hop
roft & Ullman [12℄ and the Handbook of Formal Languages

[21℄:

An alphabet � is a �nite set of symbols. Elements of � are be referred to as

letters. The Kleene 
losure of �, denoted by �

�

, is the set of all �nite sequen
es of

letters from �. Elements of �

�

are referred to as words. For example, fa; bg is a

two{letter alphabet, and aba is a word in fa; bg

�

.

If an alphabet � 
ontains only one letter, then a language over � is referred to

as a unary language. The length of a word x is denoted by jxj. For a parti
ular

letter a, the number of o

urren
es of a in x is denoted by jxj

a

. Also, the ith letter

of x is denoted by x[i℄. Finally, the reversal of x is denoted by x

R

. For example, if

� = fa; bg and x = abb, then jxj = 3, jxj

a

= 1, jxj

b

= 2, x[2℄ = b, and x

R

= bba.

For a language L over an alphabet �:

� The 
omplement of L is denoted by L and is de�ned as fx 2 �

�

: x 62 Lg.

5



CHAPTER 2. GENERAL NOTATION 6

� The reversal of L is de�ned as

�

w

R

: w 2 L

	

; and is denoted by L

R

.

�

1

2

L denotes the language fx 2 �

�

: 9y 2 �

�

; xy 2 L; jxj = jyjg.

� The left quotient of L by a word w, denoted by w

�1

L, is fx 2 �

�

: wx 2 Lg.

� The right quotient of L by a word w, denoted by Lw

�1

, is fx 2 �

�

: xw 2 Lg.

It should be noted that, in the literature, di�erent notation is sometimes used for

quotients. For example, Hop
roft & Ullman [12℄ use L=w to denote the (right)

quotient of L by w. We use the notation above to eliminate any possible 
onfusion

between left and right quotients.

For languages L

1

and L

2

over an alphabet �:

� The union of L

1

and L

2

is denoted by L

1

[ L

2

and is de�ned as

fx 2 �

�

: x 2 L

1

or x 2 L

2

g.

� The interse
tion of L

1

and L

2

is denoted by L

1

\ L

2

and is de�ned as

fx 2 �

�

: x 2 L

1

and x 2 L

2

g.

� The 
on
atenation of L

1

and L

2

is denoted by L

1

L

2

and is de�ned as

fxy 2 �

�

: x 2 L

1

and y 2 L

2

g.

Finally, if L is a regular language, then L

0

= f�g, and, re
ursively, L

i

= LL

i�1

for all i > 0. The Kleene 
losure of a language L is denoted by L

�

and is de�ned

as:

1

[

i=0

L

i

:

When we say that a bound is tight, we mean that the bound is a
hievable for

arbitrarily large instan
es. For example, in Theorem 7 we show that for any NFA
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of size n, there is an equivalent DFA of size no more than 2

n

. Furthermore, we

show that this bound is tight. In other words, we show that there exist arbitrarily

large n su
h that there is an NFA M

n

of size n, with the smallest equivalent DFA

having size exa
tly 2

n

. If the bounds is a fun
tion of two or more variables, we say

that it is tight if it is a
hievable for arbitrarily large values of all the variables.



Chapter 3

State Complexity

The state 
omplexity of a regular language is the number of states in the (unique)

minimal deterministi
 �nite automaton whi
h a

epts that language. We will study

the e�e
ts that various regularity{preserving operations have on the state 
omplex-

ity of a regular language.

3.1 De�nitions

A deterministi
 �nite automaton (DFA) is de�ned as a quintuple (Q;�; Æ; q

0

; F ),

where:

� Q is a �nite set of states;

� � is a �nite alphabet ;

� Æ is a transition fun
tion that maps Q� � to Q;

� q

0

is the start state, whi
h is an element of Q; and

8
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� F � Q is the set of �nal states.

Furthermore, we 
an extend Æ to a fun
tion Æ

�

that maps Q��

�

to Q as follows: for

letters a

1

; a

2

; : : : a

k

, we de�ne Æ

�

(q; a

1

a

2

� � � a

k

) = Æ(Æ(: : : Æ(Æ(q; a

1

); a

2

); : : : a

k�1

); a

k

).

For a DFA M = (Q;�; Æ; q

0

; F ), the language a

epted by M , or L(M), is

de�ned as:

L(M) = fx 2 �

�

: Æ

�

(x; q

0

) 2 Fg :

Two DFAs M and M

0

are said to be equivalent if L(M) = L(M

0

). The size of

a DFA M is the number of states in M , and is denoted by jM j. A DFA M is

minimal if there is no equivalent DFA M

0

with jM

0

j < jM j. It is well known that

ea
h regular language has a unique (up to isomorphism) minimal DFA. This is a

dire
t result of the Myhill{Nerode Theorem (see, for example, Hop
roft & Ullman

[12, Theorems 3.9 & 3.10℄).

We are now ready to de�ne state 
omplexity. For a regular language L, the state


omplexity of L, denoted by s
(L), is the number of states in the minimal DFA for

L.

We 
an represent our DFAs visually by using transition diagrams. Ea
h state is

represented by a node, and there is a dire
ted edge from state p to state q with the

label \a" if and only if Æ(p; a) = q. Final states are denoted by double 
ir
les. For

example, see Figure 3.1. In this example, Q = fq

0

; q

1

; q

2

g, � = fa; bg, F = fq

0

g,

and Æ is de�ned as follows:

Æ(q

0

; a) = q

1

; Æ(q

1

; a) = q

2

; Æ(q

2

; a) = q

2

;

Æ(q

0

; b) = q

2

; Æ(q

1

; b) = q

0

; Æ(q

2

; b) = q

2

:
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a

b

a

b

a; b

q

0

q

1

q

2

Figure 3.1: The transition diagram for a DFA M = (Q;�; Æ; q

0

; F )

3.2 Unary Languages

Suppose L

1

and L

2

are unary regular languages with state 
omplexity m and n

respe
tively. Then, the following inequalities hold, and are tight:

� s
(L

1

[ L

2

) � mn,

� s
(L

1

\ L

2

) � mn,

� s
(L

1

L

2

) � mn, and

� s
(L

�

1

) � (m� 1)

2

+ 1.

Additionally, the following equalities hold:

� s
(L

R

1

) = m, and

� s
(L

1

) = m.
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These results are due to Yu, Zhuang, and Salomaa [26, 24℄.

In addition to the bounds listed above, there are also tight upper bounds on the

state 
omplexity of

1

2

L and the quotient of L by a word.

Theorem 1 (Domaratzki [6℄) Let L be a unary regular language. Then

s
(

1

2

L) � s
(L). Additionally, this bound is tight.

Proof:

LetM = (Q; f1g ; Æ; q

0

; F ) be the minimal DFA for L. Then de�ne Æ

0

: Q! Q

in the following way: Æ

0

(q) = Æ

2

(q). Then the DFA M

0

= (Q; f1g ; Æ

0

; q

0

; F )

a

epts

1

2

(L).

To see that the bound is tight, 
onsider the language L

k

=

f1

n

: n � 0 (mod k)g for some arbitrary k. Then, when k is odd,

1

2

L = L

and so s
(

1

2

L) = s
(L), as desired.

To see that the inequality is ne
essary, that is, the equality does not always

hold, 
onsider the 
ase of L

k

, where k is even. Then s
(L) = k but s
(

1

2

L) =

k=2.

�

This is an alternate proof to the one given by Domaratzki [6℄.

Finally, we have tight upper bounds for both left and right quotients in the

unary 
ase.

Theorem 2 Let L be a unary regular language, and let w be a unary word. Then

s
(w

�1

L) = s
(Lw

�1

) � s
(L). Additionally, this bound is tight.
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Proof:

First, note that, sin
e � is unary, there is at most one word in L of ea
h

length. Thus, w

�1

L = Lw

�1

=

�

x 2 1

�

: 1

jxj+jwj

2 L

	

. So 
learly s
(w

�1

L) =

s
(Lw

�1

), sin
e the languages are the same.

It should be noted that the inequality is simply a spe
ial 
ase of Theorem 6

below, where the bounds are proven in the general (not ne
essarily unary)


ase. However, for 
ompleteness, they will be proven here as well. Let M =

(Q; f1g ; Æ; q

0

; F ) be the minimal DFA for L. De�ne Æ

0

(q

0

) = Æ

jwj+1

(q

0

) and

Æ

0

(q) = Æ(q) for all q 6= q

0

. Then the DFA M

0

= (Q; f1g ; Æ

0

; q

0

; F ) a

epts

w

�1

L = Lw

�1

.

To see that the bound is tight, 
onsider the language L

k

=

f1

n

: n � 0 (mod k)g for some arbitrary k. Clearly s
(L

k

) = k. Now, 
on-

sider an arbitrary word w 2 1

�

. Then w

�1

L

k

= f1

n

: n� jwj � 0 (mod k)g,

whi
h has state 
omplexity k.

Finally, to see that the inequality is ne
essary, that is, the equality does not

always hold, de�ne L

k

=

�

1

k

	

. Then s
(L) = k+1 and if we 
hoose jwj � k,

then s
(w

�1

L) = k � jwj+ 1. (If jwj > k, then s
(w

�1

L) = 1.)

�

3.3 Languages Over an Arbitrary Alphabet

Suppose that L

1

and L

2

are regular languages over an arbitrary (not ne
essarily

unary) alphabet �, and suppose that they are a

epted by minimal DFAs M

1

=
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(Q

1

;�; Æ; q

1

; F

1

) andM

2

= (Q

2

;�; Æ; q

2

; F

2

) respe
tively. Furthermore, suppose that

jQ

1

j = m and jQ

2

j = n. Then, the following bounds are tight:

� s
(L

1

[ L

2

) � mn,

� s
(L

1

\ L

2

) � mn,

� s
(L

1

L

2

) � m2

n

� k2

n�1

, where k = jF

1

j,

� s
(L

�

1

) � 2

m�1

+ 2

m�2

, and

� s
(L

R

1

) � 2

m

.

Also, s
(L

1

) = m. These results are due to Yu, Zhuang, and Salomaa [26, 24℄.

In fa
t, these results may be extended to 
over the interse
tion and union of

arbitrarily many languages. Yu & Zhuang [25℄ showed the following:

Theorem 3 (Yu & Zhuang [25℄) Given any integer k > 0 and k nonnegative

integers n

1

; : : : ; n

k

, there exist k regular languages L

1

; : : : ; L

k

where for ea
h 1 �

i � k, L

i

is a

epted by an n

i

{state DFA, and any DFA a

epting

T

1�i�k

L

i

has at

least n

1

� � �n

k

states.

Birget [2℄ extended this result as follows:

Theorem 4 (Birget [2℄) For any n, and any k � n, there exist languages

L

1

; L

2

; : : : ; L

k

, su
h that the state 
omplexity of ea
h L

i

is n, and the state 
om-

plexities of both \

1�i�k

L

i

and [

1�i�k

L

i

is exa
tly n

k

.
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3.3.1 Proportional Removals and

1

2

L

Domaratzki [6℄ has extensively studied the e�e
ts of proportional removals on the

state 
omplexity of a language. (The \

1

2

" operator is just a spe
ial 
ase of a pro-

portional removal) He gives a tight upper bound on the state 
omplexity of

1

2

L.

Theorem 5 (Domaratzki [6℄) If L is a regular language with state 
omplexity

n, then s
(

1

2

L) = O(n � e

p

n logn(1+o(1))

), and this bound is tight.

3.3.2 Quotients

Suppose that L is a regular language over �, and w is a word in �

�

. Unlike the

spe
ial 
ase of unary languages, w

�1

L and Lw

�1

may be di�erent languages, so we

must treat the 
ases of left and right quotient separately.

Theorem 6 For a regular language L over �, and a word w 2 �

�

, if s
(L) = n,

then:

� s
(Lw

�1

) � n, and

� s
(w

�1

L) � n.

Furthermore, these bounds are tight.

Proof:

Let M = (Q;�; Æ; q

0

; F ) be the minimal DFA for L. De�ne F

0

as follows:

F

0

= fq 2 Q : Æ

�

(q; w) 2 Fg. Then M

0

= (Q;�; Æ; q

0

; F

0

) a

epts Lw

�1

.

Similarly, M

00

= (Q;�; Æ; Æ

�

(q

0

; w); F ) a

epts w

�1

L. This establishes the

bounds.
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To see that these bounds are tight, refer to Theorem 2. The examples that

show these bounds to be tight in the unary 
ase also show them to be tight

in the general 
ase.

�



Chapter 4

Nondeterministi
 State

Complexity

In this se
tion, we will dis
uss the nondeterministi
 state 
omplexity of regular

languages. We will examine how the nondeterministi
 state 
omplexity of a regular

language is related to its (deterministi
) state 
omplexity, and give tight bounds on

the in
rease in nondeterministi
 state 
omplexity when 
ertain operations, whi
h

preserve regularity, are applied to a regular language.

4.1 De�nitions

A nondeterministi
 �nite automaton (NFA) is de�ned as a quintuple (Q;�; Æ; q

0

; F ),

where Q, �, q

0

and F are de�ned as for a DFA (see Se
tion 3.1). The transition

fun
tion, Æ, is a fun
tion that maps Q � � to 2

Q

, the power set of Q. That is,

for any alphabet symbol a and any state q, Æ(q; a) is a set of states. Re
all that,

16
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for a DFA, Æ(q; a) must be a single state. Therefore, NFAs are less restri
tive than

DFAs.

As was the 
ase with DFAs, we 
an represent our NFAs as dire
ted graphs.

Ea
h state will be represented by one node, and, for ea
h state q and ea
h alphabet

symbol a, there is a dire
ted edge with the label \a" from q to ea
h state in Æ(q; a).

For example, see Figure 4.1. Final states are represented by double 
ir
les.

b

a

a

a

q

2

q

0

q

1

Figure 4.1: An NFA M = (Q;�; Æ; q

0

; F )

In this example, Q = fq

0

; q

1

; q

2

g, � = fa; bg, F = fq

0

; q

1

g, and Æ is de�ned as

follows:

Æ(q

0

; a) = fq

1

; q

2

g ; Æ(q

1

; a) = fq

0

g ; Æ(q

2

; a) = ;;

Æ(q

0

; b) = ;; Æ(q

1

; b) = ;; Æ(q

2

; b) = fq

0

g :

As was the 
ase for DFAs, the de�nition of Æ 
an be extended to de�ne Æ

�

. If

a is a letter in �, then Æ

�

(q; a) = Æ(q; a). Re
ursively, if w is a word in �

�

, then

Æ

�

(q; aw) =

S

q

0

2Æ

�

(q;w)

fÆ(q

0

; a)g.

The language a

epted by an NFA M = (Q;�; Æ; q

0

; F ) is denoted by L(M)
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and de�ned as fx 2 �

�

: Æ

�

(q

0

; x) \ F 6= ;g. Two NFAs M and M

0

are said to be

equivalent if L(M) = L(M

0

). For an NFAM , the size ofM is de�ned as the number

of states inM and is denoted by jM j. Furthermore,M is said to be minimal if there

is no equivalent NFA that uses fewer states. However, unlike DFAs, two minimal

NFAs for a language need not be isomorphi
. For example, 
onsider the regular

language L = fa

i

: i > 0g. Two non{isomorphi
 two{state NFAs that a

ept L

are shown in Figure 4.2. Clearly, L 
annot be a

epted by a one{state NFA (sin
e

any NFA a

epting L must 
ontain a �nal state, but the start state 
annot be �nal,

as the empty word is not in L). So, any two{state NFA that a

epts L must be

minimal.

a

a

a

a

Figure 4.2: Two non{isomorphi
 minimal NFAs for L = fa

i

: i > 0g.

We may also extend our de�nition of an NFA to in
lude �{transitions (that

is, transitions that are labelled \�"). We will refer to an NFA that in
ludes �{

transitions as an NFA{�.

Sin
e � represents the empty word over any alphabet, we extend Æ to be a

fun
tion fromQ�(�[f�g) to 2

Q

. We wish for our de�nition of L(M) to remain the

same, that is, L(M) = fw : Æ(q

0

; w) \ F 6= ;g. So, we must extend our de�nition

of Æ

�

a

ordingly (remembering that, if w

1

and w

2

are words, then w

1

w

2

= w

1

�w

2

).

So, intuitively, Æ

�

(q; w) is the set of states r su
h that there is a path that is labelled
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w (possibly in
luding some edges that are labelled �) leading from q to r.

To be pre
ise, we will de�ne Æ

�

(q; w) by indu
tion on jwj. First, Æ

�

(q; �) is

de�ned as the set of all states that 
an be rea
hed from q by following a (graph{

theoreti
) path that 
ontains only �{transitions (that is, all of the edges in the path

are labelled �). Note that it is always true that q 2 Æ

�

(q; �), sin
e you 
an rea
h q

from q by following the \empty path". We will pro
eed by indu
tion. For any word

x 2 �

�

and and letter a 2 �, we will de�ne Æ

�

(q; wa) to be

S

r2Æ

�

(q;w)

Æ

�

(Æ(r; a); �).

At this point, it is important to note that an NFA{�may be 
onverted to an NFA

without �{transitions with no in
rease in the number of states. Formally, an NFA{�

M = (Q;�; Æ; q

0

; F ) may be 
onverted to an equivalent NFA M

0

= (Q;�; Æ

0

; q

0

; F

0

)

as follows: For any (q; a) 2 Q � �, de�ne Æ

0

(q; a) to be Æ

�

(q; a). Also, if Æ

�

(q

0

; �)


ontains any �nal states, then F

0

= F [ fq

0

g. Otherwise, F

0

= F . For a formal

proof that this 
onstru
tion is 
orre
t, see Hop
roft & Ullman [12, Theorem 2.2℄.

Although their notation is slightly di�erent, the 
on
ept is the same. For our

purposes, the important point is that jM

0

j = jM j. This is 
learly true, sin
e they

use the same set of states Q.

For every state q in a �nite automaton (Q;�; Æ; q

0

; F ), let F(q) denote the

set of words fw : Æ

�

(q; w) 2 Fg (or, if the �nite automaton is nondeterministi
,

F(q) = fw : Æ

�

(q; w) \ F 6= ;g). Furthermore, let H(q) denote the set of words

fw : Æ

�

(q

0

; w) = qg (or, in the nondeterministi
 
ase, fw : q 2 Æ

�

(q

0

; w)g).

We are now ready to de�ne another measure of des
riptional 
omplexity of a

regular language L: its nondeterministi
 state 
omplexity (denoted by ns
(L)). The

nondeterministi
 state 
omplexity of a language is the number of states in a minimal
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NFA for L. As shown above, an NFA{� may be 
onverted to an equivalent NFA

(without �{transitions) with no in
rease in the number of states. Therefore, when

making arguments regarding nondeterministi
 state 
omplexity, we may allow our

NFAs to 
ontain �{transitions.

4.2 Deterministi
 and Nondeterministi
 State

Complexity

Sin
e a DFA is just a spe
ial 
ase of an NFA, it is 
lear that if L is a regular

language, then s
(L) � ns
(L). In fa
t, we have a tight bound on how large

s
(L) 
an be in 
omparison to ns
(L). The bound follows dire
tly from the subset


onstru
tion, whi
h is originally due to Rabin & S
ott [20℄. The tightness of this

bound was originally shown by Moore [19℄, although we 
ite a simpler 
onstru
tion

in our proof.

Theorem 7 If L is a regular language with nondeterministi
 state 
omplexity n,

then s
(L) � 2

n

. Furthermore, this bound is tight.

Proof:

Suppose that M is a minimal NFA for L. Then we 
an use the standard

subset 
onstru
tion (see Hop
roft & Ullman [12, Theorem 2.1℄ for a detailed

des
ription) to 
onstru
t a DFA with at most 2

n

states that a

epts L. This

establishes the bound. To see that the bound is tight, for ea
h n, let L

n

be

the regular language spe
i�ed by the regular expression (a+(ab

�

)

n�1

a)

�

(see

Se
tion 5.1 for a formal de�nition of regular expressions and the languages
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that they spe
ify). As shown by Leung [17℄, L

n


an be a

epted by an NFA

with n states, but 
annot be a

epted by a DFA with less than 2

n

states.

�

4.2.1 Unary Languages

The bound in Theorem 7 is only tight for regular languages over non{unary alpha-

bets. For unary languages, we 
an get a better bound. Chrobak [5℄ noted that the

following fun
tion is 
ru
ial to the study of minimal unary NFAs:

F (n) = maxfl
m(x

1

; : : : ; x

k

) : x

1

+ : : :+ x

k

= n)g :

F (n) represents the maximum order of an element in the symmetri
 group

S

n

(see any group theory text, for example Dummit & Foote [7℄, for a detailed

dis
ussion of these group{theoreti
 
on
epts). The exa
t value of F (n) for any given

n is related to the distribution of the prime numbers, and as a result we 
annot

expe
t to express F (n) su

in
tly in terms of n. However, we have asymptoti


results. Landau [14, 15℄ showed that

lim

n!1

logF (n)

p

n log n

= 1:

(Unless otherwise stated, \log" denotes the natural logarithm.) Szalay [23℄

showed the following approximation to be true:

logF (n) =

p

n(log n+ log log n+ Æ(n));
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where, asymptoti
ally,

Æ(n) = �1 + o(1):

From these results, we 
an dedu
e:

Lemma 8 F (n) 2 O(e

p

n logn(1+o(1))

),

and

Lemma 9 F (n) 2 
(e

p

n logn

).

However, we 
annot dedu
e, as Chrobak [5℄ 
laimed, that F (n) 2 O(e

p

n logn

) (this

error seems to have been 
aused by a typographi
al error in the statement of Szalay's

approximation).

Now that we have good asymptoti
 bounds on F (n), we are ready for the main

theorems of this se
tion:

Theorem 10 (Chrobak [5℄) If L is a unary regular language with nondetermin-

isti
 state 
omplexity n, then s
(L) 2 O(F (n)).

And, in fa
t, this bound is asymptoti
ally tight:

Theorem 11 (Chrobak [5℄) For ea
h n there is a unary language L

n

with

ns
(L

n

) � n and s
(L) = F (n� 1).

4.3 A Lower Bound

The problem of minimizing an NFA (that is, given an NFA, the problem of �nding

an equivalent minimalNFA) is known to be PSPACE{hard [13℄. Furthermore,many
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non{isomorphi
 NFAs may be minimal for a parti
ular language. As a result, we

do not have a nondeterministi
 
ounterpart to the Myhill{Nerode theorem, whi
h

ni
ely 
lassi�es minimal DFAs. However, we have the following lower bound:

Lemma 12 (Birget [2℄) Let L be a regular language over the alphabet �, and

suppose there exist n pairs of words (x

1

; w

1

); (x

2

; w

2

); : : : ; (x

n

; w

n

) su
h that:

� For all i with 1 � i � n, x

i

w

i

is in L, and

� For all i; j with 1 � i; j � n and i 6= j, at least one of x

j

w

i

and x

i

w

j

is not

in L.

Then ns
(L) � n.

Proof:

Suppose M = (Q;�; Æ; q

0

; F ) is an NFA that a

epts L. Then, we will asso-


iate a state q

i

with ea
h pair (x

i

; w

i

) as follows: we will 
hoose q

i

in su
h

a way that q

i

2 Æ

�

(q

0

; x

i

), and Æ

�

(q

i

; w

i

) \ F 6= ;. Note that su
h a q

i

must

exist, sin
e x

i

w

i

2 L.

Now, suppose that for i 6= j, q

i

= q

j

. Then x

i

w

j

and x

j

w

i

are both in L,

(due to the way that q

i

and q

j

were 
hosen) whi
h is a 
ontradi
tion. Thus,

fq

1

; q

2

; : : : ; q

n

g is a set of n distin
t states, and so jM j � n as desired.

�

4.4 Operations on Regular Languages

For many operations that preserve regularity, we have simple tight bounds on the

in
rease in nondeterministi
 state 
omplexity. Most of these results are original to
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this thesis. However, many of them were subsequently and independently published

by Holzer and Kutrib [10, 11℄. Those results that are not original to this thesis,

but were �rst proven by Holzer and Kutrib are attributed a

ordingly. Similarly, a

note is made where a result was original to this thesis, and subsequently published

by Holzer and Kutrib.

4.4.1 Union

Theorem 13 Suppose L

1

and L

2

are regular languages with nondeterministi
 state


omplexity m and n respe
tively. Then ns
(L

1

[ L

2

) � m+ n + 1, and this bound

is tight.

Proof:

Suppose thatM

1

= (Q

1

;�; Æ

1

; q

1

; F

1

) andM

2

= (Q

2

;�; Æ

2

; q

2

; F

2

) are minimal

NFAs for L

1

and L

2

respe
tively. Also assume that Q

1

and Q

2

are disjoint,

and do not 
ontain the state \q

0

".

M

1

q

1

q

0

M

2

q

2

�

�

Figure 4.3: The 
onstru
tion that gives the bound on ns
(L

1

[ L

2

).
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To establish the bound, we will use the following 
onstru
tion, as shown in

Figure 4.3. De�ne Q = Q

1

[ Q

2

[ fq

0

g and F = F

1

[ F

2

. For ea
h a 2 �,

de�ne Æ as follows:

Æ(q; a) =

8

>

>

>

>

<

>

>

>

>

:

Æ

1

(q; a); when q 2 Q

1

;

Æ

2

(q; a); when q 2 Q

2

;

; when q = q

0

:

Also, let Æ(q

0

; �) = fq

1

; q

2

g. So, M = (Q;�; Æ; q

0

; F ) is an NFA{� with m +

n + 1 states that a

epts L

1

[ L

2

. This establishes the bound.

To see that the bound is tight, 
hoose n and m arbitrarily, and let L

1

= (a

n

)

�

and let L

2

= (b

m

)

�

. Clearly ns
(L

1

) = n and ns
(L

2

) = m. Let L = L

m

[L

m

.

So L = (a

n

)

�

+ (b

m

)

�

. Let M = (Q;�; Æ; q

0

; F ) be a minimal NFA for L. For

simpli
ity, assume that M 
ontains no �{transitions. From the bound that

was proven above, jM j 
an be no more than m+ n + 1. We will show that

M requires m+ n+ 1 states.

Re
all the de�nitions of F(q) and H(q) from Se
tion 4.1. Note that M is

minimal, so, for any q 2 Q, neither F(q) norH(q) may be empty (for, if one of

those sets were empty, removing q fromM would result in a smaller equivalent

NFA for L, whi
h 
ontradi
ts the minimality of M). Now, F(q

0

) = L and so,

in parti
ular, a

n

2 F(q

0

) and b

m

2 F(q

0

). But, no word w 2 L may 
ontain

both a's and b's. Therefore, if w 6= �, then q

0

62 Æ

�

(q

0

; w). So, q

0

may not

be part of any 
y
le in M . However, L is in�nite so M must 
ontain 
y
les.
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Sin
e no word w in L 
ontains both a's and b's, and there are in�nitely many

words in L that 
ontain a's, and in�nitely many that 
ontain b's, M must


ontain at least two disjoint 
y
les: one for inputs that 
ontain a's, and one

for inputs that 
ontain b's. If a

i

2 L, then a

i+j

62 L for any 0 < j < n. Thus,

there must be a 
y
le that is a

essible on inputs that 
ontain a's whi
h is of

size at least n. Similarly, there must be a 
y
le of size m whi
h is a

essible

on inputs that 
ontain b's. Sin
e these 
y
les must be disjoint, and the start

state may not be a part of any 
y
le, jM j � m+ n+ 1 as desired.

�

This result was also proven independently by Holzer and Kutrib [10℄. Holzer and

Kutrib [11, Theorem 4℄ also showed that this bound is a
hievable in the unary 
ase,

so long as m is not a divisor or multiple of n.

4.4.2 Interse
tion

Theorem 14 Suppose L

1

and L

2

are regular languages with nondeterministi
 state


omplexity m and n respe
tively. Then ns
(L

1

\L

2

) � mn, and this bound is tight.

Proof:

Suppose thatM

1

= (Q

1

;�; Æ

1

; q

1

; F

1

) andM

2

= (Q

2

;�; Æ

2

; q

2

; F

2

) are minimal

NFAs for L

1

and L

2

respe
tively. Also assume that Q

1

and Q

2

are disjoint,

and do not 
ontain the state \q

0

".

Obviously, a word is in L

1

\ L

2

if and only if it is in both L

1

and L

2

. So,

the idea behind our 
onstru
tion is to simulate M

1

and M

2

simultaneously

on an input word x, and a

ept x if and only if both M

1

and M

2

would
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have a

epted. De�ne Q = Q

1

� Q

2

and F = F

1

� F

2

. Also, for [q; r℄ 2

Q

1

� Q

2

and a 2 �, we de�ne Æ([q; r℄; a) = Æ

1

(q; a) � Æ

2

(r; a). Finally, let

M = (Q;�; Æ; [q

1

; q

2

℄; F ). Our new ma
hine M simultaneously \simulates"

both M

1

and M

2

, sin
e, for any word x, Æ

�

([q

1

; q

2

℄; x) = Æ

�

1

(q

1

; x)� Æ

�

2

(q

2

; x).

Thus, M a

epts L

1

\ L

2

and uses mn states, whi
h establishes the bound.

To see that the bound is tight, 
onsider the following example: Choose m and

n arbitrarily, and �x � = fa; bg. Then, let L

1

= fw 2 �

�

: jwj

a

� n� 1g

and let L

2

= fw 2 �

�

: jwj

b

� m� 1g. Clearly, the nondeterministi
 state


omplexities of L

1

and L

2

are m and n respe
tively. To see that any NFA that

a

epts L

1

\ L

2

requires at least mn states, we will use Lemma 12. Our set

of pairs of words will be W = f(x

i;j

; w

i;j

) : 0 � i � n � 1; 0 � j � m� 1g,

where ea
h x

i;j

= a

i

b

j

and ea
hw

i;j

= a

n�i�1

b

m�j�1

. For any pair (x

i;j

; w

i;j

) 2

W , it is 
lear that x

i;j

w

i;j

2 L

1

\ L

2

sin
e ja

i

b

j

a

n�i�1

b

m�j�1

j

a

= n � 1 and

ja

i

b

j

a

n�i�1

b

m�j�1

j

b

= m� 1.

However, if we pi
k two di�erent pairs (x

i;j

; w

i;j

) and (x

k;l

; w

k;l

) from W ,

then either i < k, k < i, j < l, or l < j (sin
e, if all of these statements are

false, then i = k and j = l and the pairs that we 
hose were not di�erent).

We will examine ea
h of the 4 
ases:

Case 1: i < k, and so x

i;j

w

k;l

62 L

1

(and therefore also not in L

1

\ L

2

).

Case 2: k < i, and so x

k;l

w

i;j

62 L

1

(and therefore also not in L

1

\ L

2

).

Case 3: j < l, and so x

i;j

w

k;l

62 L

2

(and therefore also not in L

1

\ L

2

).
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Case 4: l < j, and so x

k;l

w

i;j

62 L

2

(and therefore also not in L

1

\ L

2

).

Therefore, any NFA a

epting L

1

\ L

2

must have at least jW j = mn states.

�

This result was also shown independently by Holzer and Kutrib [10℄.

The bound is also a
hievable in the unary 
ase. For example, suppose that

m and n are 
oprime. Then the languages L

1

= (a

n

)

�

and L

2

= (a

m

)

�

have

nondeterministi
 state 
omplexities m and n respe
tively. However, a word a

k

is

in L

1

\ L

2

if and only if k is a multiple of m and n. Sin
e m and n are 
oprime,

L

1

\ L

2

= (a

mn

)

�

, and the nondeterministi
 state 
omplexity of L

1

\ L

2

is exa
tly

mn. This was also shown independently by Holzer and Kutrib [11℄.

4.4.3 Con
atenation

Theorem 15 Suppose L

1

and L

2

are regular languages with nondeterministi
 state


omplexity m and n respe
tively. Then ns
(L

1

L

2

) � m+n, and this bound is tight.

Proof:

Suppose thatM

1

= (Q

1

;�; Æ

1

; q

1

; F

1

) andM

2

= (Q

2

;�; Æ

2

; q

2

; F

2

) are minimal

NFAs for L

1

and L

2

respe
tively. Also, assume that Q

1

and Q

2

are disjoint,

and do not 
ontain the state \q

0

". To show that the bound holds, we use the

following 
onstru
tion, shown in Figure 4.4: Let Q = (Q

1

[ Q

2

). For ea
h
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a 2 �, de�ne Æ as follows:

Æ(q; a) =

8

>

<

>

:

Æ

1

(q; a); when q 2 Q

1

;

Æ

2

(q; a); when q 2 Q

2

:

Additionally, for ea
h q 2 F

1

, let Æ(q; �) = fq

2

g. So M = (Q;�; Æ; q

1

; F

2

) is

an NFA{� that uses m+ n states and a

epts L

1

L

2

, as desired.

q

2

M

2

�

�

q

1

M

1

F

1

Figure 4.4: The 
onstru
tion that gives us the bound on ns
(L

1

L

2

).

To see that the bound is tight, we will use the two{letter alphabet � = fa; bg.

Choose m and n arbitrarily. Let L

1

= (a

m

)

�

and let L

2

= (b

n

)

�

. Then, 
learly

L

1

and L

2

have nondeterministi
 state 
omplexities m and n respe
tively.

Consider any NFA M = (Q;�; Æ; q

0

; F ) that a

epts L

1

L

2

. It is suÆ
ient

to show that M must have at least m + n states, and we will do this using

Lemma 12. For ea
h 1 � i � m, let w

i

= a

i

and let x

i

= a

2m�i

. For ea
h

1 � j � n, let w

m+j

= b

j

and let x

m+j

= b

2n�j

.
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Ea
h word x

i

y

i

is either a

2m

or b

2n

, and thus 
learly in L

1

L

2

. However, if

i 6= j, then there are four 
ases to 
onsider:

Case 1: 1 � i; j � m. Then w

i

x

j

= a

i

a

2m�j

= a

2m+i�j

62 L

1

L

2

(sin
e 2m+ i� j

is not divisible by m).

Case 2: 1 � i � m < j � m+n. Then w

j

x

i

= b

j�m

a

2m�i

62 L

1

L

2

(sin
e it is not

in the form a

�

b

�

).

Case 3: 1 � j � m < i � m+n. Then w

i

x

j

= b

i�m

a

2m�j

62 L

1

L

2

(sin
e it is not

in the form a

�

b

�

).

Case 4: m < i; j � m + n. Then w

i

x

j

= b

i�m

b

2n�j+m

= b

2n+i�j

62 L

1

L

2

(sin
e

2n+ i� j is not divisible by n).

Therefore, by Lemma 12, M must have at least m+n states, and the bound

is tight.

�

This result was also shown independently by Holzer and Kutrib [10℄.

In the unary 
ase, using the alphabet fag, it is trivial to �nd languages L

m

and L

n

for any m and n su
h that ns
(L

m

) = m, ns
(L

n

) = n, and ns
(L

m

L

n

) =

m + n � 1. Simply let L

i

= fa

i�1

g for all i. Sin
e ns
(L

i

) = i for all i, and

L

i

L

j

= L

i+j�1

, the result follows. This was shown independently by Holzer and

Kutrib [11℄. However, this leaves a gap (of size 1) between our upper and lower

bounds. Therefore, we have the following open problem:

Open Problem 1 Do there exist integers m and n, and unary languages L

m

and

L

n

su
h that:
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� ns
(L

m

) = m,

� ns
(L

n

) = n, and

� ns
(L

m

L

n

) = m+ n?

4.4.4 Kleene Closure

Theorem 16 Suppose L is a regular language with nondeterministi
 state 
om-

plexity n. Then ns
(L

�

) � n+ 1.

Proof:

In order to see that the bound is 
orre
t, 
onsider the following 
onstru
tion:

Suppose that M is an NFA that a

epts L. Then, modify M to 
reate an

NFA{� M

0

as follows: simply add �{transitions from ea
h �nal state of M

to the start state. Also, add a new �nal state q

0

with an epsilon transition

from q to q

0

(this ensures that M

0

a

epts the empty string). Then M

0

is the

required NFA{� that a

epts L

�

.

�

In fa
t, as shown by Holzer and Kutrib [11℄, this bound is tight, even in the unary


ase.

Theorem 17 (Holzer & Kutrib, [11℄) For ea
h n � 2, the unary language

L

n

=

�

a

k

: k � n� 1 (mod n)

	

has nondeterministi
 state 
omplexity n, but

ns
(L

�

n

) = n+ 1.
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4.4.5 Reversal

Theorem 18 Suppose L is a regular language with nondeterministi
 state 
om-

plexity n. Then ns
(L

R

) � m+ 1.

Proof:

Suppose M = (Q;�; Æ; q

0

; F ) is a minimal NFA for L. Intuitively, we 
an

modify M by adding an additional state q

new

, reversing ea
h transition in

M , and adding �{transitions from q

new

to ea
h �nal state. Then, let the

\old" start state be the only �nal state, and let q

new

be the start state.

Formally, let Q

0

= Q [ fq

new

g and for ea
h [q; a℄ 2 Q � � let Æ

0

(q; a) =

fq

0

: q 2 Æ(q

0

; a)g. Furthermore, let Æ

0

(q

new

; �) = F and for ea
h a 2 � let

Æ

0

(q

new

; a) = ;. Then, M

0

= (Q

0

;�; Æ

0

; q

new

; fq

0

g) is an NFA{� with m + 1

states that a

epts L

R

1

. This establishes the bound.

�

This result was also shown independently by Holzer and Kutrib [10℄. Addition-

ally, they showed that the bound is tight for languages over an alphabet of size

greater than or equal to 3:

Theorem 19 (Holzer & Kutrib [10℄) The bound in Theorem 18 is tight.

Spe
i�
ally, for every k � 1, if L

k

= a

k

(a

k+1

)

�

(b

�

+ 


�

) then ns
(L

k

) = k + 3,

and ns
(L

R

k

) = k + 4.

In fa
t, a small modi�
ation of the above example shows that the bound is tight

for languages over a two{letter alphabet.
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Corollary 20 For ea
h k � 1, let L

k

= a

k

(a

k+1

)

�

((bb)

�

+ (bbb)

�

). Then ns
(L

k

) =

k + 6 and ns
(L

R

k

) = k + 7.

In the unary 
ase, this problem be
omes trivial. If w is a unary word, then

w = w

R

. So, if L is a unary language, then L = L

R

and so ns
(L) = ns
(L

R

).

4.4.6 Complementation

Note that the subset 
onstru
tion (see Hop
roft & Ullman [12℄) allows us to 
onvert

an NFA of size n to an equivalent DFA of size 2

n

. Also, a DFAM = (Q;�; Æ; q

0

; F )

may be 
omplemented by repla
ing F with Q � F . Sin
e a DFA is just a spe
ial


ase of an NFA, the following is a trivial upper bound:

Theorem 21 Let L be a regular language with nondeterministi
 state 
omplexity

n. Then ns
(L) � 2

n

.

Although this bound seems quite large, it turns out that it is the best possible.

Sakoda & Sipser [22℄ showed that for ea
h n, there is a language L

n

su
h that

ns
(L

n

) = n and ns
(L

n

) = 2

n

. However, they did not use a �xed alphabet to

a

omplish this. In fa
t, ea
h L

n

was over a di�erent alphabet �

n

of size 2

n

2

.

Birget [3℄ published a result whi
h 
laimed that, for ea
h n, there exists a

regular language L

n

over an alphabet of size 3 su
h that L

n

is a

epted by an NFA

of size n, but the smallest NFA that a

epts L

n

has size 2

n

. However, this result

was in
orre
t. Birget [4℄ 
orre
ted this error. The following theorem 
ontains the


orre
ted result:

Theorem 22 (Birget [3, 4℄) There is a �xed alphabet � of size 4 su
h that, for

ea
h n, there is a regular language L

n

with ns
(L

n

) = n and ns
(L

n

) = 2

n

.



CHAPTER 4. NONDETERMINISTIC STATE COMPLEXITY 34

Proof:

Our alphabet will 
ontain four letters: �, �, 
, and 


�1

. Intuitively, �, �,

and 
 represent fun
tions from f1;2; : : : ;ng to f1;2; : : : ;ng, as follows:

� � is the permutation (1;2; : : : ;n),

� � is the transposition (1;2), and

� 
 maps both 1 and 2 to 1, and a
ts as the identity fun
tion on everything

else.

Taken together, the set f�; �; 
g is a generating set for all total fun
-

tions from f1;2; : : : ;ng to f1;2; : : : ;ng. That is, for any total fun
tion

f : f1;2; : : : ;ng ! f1;2; : : : ;ng, f = f

1

� f

2

� : : : � f

k

for some k, with ea
h

f

i

2 f�; �; 
g.

Note that the inverses of � and � are fun
tions themselves, and are thus

generated by f�; �; 
g. In fa
t, �

�1

= �

n�1

, and �

�1

= �. The inverse

of 
 is not, however, a fun
tion, and so it is in
luded as the fourth letter

in �. Furthermore, we may treat �, �, 
, and 


�1

as fun
tions that map

f1;2; : : : ;ng to 2

f1;2;:::;ng

. (Note that the range of �, � and 
 will be the set

of singletons in 2

f1;2;:::;ng

).

Suppose f 2 �

�

. Then f = f

1

f

2

: : : f

k

with ea
h f

i

2 �. So we 
an allow f to

represent the fun
tion f

k

� f

k�1

� : : : � f

1

whi
h maps f1;2; : : : ;ng to 2

f1;2;:::;ng

.

We are now ready to de�ne L

n

over the alphabet �. A word (fun
tion)
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f is in L

n

if and only if 2 2 f(1). First, we will 
onstru
t an NFA M =

(Q;�; Æ; q

0

; F ) of size n whi
h a

epts L

n

. First, we will set Q = f1;2; : : : ;ng.

For ea
h i 2 Q, and ea
h f 2 �, set Æ(i; f) = f(i). Finally, 1 will be the

start state and 2 will be the lone �nal state. It is easy to see that there is a

path from 1 to 2 in M on input f if and only if 2 2 f(1). So M is an n{state

NFA whi
h a

epts L

n

.

To see that any NFA a

epting L

n

requires at least 2

n

states, we will use

Lemma 12. For ea
h subset S of f1;2; : : : ;ng, we will 
hoose a pair of words

(f

S

; h

S

) from �

�

so that the following 
onditions hold:

� f

S

(1) = S,

� for ea
h i 2 S, h

S

(i) = f2g, and

� for ea
h i 62 S, h

S

(i) = f1g.

To see that su
h f

S

and h

S

exist for ea
h S, note that h

S

is simply a total

fun
tion whose domain is f1;2; : : : ;ng and whose range is f1;2g. Therefore,

it is generated by f�; �; 
g and is in �

�

.

Although f

S

is not a fun
tion, it is the inverse of a fun
tion. In fa
t, setting f

S

to be the inverse of h

S

yields the desired property that f

S

(1) = S. Therefore,

f

S

is generated by f�

�1

; �

�1

; 


�1

g, and thus is in �

�

(Re
all that �

�1

and

�

�1

are generated by � and � respe
tively).

Sin
e there are 2

n

di�erent subsets S of f1;2; : : : ;ng, it is only left to show



CHAPTER 4. NONDETERMINISTIC STATE COMPLEXITY 36

that the words (f

S

; h

S

) satisfy the requirements of Lemma 12. First, note

that h

S

(f

S

(1)) = f1g and so f

S

h

S

2 L

n

. Now, 
onsider two di�erent subsets

S and Z of f1;2; : : : ;ng, and let i be in the symmetri
 di�eren
e of S and

Z. If i 2 S \ Z, then i 2 f

S

(1) and h

Z

(i) = f2g. So 2 2 h

Z

(f

S

(1)) and

so f

S

h

Z

2 L

n

. Otherwise, i 2 Z \ S, so f

Z

h

S

2 L

n

. Thus, we see that at

least one of f

S

h

Z

and f

Z

h

S

are in L

n

, and thus not in L

n

, and so any NFA

a

epting L

n

, must have at least 2

n

states, as desired.

�

The question of whether we 
an a
hieve the same result (an in
rease from n to

2

n

) over a smaller alphabet is 
urrently open. However, using a two{letter alphabet,

we 
an a
hieve an in
rease of O(n) to 2

n

in nondeterministi
 state 
omplexity when


omplementing a regular language.

Theorem 23 For ea
h n, there exists a language L

n

over a two{letter alphabet

su
h that ns
(L

n

) = O(n) and ns
(L

n

) � 2

n

.

Proof:

Let L

n

= (a + b)

�

(a(a + b)

n�1

a + b(a + b)

n�1

b)(a + b)

�

. So a word x is in

L

n

if and only if x[i℄ = x[i + n℄ for some i. Sin
e we have given a regular

expression of size O(n) for L

n

, it must be that ns
(L

n

) 2 O(n) (see Theorem

27).

To show that ns
(L

n

) � 2

n

, we use Lemma 12. For ea
h i with 1 � i � 2

n

,

let w

i

represent the ith word (in lexi
ographi
al order) of length n over the

alphabet fa; bg. Also, let x

i

represent the 
omplement of w

i

, that is, the

image of w

i

under the mapping fa 7! b; b 7! ag. Clearly x

i

w

i

2 L

n

for ea
h
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i, sin
e w

i

[k℄ 6= x

i

[k℄ = (w

i

x

i

)[k + n℄ for all k with 1 � k � n. Furthermore,

if i 6= j, then w

i

[k℄ = x

i

[k℄ for some k, that is, w

i

[k℄ = (w

i

x

i

)[k + n℄. Thus,

by Lemma 12, ns
(L

n

) � 2

n

, as desired.

�

Holzer and Kutrib [10℄ showed a stronger version of this result. They showed that

for ea
h n > 2 there exists an n{state NFAM

n

over a two{letter alphabet su
h that

any NFA whi
h a

epts the 
omplement of L(M

n

) requires at least 2

n�2

states.

In the unary 
ase, we have a better bound. Re
all Theorem 10, whi
h states

that if M is a unary NFA of size n a

epting a language L, then the minimal DFA

for L has size no more than O(F (n)). (See Se
tion 4.2.1 for a dis
ussion of F (n).)

Therefore, sin
e DFAs 
an be 
omplemented with no in
rease in size, we have the

following bound:

Theorem 24 If L is a unary regular language with nondeterministi
 state 
om-

plexity n, then ns
(L) = O(F (n)).

In fa
t, Holzer and Kutrib [11℄ show that this bound is, in fa
t, the best that we


an do.

Theorem 25 (Holzer & Kutrib [10℄) For any n > 1 there exists a unary n{

state NFA M su
h that the nondeterministi
 state 
omplexity of the 
omplement of

L(M) is F (n� 1).

4.4.7 Quotients

In the unary 
ase, we have tight bounds on the state 
omplexities of the left and

right quotients of a language. In the general 
ase, we have a tight bound for the
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right quotient.

Theorem 26 Let L be a regular language over �, and let w be a word in �

�

. Then:

(a) ns
(Lw

�1

) � ns
(L).

Also, if � is a unary alphabet, then

(b) ns
(w

�1

L) � ns
(L),

Otherwise,

(
) ns
(w

�1

L) � ns
(L) + 1.

Furthermore, the bounds in (a) and (b) are tight.

Proof:

Suppose ns
(L) = n. Let M = (Q;�; Æ; q

0

; F ) be a minimal NFA for L.

Let F

0

= fq 2 Q : Æ

�

(q; w) \ F 6= ;g. That is, F

0

is the set of all states q

from whi
h there is a path labelled w that leads to some �nal state. Then

M

0

= (Q;�; Æ; q

0

; F

0

) a

epts Lw

�1

, and jM

0

j = jM j = n. This establishes

the bound in (a). Sin
e Lw

�1

= w

�1

L in the unary 
ase, this also establishes

the bound in (b).

To establish the bound in part (
), let Q

0

= Q [ fq

0

g for some new state

q

0

62 Q. De�ne Æ

0

as follows:

Æ

0

(q; a) = Æ(q; a) 8q 2 Q; a 2 �;

Æ

0

(q

0

; a) = ; 8a 2 �;

Æ

0

(q

0

; �) = Æ

�

(q

0

; w):
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Then M

0

= (Q

0

;�; Æ

0

; q

0

; F ) is an NFA{� whi
h a

epts w

�1

L, and jM

0

j =

jM j + 1 = n+ 1. This establishes the bound in (
).

To see that the bounds in (a) and (b) are tight (even in the unary 
ase), simply

let L

n

= fx : jxj � 0 (mod n)g. Then, 
learly, L

n

has nondeterministi


state 
omplexity n, and L

n

w

�1

= w

�1

L

n

= fx : jxj � �k (mod n)g (where

jwj = k). Thus, L

n

w

�1

also has nondeterministi
 state 
omplexity n, and

the bounds are tight.

�

However, we do not know if the bound in part (
) of the above theorem is tight.

Open Problem 2 Is the bound in Theorem 26, part (
) tight? That is, does there

exist an alphabet �, a regular language L � �

�

, and a word w 2 �

�

su
h that

ns
(w

�1

L) = ns
(L) + 1?



Chapter 5

Regular Expression Size

In this se
tion we will look at another, and perhaps more intuitive, way of spe
ifying

regular languages: regular expressions. We will study the size of the smallest regular

expression that spe
i�es a regular language. We will examine how this 
omplexity

measure 
ompares to state 
omplexity (both deterministi
 and nondeterministi
),

and what e�e
t the appli
ation of 
ertain regularity-preserving operations has on

minimal regular expression size.

5.1 De�nitions

A regular expression is a standard way of spe
ifying a regular language. Regu-

lar expressions 
an be de�ned re
ursively. Suppose we wish to spe
ify a regular

language over �. Then, ; and � are regular expressions, spe
ifying the regular lan-

guages ; and f�g respe
tively. Furthermore, for any a 2 �, a is a regular expression

spe
ifying the language fag. Now, suppose that r

1

and r

2

are regular expressions,

40
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spe
ifying the regular languages L

1

and L

2

respe
tively. Then, (r

1

) + (r

2

) is a reg-

ular expression that spe
i�es L

1

[ L

2

. Also, (r

1

)(r

2

) is a regular expression that

spe
i�es L

1

L

2

. Finally, (r

1

)

�

is a regular expression that spe
i�es L

�

1

. Note that the

parentheses may be omitted if they are super
uous. For example, to spe
ify the

language 
ontaining the single word ab, we may simply use the regular expression

\ab" rather than \(a)(b)" (although both would be a

eptable). In the absen
e

of parentheses, our \order of operations" has Kleene 
losure (star) binding most


losely, followed by 
on
atenation, followed by the union operator. Thus, the reg-

ular expression \ab + 
d

�

" is equivalent to \(ab) + (
(d

�

)). We will refer to the

language spe
i�ed by the regular expression r as L(r). Furthermore, as shown in

Hop
roft & Ullman [12, Theorem 2.3℄, every regular language 
an be spe
i�ed by

a regular expression.

There are many ways to measure the 
omplexity of a regular expression. For

example, Ehrenfeu
ht and Zeiger [8℄ studied the size, star height, width, and width

of regular expressions. We will use the size of, or number of alphabeti
 symbols in,

a regular expression r (denoted by jrj) to measure its 
omplexity. For example, the

regular expressions abab and (a

�

ba)

�

b both have size 4. This measure was 
hosen

be
ause it is intuitively similar to the state 
omplexity of a �nite automaton.

A regular expression will be referred to as minimal if it is minimal with respe
t

to size, that is, if there is no regular expression of smaller size that spe
i�es the

same language. The size of a regular language L, denoted by size(L), refers to the

size of a minimal regular expression for L.
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5.2 Regular Expressions and Finite Automata

Regular expressions give us a fundamentally di�erent way of representing regu-

lar languages than (deterministi
 or nondeterministi
) �nite automata. Therefore,

we will 
onsider the problem of 
onverting from a regular expression to a �nite

automaton, and vi
e versa.

One of the reasons that we 
hoose to measure the 
omplexity of a regular ex-

pression by its size (as opposed to some other measure) is its similarity to state


omplexity, parti
ularly, nondeterministi
 state 
omplexity. Intuitively, a regular

expression is easily transformed into an NFA. In fa
t, nondeterministi
 state 
om-

plexity gives us a lower bound on regular expression size.

Theorem 27 (Leiss [16℄) Suppose that L is a regular language over an alphabet

�. Then ns
(L) � size(L) + 1, and this bound is tight, even in the unary 
ase.

Proof:

First, de�ne an NFA to be non{returning if there are no transitions leading

to the start state. We will prove indu
tively that, for every regular expression

r of size n, there there is a non{returning NFA{� M

r

of size n+1 that a

epts

L(r). Sin
e M

r


an be 
onverted to an NFA with no in
rease in the number

of states, this is suÆ
ient to prove our 
laim.

We will pro
eed by indu
tion on the number of operations (union, 
on
ate-

nation, and Kleene 
losure) used in the 
onstru
tion of r. In the base 
ase,

there are no operations used, and so r = ; or r = a for some a 2 �. If r = ;,

then jrj = 0 and M

r

is simply a single state (whi
h is designated as the start
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state) with no transitions, and no �nal states. So, jM

r

j = 1 = jrj + 1 as

desired. If r = a for some a 2 �, then jrj = 1 and M

r


onsists of two states:

a start state q

0

and a �nal state q

1

, with a single transition from q

0

to q

1

on

input a. Clearly, L(M

r

) = fag = L(r) and jM

r

j = 2 = jrj+ 1 as desired.

For the indu
tive step, we must 
onsider the operations of union, 
on
ate-

nation, and Kleene 
losure. First, 
onsider the union operation. Suppose

that r = s + t. So jrj = jsj + jtj. Suppose that M

s

= (Q

s

;�; Æ

s

; q

s

; F

s

) and

M

t

= (Q

t

;�; Æ

t

; q

t

; F

t

). We 
an assume without loss of generality neither Q

s

nor Q

t


ontain a state labelled q

0

, and also that Q

s

and Q

t

are disjoint. Sin
e

M

s

and M

t

are non{returning, there are no transitions leading to q

s

or q

t

, so

we 
an 
onstru
tM

r

as follows: Basi
ally, we want to perform the usual union


onstru
tion, ex
ept that we 
an \merge" the two start states (sin
e our orig-

inal NFAs are non{returning). Formally, de�ne Q = (Q

s

[Q

t

[fq

0

g)�fq

s

; q

t

g

and F = (F

s

[ F

t

). Also, for ea
h a 2 � [ f�g, de�ne Æ as follows:

Æ(q; a) =

8

>

>

>

>

<

>

>

>

>

:

Æ

s

(q; a); when q 2 Q

s

;

Æ

t

(q; a); when q 2 Q

t

;

Æ

s

(q

s

; a) [ Æ

t

(q

t

; a) when q = q

0

:

Then M

r

= (Q;�; Æ; q

0

; F ) a

epts L(s + t) and jM

r

j = jM

s

j + jM

t

j � 1 =

jsj+ 1 + jtj+ 1� 1 = js+ tj+ 1 as desired.

For 
on
atenation, we 
an use a similar idea. If r = st with M

s

=

(Q

s

;�; Æ

s

; q

s

; F

s

) and M

t

= (Q

t

;�; Æ

t

; q

t

; F

t

), (with the usual assumption
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that Q

s

and Q

t

are disjoint) then we 
an perform the usual 
onstru
tion

for 
on
atenation, ex
ept that, sin
e M

t

is non{returning, there are no tran-

sitions leading into q

t

and so we 
an remove that state. Formally, de�ne

Q = Q

s

[Q

t

� fq

t

g and F = F

t

. For ea
h a 2 � [ f�g, de�ne Æ as follows:

Æ(q; a) =

8

>

>

>

>

<

>

>

>

>

:

Æ

s

(q; a); when q 2 Q

s

� F

s

;

Æ

s

(q; a)[ Æ

t

(q

t

; a); when q 2 F

s

;

Æ

t

(q; a); when q 2 Q

t

;

Then M

r

= (Q;�; Æ; q

0

; F ) a

epts L(st) and jM

r

j = jM

s

j + jM

t

j � 1 =

jsj+ 1 + jtj+ 1� 1 = jstj+ 1 as desired.

Finally, for Kleene 
losure, suppose that r = s

�

with M

s

= (Q

s

;�; Æ

s

; q

s

; F

s

).

Then for ea
h a 2 � [ f�g, de�ne Æ as follows:

Æ(q; a) =

8

>

<

>

:

Æ

s

(q; a); when q 2 Q

s

� F

s

;

Æ

s

(q; a) [ Æ

s

(q

s

; a); when q 2 F

s

;

Then M

r

= (Q

s

;�; Æ; q

s

; F

s

) is a non{returning NFA{� that a

epts L(s

�

)

and jM

r

j = jM

s

j = jsj+ 1 as desired.

Therefore, for any regular expression r, there is a non{returning NFA{� M

r

that a

epts L(r) and has size jrj+1. Thus, there also exists an NFA of size

jrj + 1 that a

epts L(r). Therefore, if L is a regular language, ns
(L) �

size(L) + 1, as desired.



CHAPTER 5. REGULAR EXPRESSION SIZE 45

To see that the bound is tight, even in the unary 
ase, simply 
hoose some

arbitrary n and let w be a word of length n. Then if L = fwg, it is 
lear that

size(L) = n and ns
(L) = n+ 1.

�

Corollary 28 For any n > 0, the regular expression (a

n

)

�

is minimal.

Proof:

First, de�ne L

n

to be the language spe
i�ed by the regular expression (a

n

)

�

.

This result is similar to Holzer & Kutrib's result [11, Lemma 2℄ that the

nondeterministi
 state 
omplexity of L

n

is n.

From the previous theorem, we know that if L

n

is spe
i�ed by a regular

expression of size k, it is a

epted by a non{returning NFA{� of size k + 1.

So, it is suÆ
ient to show that any non{returning NFA{� that a

epts L

n

requires n+ 1 states.

Suppose M = (Q; fag ; Æ; q

0

; F ) is a non{returning NFA{� that a

epts L

n

.

Sin
e a

n

2 L

n

, there must be a sequen
e of states hq

0

; q

1

; : : : ; q

n

i su
h that

q

n

2 F and q

i+1

2 Æ

�

(q

i

; a) for ea
h 0 � i � n � 1. It is suÆ
ient to show

that these n+ 1 states must all be unique.

First, note that sin
e M is non{returning, it is not possible that q

i

= q

0

for

any i > 0. Now, 
hoose i and j arbitrarily with 0 < i < j � n. Note that

j = i+ k for 0 < k < n. Also, q

i

2 Æ

�

(q

0

; a

i

) and q

n

2 Æ

�

(q

j

; a

n�j

). If q

i

= q

j

,

then q

n

2 Æ

�

(q

0

; a

i+n�j

), that is, a

i+n�j

= a

i+n�(i+k)

= a

n�k

2 L

n

, whi
h is a


ontradi
tion, sin
e 0 < k < n. Thus, q

i

6= q

j

, and sin
e i and j were 
hosen
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arbitrarily, we 
an 
on
lude that ea
h q

i

2 hq

0

; q

1

; : : : ; q

n

i is unique, and so

M requires n+ 1 states.

�

Although a regular expression 
an be transformed into an NFA with only an

in
rease in size of an additive 
onstant, the reverse is probably not true. Although

we do not have a tight bound for this 
onversion, our best upper bound is expo-

nential. This bound follows from an algorithm for 
onverting a �nite automaton to

a regular expression, due to M
Naughton and Yamada [18℄.

Theorem 29 (Ellul, Shallit, & Wang [9℄) If M = (Q;�; Æ; q

0

; F ) is an �nite

automaton (deterministi
 or nondeterministi
) of size n, and j�j = k, then there

is a regular expression r of size at most nk4

n

that a

epts L(M).

Although this is 
urrently the best upper bound that is known, we do not have a

mat
hing lower bound. In fa
t, no non-trivial lower bounds are known. Ehrenfeu
ht

and Zeiger [8℄ give examples of n{state �nite automata that require exponentially

large regular expressions, but their examples do not use a �xed alphabet. In fa
t,

the alphabets that they use grow quadrati
ally with n. Therefore, the following is


urrently an open problem:

Open Problem 3 Does there exist a 
onstant 
 > 0 su
h that, for arbitrarily large

values of n, there exists a �nite automatonM with jM j = n and size(L(M

n

)) � 2


n

?

In the unary 
ase, we 
an get a better bound for both deterministi
 and nondeter-

ministi
 state 
omplexity.
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Theorem 30 (Ellul, Shallit, & Wang [9℄) If L is a unary regular language with

s
(L) = n, then size(L) = O(n). Furthermore, this bound is asymptoti
ally tight,

that is, for ea
h n there is a regular language L

n

with state 
omplexity n and size


(n).

Theorem 31 (Ellul, Shallit, & Wang [9℄) If L is a unary regular language with

nondeterministi
 state 
omplexity n, then size(L) � 2n

2

+ 4n.

Proof:

A unary NFA M = (Q; fag ; Æ; q

0

; F ) is said to be in Chrobak normal form

if Q is the disjoint union of Q

T

(the \tail") and Q

C

(the \
y
les") where

Q

T

= fq

0

; q

1

; : : : ; q

k

g, Æ(q

i

; a) = q

i+1

for ea
h i < k, and Q

T

is a disjoint

union of 
y
les with exa
tly one transition from q

k

to some state in ea
h


y
le. For an example of an NFA in Chrobak normal form, see Figure 5.1

Chrobak [5℄ showed that any n{state unary NFA M may be 
onverted into

an equivalent NFA M

0

in Chrobak normal form su
h that the \tail" of M

0

has size at most n

2

+ n, and the 
y
les of M

0

use a total of n states. Our

bound follows dire
tly from this.

�

5.3 Operations on Regular Languages

As was the 
ase with state 
omplexity, we have simple tight bounds on the in
rease

in regular expression size when these operations are applied.
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a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

Figure 5.1: A nondeterministi
 �nite automaton in Chrobak normal form.

5.3.1 Union

Theorem 32 Suppose L

1

and L

2

are regular languages with minimal regular ex-

pressions r

1

and r

2

of sizes m and n respe
tively. Then size(L

1

[L

2

) � m+n, and

this bound is tight.

Proof:

To establish the bound, 
onsider the regular expression r = r

1

+ r

2

. Clearly

L(r) = L

1

[ L

2

and size(r) = m+ n.

To see that the bound is tight, 
hoose m and n arbitrarily, and 
onsider

the singleton regular languages L

1

= fa

m

g and L

2

= fb

n

g. Clearly these

languages have minimal regular expressions a

m

and b

n

respe
tively, and a
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minimal regular expression for L

1

[ L

2

is a

m

+ b

n

. Thus, the bound is tight.

�

In fa
t, this bound is also tight in the unary 
ase. This is a dire
t result of the

tightness of the same bound for nondeterministi
 state 
omplexity.

Theorem 33 For ea
h i, let r

i

= (a

i

)

�

, and let L

i

= L(r

i

). Then r

i

is the minimal

regular expression for L

i

(so size(L

i

) = jr

i

j = i) and for any 
hoi
es of m;n su
h

that m is neither a multiple nor a divisor of n, size(L

m

[ L

n

) = m + n. Thus the

bound in Theorem 32 is tight, even in the unary 
ase.

Proof:

The fa
t that r

i

is minimal for L

i

follows dire
tly from Corollary 28.

To see that size(L

m

[L

n

) = m+ n, note that Holzer & Kutrib [11, Theorem

4℄ showed that any NFA a

epting L

m

[ L

n

requires m + n + 1 states, so

long as m is neither a divisor or a multiple of n. Therefore, by Theorem 27,

(a

m

)

�

+ (a

n

)

�

is a minimal regular expression, and so size(L

m

[ L

n

) = m+ n

as desired.

�

5.3.2 Con
atenation

Theorem 34 Suppose L

1

and L

2

are regular languages with minimal regular ex-

pressions r

1

and r

2

of sizes m and n respe
tively. Then size(L

1

L

2

) � m + n, and

this bound is tight, even in the unary 
ase.
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Proof:

To establish the bound, noti
e that the regular expression r

1

r

2

spe
i�es L

1

L

2

and has size m+ n.

To see that the bound is tight, 
hoose m and n arbitrarily, and 
onsider the

singleton regular languages L

1

= fa

m

g and L

2

= fa

n

g. These languages have

minimal regular expressions a

m

and a

n

respe
tively, and a minimal regular

expression for L

1

L

2

is a

m+n

. Thus, the bound is tight, even in the unary


ase.

�

5.3.3 Kleene Closure

Theorem 35 Suppose L is a regular language with a minimal regular expression r

of size n. Then size(L

�

) � n, and this bound is tight, even in the unary 
ase.

Proof:

A regular expression for L

�

is r

�

, so the bound is 
orre
t.

Choose an arbitrary n. Then let L = (a

n

)

�

. By Corollary 28, size(L) = n,

and, sin
e L = L

�

, it is also true that size(L

�

) = n. Thus, the bound is tight,

even in the unary 
ase.

�

5.3.4 Reversal

Theorem 36 Suppose L is a regular language over any alphabet. Then size(L) =

size(L

R

).
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Proof:

Suppose r is the minimal regular expression for L. We will show that there is

some regular expression r

R

su
h that jr

R

j = jrj and L(r

R

) = L(r)

R

. This will

establish that size(L

R

) � size(L). However, by the symmetry of the reversal

operation (ie, (L

R

)

R

= L) this also implies that size(L) � size(L

R

) and so

size(L) = size(L

R

), whi
h is our desired result.

In order to a
hieve this, we 
an simply let r

R

be the reversal of r. To be

more formal, we will use indu
tion. First, 
onsider the 
ase where r = a for

some a 2 �, or r = �, or r = ;. In ea
h of these 
ases, L(r) = (L(r))

R

and

so taking r

R

= r a
hieves the desired result.

For the indu
tive step, there are 3 
ases:

� If r = r

1

+ r

2

for some regular expressions r

1

and r

2

, then r

R

= r

R

2

+ r

R

1

.

� If r = r

1

r

2

for some regular expressions r

1

and r

2

, then r

R

= r

R

2

r

R

1

.

� If r = (r

1

)

�

for some regular expression r

1

, then r

R

= (r

R

1

)

�

.

In ea
h 
ase, it is 
lear that L(r

R

) = (L(r))

R

, whi
h gives us the desired

result.

�

5.3.5 Complementation

In the unary 
ase, we have a good bound on the in
rease in regular expression size

when 
omplementing a regular language. As was the 
ase with nondeterministi
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state 
omplexity in the unary 
ase, we will need the fun
tion F (n) for our analysis

(see Se
tion 4.2.1 for a detailed des
ription of this fun
tion).

Theorem 37 (Ellul, Shallit, & Wang [9℄) If L is a unary language that is spe
-

i�ed by a regular expression r of size n, then size(L) 2 O(F (n+ 1)).

Proof:

Sin
e size(L) � n, it follows from Theorem 27 that ns
(L) � n+1. Therefore,

by Theorem 10, s
(L) 2 O(F (n+1)). Note that s
(L) = s
(L), sin
e we 
an


omplement a DFA by inter
hanging �nal and non{�nal states, and so by

Theorem 30 size(L) 2 O(F (n+ 1)) as desired.

�

In fa
t, this bound is asymptoti
ally tight.

Theorem 38 (Ellul, Shallit, & Wang [9℄) There are arbitrarily large integers

n for whi
h there exists a regular languages L

n

of size O(n) with size(L) 2 
(F (n)).

In the general, non{unary 
ase, we have a large gap between the best known

upper and lower bounds on the in
rease in size when 
omplementing a regular

language. In fa
t, our best upper bound is doubly exponential:

Theorem 39 (Ellul, Shallit, & Wang [9℄) There exists a 
onstant 
 su
h that

for every regular language L over a �xed alphabet � of size k, if size(L) = n, then

size(L) � 


2

n

.
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Proof:

Sin
e size(L) = n, it follows from Theorem 27 that ns
(L) � n + 1. So, by

Theorem 7, s
(L) � 2

n+1

. Therefore, sin
e s
(L) = s
(L), by Theorem 29,

size(L) � nk4

2

n+1

, where k is the size of the alphabet. This is suÆ
ient to

show that the bound is 
orre
t, sin
e:

nk4

2

n+1

= nk(2

2

)

2

n+1

= nk2

4(2

n

)

� k2

2

n

2

4(2

n

)

= k2

5(2

n

)

= k32

2

n

� (32k)

2

n

:

Thus, the bound holds, with 
 � 32k.

�

It seems unlikely that this bound is a
hievable. However, 
omplementation 
an


ause an exponential in
rease in minimum regular expression size:

Theorem 40 (Ellul, Shallit, & Wang [9℄) For ea
h n, let L

n

� fa; bg

�

be the

regular language fw : 9i w[i℄ = w[i+ n℄ = ag. Then:

(a) size(L

n

) � 2n + 4, and

(b) size(L

n

) � 2

n

� 1.
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Proof:

L

n

is spe
i�ed by the regular expression (a+ b)

�

a(a+ b)

n�1

a(a+ b)

�

. Thus,

the bound in part (a) is satis�ed.

For part (b), we will use Lemma 12 to �nd a lower bound on the nondeter-

ministi
 state 
omplexity of L

n

. For a word w 2 fa; bg

�

, we will denote its

image under the morphism fa! b; b! ag by w.

Let S be the set of ordered pairs f(w;w) : w 2 fa; bg

n

g Note that ww 2 L

n

for ea
h w 2 fa; bg

n

, sin
e (ww)[i℄ 6= (ww)[i+ n℄ for ea
h 1 � i � n.

Now, suppose that x; y 2 fa; bg

n

with x 6= y. Then x[i℄ 6= y[i℄ for some

1 � i � n. So x[i℄ = y[i℄ and y[i℄ = x[i℄. If x[i℄ = y[i℄ = a then xy 2 L.

Otherwise, y[i℄ = x[i℄ = a and yx 2 L. So, the premises for Lemma 12 are

satis�ed, and ns
(L) � 2

n

. Therefore, by Theorem 27, size(L) � 2

n

� 1, as

desired.

�

The large gap between the upper and lower bounds leads to the following open

problem:

Open Problem 4 What is the (asymptoti
ally) largest fun
tion f(n) su
h that,

for arbitrarily large values of n, there exists a regular language L

n

with:

(a) size(L

n

) � n, and

(b) size(L

n

) 2 
(f(n))?
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5.3.6 Interse
tion

In the unary 
ase, we 
an use our nondeterministi
 state 
omplexity results to get

a bound on the in
rease in regular expression size when taking the interse
tion of

two regular languages.

Theorem 41 (Ellul, Shallit, & Wang [9℄) Suppose that L

1

and L

2

are unary

regular languages of size m and n respe
tively. Then size(L

1

\ L

2

) 2 O((mn)

2

).

However, we do not know if this bound is tight.

Open Problem 5 Does there exist a 
onstant 
 > 0 su
h that, for arbitrarily large

values of m and n, there exist unary regular languages L

1

and L

2

of size m and n

respe
tively, su
h that size(L

1

\ L

2

) � 
(mn)

2

?

In the non{unary 
ase, our bound is di�erent.

Theorem 42 (Ellul, Shallit, & Wang [9℄) There is a 
onstant 
 su
h that, for

all regular languages L

1

and L

2

, if size(L

1

) = m and size(L

2

) = n, then size(L

1

\

L

2

) � 


(m+1)(n+1)

.

However, we do not know if this bound is tight.

Open Problem 6 Does there exist a 
onstant 
 > 0 su
h that, for arbitrarily large

values of m and n, there exist unary regular languages L

1

and L

2

of size m and n

respe
tively, su
h that size(L

1

\ L

2

) � 2


mn

?
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5.3.7 Quotients

Theorem 43 Let r be a regular expression of size n that spe
i�es a language L

over �, and let w be a word in �

�

. Then:

(a) size(Lw

�1

) 2 2

O(n)

, and

(b) size(w

�1

L) 2 2

O(n)

.

Proof:

By Theorem 27, ns
(L) � n + 1. So, by Theorem 26, ns
(Lw

�1

) � n + 1,

and ns
(w

�1

L) � n+ 2. Thus, by Theorem 29, there are regular expressions

r

0

and r

00

spe
ifying Lw

�1

and w

�1

L respe
tively, with:

(a) jr

0

j � j�j(n+ 1)4

n+1

2 2

O(n)

, and

(b) jr

00

j � j�j(n+ 2)4

n+2

2 2

O(n)

,

as desired.

�

However, we do not know if these bounds are tight.

Open Problem 7 Does there exist a 
onstant 
 > 0 su
h that, for arbitrarily

large values of n, there exists a regular language L of size n and a word w su
h that

size(Lw

�1

) � 2


n

?

Open Problem 8 Does there exist a 
onstant 
 > 0 su
h that, for arbitrarily

large values of n, there exists a regular language L of size n and a word w su
h that

size(w

�1

L) � 2


n

?



Chapter 6

Radius

So far, we have studied both deterministi
 and nondeterministi
 �nite automata,

as well as regular expressions. In ea
h 
ase, we were 
on
erned with the size of the

smallest representation of a regular language.

In this 
hapter, we will study the radius of a regular language, whi
h is a

measure of the shape of a �nite automaton that a

epts it, rather than its size. We

will examine how radius is related to other measures of des
riptional 
omplexity,

and we will give bounds on the in
rease in radius when 
ertain regularity-preserving

operations are applied.

6.1 De�nitions

For every state q in a �nite automaton M = (Q;�; Æ; q

0

; F ), we de�ne the depth of

q, denoted by depth(q), to be the (graph{theoreti
) distan
e from the start state

57
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to q. Formally, if M is a DFA, then

depth(q) = min

x2�

�

fjxj : Æ

�

(q

0

; x) = qg ;

otherwise, if M is an NFA,

depth(q) = min

x2�

�

fjxj : q 2 Æ

�

(q

0

; x)g :

If q is not rea
hable from q

0

then we de�ne depth(q) to be in�nite.

We are now ready to de�ne the radius of a �nite automaton. It should be noted

that this 
on
ept is not the same as the graph{theoreti
 
on
ept of radius. Infor-

mally, we may 
onsider the start state of a �nite automaton to be the \
enter" of

the automaton, and so the \radius" of this automaton is the distan
e from the start

state to the point that is furthest away. Formally, if M = (Q;�; Æ; q

0

; F ) is a �nite

automaton, then the radius of M , denoted by rad(M), is maxfdepth(q) : q 2 Qg.

For example, the radius of the NFA in Figure 6.1 is 1. In this example, the depth

of the start state is 0, and the depth of ea
h of the other two states in 1. Therefore,

the radius of the NFA is 1. We 
an extend this to de�ne the radius of a regular

language, whi
h is simply the minimum radius of all DFAs whi
h a

ept that lan-

guage. Formally, if L is a regular language, then the radius of L, is denoted by

rad(L), and is equal to minfrad(M) : L(M) = L; M 2 DFAg.
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b

a

a

a

q

2

q

0

q

1

Figure 6.1: An NFA of radius 1

N

a

a

b

b

b

b

b

a

a; b

a; b

a; b

a; b

a; b

a; b

M

a; b

a

a

Figure 6.2: The minimal DFAs M and N
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6.2 Minimal DFAs

It should be noted that radius and state 
omplexity are two 
ompletely di�erent

measures. It is possible to have two minimal DFAs M and N with jM j < jN j but

rad(M) > rad(N). For example, see Figure 6.2 on the previous page. N is the

minimal DFA for the language aa+ aba

�

+ bbb

�

, and M is the minimal DFA for the

language ((a + b)

5

)

�

. N has radius 2 and size 7, while M has radius 4 and size 5.

Therefore, it is not true that jM j < jN j ) rad(M) � rad(N), even if M and N

are minimal. However, despite this fa
t, it is true that, for any regular language L,

the minimal DFA for L is also a DFA of minimum radius for L.

Theorem 44 Suppose L is a regular language with minimal DFA M . Then

rad(L) = rad(M).

Proof:

Consider an arbitrary regular language L whose minimal DFA is M =

(Q;�; Æ; q

0

; F ). Suppose that rad(M) = n. Then 
learly rad(L) � n.

Sin
e rad(M) = n, there is some state q

max

2 Q of depth n. Thus, there is

some word x of length n su
h that Æ

�

(q

0

; x) = q

max

. Additionally, whenever

Æ

�

(q

0

; w) = q

max

, it must be that jwj � jxj. Thus, in the 
omputation on

input x, ea
h state in the path from q

0

to q

max

is visited only on
e, otherwise

we 
ould remove the loop and �nd a shorter word leading to q

max

.

Now, let x

[1::k℄

signify the �rst k letters of x. Sin
e ea
h state in the path

from q to q

max

on input x was visited only on
e, we have that Æ

�

(q

0

; x

[1::i℄

) 6=
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Æ

�

(q

0

; x

[1::j℄

) for i 6= j. So, sin
e M is a minimal DFA for L, the words

x

[1::i℄

and x

[1::j℄

must lie in di�erent equivalen
e 
lasses under the standard

Myhill{Nerode equivalen
e relation.

Let M

0

= (Q

0

;�; Æ

0

; q

0

0

; F

0

) be a DFA that a

epts L. Then Æ

0

�

(q

0

0

; x

[1::i℄

) 6=

Æ

0

�

(q

0

0

; x

[1::j℄

) when 1 � i < j � n. So the path in M

0

from q

0

0

to Æ

0

�

(q

0

o

; x) on

input x does not visit the same state twi
e, and so depth(Æ

0

�

(q

0

0

; x)) = jxj = n.

Thus rad(M

0

) � n and so rad(L) � n.

Therefore rad(L) = n = rad(M).

�

6.3 State Complexity

Sin
e the minimal DFA for a regular language is also the DFA of minimum radius

for that language, there are tight upper and lower bounds relating state 
omplexity

to radius.

Theorem 45 For a regular language L over an alphabet �, where j�j = k � 2:

rad(L) + 1 � s
(L) �

k

rad(L)+1

� 1

k � 1

;

and, in fa
t, these bounds are tight.
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Proof:

Let L be an arbitrary regular language of radius n, and M = (Q;�; Æ; q

0

; F )

be the minimal DFA for L. Then, by Theorem 44, M also has radius n. So,

there is some state q 2 Q su
h that depth(q) = n, that is, the shortest path

from the start state to q has length n. Therefore, the DFA must 
ontain at

least n + 1 states (sin
e a path of length n has n edges and n + 1 nodes).

Thus, s
(L) � 1 is an upper bound on rad(L).

Sin
e M has radius n, every state in M has a depth of no more than n.

However, sin
e M is a DFA and therefore, by de�nition, 
omplete, ea
h state

in M has outdegree equal to k = j�j, there 
an be at most i

k

distin
t paths

of length i, and therefore there 
an be at most i

k

distin
t states of depth i.

So, sin
e ea
h state has depth less than or equal to n, the total number of

states 
an be no more than:

n

X

i=0

i

k

=

k

n+1

� 1

k � 1

:

Thus, the lower bound on s
(L) holds as well.

It remains to be shown that the bounds are tight. Consider arbitrary nat-

ural numbers k and n. Let � = f0; 1; : : : ; k � 1g. It is suÆ
ient to show

that, given any su
h k and n, regular languages L

1

and L

2

over � 
an be


onstru
ted su
h that:

1. rad(L

1

) = rad(L

2

) = n,
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2. s
(L

1

) = n+ 1, and

3. s
(L

2

) =

k

n+1

�1

k�1

.

��� �

�

0 n� 11 n

Figure 6.3: The minimal DFA for L

1

.

De�ne L

1

= fx 2 �

�

: jxj � ng. Sin
e x is the only word in L, it is 
lear

that the DFA shown in Figure 6.3 is minimal for L

1

. So, the radius of L

1

is

n, and the state 
omplexity of L

1

is n + 1, as desired.

Now let w

1

; w

2

; : : : ; w

k

n

represent the k

n

words of length n over �, in lexi-


ographi
 order. Let L

2

be the language fw

i

x : x 2 �

�

; i+ jxj � k

n

g. De�ne

the DFA M

2

= (Q;�; Æ; q

0

; F ) as follows:

Q =

�

q

y

: y 2 �

�n

	

;

8a 2 �; Æ(q

z

; a) =

8

>

<

>

:

q

za

; when jzj < n;

q

w

i+1

; when jzj = n and so z = w

i

for some i;

q

0

= q

�

;

F = fq

w

k

n

g :
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0,1

0,1 0,1 0,1 0,10,1 0,1 0,1

10

0

0 1

0 1 1

0

10

1

0 1

Figure 6.4: A transition diagram for M

2

, with k = 2 and n = 3.

A transition diagram for this DFA with k = 2 and n = 3 is given in Figure 6.4.

The language a

epted by M

2

is 
learly L

2

; however, it remains to be shown

that M

2

is the minimal DFA for L

2

. It is suÆ
ient to show that any two

distin
t words z

1

, z

2

of length less than or equal to n lie in di�erent Myhill-

Nerode equivalen
e 
lasses.

There are two 
ases to 
onsider: either the lengths of z

1

and z

2

are the same,

or they are di�erent. Suppose �rst that both words have the same length l,

whi
h is less than or equal to n. Let a 2 �. Sin
e z

1

and z

2

are di�erent,

z

1

a

n�l

and z

2

a

n�l

are also di�erent words, both of length n. So, z

1

a

n�l

= w

i

and z

2

a

n�l

= w

j

for some i 6= j. Assume without loss of generality that i < j.

Then w

i

a

k

n

�i

= z

1

a

n�l+k

n

�i

is in L

2

, but w

j

a

k

n

�i

= z

2

a

n�l+k

n

�i

is not in L

2

.
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So, z

1

and z

2

lie in di�erent equivalen
e 
lasses.

It is only left to show that if z

1

and z

2

are of di�erent lengths (less than

or equal to n), then they lie in di�erent equivalen
e 
lasses. First, note the

following property of L

2

: For any word x with jxj � n, and for any words y

1

and y

2

with jy

1

j = jy

2

j, xy

1

and xy

2

lie in the same equivalen
e 
lass. That

is, if two words of the same length agree on their �rst n symbols, they are in

the same equivalen
e 
lass.

Now, assume that z

1

and z

2

are of di�erent lengths l and m, both less than

or equal to n. Assume without loss of generality that l < m � n. Now, let a

and b be distin
t members of �. Consider the following words:

x

1

= a

n�m

,

x

2

= a

m�l

,

x

3

= b

m�l

.

Note that jx

1

x

2

j = jx

1

x

3

j = n� l. So, z

1

x

1

x

2

and z

1

x

1

x

3

are di�erent words

of length n, and thus (as shown above) lie in di�erent equivalen
e 
lasses.

Finally, note that z

2

x

1

x

2

and z

2

x

1

x

3

have the same length, and agree on

the �rst n symbols (z

2

x

1

). Therefore, they lie in the same equivalen
e 
lass.

So, when the strings x

1

x

2

and x

1

x

3

are appended to z

1

, they produ
e words

in di�erent equivalen
e 
lasses. But, when they are appended to z

2

, they

produ
e words in the same equivalen
e 
lass. Thus, z

1

and z

2

must lie in

di�erent equivalen
e 
lasses, and soM

2

is the minimal DFA for L

2

. Therefore,
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L

2

has radius n and state 
omplexity

k

n+1

�1

k�1

, and the lower bound is tight.

�

In the unary 
ase, we have a mu
h simpler result, due to the stru
ture of unary

DFAs.

Theorem 46 Suppose L

1

is a unary language. Then rad(L) = s
(L)� 1.

Proof:

Suppose M is a unary DFA. Sin
e M is unary and deterministi
, the outde-

gree of ea
h state is exa
tly 1. Thus, there is at most one state of depth k for

any parti
ular k. So, suppose jM j = n. Then for ea
h 0 � k � n � 1 there

is exa
tly one state of depth k. Thus, rad(M) = n � 1. So, if M is a unary

DFA, rad(M) = jM j � 1. In parti
ular, if M is the minimal DFA for L, then

rad(L) = rad(M) = jM j � 1 = s
(L)� 1, as desired.

�

6.4 Operations on Regular Languages

As was the 
ase for both deterministi
 and nondeterministi
 state 
omplexity, and

regular expression size, we would like to �nd tight upper bounds on the in
rease

in radius when the usual regularity-preserving operations are applied. However,

for most of these operations, we only have trivial upper bounds, and there is quite

a large gap between our best upper and lower bounds. In the unary 
ase, these

problems are mu
h simpler. Their results follow dire
tly from Theorem 46 and our

results for unary state 
omplexity (see Se
tion 3.2).
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6.4.1 Union and Interse
tion

Sin
e the radius of a regular language is the same as the radius of its minimal DFA

(re
all Theorem 44), it seems intuitive that the upper bounds for union and inter-

se
tion should be similar. Given two regular languages L

1

and L

2

, the 
onstru
tions

used to 
reate a DFA for L

1

[ L

2

and L

1

\ L

2

are almost identi
al: the only di�er-

en
e between the two DFAs is the set of �nal states. Thus, the 
onstru
ted DFAs

will have the same size and radius. In fa
t, as shown in Se
tion 3.3, the tight upper

bounds on state 
omplexity are the same for union and interse
tion.

For both union and interse
tion, the best upper bound known on the in
rease

in radius is trivial:

Theorem 47 Suppose L

1

and L

2

are regular languages over the alphabet �, where

j�j = k � 2. Furthermore suppose that rad(L

1

) = m and rad(L

2

) = n. Then:

rad(L

1

[ L

2

) �

k

m+n+2

� k

m+1

� k

n+1

+ 1

k

2

� 2k + 1

� 1;

and

rad(L

1

\ L

2

) �

k

m+n+2

� k

m+1

� k

n+1

+ 1

k

2

� 2k + 1

� 1:

Proof:

By Theorem 45,

s
(L

1

) �

k

m+1

� 1

k � 1

and

s
(L

1

) �

k

m+1

� 1

k � 1

:
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Thus,

s
(L

1

[ L

2

) �

�

k

m+1

� 1

k � 1

��

k

n+1

� 1

k � 1

�

=

k

m+n+2

� k

m+1

� k

n+1

+ 1

k

2

� 2k + 1

;

and

s
(L

1

\ L

2

) �

�

k

m+1

� 1

k � 1

��

k

n+1

� 1

k � 1

�

=

k

m+n+2

� k

m+1

� k

n+1

+ 1

k

2

� 2k + 1

:

Therefore, by Theorem 45,

rad(L

1

[ L

2

) �

k

m+n+2

� k

m+1

� k

n+1

+ 1

k

2

� 2k + 1

� 1;

and

rad(L

1

\ L

2

) �

k

m+n+2

� k

m+1

� k

n+1

+ 1

k

2

� 2k + 1

� 1;

as desired.

�

However, we do not know if either of these bounds are tight.

Open Problem 9 What is the (asymptoti
ally) largest fun
tion f(m;n) su
h that,

for arbitrarily large values of m and n, there exist regular languages L

m

and L

0

n

with:

(a) rad(L

m

) = m,

(b) rad(L

0

n

) = n, and
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(
) rad(L

m

[ L

0

n

) 2 
(f(m;n))?

Open Problem 10 What is the (asymptoti
ally) largest fun
tion f(m;n) su
h

that, for arbitrarily large values of m and n, there exist regular languages L

m

and

L

0

n

with:

(a) rad(L

m

) = m,

(b) rad(L

0

n

) = n, and

(
) rad(L

m

\ L

0

n

) 2 
(f(m;n))?

However, we do know that a multipli
ative in
rease is a
hievable, at least for small

instan
es. That is, there exist languages L

1

and L

2

su
h that rad(L

1

[ L

2

) and

rad(L

1

\ L

2

) are both larger than rad(L

1

)rad(L

2

). For example:

Example 48 For ea
h n > 1, de�ne M

n

= (Q

n

;�; Æ

n

; 1; F

n

), where:

� Q

n

= f1; : : : ; 2

n+1

� 1g,

� � = fa; bg,

� Æ

n

(i; a) = 2i for all 1 � i � 2

n

� 1,

� Æ

n

(i; b) = 2i+ 1 for all 1 � i � 2

n

� 1,

� Æ

n

(i; a) = Æ

n

(i; b) = i+ 1 for all 2

n

� i � 2

n+1

� 2,

� Æ

n

(2

n+1

� 1; a) = Æ

n

(2

n+1

� 1; b) = 1, and

� F

n

= f2

n+1

� 1g.



CHAPTER 6. RADIUS 70

For example, see Figure 6.5 for a transition diagram of M

2

.

a; b

1

2

3

4

5 6

7

a

a

b

a

b

b

a; b a; b a; b

Figure 6.5: The DFA M

2

.

Also, de�ne L

n

= L(M

n

). Then:

(a) rad(M

n

) = n,

(b) M

n

is minimal, and so rad(L

n

) = n,

(
) rad(L

n

\ L

m

) > mn for some values of m and n, and

(d) rad(L

n

[ L

m

) > mn for some values of m and n.

Proof:

Part (a) is obvious. The minimality of M

n

follows from the Myhill{Nerode

theorem, and so part (b) is a dire
t result of Theorem 45. For parts (
)

and (d), we 
hose some small values of m and n and used the Grail software

pa
kage to examine the e�e
ts that union and interse
tion have on radius

for these parti
ular languages. The Grail software pa
kage, in
luding sour
e


ode, is available at http://www.
sd.uwo.
a/resear
h/grail/. Also, see
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Appendix A for the sour
e 
ode that was written and added into Grail to


ompute radius.

Our results for values of m and n between 2 and 4 follow:

The DFAs M

2

, M

3

, and M

4

:

$ 
at DFA2

(START) |- 1

1 a 2

1 b 3

2 a 4

2 b 5

3 a 6

3 b 7

4 a 5

4 b 5

5 a 6

5 b 6

6 a 7

6 b 7

7 a 1

7 b 1

7 -| (FINAL)

$ 
at DFA3

(START) |- 1

1 a 2

1 b 3

2 a 4

2 b 5

3 a 6

3 b 7

4 a 8

4 b 9

5 a 10

5 b 11
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6 a 12

6 b 13

7 a 14

7 b 15

8 a 9

8 b 9

9 a 10

9 b 10

10 a 11

10 b 11

11 a 12

11 b 12

12 a 13

12 b 13

13 a 14

13 b 14

14 a 15

14 b 15

15 a 1

15 b 1

15 -| (FINAL)

$ 
at DFA4

(START) |- 1

1 a 2

1 b 3

2 a 4

2 b 5

3 a 6

3 b 7

4 a 8

4 b 9

5 a 10

5 b 11

6 a 12

6 b 13

7 a 14

7 b 15

8 a 16
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8 b 17

9 a 18

9 b 19

10 a 20

10 b 21

11 a 22

11 b 23

12 a 24

12 b 25

13 a 26

13 b 27

14 a 28

14 b 29

15 a 30

15 b 31

16 a 17

17 a 18

18 a 19

19 a 20

20 a 21

21 a 22

22 a 23

23 a 24

24 a 25

25 a 26

26 a 27

27 a 28

28 a 29

29 a 30

30 a 31

16 b 17

17 b 18

18 b 19

19 b 20

20 b 21

21 b 22

22 b 23

23 b 24

24 b 25
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25 b 26

26 b 27

27 b 28

28 b 29

29 b 30

30 b 31

31 -| (FINAL)

The radius of ea
h language:

$ fmrad < DFA2

2

$ fmrad < DFA3

3

$ fmrad < DFA4

4

The radius of ea
h union of languages:

$ fmunion DFA2 DFA3 | fmdeterm | fmmin | fm
omp | fmrad

9

$ fmunion DFA2 DFA4 | fmdeterm | fmmin | fm
omp | fmrad

9

$ fmunion DFA3 DFA4 | fmdeterm | fmmin | fm
omp | fmrad

14

The radius of ea
h interse
tion of languages:

$ fm
ross DFA2 DFA3 | fmdeterm | fmmin | fm
omp | fmrad

9

$ fm
ross DFA2 DFA4 | fmdeterm | fmmin | fm
omp | fmrad

8

$ fm
ross DFA3 DFA4 | fmdeterm | fmmin | fm
omp | fmrad
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14

So:

rad(L

2

[ L

3

) = rad(L

2

\ L

3

) = 9 > rad(L

2

)rad(L

3

);

and

rad(L

3

[ L

4

) = rad(L

3

\ L

4

) = 14 > rad(L

3

)rad(L

4

);

as desired.

�

In the unary 
ase, tight upper bounds for both union and interse
tion follow

dire
tly from Theorem 46 and our results on unary state 
omplexity.

Theorem 49 Suppose L

1

and L

2

are unary regular languages, with rad(L

1

) = m

and rad(L

2

) = n. Then:

� rad(L

1

[ L

2

) � mn+m+ n, and

� rad(L

1

\ L

2

) � mn+m+ n.

Furthermore, these bounds are tight.

Proof:

Sin
e L

1

has radius m, it has state 
omplexitym+1. Similarly, L

2

has state


omplexity n + 1. So the state 
omplexities of L

1

[ L

2

and L

1

\ L

2

are no

more than (m + 1)(n + 1). Thus, the radius of L

1

[ L

2

(or L

1

\ L

2

) is no

more than (m+ 1)(n+ 1) � 1 = mn+m+ n.

The tightness of the bounds follow dire
tly from the tightness of the state


omplexity bounds.

�
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6.4.2 Con
atenation

On
e again, a trivial bound follows from Theorem 45, along with our results on

state 
omplexity.

Theorem 50 Suppose L

1

and L

2

are regular languages over the alphabet �, where

j�j = k � 2. Furthermore suppose that the radius of L

1

is m, the radius of L

2

is

n, and the minimal DFA for L

1

has j �nal states. Then:

rad(L

1

L

2

) �

(k

m+1

� 1) 2

k

n+1

�1

k�1

k � 1

� j2

k

n+1

�k

k�1

:

Proof:

By Theorem 45,

s
(L

1

) �

k

m+1

� 1

k � 1

and

s
(L

2

) �

k

n+1

� 1

k � 1

:

Thus,

s
(L

1

L

2

) �

k

m+1

� 1

k � 1

2

k

n+1

�1

k�1

� j2

k

n+1

�1

k�1

�1

=

(k

m+1

� 1) 2

k

n+1

�1

k�1

k � 1

� j2

k

n+1

�k

k�1

:

Therefore, by Theorem 45,

rad(L

1

L

2

) �

(k

m+1

� 1) 2

k

n+1

�1

k�1

k � 1

� j2

k

n+1

�k

k�1

;
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as desired.

�

However, we do not know if this bounds is tight.

Open Problem 11 What is the (asymptoti
ally) largest fun
tion f(m;n) su
h

that, for arbitrarily large values of m and n, there exist regular languages L

m

and

L

0

n

with:

(a) rad(L

m

) = m,

(b) rad(L

0

n

) = n, and

(
) rad(L

m

L

0

n

) 2 
(f(m;n))?

In the unary 
ase, a tight upper bound follows dire
tly from Theorem 46 and our

results on unary state 
omplexity.

Theorem 51 Suppose L

1

and L

2

are unary regular languages, with rad(L

1

) = m

and rad(L

2

) = n. Then rad(L

1

L

2

) � mn+m+ n Furthermore, this bound is tight.

Proof:

Sin
e L

1

has radius m, it has state 
omplexity m + 1. Similarly, L

2

has

state 
omplexity n + 1. So the state 
omplexity of L

1

L

2

is no more than

(m+1)(n+1). Thus, the radius of L

1

L

2

is no more than (m+1)(n+1)�1 =

mn+m+ n.

The tightness of the bound follows dire
tly from the tightness of the state


omplexity bound.

�
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6.4.3 Kleene Closure

On
e again, a trivial bound follows from Theorem 45, along with our results on

state 
omplexity.

Theorem 52 Suppose L is a regular language over the alphabet � of size k � 2.

Furthermore suppose that rad(L) = m. Then:

rad(L

�

) � 2

k

m+1

�k

k�1

+ 2

k

m+1

�2k+1

k�1

� 1:

Proof:

By Theorem 45,

s
(L) �

k

m+1

� 1

k � 1

:

Thus,

s
(L

�

) � 2

k

m+1

�1

k�1

�1

+ 2

k

m+1

�1

k�1

�2

= 2

k

m+1

�k

k�1

+ 2

k

m+1

�2k+1

k�1

:

Therefore, by Theorem 45,

rad(L

�

) � 2

k

m+1

�k

k�1

+ 2

k

m+1

�2k+1

k�1

� 1;

as desired.

�

However, we do not know if this bound is tight.
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Open Problem 12 What is the (asymptoti
ally) largest fun
tion f(n) su
h that,

for arbitrarily large values of n, there exists a regular language L

n

with rad(L

n

) = n

and rad(L

�

n

) 2 
(f(n))?

In the unary 
ase, a tight upper bound follows dire
tly from Theorem 46 and our

results on unary state 
omplexity.

Theorem 53 Suppose L

1

is a unary regular language of radiusm. Then rad(L

�

1

) �

m

2

, and this bound is tight.

Proof:

Sin
e L

1

has radius m, it has state 
omplexitym+1. So the state 
omplexity

of L

�

1

is no more than ((m+ 1)� 1)

2

+1 = m

2

+ 1. Thus, the radius of L

�

1

is

no more than m

2

+ 1 � 1 = m

2

.

The tightness of the bound follows dire
tly from the tightness of the state


omplexity bound.

�

6.4.4 Reversal

On
e again, a trivial bound follows from Theorem 45, along with our results on

state 
omplexity.

Theorem 54 Suppose L is a regular language over the alphabet � of size k � 2.

Furthermore suppose that rad(L) = m. Then:

rad(L

�

) � 2

k

m+1

�1

k�1

� 1:
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Proof:

By Theorem 45,

s
(L) �

k

m+1

� 1

k � 1

:

Thus,

s
(L

R

) � 2

k

m+1

�1

k�1

:

Therefore, by Theorem 45,

rad(L

�

) � 2

k

m+1

�1

k�1

� 1;

as desired.

�

If we allow our alphabet size to grow arbitrarily large, we 
an a
hieve a large

in
rease in radius when reversing a regular language.

Example 55 Let �

k

represent the k{letter alphabet fa

1

; a

2

; : : : ; a

k

g, and, for ea
h

i, let p

i

be the ith prime. De�ne the language L

k

over the alphabet �

k

to be:

k

[

i=1

a

i

(�

p

i

k

)

�

:

Then:

(a) rad(L

k

) = p

k

, and

(b) rad(L

R

k

) =

Q

k

i=1

p

i

� 1.
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Proof:

To see that the radius of L

k

is p

k

, 
onsider the DFAM

k

= (Q

k

;�

k

; Æ

k

; q

0

; F

k

),

where:

� Q = fq

0

g [ fq

i;j

: 1 � i � k; 1 � j � p

k

g,

� Æ

k

(q

0

; a

i

) = q

i;1

for all 1 � i � k,

� Æ

k

(q

i;j

; a) = q

i;j+1

for all 1 � i � k; 1 � j � p

i

� 1; a 2 �

k

,

� Æ

k

(q

i;p

i

; a) = q

i;1

for all 1 � i � k; a 2 �

k

, and

� F

k

= fq

i;1

: 1 � i � kg,

as shown in Figure 6.6.

q

1;1

q

1;2

q

2;1

q

2;3

q

2;2

q

k;1

q

k;p

k

q

k;2

q

0

�

k

�

k

�

k

�

k

�

k

�

k

�

k

�

k

�

k

a

1

a

k

a

2

Figure 6.6: The DFA that a

epts L

k

.

This DFA a

epts L

k

, and, by the theorem of Myhill{Nerode, it is 
learly a
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minimal DFA. Thus, rad(L

k

) = rad(M

k

) = p

k

.

It is left to show that rad(L

R

k

) =

Q

k

i=1

p

i

� 1. First, note that:

L

R

k

=

k

[

i=1

(�

p

i

k

)

�

a

i

= fwa

i

: w 2 �

�

k

; jwj � 0 (mod p

i

)g :

So, 
onsider some �xed w 2 �

k

�

. Now, let m be the produ
t of the �rst

k primes, that is, m =

Q

k

i=1

p

i

. Then w�

k

� L

R

k

if and only if jwj � 0

(mod m). Therefore, any Myhill{Nerode equivalen
e 
lass that 
ontains some

word of a length divisible by m must 
ontain only words of length divisible

by m. Also, note that, for any word x, the following three statements are

equivalent:

1. 9y; jyj � 0 (mod m) su
h that yx 2 L

R

k

2. x 2 L

R

k

3. 8y su
h that jyj � 0 (mod m), yx 2 L

R

k

Thus, it follows that all words of length divisible bym are in the same Myhill{

Nerode equivalen
e 
lass, and therefore there must be a single Myhill-Nerode

equivalen
e 
lass that 
ontains only the words of length divisible bym. In the

minimal DFA for L

R

k

, this 
lass will be represented by the start state (sin
e

0 is divisible by m). Also, any path of length m that starts at the start state

must also end at that state (sin
e the equivalen
e 
lass 
ontains all words of

length m) and so there 
an be no state that has a depth greater than m� 1.

Thus, the radius of the language 
an be no more than m�1. Also, there may
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be no shorter path from the start state to itself (otherwise there would be a

shorter word in the equivalen
e 
lass). So, 
onsider the state (in the minimal

DFA) that represents the equivalen
e 
lass 
ontaining a

m�1

1

. It follows that

this state must have depth m� 1, and so the radius of the language 
an be

no less than that. Thus, the radius of L

R

k

is exa
tly

Q

k

i=1

p

i

� 1, as desired.

�

In fa
t, we 
an a
hieve a similar result over a �xed{size alphabet

Corollary 56 De�ne �

k

, p

i

, and L

k

as in Example 55. Additionally, for ea
h k,

de�ne '

k

: �

k

! f0; 1g

dlog

2

ke

as follows: '

k

(a

i

) = [i � 1℄

2

, that is, '

k

(a

i

) is the

base{2 representation of i� 1, padded on the left with 0's (if ne
essary) to ensure

that j'

k

(a

i

)j = dlog

2

ke.

For ea
h k, de�ne L

0

k

(over the alphabet f0; 1; 2g) to be

k

[

i=1

'(a

i

)(2

p

i

)

�

:

Then:

(a) rad(L

k

) = p

k

+ dlog

2

ke � 1, and

(b) rad(L

R

k

) =

Q

k

i=1

p

i

� 1.

Proof:

The proof is almost identi
al to the proof of Example 55, sin
e

w f0; 1g

dlog

2

ke

� L

k

if and only if jwj � 0 (mod

Q

k

i=1

p

i

).

�
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The large gap between the best known in
rease and the best known upper bound

leads to the following open problem.

Open Problem 13 Suppose we �x the size of an alphabet � to be 
onstant. Then,

what is the (asymptoti
ally) largest fun
tion f(n) su
h that, for arbitrarily large

values of n, there exists a regular language L

n

with:

(a) rad(L

n

) = n, and

(b) rad(L

R

n

) 2 
(f(n))?

Of 
ourse, in the unary 
ase, the problem is trivial, sin
e L = L

R

and so

rad(L) = rad(L

R

) for any unary language L.

6.4.5 Complementation

Lemma 57 If L is a regular language, then the radius of L is the same as the

radius of L.

Proof:

IfM = (Q;�; Æ; q

0

; F ) is the minimalDFA for L, thenM = (Q;�; Æ; q

0

; Q�F )

is the minimal DFA for L. Sin
e M and M have the same set of states, the

same transition fun
tion, and the same start state, they must also have the

same radius, and so as a result of Theorem 44, L and L must also have the

same radius.

�
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6.4.6 Quotients

Theorem 58 Suppose L is a regular language of radius n, and w is a word. Then

the radius of Lw

�1

is no more than n. Furthermore, this bound is tight, even in

the unary 
ase. That is, there are 
ases where rad(Lw

�1

) = rad(L).

Proof:

Let M = (Q;�; Æ; q

0

; F ) be the minimal DFA for L. So the radius of M is n.

De�ne F

0

to be the following subset of Q: for ea
h q 2 Q, q 2 F

0

if and only

if Æ

�

(q; w) 2 F . Then 
learly M

0

= (Q;�; Æ; q

0

; F

0

) a

epts Lw

�1

, and the

radius of M

0

is the same as the radius ofM (sin
e the two automata have the

same set of states, the same transition fun
tion, and the same start state).

Thus, the radius of Lw

�1


an be no more than n.

To see that this bound is tight, even in the unary 
ase, let � = fag, and


hoose n and k arbitrarily. Let L = (a

n+1

)

�

and let let w = a

k

. Then the

radius of L is n, sin
e the graph of its minimal DFA is simply a dire
ted (n+

1){
y
le with ea
h edge labelled \a" and a single �nal state, also designated

as the start state.

Let j = (n+ 1)� k (mod n+ 1). Then Lw

�1

= a

j

(a

n+1

)

�

, and the minimal

DFA for Lw

�1

has the same set of states and transition fun
tion as the

minimal DFA for L (the only di�eren
e is the �nal state, whi
h is the unique

state of depth j). Therefore, the radius of Lw

�1

is the same as the radius of

L. For an example, see Figure 6.7.

�
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0

1

2 3

4

0

1

2 3

4

a

Lw

�1

a a

a

a

a

a

a a

a

L

Figure 6.7: The minimal DFAs for L and Lw

�1

when n = 4 and k = 6.



Chapter 7

Nondeterministi
 Radius

In this 
hapter, we will extend the 
on
ept of radius and apply it to nondeterministi


�nite automata. This will lead us to study the nondeterministi
 radius of a regular

language, and examine how nondeterministi
 radius is related to other measures of

des
riptional 
omplexity. Also, we will give bounds on the in
rease in radius when


ertain regularity-preserving operations are applied.

7.1 De�nitions

The nondeterministi
 radius of a regular language is the minimum radius of all

NFAs whi
h a

ept that language. Formally, if L is a regular language, then

the nondeterministi
 radius of L is denoted by nrad(L), and is equal to

minfrad(M) : L(M) = L; M 2 NFAg.

In Se
tion 4.1, we showed how an NFA{�may be 
onverted to an NFA (without

�{transitions) with no in
rease in the number of states used. Unfortunately, we

87
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annot make the same statement 
on
erning radius. However, we 
an use a similar


onstru
tion to show that an NFA{� may be 
onverted to an NFA with an in
rease

in radius of at most 1.

Lemma 59 Suppose M is an NFA{� of radius n. Then there exists an NFA (with-

out �{transitions) M

0

that is equivalent to M and has a radius of no more than

n+ 1.

Proof:

Consider an NFA{� M = (Q;�; Æ; q

0

; F ), and suppose that the radius of M

is n. We will 
onstru
t an equivalent NFA M

0

= (Q

0

;�; Æ

0

; q

0

; F

0

) as follows:

� Q

0

=

�

S

x2�

+

Æ

�

(q

0

; x)

�

[fq

0

g. That is, Q

0


ontains the start state, along

with the set of all states in Q that are rea
hable from the start state by

following a path that is not 
ompletely made up of �{transitions.

� For any (q; a) 2 Q

0

� �, Æ

0

(q; a) = Æ

�

(q; a).

� If Æ

�

(q

0

; �) 
ontains any �nal states, then F

0

= F [ fq

0

g. Otherwise,

F

0

= F .

This 
onstru
tion is almost identi
al to the one in Se
tion 4.1, with the only

di�eren
e being that unrea
hable states are removed. Also, this 
onstru
tion

has the property that for any w 2 �

+

, Æ

0

�

(q

0

; w) = Æ

�

(q

0

; w). (Sin
e there

are no �{transitions in M

0

, it is ne
essarily true that Æ

0

�

(q

0

; �) = fq

0

g.)

It is left to show that the radius of M

0

is no more than n + 1. To avoid


onfusion, it is ne
essary to distinguish between the depth of a state q 2 Q

0
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in the ma
hine M , and its depth in M

0

. We will refer to these quantities as

depth

M

(q) and depth

M

0

(q) respe
tively.

Consider a state q 2 Q

0

. Let w be a minimum{length word from �

�

su
h

that q 2 Æ

�

(q

0

; w). So, by de�nition, depth

M

(q) = jwj. There are two 
ases

to 
onsider:

� If jwj > 0, then, by the property noted above, Æ

0

�

(q

0

; w) = Æ

�

(q

0

; w)

and so q 2 Æ

0

�

(q

0

; w). So by de�nition, depth

M

0

(q) � jwj, that is,

depth

M

0

(q) � depth

M

(q) and so it follows that depth

M

0

(q) � rad(M).

� Otherwise, if jwj = 0, that is, if w = �, then 
hoose some (q

0

; a) 2 Q

0

��

su
h that q 2 Æ

0

(q

0

; a). Sin
e ea
h state in Q

0

is rea
hable in M

0

, su
h a

pair (q

0

; a) must exist. Now, 
hoose a minimal{length word w

0

2 �

�

su
h

that q

0

2 Æ

�

(q

0

; w). Note that, by de�nition, depth

M

(q

0

) = jwj. Also,

q 2 Æ

�

(q

0

; wa), and so q 2 Æ

0

�

(q

0

; wa). Thus, depth

M

0

(q) � jwj + 1 =

depth

M

(q

0

) + 1. So it follows that depth

M

0

(q) � rad(M) + 1.

In either 
ase, we have 
ome to the 
on
lusion that depth

M

0

(q) � rad(M)+1.

Sin
e the 
hoi
e of q 2 Q

0

was arbitrary, we 
an 
on
lude that rad(M

0

) �

rad(M) + 1.

�

It should be noted that this bound is the best possible. That is, it is not always

possible to 
onvert an NFA{� into an NFA without having the radius in
rease by

1. Examples of su
h NFA{�'s will be seen throughout this se
tion (for example,
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see the proof of Theorem 67). So, it is important that, in our dis
ussions of non-

deterministi
 radius, we limit ourselves to NFAs without �{transitions (unlike our

dis
ussions of nondeterministi
 state 
omplexity, where we were free to use NFAs

and NFA{�'s inter
hangeably).

7.2 Lower Bounds

As was the 
ase with deterministi
 radius, we have some trivial lower bounds on

the nondeterministi
 radius of a language

Lemma 60 Suppose L is a nonempty regular language, and w is the shortest word

in L. Then nrad(L) � jwj. Furthermore, this bound is tight.

Proof:

SupposeM = (Q;�; Æ; q

0

; F ) is a minimum{radius NFA that a

epts L. Sin
e

L is nonempty, F must be nonempty. Let q

F

2 F . If depth(q

F

) < jwj, then

there is some word w

0

with jw

0

j < jwj and q

F

2 Æ

�

(q

0

; w

0

). So w

0

2 L, sin
e

q

F

2 F . This is a 
ontradi
tion, sin
e w is the shortest word in L. Thus, the

depth of q

F

is at least jwj and so rad(M) = nrad(L) � jwj.

To see that the bound is tight, simply let L = fwg for any word w. The

nondeterministi
 radius of L 
an be no more than jwj sin
e it is a

epted by

a jwj+ 1{state NFA of radius jwj.

�

Lemma 61 Suppose L is nonempty regular language su
h that:
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� � 2 L,

� L \ �

+

6= ;, and

� w is the shortest word in L \ �

+

.

Then the nondeterministi
 radius of L is at least jwj � 1. Furthermore, this bound

is tight.

Proof:

Suppose M = (Q;�; Æ; q

0

; F ) is a minimum{radius NFA for L. Sin
e w 2 L,

there must be some q

F

2 F with q

F

2 Æ

�

(q

0

; w). Choose some state q su
h

that, for some a 2 �, q

F

2 Æ(q; a). Let w

0

be the minimum{length word su
h

that q 2 Æ(q

0

; w

0

). So, depth(q) = jw

0

j. Note that w

0

a 2 L, so jw

0

j � jwj � 1

(by the minimality of w). So depth(q) � jwj � 1 and so rad(M) � jwj � 1,

whi
h establishes the bound.

To see that the bound is tight, let L = (a

n

)

�

for some n. Then the shortest

word in L \ �

+

is a

n

, and the nondeterministi
 radius of L is n � 1, as will

be shown in Corollary 65 in the se
tion on unary languages.

�

Lemma 62 Suppose L is a regular language over the alphabet �. The languages ;,

f�g, and �

�

(for any �nite set of letters � � �) all have nondeterministi
 radius

0. All other regular languages L have a larger nondeterministi
 radius.
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Proof:

Note that any NFA that has radius 0 must 
ontain only 1 state, and any

1{state NFA has radius 0. Thus, the languages ;, f�g, and �

�


learly have

nondeterministi
 radius 0 sin
e they are a

epted by 1{state NFAs.

Suppose some regular language is a

epted by a 1{state NFA M =

(fqg ;�; Æ; q; F ). We will show that this language must be either ;, f�g,

and �

�

.

If F = ; then L(M) = ;. Otherwise, F = fqg = Q. In this 
ase, if there are

no transitions, then L = f�g. Otherwise, the only possible transitions are in

the form Æ(q; a) = fqg. So, for ea
h a 2 �, either Æ(q; a) = fqg or Æ(q; a) = ;.

If we de�ne � = fa 2 � : Æ(q; a) = fqgg, then L = �

�

.

�

7.3 Deterministi
 and Nondeterministi
 Radius

Note that, sin
e a DFA is simply a spe
ial 
ase of an NFA, the nondeterministi


radius of a language 
an be no more than its deterministi
 radius. However, there

is no bound on the possible blowup from nondeterministi
 to deterministi
 radius.

Theorem 63 For ea
h n > 0, there exists a unary regular language L

n

whose

deterministi
 radius is n and whose nondeterministi
 radius is 1.

Proof:

Let L

n

be the language

�

a

k

: k < n

	

.
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This 
an be a

epted by an NFA M = (Q; fag ; Æ; q

0

; F ) of radius 1, where

Q = f0; 1; : : : ; n� 1g, q

0

= 0, F = Q, and Æ is de�ned as follows:

Æ(i; a) =

8

>

>

>

>

<

>

>

>

>

:

f1; 2; : : : ; ng ; when i = 0;

fi+ 1g ; when 1 � i � n� 2;

;; when i = n� 1:

See Figure 7.1 for a transition diagram for this NFA.

1 2 n � 1

0

Figure 7.1: A radius{1 NFA that a

epts L

n

.

Sin
e every state is �nal, this NFA a

epts a word a

k

if and only if there is

a walk of length k from 0 to some state. (Note that a walk is simply a path

that may use the same state more than on
e.) Clearly, this is true if and

only if k � n. So the nondeterministi
 radius of L

n

is 1.
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0 1 n{1 n

Figure 7.2: The minimal DFA for L

n

.

However, 
onsider the minimal DFA M

min

whi
h a

epts L

n

. The single

non{�nal state in M

min


an be rea
hed from the initial state on any input

�

a

k

: k � n

	

. This non{�nal state 
annot be rea
hed on a shorter input

(sin
e all shorter words are in L

n

) so the ma
hine has radius n, hen
e, the

deterministi
 radius of L

n

is n.

�

7.4 Unary Languages

For a regular language L over the unary alphabet fag, de�ne gap(L) to be the

length n of the longest sequen
e S = fa

i

; a

i+1

; : : : ; a

i+n�1

g su
h that S \L = ; but

a

i+n

2 L. Then, gap(L) provides a lower bound for the nondeterministi
 radius of

L. Spe
i�
ally:

Lemma 64 Let L be a unary regular language. Then gap(L) � nrad(L).

Proof:

Suppose that there is a unary language L � fag

�

su
h that gap(L) = n.

So, there is some i su
h that a

i+n

2 L but fa

i

; a

i+1

; : : : ; a

i+n�1

g \ L = ;.

Consider an NFA M = (Q;�; Æ; q

0

; F ) that a

epts L. Sin
e a

i+n

2 L, there

is some walk q

0

; q

1

; : : : ; q

i+n

where q

i+n

2 F .
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Suppose nrad(L) < n. Then, by de�nition, for ea
h q 2 Q, depth(q) < n. In

parti
ular, depth(q

n

) < n, and so there is a walk of length k (where 0 � k �

n� 1) from q

0

to q

n

. Also, we know that there is a walk q

n

; q

n+1

; : : : ; q

i+n

of

length i from q

n

to q

i+n

, so, by 
on
atenating these walks together, we get

a walk of length i+ k (where 0 � k � n � 1) from q

0

to q

i+n

, and so, sin
e

q

i+n

2 F , it must be true that a

i+k

2 L for some 0 � k � n� 1, whi
h is a


ontradi
tion. Thus, the nondeterministi
 radius of L is no less than gap(L).

�

Corollary 65 For any 
hoi
es of k � 0 and n > 0, the unary language L =

fa

i

: i � k (mod n)g has nondeterministi
 radius n� 1.

Proof:

From Lemma 64 we know that nrad(L) � n�1 sin
e

�

a

k+1

; : : : ; a

k+n�1

	

\L =

; but a

k+n

2 L.

Also, L is a

epted by a single 
y
le of length n (with the kth state in the 
y
le

being the only �nal state), and this has radius n� 1. Thus, nrad(L) = n� 1

as desired.

�

In the 
ase where L is a �nite language, gap(L) also gives us a tight upper bound

on the nondeterministi
 radius of L.

Theorem 66 Let L be a �nite unary regular language over the alphabet � = fag.
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Then there is an NFA M that a

epts L su
h that:

jM j = ns
(L); and

nrad(M) = gap(L) + 1:

Proof:

Suppose L = fa

n

1

; a

n

2

; : : : ; a

n

k

g, where n

1

< n

2

< : : : < n

k

. De�ne M =

(Q; fag ; Æ; q

0

; F ) as follows:

Q = fq

0

; q

1

; : : : ; q

n

k

g

for i > 0; Æ(q

i

; a) = fq

i+1

g

Æ(q

0

; a) = fq

m

: m = n

k

� n

i

+ 1; 1 � i � kg

F =

8

>

<

>

:

fq

n

k

g ; if � 62 L;

fq

0

; q

n

k

g ; if � 2 L:

a a a a a a a

a

a

Figure 7.3: A minimal NFA for L = fa; a

4

; a

7

g.

A transition diagram representing this NFA for the language fa; a

4

; a

7

g is
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given in Figure 7.3. To see that M is a minimal NFA for L, note that a

n

k

is

the largest word a

epted by L. Thus, there must be a length n

k

walk from

the start state to some �nal state (sin
e there is a word of length n

k

in the

language) and, there 
an be no 
y
les in this walk (sin
e, if there was a 
y
le

of length m in the walk, then a

n

k

+m

would also be in the language. Thus,

this walk is a
tually a path, and thus 
ontains n

k

+ 1 nodes. So, any NFA

that a

epts L requires at least n

k

+ 1 states, and so M is minimal.

Furthermore, note that for ea
h state q

i

2 Q with i > 0, depth(q

i

) =

depth(q

i+1

) + 1, unless if i = n

k

� n

j

+ 1 for some j < k, in whi
h 
ase,

depth(q

i

) = 1. Therefore, sin
e depth(q

0

) = 0, the maximum value of

depth(q

i

) is the maximum of f(n

k

� n

j

+ 1)� (n

k

� n

j�1

+ 1) : 1 � j � kg

where n

0

= 0. However, (n

k

� n

j

+ 1) � (n

k

� n

j�1

+ 1) = n

j

� n

j�1

and so

the maximum value of depth(q

i

) is (by de�nition) gap(L) + 1. Therefore M

is the required minimal NFA with nrad(M) = gap(L) + 1.

�

7.5 Operations on Regular Languages

As was the 
ase for the other des
riptional 
omplexity measures that were stud-

ied in previous 
hapters, we would like to �nd tight upper bounds on the in
rease

in nondeterministi
 radius when the usual regularity-preserving operations are ap-

plied.
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7.5.1 Union

Theorem 67 If L

1

and L

2

are regular languages with nrad(L

1

) = m and

nrad(L

2

) = n, then nrad(L

1

[ L

2

) � maxfm;ng+ 1.

Proof:

Suppose that M

1

= (Q

1

;�; Æ

1

; q

1

; F

1

) and M

2

= (Q

2

;�; Æ

2

; q

2

; F

2

) are NFAs

of minimum radius for L

1

and L

2

respe
tively. Also assume that Q

1

and Q

2

are disjoint, and do not 
ontain the state \q

0

".

To establish the bound, we will use a 
onstru
tion similar to that used in

the proof of Lemma 13 (see Figure 4.3). De�ne Q = Q

1

[ Q

2

[ fq

0

g and

F = F

1

[ F

2

. For ea
h a 2 �, de�ne Æ as follows:

Æ(q; a) =

8

>

>

>

>

<

>

>

>

>

:

Æ

1

(q; a); when q 2 Q

1

;

Æ

2

(q; a); when q 2 Q

2

;

; when q = q

0

:

Also, let Æ(q

0

; �) = fq

1

; q

2

g. So,M = (Q;�; Æ; q

0

; F ) is an NFA{� that a

epts

L

1

[ L

2

.

Note that for any word w 2 �

�

, Æ

�

(q

0

; w) = Æ

�

1

(q

1

; w) [ Æ

�

2

(q

2

; w). Thus, for

any state q in Q

1

(or Q

2

), the depth of q in M is the same as the depth of q

in Q

1

(or Q

2

). So it follows that rad(M) = maxfrad(M

1

); rad(M

2

)g. Sin
e

M is an NFA{�, it follows from Lemma 59 that there exists an NFAM

0

that

a

epts L

1

[ L

2

and has radius maxfrad(M

1

); rad(M

2

)g+ 1.

�
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In fa
t, this bound is the best that we 
an do, even in the unary 
ase.

Theorem 68 For some arbitrary n > 1, let L

1

be the unary language (a

n

)

�

, and

let L

2

be the �nite unary language fag. Also, let L = L

1

[ L

2

. Then:

(a) nrad(L

1

) = n� 1,

(b) nrad(L

2

) = 1, and

(
) nrad(L) � n.

Proof:

Parts (a) and (b) follow from Corollary 65 and Theorem 66, respe
tively.

For part (
), suppose that M = (Q;�; Æ; q

0

; F ) is an NFA of minimum radius

that a

epts L. We will show that the radius of M must be at least n.

Suppose that the radius of M is less than n. Then, for ea
h state q 2 Q, the

depth of q must be less than n. Sin
e a

2n

2 L, there must be some state q

and some �nal state q

F

su
h that there is a walk of length n from q

0

to q, and

a walk of length n from q to q

F

. That is, q 2 Æ

�

(q

0

; a

n

) and q

F

2 Æ

�

(q; a

n

).

However, sin
e the depth of q must be less than n, there must also be a shorter

walk from q

0

to q, that is, q 2 Æ

�

(q

0

; a

k

) for some k < n. So, q

F

2 Æ

�

(q

0

; a

n+k

)

for some k < n. Sin
e q

F

is a �nal state, that means that a

n+k

2 L. Note

that the 3 shortest words in L are a, a

n

, and a

2n

. Thus, sin
e k < n, it must

be that k = 0 and so q = q

0

. That is, q

0

2 Æ

�

(q

0

; a

n

). But, a 2 L so there

is another �nal state q

F2

with q

F2

2 Æ(q

0

; a). So, sin
e q

0

2 Æ

�

(q

0

; a

n

), it is
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also true that q

F2

2 Æ

�

(q

0

; a

n+1

), and so a

n+1

2 L, whi
h is a 
ontradi
tion.

Thus, it is not true that the depth of q is less than n, and so the radius of

M is at least n, as desired.

�

7.5.2 Interse
tion

There is no upper bound on the possible in
rease in nondeterministi
 radius when

interse
ting two regular languages.

Theorem 69 For ea
h n > 0, there are regular languages L

1

and L

2

over a two{

letter alphabet su
h that:

(a) nrad(L

1

) = 0,

(b) nrad(L

2

) = 1, and

(
) nrad(L

1

\ L

2

) = n.

Proof:

For an arbitrarily 
hosen n > 0, let L

1

= a

�

, and let L

2

=

�

ba

k

: k < n

	

[

fa

n

g.

By Lemma 62, nrad(L

1

) = 0, so 
ondition (a) holds.

To see that 
ondition (b) holds, let M = (Q; fa; bg ; Æ; q

0

; F ) be the NFA

shown in Figure 7.4. Formally:

� Q = f0; 1; : : : ; ng,
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� Æ(i; a) = fi+ 1g for all 0 � i � n� 1,

� Æ(n; a) = ;,

� Æ(0; b) = f1; : : : ; ng,

� Æ(i; b) = ; for all 1 � i � n,

� q

0

= 0, and

� F = fng.

.

a,b

2

0

1 n

a a a

b

b

Figure 7.4: The radius{1 NFA M that a

epts L

2

.

Clearly, the radius of M is 1 and M a

epts L

2

. So, 
ondition (b) is satis�ed.

Note that L

1

\ L

2

= fa

n

g. So, in any NFA a

epting L

1

\L

2

, any �nal state

must have depth at least n (sin
e there are no words of length less than n in

the language). Thus, 
ondition (
) holds.

�
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7.5.3 Con
atenation

Theorem 70 If L

1

and L

2

are regular languages with nrad(L

1

) = m and

nrad(L

2

) = n, then nrad(L

1

L

2

) � m+ n+ 1.

Proof:

To see that the bound holds, note that we 
an use the 
onstru
tion from

Theorem 15 to 
reate an NFA{� of radius m+n for L

1

L

2

. So, by Lemma 59,

there is an NFA of radius m+ n+ 1 that a

epts L

1

L

2

.

�

And, as it turns out, this bound 
annot be improved upon in general.

Theorem 71 Let L

1

= a

�

and L

2

= b

�

. Then:

(a) nrad(L

1

) = nrad(L

2

) = 0, and

(b) nrad(L

1

L

2

) = 1.

Proof:

Part (a) is a dire
t result of Corollary 65.

Sin
e a

�

b

�


annot be a

epted by a 1{state NFA, its nondeterministi
 radius

must be at least 1. By Theorem 70 its nondeterministi
 radius is at most 1.

This establishes part (b).

�

And, in fa
t, this seemingly trivial example is the best that we 
an do. If the

nondeterministi
 radius of one of the languages is non{zero, we have a better bound

on the nondeterministi
 radius of their 
on
atenation.
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Theorem 72 Suppose that L

1

and L

2

are regular languages of nondeterministi


radius m and n respe
tively, with m > 0 or n > 0. Then nrad(L

1

L

2

) � m+ n, and

this bound is tight, even in the unary 
ase.

Proof:

Suppose that M

1

= (Q

1

;�; Æ

1

; q

1

; F

1

) and M

2

= (Q

2

;�; Æ

2

; q

2

; F

2

) are

minimum{radius NFAs for L

1

and L

2

respe
tively. So nrad(M

1

) = m and

nrad(M

2

) = n. We will 
onstru
t an NFA of radius m+n that a

epts L

1

L

2

.

First, use the standard 
onstru
tion as des
ribed in Theorem 15 to 
onstru
t

an NFA{� M = (Q;�; Æ; q

0

; F ) that has radius m+ n and a

epts L

1

L

2

(see

Figure 7.5).

q

2

M

2

�

�

q

1

M

1

F

1

Figure 7.5: M , whi
h has radius m+ n and a

epts L

1

L

2

Formally,

� Q = Q

1

[ Q

2

,

� Æ(q; a) = Æ

1

(q; a) when q 2 Q

1

and a 2 �,
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� Æ(q; a) = Æ

2

(q; a) when q 2 Q

2

and a 2 �,

� Æ(q; �) = fq

2

g when q 2 F

1

,

� q

0

= q

1

, and

� F = F

2

.

Now, we will 
onstru
t an NFA M

0

= (Q

0

;�; Æ

0

; q

0

0

; F

0

) of radius m+ n that

a

epts L

1

L

2

. We 
an assume without loss of generality that L

1

\ �

+

6= ;,

and L

2

\ �

+

6= ;. That is, ea
h language 
ontains a word of length at least

1. If this were not true then either:

(a) L

1

or L

2

is equal to ;, and so L

1

L

2

= ;, or

(b) L

1

= f�g and so L

1

L

2

= L

2

, or

(
) L

2

= f�g and so L

1

L

2

= L

1

.

In ea
h 
ase, the result follows trivially.

We 
an 
onstru
t M

0

as follows:

� Q

0

= Q,

� Æ

0

(q; a) = Æ

�

(q; a) when q 2 Q

0

and a 2 �,

� q

0

0

= q

0

, and

� F

0

=

8

>

<

>

:

F [ fq

0

g ; when � 2 L

1

L

2

;

F; otherwise:
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Note that this is identi
al to the 
onstru
tion used in the proof of Lemma 59.

As a result, it has the property that, for ea
h word w 2 �

+

, Æ

0

�

(q

0

; w) =

Æ

�

(q

0

; w). So, for a state q 2 Q = Q

0

, we will denote the depth of q in M by

depth

M

(q), and the depth of q in M

0

by depth

M

0

(q).

Now, we will show that the nondeterministi
 radius of M

0

is no more than

the nondeterministi
 radius of M , whi
h is m+ n. Consider a state q 2 Q

0

.

Let w be a minimum{length word from �

�

su
h that q 2 Æ

�

(q

0

; w). So, by

de�nition, depth

M

(q) = jwj.

There are two 
ases to 
onsider. If jwj > 0 then w 2 �

+

and so q 2 Æ

0

�

(q

0

; w)

and so depth

M

0

(q) � jwj = depth

M

(q) � nrad(M) = m+ n.

Otherwise, jwj = 0 and so w = �. So q 2 Æ

�

(q

0

; �). However, we 
an

see from the 
onstru
tion that the only �{transitions in M are transitions

from ea
h q

F

2 F

1

to q

2

. Thus, either q = q

0

or q = q

2

. If q = q

0

then

depth

M

0

(q) = depth

M

(q) = 0 � m+ n. Otherwise q = q

2

.

Now, there are 3 
ases to 
onsider. Ifm = 0 then L

1

= �

�

for some nonempty

� � � (sin
e L

1


ontains some word in �

+

, and by Lemma 62). So 
hoose

some a 2 �, and q 2 Æ

0

(q

0

; a), and so depth

M

0

(q) = 1 � m + n (sin
e

it is not true that m = n = 0). Similarly, if n = 0 then L

2

= �

�

for

some nonempty � � �. So 
hoose some a 2 �, and q 2 Æ

0

(q

0

; a), and so

depth

M

0

(q) = 1 � m+ n.

Finally, if m;n > 0 then let w

0

be the shortest word in L

1

\ �

+

. Re
all
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that Æ(q

F

; �) = fqg for ea
h q

F

2 F

1

. So, q 2 Æ

�

(q

0

; w

0

), and q 2 Æ

0

�

(q

0

; w

0

).

Therefore depth

M

0

(q) � jw

0

j. But, by Lemma 61, jw

0

j � m + 1. Thus,

depth

M

0

(q) � m+ 1 � m+ n, sin
e m;n > 0.

Therefore, for any state q 2 Q

0

, the depth of q is no more than m+ n. Thus,

the radius of M

0

is no more than m + n and so nrad(L

1

L

2

) � m + n, as

desired.

To see that the bound is tight, even in the unary 
ase, 
hoose m and n

arbitrarily and let L

1

= fa

m

g and L

2

= fa

n

g. So L

1

L

2

= a

m+n

and by

Theorem 66:

� nrad(L

1

) = m,

� nrad(L

2

) = n, and

� nrad(L

1

L

2

) = m+ n,

whi
h establishes that the bound is tight.

�

In the unary 
ase, we do not have to worry about the spe
ial 
ase where both

languages have a nondeterministi
 radius of 0.

Corollary 73 If L

1

and L

2

are unary regular languages with nrad(L

1

) = m and

nrad(L

2

) = n, then nrad(L

1

L

2

) � m+ n.
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Proof:

Suppose L

1

and L

2

are regular languages over the unary alphabet �. If either

m > 0 or n > 0 then by Theorem 72, the nondeterministi
 radius of L

1

L

2

is

no more than m+ n.

Otherwise, m = n = 0. Then by Lemma 62, both L

1

and L

2

are one of ;, f�g,

or a

�

. If one of L

1

or L

2

are ;, then L

1

L

2

= ; and nrad(L

1

L

2

) = 0 = m+ n.

If L

1

= � then L

1

L

2

= L

2

, whi
h has nondeterministi
 radius n = 0 = m+n.

Similarly, if If L

2

= � then L

1

L

2

= L

1

, whi
h has nondeterministi
 radius

m = 0 = m + n. Finally, if both L

1

and L

2

are equal to a

�

, then L

1

L

2

=

a

�

a

�

= a

�

, whi
h has nondeterministi
 radius 0 = m+ n.

�

7.5.4 Kleene Closure

Theorem 74 Suppose L is a regular language with nondeterministi
 radius n.

Then nrad(L

�

) � n, and this bound is tight.

Proof:

Let M = (Q;�; Æ; q

0

; F ) be a minimal-radius NFA for L. Then we use the

same 
onstru
tion as was used in Lemma 16. That is, we modifyM to 
reate

an NFA{� M

0

= (Q;�; Æ

0

; q

0

; F ) by adding �{transitions from ea
h state in F

to q

0

. So, it is 
lear that M

0

a

epts L

�

, and has radius n. However, M

0

is

an NFA{�, not an NFA. We must show that we 
an 
onvert M

0

to an NFA

M

00

with no in
rease in radius.
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Note that the only �{transitions in M

0

are transitions that lead to the start

state. Thus, the only state of depth 0 is the start state, q

0

. So, when we

apply the standard 
onstru
tion to M

0

to 
reate an equivalent NFA M

00

=

(Q

00

;�; Æ

00

; q

0

; F

00

) (see the proof of Lemma 59 for this 
onstru
tion) we see

that every state in Q

00

(ex
ept for the start state) had non-zero depth in M

0

,

and thus its depth is un
hanged in M

00

. Of 
ourse, the depth of the start

state is always 0, so that remains un
hanged. Sin
e ea
h state in M

00

has

the same depth as it had in M

0

, the radius of M

00


annot be more than the

radius of M

0

(whi
h is the same as the radius of M).

Thus, nrad(L

�

) � nrad(L) as desired.

To see that the bound is tight, simply note that there are languages L of

arbitrary nondeterministi
 radius with L = L

�

. For example, 
hoose L =

(a

n

)

�

for some arbitrary n. So, sin
e L = L

�

, it follows that nrad(L) =

nrad(L

�

).

�

7.5.5 Reversal

Suppose L is a regular language. Then there is no upper bound for nrad(L

R

) in

terms of nrad(L).

Theorem 75 For ea
h n > 0, there is a regular language L

n

su
h that:

(a) the nondeterministi
 radius of L

n

is 1, and

(b) the nondeterministi
 radius of L

R

n

is n.
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Proof:

Choose n > 0 arbitrarily, and let L

n

= fa

i

: 1 � i � ng [ fba

n

g. Then the

nondeterministi
 radius of L

n

is 1, sin
e L

n

is a

epted by the radius{1 NFA

M = (Q; fa; bg ; Æ; q

0

; F ) (shown in Figure 7.6) where:

� Q = f0; 1; : : : ; n; n+ 1g,

� Æ(0; a) = f2; : : : ; n+ 1g,

� Æ(0; b) = f1g,

� Æ(k; a) = fk + 1g for all 1 � k � n,

� Æ(k; b) = ; for all 1 � k � n+ 1,

� Æ(n+ 1; a) = ;,

� q

0

= 0, and

� F = fn+ 1g.

To see that the nondeterministi
 radius of L

R

is n, note that applying the

standard reversal 
onstru
tion to M (ie, reverse the dire
tion of all the tran-

sitions and inter
hange the start and �nal state: see M

R

in Figure 7.6) yields

an NFA of radius n, so the nondeterministi
 radius of L

R

is at most n. To

see that the nondeterministi
 radius of L

R

is at least n, note that:

(a) a

n

b 2 L

R

, and

(b) a

n

b is the only word in L

R

that ends in \b".
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a

M

M

R

2

0

1 n + 1

a a a

b a

a

2

0

1 n + 1

a a a

b a

Figure 7.6: M has radius 1, and M

R

has radius n.

So, let M

0

= (Q

0

; fa; bg ; Æ

0

; q

0

0

; F

0

) be the minimum{radius NFA that a

epts

L

R

. Be
ause of (a) above, there must be some q 2 Q

0

su
h that q 2 Æ

0

�

(q

0

0

; a

n

)

and Æ

0

(q; b) \ F 6= ;. So, if the depth of q is less than n, there must be some

word w with jwj < n and wb 2 L, whi
h 
ontradi
ts (b) above. Therefore

the depth of q must be at least n, and so nrad(M

0

) � n, so nrad(L

R

) � n,

as desired.

�

Of 
ourse, this is not true in the unary 
ase sin
e L = L

R

for any unary language

L. Thus, if L is unary, nrad(L) = nrad(L

R

).
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7.5.6 Complementation

It turns out that the possible in
rease in nondeterministi
 radius when 
omple-

menting a regular language is unbounded, even in the unary 
ase. This result is

similar to Theorem 63.

Theorem 76 For ea
h n there is a unary regular language L

n

of nondeterministi


radius 1 su
h that the nondeterministi
 radius of L

n

is n.

Proof:

For ea
h n, let L

n

= fa

i

: i < ng. As shown in Theorem 63, the nondeter-

ministi
 radius of L

n

is 1.

Note that L

n

= fa

i

: i � ng. Sin
e the shortest word in L

n

is of length n,

any �nal state in an NFA that a

epts L

n

must have depth at least n. Thus,

the nondeterministi
 radius of L

n

is at least n.

�

7.6 Computability

For the �rst time, we will examine the topi
 of 
omputability. Every other 
om-

plexity measure that we have studied is trivially (even if ineÆ
iently) 
omputable.

However, the problem is not trivial for nondeterministi
 radius. Sin
e, for ea
h

k > 0, there are in�nitely many languages of nondeterministi
 radius k (this is just

a generalization of Theorem 63), we 
annot simply determine the nondeterministi


radius of a regular language by iterating through all NFAs of ea
h radius until we

�nd one that a

epts our language. This leads to the following open problem:
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Open Problem 14 For a regular language L, is the nondeterministi
 radius of L


omputable?



Chapter 8

Con
lusions and Open Problems

8.1 State Complexity

State 
omplexity has been extensively studied by many people. As a result, tight

bounds on the in
rease in state 
omplexity when many standard operations are

applied to regular langauges are already known, for both the unary and non{unary


ases [2, 24, 25, 26℄.

8.2 Nondeterministi
 State Complexity

Relationships between deterministi
 and nondeterministi
 state 
omplexity have

already been studied in both the unary 
ase [5℄ and general 
ase, [19, 20℄, and were

quite well{known. However, we 
orre
ted a slight error in the generally a

epted

upper bound for the possible in
rease from nondeterministi
 to deterministi
 state


omplexity in the unary 
ase.

113
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There was a known tight bound on the in
rease in nondeterministi
 state 
om-

plexity when taking the 
omplement of a regular language (due to Birget [3℄),

although there was an error [4℄ in the proof that appeared in the original pa-

per. For many other operations, we gave tight upper bounds in this thesis. Many

of these results were simultaneously and independently dis
overed by Holzer and

Kutrib [10, 11℄. However, there are still some open problems. In parti
ular, it is

unknown whether or not the bound for 
on
atenation in the unary 
ase is tight.

Also, we do not know whether the upper bound for 
omplementation is a
hievable

when the alphabet size is less than 4. Finally, it is an open problem whether the

upper bound for left quotients is tight.

8.3 Regular Expression Size

We studied relationships between regular expression size and state 
omplexity (both

deterministi
 and nondeterministi
). We gave a tight lower bound on regular ex-

pression size, in terms of nondeterministi
 state 
omplexity (this result was due to

Leiss [16℄). We also gave an upper bound. However, it is an open problem whether

this upper bound is a
heivable. In the unary 
ase, we gave a tight lower bound on

regular expression size in terms of state 
omplexity. We also gave an upper bound,

but, on
e again, it is an open problem whether this bound is a
heivable.

We gave tight upper bounds on the in
rease in regular expression size the oper-

ations of union, 
on
atenation, and Kleene 
losure. For 
omplementation, we gave

a bound that is asymptoti
ally tight in the unary 
ase. However, for the general


ase, the bound that we gave is trivial, and there is an exponential gap between this
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bound and the largest a
heivable in
rease in regular expression size. Therefore, it

is an open problem whether the bound is tight, or whether there is a better bound.

Similarly, we gave upper bounds for both the unary and general 
ases for interse
-

tion. However, it is 
urrently unknown whether these bounds are tight. Finally, we

gave exponential upper bounds for both left and right quotients, but it is an open

problem whether these bounds are tight.

8.4 Radius

We studied the relationship between radius and state 
omplexity. We showed that

the DFA of minimum radius that a

epts a language is, in fa
t, the minimal DFA

for that language. Also, we gave tight upper and lower bounds on radius (in terms

of state 
omplexity).

Also, we gave upper bounds on the in
rease in radius for various operations.

However, the bounds for union, interse
tion, 
on
atenation, Kleene 
losure, and

reversal are seemingly trivial. For ea
h of these operations, it is an open problem

whether the bound asso
iated with that operation is tight. Complementation leaves

radius un
hanged, and we gave a tight bound for quotients.

8.5 Nondeterministi
 Radius

We studied relationships between deterministi
 and nondeterministi
 radius. We

showed that the possible in
rease from nondeterministi
 radius to deterministi


radius of a regular language is unbounded.
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Additionally, we gave tight upper bounds on the in
rease in nondeterministi


state 
omplexity for the operations of union, 
on
atenation, Kleene 
losure. We also

showed that no su
h bounds exist for the operations of interse
tion, reversal, and


omplementation. Additionally, it is an open problem whether the nondeterministi


radius of a regular language is 
omputable.



Appendix A

Sour
e Code

The following C++ 
ode 
an be added into Grail (available at

http://www.
sd.uwo.
a/resear
h/grail/) to allow it to 
al
ulate the ra-

dius of a �nite automaton. This �le 
an be named \radius.sr
". The

do
umentation (whi
h is in
luded with the Grail software pa
kage) explains how

this 
ode may be integrated into Grail.

// Compute the radius of a finite automaton.

//

// Written by Keith Ellul

template <
lass Label>

int

fm<Label>::radius() 
onst

{

// Now 
opy 
ode from rea
hable_states(), but 
ount the

// number of "waves"

int i;

int radius = 0;

117
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set<state> wave = start_states;

set<state> s = wave;

s.sort();

ar
s.sort();

for (;;)

{

// find all targets rea
hable in one instru
tion

set<state> targets;

set<state> temp2;

list<state> temp3;

fm<Label> temp;

temp3.
lear();

for (i=0; i<wave.size(); ++i)

{

sele
t(wave[i℄, SOURCE, temp);

temp.sinks(temp2);

temp2.sort();

temp3 += temp2;

}

targets.from_list(temp3);

// if we've found new states, they will be used on

// the next iteration

wave.
lear();

for (i=0; i<targets.size(); ++i)

if (s.member(targets[i℄) < 0)

wave.disjoint_union(targets[i℄);

if (wave.size() == 0)

break;

wave.sort();
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s.merge(wave);

radius++;

}

return radius;

}
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