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Abstract

In this thesis, we study various complexity measures of regular languages. In partic-
ular, we study state complexity, nondeterministic state complexity, regular expres-
sion size, radius, and nondeterministic state complexity. We compare these different
measures, and study the effects of various operations such as union, intersection,

concatenation, Kleene closure, and reversal.
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Chapter 1

Introduction

There are many different areas of theoretical computer science that deal with some
sort of complexity. Computational complexity measures the difficulty of determining
whether a certain word is in a language. This is usually measured in terms of
time or space required by an algorithm or Turing machine, although there are
other possibilities. For example, communication complexrity measures the minimum
amount of information that must be communicated between two simultaneously—
run algorithms, when each algorithm only has access to half of the input.

We are interested in studying regular languages. In terms of computational
complexity, these are exactly the languages that can be accepted using constant
space. However, we wish to study their complexity in more detail, so we will
consider descriptional complexity. Intuitively, the descriptional complexity of a
language is the amount of information needed to describe the language. As there
are many different ways to describe a regular language, there are many different

measures of descriptional complexity.
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Regular languages are exactly those languages that are accepted by deterministic
finite automata (DFAs). One way to measure the descriptional complexity of a
regular language is to count the number of states in the smallest DFA which accepts
that language. This is known as the state complexity of the language. The effects
that various operations have on the state complexities of regular languages has been
studied by many people, including Yu, Zhuang, and Salomaa [24, 26] and Birget [2].
We will examine state complexity in Chapter 3 of this thesis. However, because
state complexity has already been so extensively studied by others, most of this
section is simply a summary of previous work.

Another characterization of regular languages is that they are exactly those
languages which are recognized by nondeterministic finite automata (NFAs). This
leads us to consider another way of measuring the complexity of a regular language,
that is, by counting the number of states in the smallest NFA which accepts that
language. We will refer to this as the nondeterministic state complexity of the
language, which will be studied in Chapter 4. Relationships between deterministic
and nondeterministic state complexity are quite well known. Rabin and Scott [20]
showed that a minimal DFA can require, at most, exponentially more states than an
NFA that accepts the same language. Moore [19] showed that this exponential gap
is, in fact, achievable. Chrobak [5] studied this problem for unary languages, and
found an asymptotically tight bound on the possible increase from nondeterministic
to deterministic state complexity in the unary case.

Birget [3, 4] studied the effect of complementation on the nondeterministic state

complexity of a regular language. However, other than this, very little attention
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had been paid to the effects of various operations on the nondeterministic state
complexity of a regular language at the time that this thesis was started. Many
of these results were discovered and are original to this thesis. However, many of
these results were studied independently, and subsequently published, by Holzer
and Kutrib [10, 11].

A third characterization of regular languages is that they are exactly those lan-
guages that can be specified by a regular expression. Although a regular expression
is arguably the most intuitive way of specifying a regular language, very little work
has been done regarding minimal regular expressions. Ehrenfeucht and Zeiger [§]
studied many different complexity measures of regular expressions. However, in-
stead of using fixed—sized alphabets, they studied languages over alphabets that
grew arbitrarily in size. In Chapter 5 we will study the size (number of alpha-
betical symbols in) a minimal regular expression for a language, and how this size
is affected by the application of certain regularity—preserving operations. Many of
these results can also be found in a paper published by Ellul, Shallit and Wang [9].

As was noted earlier, regular languages are exactly those languages that can be
accepted by finite automata (deterministic or nondeterministic). Now, we will look
to another way of measuring their complexity. While state complexity is a measure
of the size of a finite automaton, if we consider radius as well as size, we get an
idea of its shape. Intuitively, the radius of a finite automaton is the distance from
the start state to the state that is furthest away. As a result, a finite automaton
whose radius is small compared to its size has a compact “tree-like” shape, while a

finite automaton whose radius is close to its size has more of a “path-like” shape.
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The radius of a regular language is the radius of the minimal-radius DFA which
accepts that language. Similarly, the nondeterministic radius of a regular language
is the radius of the minimal-radius NFA which accepts that language. These are
similar measures to the one studied by Barzdin & Kor§unov [1]. We will discuss
deterministic and nondeterministic radius in Chapters 6 and 7 respectively. As
these subjects have not been extensively studied in the past, the results presented

in these chapters are original to this thesis.



Chapter 2

(GGeneral Notation

Throughout this thesis, we will use the following standard notation, much of which
is borrowed from Hopecroft & Ullman [12] and the Handbook of Formal Languages
[21]:

An alphabet ¥ is a finite set of symbols. Elements of ¥ are be referred to as
letters. The Kleene closure of X2, denoted by ¥*, is the set of all finite sequences of
letters from Y. Elements of ¥* are referred to as words. For example, {a,b} is a
two-letter alphabet, and aba is a word in {a, b}".

If an alphabet ¥ contains only one letter, then a language over ¥ is referred to
as a unary language. The length of a word z is denoted by |z|. For a particular
letter a, the number of occurrences of @ in x is denoted by |z|,. Also, the ith letter
of z is denoted by z[i]. Finally, the reversal of z is denoted by x. For example, if
Y = {a,b} and = = abb, then |z| = 3, |z|, = 1, |z|p = 2, z[2] = b, and 2! = bba.

For a language L over an alphabet X:

e The complement of L is denoted by L and is defined as {z € ©*: = & L}.
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e The reversal of L is defined as {wR Tw € L} , and is denoted by L%,
e 1L denotes the language {z € ¥* : Jy € ¥%; ay € L; |z| = |y|}.
e The left quotient of L by a word w, denoted by w™'L, is {x € ¥*: wx € L}.

e The right quotient of L by a word w, denoted by Lw™!,is {x € ¥*: zw € L}.

It should be noted that, in the literature, different notation is sometimes used for
quotients. For example, Hopcroft & Ullman [12] use L/w to denote the (right)
quotient of L by w. We use the notation above to eliminate any possible confusion
between left and right quotients.

For languages Ly and L, over an alphabet X:

e The wunion of L; and L, is denoted by L; U Ly and is defined as

{reX*: v € Lyoraze L}

e The intersection of L; and L, is denoted by L; N Ly and is defined as

{r €¥*: v €Ly and x € Ly}.

e The concatenation of L; and L, is denoted by L;L; and is defined as
{rye ¥*: v € Ly and y € Ly }.

Finally, if L is a regular language, then L° = {¢}, and, recursively, L' = LL'~!

for all ¢+ > 0. The Kleene closure of a language L is denoted by L™ and is defined

as:
Uz
=0
When we say that a bound is tight, we mean that the bound is achievable for

arbitrarily large instances. For example, in Theorem 7 we show that for any NFA
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of size n, there is an equivalent DFA of size no more than 2". Furthermore, we
show that this bound is tight. In other words, we show that there exist arbitrarily
large n such that there is an NFA M,, of size n, with the smallest equivalent DFA
having size exactly 2". If the bounds is a function of two or more variables, we say

that it is tight if it is achievable for arbitrarily large values of all the variables.



Chapter 3

State Complexity

The state complexity of a regular language is the number of states in the (unique)
minimal deterministic finite automaton which accepts that language. We will study
the effects that various regularity—preserving operations have on the state complex-

ity of a regular language.

3.1 Definitions

A deterministic finite automaton (DFA) is defined as a quintuple (@, X, 6, qo, F),

where:
e () is a finite set of states;
e Y is a finite alphabet;
e § is a transition function that maps QQ X ¥ to Q;

® (o is the start state, which is an element of (); and
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e [ C () is the set of final states.

Furthermore, we can extend ¢ to a function ¢* that maps () x X* to @) as follows: for
letters ay, as, ... ax, we define 6*(q, ayas - - - ag) = 6(6(...0(8(q, a1), az),...ax—1), ag).
For a DFA M = (Q,%,6,qo, F'), the language accepted by M, or L(M), is
defined as:
LM)={2€X : §(x,q) € F}.

Two DFAs M and M’ are said to be equivalent if L(M) = L(M'). The size of
a DFA M is the number of states in M, and is denoted by |M|. A DFA M is
minimal if there is no equivalent DFA M’ with |M’| < |M]|. It is well known that
each regular language has a unique (up to isomorphism) minimal DFA. This is a
direct result of the Myhill-Nerode Theorem (see, for example, Hopcroft & Ullman
[12, Theorems 3.9 & 3.10]).

We are now ready to define state complexity. For a regular language L, the state
complezity of L, denoted by sc(L), is the number of states in the minimal DFA for
L.

We can represent our DFAs visually by using transition diagrams. Each state is
represented by a node, and there is a directed edge from state p to state ¢ with the
label “a” if and only if §(p,a) = ¢. Final states are denoted by double circles. For
example, see Figure 3.1. In this example, Q = {q0,q1, 02}, ¥ = {a,b}, F = {q},

and § is defined as follows:

6(qo,a) = qi;  O(q,a) = g5 O(q.a) = q
6(qo,0) = @3 (q1,0) = q;  I(q2b) = q
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Figure 3.1: The transition diagram for a DFA M = (Q, X, 4, ¢, F)

3.2 Unary Languages

Suppose Ly and Ly are unary regular languages with state complexity m and n

respectively. Then, the following inequalities hold, and are tight:
e sc(LyULy) <mn,
e sc(LyNLy) <mn,
e sc(LyLy) < mn, and
o sc(L}) < (m—1)2+1.
Additionally, the following equalities hold:
o sc(LF) =m, and

e sc(L;) =m.
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These results are due to Yu, Zhuang, and Salomaa [26, 24].
In addition to the bounds listed above, there are also tight upper bounds on the

state complexity of %L and the quotient of L by a word.

Theorem 1 (Domaratzki [6]) Let L be a wnary regular language.  Then

sc(3L) < sc(L). Additionally, this bound is tight.

Proof:
Let M = (Q,{1}, 90, qo, F) be the minimal DFA for L. Then define ¢’ : Q — Q
in the following way: 6'(q) = 6%(¢). Then the DFA M’ = (Q,{1},¢’, ¢, F)

accepts (L).

To see that the bound is tight, consider the language L; =
{1": n =0 (mod k)} for some arbitrary k. Then, when k is odd

1
2

L) =sc(L), as desired.

and so sc(%

To see that the inequality is necessary, that is, the equality does not always

hold, consider the case of Ly, where k is even. Then sc(L) = k but sc(5L) =

1
2

k/2. o

This is an alternate proof to the one given by Domaratzki [6].
Finally, we have tight upper bounds for both left and right quotients in the

unary case.

Theorem 2 Let L be a unary reqular language, and let w be a unary word. Then

sc(w™'L) = sc(Lw™"') < sc(L). Additionally, this bound is tight.
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Proof:
First, note that, since ¥ is unary, there is at most one word in L of each
length. Thus, w 'L = Lw™! = {:L' e 17 1kl ¢ L}. So clearly sc(w™'L) =

sc(Lw™"), since the languages are the same.

It should be noted that the inequality is simply a special case of Theorem 6
below, where the bounds are proven in the general (not necessarily unary)
case. However, for completeness, they will be proven here as well. Let M =
(Q,{1},6, qo, F) be the minimal DFA for L. Define §(g) = §"*!(gy) and
8'(q) = 6(q) for all ¢ # qo. Then the DFA M’ = (Q, {1}, qo, F') accepts

w 'L = Lw™".

To see that the bound is tight, consider the language L; =
{1": n=0 (mod k)} for some arbitrary k. Clearly sc(Ly) = k. Now, con-
sider an arbitrary word w € 1*. Then w™'L; = {1": n — |w| =0 (mod k)},

which has state complexity k.

Finally, to see that the inequality is necessary, that is, the equality does not
always hold, define Lj, = {1’“} Then sc(L) = k+1 and if we choose |w| < k,
then sc(w™'L) =k — |w| + 1. (If |w| > k, then sc(w™L) =1.) g

3.3 Languages Over an Arbitrary Alphabet

Suppose that Ly and L are regular languages over an arbitrary (not necessarily

unary) alphabet ¥, and suppose that they are accepted by minimal DFAs M; =
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(Q1,%,6,q1, F1) and My = (Q2, X, 6, g2, F») respectively. Furthermore, suppose that

|Q1] = m and |Q32] = n. Then, the following bounds are tight:

e sc(LyULy) <mn,

sc(Ly N Ly) < mn,

sc(LyLy) < m2" — k2" ! where k = |Fy|,

sc(Ly) <2m~1 4 2m=2 and

sc( L) < 2m.

Also, sc¢(L1) = m. These results are due to Yu, Zhuang, and Salomaa [26, 24].
In fact, these results may be extended to cover the intersection and union of

arbitrarily many languages. Yu & Zhuang [25] showed the following:

Theorem 3 (Yu & Zhuang [25]) Given any integer k > 0 and k nonnegative
integers ny, ..., Ny, there exist k reqular languages Ly, ..., L, where for each 1 <
i < k, L; is accepted by an n;—state DFA, and any DFA accepting (), <;<; Li has at

least ny - -+ ny states.
Birget [2] extended this result as follows:

Theorem 4 (Birget [2]) For any n, and any k < n, there ezxist languages
Ly, Ly, ..., L, such that the state complexity of each L; is n, and the state com-

plezities of both Ni<;<xLi and Ui<i<iL; 1s ezactly nk.
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3.3.1 Proportional Removals and %L

Domaratzki [6] has extensively studied the effects of proportional removals on the
state complexity of a language. (The “%” operator is just a special case of a pro-

portional removal) He gives a tight upper bound on the state complexity of %L.

Theorem 5 (Domaratzki [6]) If L is a reqular language with state complexity

n, then sc(3L) = O(n - e nlogn(i+o())) " and this bound is tight.

3.3.2 Quotients

Suppose that L is a regular language over 3, and w is a word in ¥*. Unlike the
special case of unary languages, w™'L and Lw™! may be different languages, so we

must treat the cases of left and right quotient separately.

Theorem 6 For a reqular language L over X, and a word w € ¥*, if sc(L) = n,

then:
e sc(Lw™') < n, and
o sc(w™L)<n.
Furthermore, these bounds are tight.

Proof:
Let M = (Q,%,0,q, F') be the minimal DFA for L. Define F' as follows:
F' = {4€Q: 6(¢,w) € F}. Then M’ = (Q,%,3,q0, F') accepts Luw".
Similarly, M" = (Q,X,6,6*(qo,w), F') accepts w™' L. This establishes the

bounds.
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To see that these bounds are tight, refer to Theorem 2. The examples that
show these bounds to be tight in the unary case also show them to be tight

in the general case. g

15



Chapter 4

Nondeterministic State

Complexity

In this section, we will discuss the nondeterministic state complexity of regular
languages. We will examine how the nondeterministic state complexity of a regular
language is related to its (deterministic) state complexity, and give tight bounds on
the increase in nondeterministic state complexity when certain operations, which

preserve regularity, are applied to a regular language.

4.1 Definitions

A nondeterministic finite automaton (NFA) is defined as a quintuple (@, X, 6, o, F'),
where @, ¥, ¢y and F are defined as for a DFA (see Section 3.1). The transition
function, d, is a function that maps Q x ¥ to 2%, the power set of Q. That is,

for any alphabet symbol a and any state g, 6(¢,a) is a set of states. Recall that,

16
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for a DFA| (¢, a) must be a single state. Therefore, NFAs are less restrictive than
DFAs.

As was the case with DFAs, we can represent our NFAs as directed graphs.
Each state will be represented by one node, and, for each state g and each alphabet
symbol a, there is a directed edge with the label “a” from ¢ to each state in §(q¢, a).

For example, see Figure 4.1. Final states are represented by double circles.

Figure 4.1: An NFA M = (Q, X, 0, g0, F)

In this example, @ = {qo0, 1,2}, & = {a, b}, F = {qo, 1}, and § is defined as

follows:

6(go,a) = {q,¢}; dq,a) = {@w}; (g,q = 0
6(q0,0) = 0 6(q,b) = 0 6(q2,0) = {q}-

As was the case for DFAs, the definition of ¢ can be extended to define §*. If
a is a letter in ¥, then §*(¢,a) = §(¢,a). Recursively, if w is a word in ¥*, then

5*((]7 aw) = Uq'eé*(q,w) {5(6_1/, a)}'
The language accepted by an NFA M = (Q, X, 4, qo, F') is denoted by L(M)
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and defined as { € £* : §*(qo,2) N F # 0}. Two NFAs M and M’ are said to be
equivalent if L(M) = L(M'). For an NFA M, the size of M is defined as the number
of states in M and is denoted by |M|. Furthermore, M is said to be minimal if there
is no equivalent NFA that uses fewer states. However, unlike DFAs, two minimal
NFAs for a language need not be isomorphic. For example, consider the regular
language L = {a' : 7 > 0}. Two non-isomorphic two-state NFAs that accept L
are shown in Figure 4.2. Clearly, L cannot be accepted by a one-state NFA (since
any NFA accepting L must contain a final state, but the start state cannot be final,

as the empty word is not in L). So, any two—state NFA that accepts L must be

-0 00

Figure 4.2: Two non-isomorphic minimal NFAs for L = {a’ : i > 0}.

minimal.

We may also extend our definition of an NFA to include e—transitions (that
is, transitions that are labelled “€”). We will refer to an NFA that includes e-
transitions as an NFA—e.

Since € represents the empty word over any alphabet, we extend 4 to be a
function from Q x (X U{e}) to 29. We wish for our definition of L(M) to remain the
same, that is, L(M) = {w : (g0, w) N F # }. So, we must extend our definition
of 0* accordingly (remembering that, if w; and wy are words, then wywy = wyew,).

So, intuitively, §*(¢, w) is the set of states r such that there is a path that is labelled
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w (possibly including some edges that are labelled €) leading from ¢ to r.

To be precise, we will define §*(¢,w) by induction on |w|. First, §*(q,¢€) is
defined as the set of all states that can be reached from ¢ by following a (graph—
theoretic) path that contains only e-transitions (that is, all of the edges in the path
are labelled €). Note that it is always true that ¢ € §*(¢, €), since you can reach ¢
from ¢ by following the “empty path”. We will proceed by induction. For any word
x € ¥* and and letter a € ¥, we will define §*(¢, wa) to be Ureé*(%w) 0 (6(r,a),€).

At this point, it is important to note that an NFA—e may be converted to an NFA
without e-transitions with no increase in the number of states. Formally, an NFA—e
M = (Q,%,4, q, F') may be converted to an equivalent NFA M’ = (Q, %, ¢, qo, F')
as follows: For any (¢,a) € @ x X, define §'(q, a) to be §*(¢,a). Also, if 6*(qo, €)
contains any final states, then F' = F U {¢o}. Otherwise, F' = F. For a formal
proof that this construction is correct, see Hopcroft & Ullman [12, Theorem 2.2].
Although their notation is slightly different, the concept is the same. For our
purposes, the important point is that |M’| = |M|. This is clearly true, since they
use the same set of states ().

For every state ¢ in a finite automaton (Q,%,d,qo, F), let F(gq) denote the
set of words {w : 6*(q,w) € F} (or, if the finite automaton is nondeterministic,
Flq) = {w : §(¢q,w)NF #0}). Furthermore, let H(q) denote the set of words
{w : §(qo,w) = ¢} (or, in the nondeterministic case, {w : ¢ € §*(qo,w)}).

We are now ready to define another measure of descriptional complexity of a
regular language L: its nondeterministic state complexity (denoted by nsc(L)). The

nondeterministic state complexity of a language is the number of states in a minimal
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NFA for L. As shown above, an NFA—¢ may be converted to an equivalent NFA
(without e—transitions) with no increase in the number of states. Therefore, when
making arguments regarding nondeterministic state complexity, we may allow our

NFAs to contain e-transitions.

4.2 Deterministic and Nondeterministic State
Complexity

Since a DFA is just a special case of an NFA, it is clear that if L is a regular
language, then sc(L) > nsc(L). In fact, we have a tight bound on how large
sc(L) can be in comparison to nsc(L). The bound follows directly from the subset
construction, which is originally due to Rabin & Scott [20]. The tightness of this
bound was originally shown by Moore [19], although we cite a simpler construction

in our proof.

Theorem 7 If L is a reqular language with nondeterministic state complexity n,

then sc(L) < 2". Furthermore, this bound is tight.

Proof:
Suppose that M is a minimal NFA for L. Then we can use the standard
subset construction (see Hopcroft & Ullman [12, Theorem 2.1] for a detailed
description) to construct a DFA with at most 2" states that accepts L. This
establishes the bound. To see that the bound is tight, for each n, let L,, be
the regular language specified by the regular expression (a + (ab*)* " ta)* (see

Section 5.1 for a formal definition of regular expressions and the languages
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that they specify). As shown by Leung [17], L,, can be accepted by an NFA

with n states, but cannot be accepted by a DFA with less than 2" states. g

4.2.1 Unary Languages

The bound in Theorem 7 is only tight for regular languages over non—unary alpha-
bets. For unary languages, we can get a better bound. Chrobak [5] noted that the

following function is crucial to the study of minimal unary NFAs:
F(n) =max{lem(xy,...,2x) : 214+ ...+2xr=n)}.

F(n) represents the maximum order of an element in the symmetric group
Sn (see any group theory text, for example Dummit & Foote [7], for a detailed
discussion of these group—theoretic concepts). The exact value of F'(n) for any given
n is related to the distribution of the prime numbers, and as a result we cannot
expect to express F'(n) succinctly in terms of n. However, we have asymptotic

results. Landau [14, 15] showed that

. log F'(n)
lim ——=
n—oo y/m logn

=1

(Unless otherwise stated, “log” denotes the natural logarithm.) Szalay [23]

showed the following approximation to be true:

log F(n) = v/n(logn + loglogn + 6(n)),
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where, asymptotically,

d(n)=—-1+o(1).
From these results, we can deduce:

Lemma 8 F(n) € O(evnlog”(1+0(1)))

Y

and
Lemma 9 F(n) € Q(evrlosn),

However, we cannot deduce, as Chrobak [5] claimed, that F(n) € O(eV™1°8™) (this
error seems to have been caused by a typographical error in the statement of Szalay’s
approximation).

Now that we have good asymptotic bounds on F(n), we are ready for the main

theorems of this section:

Theorem 10 (Chrobak [5]) If L is a unary regular language with nondetermin-

istic state complexity n, then sc(L) € O(F(n)).
And, in fact, this bound is asymptotically tight:

Theorem 11 (Chrobak [5]) For each n there is a unary language L, with
nsc(Ly) <n and sc(L) = F(n—1).

4.3 A Lower Bound

The problem of minimizing an NFA (that is, given an NFA, the problem of finding

an equivalent minimal NFA) is known to be PSPACE-hard [13]. Furthermore, many
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non—isomorphic NFAs may be minimal for a particular language. As a result, we
do not have a nondeterministic counterpart to the Myhill-Nerode theorem, which

nicely classifies minimal DFAs. However, we have the following lower bound:
Lemma 12 (Birget [2]) Let L be a regular language over the alphabet ¥, and
suppose there exist n pairs of words (x1,w1), (22,w32), ..., (Tn, wy,) such that:

o Forall v with 1 <1 <n, x;w; 1s in L, and

o Foralli,j withl <1i,7 <n and 1 # j, at least one of x;w; and x;w; is not

mn L.

Then nsc(L) > n.
Proof:

Suppose M = (Q, X, 4, qo, F') is an NFA that accepts L. Then, we will asso-

ciate a state ¢; with each pair (x;,w;) as follows: we will choose ¢; in such
a way that ¢; € 6*(qo, ), and 6*(g;, w;) N F # 0. Note that such a ¢; must

exist, since x;w; € L.

Now, suppose that for ¢ # j, ¢; = ¢;. Then x;w; and zjw; are both in L,
(due to the way that ¢; and ¢; were chosen) which is a contradiction. Thus,

{q1,q2,--.,qn} 1s a set of n distinct states, and so |M| > n as desired. g

4.4 Operations on Regular Languages

For many operations that preserve regularity, we have simple tight bounds on the

increase in nondeterministic state complexity. Most of these results are original to
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this thesis. However, many of them were subsequently and independently published
by Holzer and Kutrib [10, 11]. Those results that are not original to this thesis,
but were first proven by Holzer and Kutrib are attributed accordingly. Similarly, a
note is made where a result was original to this thesis, and subsequently published

by Holzer and Kutrib.

4.4.1 Union

Theorem 13 Suppose Ly and Ly are reqular languages with nondeterministic state
complexity m and n respectively. Then nsc(L1 U Ly) < m+n + 1, and this bound

is tight.

Proof:
Suppose that My = (Q1, %, 01, 1, F1) and My = (Q2, X, b2, ¢2, F2) are minimal
NFAs for Ly and Lj respectively. Also assume that ), and @), are disjoint,

and do not contain the state “gq”.

€

Figure 4.3: The construction that gives the bound on nsc(Ly U Ls).

M,

M
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To establish the bound, we will use the following construction, as shown in
Figure 4.3. Define Q = Q1 U Q2 U {q} and F = F; U F5. For each a € X,

define ¢ as follows:

d1(¢q,a), when g € Qq;
6(g,a) = 82(q,a), when q € Qo;

] when g = qo.

Also, let §(qo,€) = {q1, 92} So, M = (Q,%,0,q, F) is an NFA—e with m +

n + 1 states that accepts Ly U Ly. This establishes the bound.

To see that the bound is tight, choose n and m arbitrarily, and let L, = (a™)*
and let Ly = (0™)*. Clearly nsc(L;) = n and nsc(Lg) = m. Let L = L, U L,,.
So L =(a")* 4 (b™)*. Let M = (Q, X, 6, q, F) be a minimal NFA for L. For
simplicity, assume that M contains no e-transitions. From the bound that
was proven above, |M| can be no more than m 4+ n + 1. We will show that

M requires m + n + 1 states.

Recall the definitions of F(q) and H(q) from Section 4.1. Note that M is
minimal, so, for any ¢ € @, neither F(q) nor H(q) may be empty (for, if one of
those sets were empty, removing ¢ from M would result in a smaller equivalent
NFA for L, which contradicts the minimality of M). Now, F(qo) = L and so,
in particular, " € F(qo) and b™ € F(qo). But, no word w € L may contain
both «’s and b’s. Therefore, if w # €, then ¢y & (g0, w). So, gy may not

be part of any cycle in M. However, L is infinite so M must contain cycles.
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Since no word w in L contains both a’s and b’s, and there are infinitely many
words in L that contain «’s, and infinitely many that contain b’s, M must
contain at least two disjoint cycles: one for inputs that contain a’s, and one
for inputs that contain b’s. If @' € L, then o't/ ¢ L for any 0 < j < n. Thus,
there must be a cycle that is accessible on inputs that contain a’s which is of
size at least n. Similarly, there must be a cycle of size m which is accessible
on inputs that contain b’s. Since these cycles must be disjoint, and the start

state may not be a part of any cycle, |[M| > m + n + 1 as desired. g

This result was also proven independently by Holzer and Kutrib [10]. Holzer and
Kutrib [11, Theorem 4] also showed that this bound is achievable in the unary case,

so long as m is not a divisor or multiple of n.

4.4.2 Intersection

Theorem 14 Suppose Ly and Ly are reqular languages with nondeterministic state

complexity m and n respectively. Then nsc(Ly N Ly) < mn, and this bound is tight.

Proof:
Suppose that My = (Q1, %, 01, 1, F1) and My = (Q2, X, b2, ¢2, F2) are minimal
NFAs for Ly and Lj respectively. Also assume that ), and @), are disjoint,

and do not contain the state “gq”.

Obviously, a word is in L; N Ly if and only if it is in both L; and L. So,
the idea behind our construction is to simulate M; and M, simultaneously

on an input word x, and accept x if and only if both M; and M, would
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have accepted. Define @ = @1 x Q2 and F = F; x Fy. Also, for [¢,r] €
Q1 X @ and a € X, we define 6([q,r],a) = §1(q,a) x d2(r,a). Finally, let
M = (Q,%,0,[q1,¢], F). Our new machine M simultaneously “simulates”
both M; and Ms, since, for any word x, §*([q1, ¢2], ) = 07 (q1, x) X 5(qa, x).

Thus, M accepts Ly N Ly and uses mn states, which establishes the bound.

To see that the bound is tight, consider the following example: Choose m and
n arbitrarily, and fix ¥ = {a,b}. Then, let Ly = {fw e ¥* : |w|, >n—1}
and let Ly = {w € ¥* : |w|p, > m — 1}. Clearly, the nondeterministic state
complexities of Ly and L, are m and n respectively. To see that any NFA that
accepts Ly N Ly requires at least mn states, we will use Lemma 12. Our set
of pairs of words will be W = {(a;j,w; ) : 0<i:<n—-1; 0<j5<m-—1},

not=lym=i=1 For any pair (z; ;,w; ;) €

where each z; ; = a'b’ and each w; ; = «
W, it is clear that z, jw, ; € Ly N Ly since |a't/a™ 716", = n — 1 and

la't/a™ oI = m — 1,

However, if we pick two different pairs (x;;,w; ;) and (xgg, wiy) from W,
then either «+ < k, k <1, j <, or I < j (since, if all of these statements are
false, then ¢ = k and j = [ and the pairs that we chose were not different).

We will examine each of the 4 cases:

Case 1: i < k, and so x, jwg; & L1 (and therefore also not in Ly N Ly).
Case 2: k < i, and so xgw; ;j € L1 (and therefore also not in Ly N Ly).

Case 3: j <, and so x; jwy; & Lo (and therefore also not in Ly N Ly).
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Case 4: [ < j, and so xp w; j € Lo (and therefore also not in Ly N Ly).

Therefore, any NFA accepting Ly N Ly must have at least |W| = mn states.

O

This result was also shown independently by Holzer and Kutrib [10].

The bound is also achievable in the unary case. For example, suppose that
m and n are coprime. Then the languages Ly = (a")* and Ly = (a™)* have
nondeterministic state complexities m and n respectively. However, a word a* is
in Ly N Ly if and only if k is a multiple of m and n. Since m and n are coprime,
LN Ly = (™), and the nondeterministic state complexity of Ly N Ly is exactly

mn. This was also shown independently by Holzer and Kutrib [11].

4.4.3 Concatenation

Theorem 15 Suppose Ly and Ly are reqular languages with nondeterministic state

complexity m and n respectively. Then nsc(L1Ly) < m+n, and this bound is tight.

Proof:
Suppose that My = (Q1, %, 01, 1, F1) and My = (Q2, X, b2, ¢2, F2) are minimal
NFAs for Ly and L, respectively. Also, assume that 7 and () are disjoint,
and do not contain the state “¢y”. To show that the bound holds, we use the

following construction, shown in Figure 4.4: Let @ = (1 U Q2). For each
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a € ¥, define § as follows:

d1(¢,a), when g € Qy;
5((.77@) =
(ga). when g € Qs
Additionally, for each ¢ € Fi, let 6(q,€) = {g2}. So M = (Q,%,6,q1, F») is

an NFA-¢ that uses m + n states and accepts Ly L, as desired.

M,

Figure 4.4: The construction that gives us the bound on nsc(L; Ly).

To see that the bound is tight, we will use the two-letter alphabet ¥ = {a, b}.
Choose m and n arbitrarily. Let Ly = (a™)* and let Ly = (b")*. Then, clearly

Ly and L, have nondeterministic state complexities m and n respectively.

Consider any NFA M = (Q,X, 9, g, F) that accepts L;Ly. It is sufficient

to show that M must have at least m + n states, and we will do this using

2m—1

Lemma 12. For each 1 < i < m, let w; = o' and let 2; = a . For each

1 S.] S n, 1€t wm-l—j = b] and 1€t xm-l—j = b?n—j‘
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Each word z;y; is either ¢?™ or b*", and thus clearly in L;L,. However, if

i # j, then there are four cases to consider:

Case 1: 1 <4,7 <m. Then w;z; = a'a®*™~7 = a?™+'=7 ¢ L, L, (since 2m +1i — j
is not divisible by m).
Case 2: 1 <1 <m < j <m+n. Then wjz; = Vma* =t g L L, (since it is not

in the form a*b*).

Case 3: 1 <3< m <1 <m+n. Then wz; = b=ma* =1 ¢ LiL, (since it is not

in the form a*b*).

Case 4+ m < 1,7 < m+n. Then wz; = pimmpinTatm — plnticg ¢ L1L, (since

2n + 1 — j is not divisible by n).

Therefore, by Lemma 12, M must have at least m + n states, and the bound

This result was also shown independently by Holzer and Kutrib [10].

In the unary case, using the alphabet {a}, it is trivial to find languages L,,
and L,, for any m and n such that nsc(L,,) = m, nsc(L,) = n, and nsc(L,,L,) =
m +n — 1. Simply let L; = {a~'} for all i. Since nsc(L;) = i for all 4, and
L,L; = Li1;_4, the result follows. This was shown independently by Holzer and
Kutrib [11]. However, this leaves a gap (of size 1) between our upper and lower

bounds. Therefore, we have the following open problem:

Open Problem 1 Do there exist integers m and n, and unary languages L,, and

L,, such that:
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e nsc(L,) =n, and

e nsc(Lp,Ly,) =m+n?

4.4.4 Kleene Closure

Theorem 16 Suppose L is a reqular language with nondeterministic state com-

plexity n. Then nsc(L*) <n + 1.

Proof:
In order to see that the bound is correct, consider the following construction:
Suppose that M is an NFA that accepts L. Then, modify M to create an
NFA-e¢ M’ as follows: simply add e-transitions from each final state of M
to the start state. Also, add a new final state ¢’ with an epsilon transition
from ¢ to ¢’ (this ensures that M’ accepts the empty string). Then M’ is the

required NFA—¢ that accepts L*. g

In fact, as shown by Holzer and Kutrib [11], this bound is tight, even in the unary

case.

Theorem 17 (Holzer & Kutrib, [11]) For each n > 2, the unary language
L, = {ak : k=n—1 (mod n)} has nondeterministic state complexity n, but

nsc(Lf)=n+1.
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4.4.5 Reversal

Theorem 18 Suppose L is a reqular language with nondeterministic state com-

plezity n. Then nsc(Lf?) <m + 1.

Proof:
Suppose M = (Q,X,0, g, F') is a minimal NFA for L. Intuitively, we can
modify M by adding an additional state gy, , reversing each transition in
M, and adding e-transitions from ¢, to each final state. Then, let the

“old” start state be the only final state, and let ¢,.,, be the start state.

Formally, let @' = Q U {guew} and for each [¢,a] € Q X ¥ let §'(¢,a) =
{¢ : ¢€é(¢,a)}. Furthermore, let §'(¢new,€) = F and for each a € ¥ let
8 (Gnew, @) = 0. Then, M" = (Q',X,8, ¢uew, {q0}) is an NFA—€ with m + 1

states that accepts L. This establishes the bound.

This result was also shown independently by Holzer and Kutrib [10]. Addition-
ally, they showed that the bound is tight for languages over an alphabet of size

greater than or equal to 3:

Theorem 19 (Holzer & Kutrib [10]) The bound in Theorem 18 is tight.
Specifically, for every k > 1, if Ly = a*(a*)*(b* + ¢*) then nsc(Ly) = k + 3,
and nsc(LkR) =k+4.

In fact, a small modification of the above example shows that the bound is tight

for languages over a two-letter alphabet.
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Corollary 20 For each k > 1, let Ly, = a*(a*+)*((bb)* + (bbb)*). Then nsc(Ly) =
k+6 and nsc(LkR) =k+7.

In the unary case, this problem becomes trivial. If w is a unary word, then

w = wl. So, if L is a unary language, then L = L* and so nsc(L) = nsc(L%).

4.4.6 Complementation

Note that the subset construction (see Hopcroft & Ullman [12]) allows us to convert
an NFA of size n to an equivalent DFA of size 2". Also, a DFA M = (Q, X, 6, ¢, F)
may be complemented by replacing F' with ) — F. Since a DFA is just a special

case of an NFA| the following is a trivial upper bound:

Theorem 21 Let L be a reqular language with nondeterministic state complexity

n. Then nsc(L) < 2".

Although this bound seems quite large, it turns out that it is the best possible.
Sakoda & Sipser [22] showed that for each n, there is a language L, such that
nsc(L,) = n and nsc(L,) = 2". However, they did not use a fixed alphabet to
accomplish this. In fact, each L, was over a different alphabet ¥, of size 2.
Birget [3] published a result which claimed that, for each n, there exists a
regular language L,, over an alphabet of size 3 such that L,, is accepted by an NFA
of size n, but the smallest NFA that accepts L, has size 2". However, this result
was incorrect. Birget [4] corrected this error. The following theorem contains the

corrected result:

Theorem 22 (Birget [3, 4]) There is a fized alphabet & of size 4 such that, for

each n, there is a regular language L, with nsc(L,) = n and nsc(L,) = 2".
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Proof:

1

Our alphabet will contain four letters: «, 3, v, and v7*. Intuitively, o, 3,

and v represent functions from {1,2,...,n} to {1,2,...,n}, as follows:

e « is the permutation (1,2,...,n),
e /3 is the transposition (1,2), and

e v maps both 1 and 2 to 1, and acts as the identity function on everything

else.

Taken together, the set {«, 3,7} is a generating set for all total func-
tions from {1,2,...,n} to {1,2,...,n}. That is, for any total function
fA{1r2,....n} = {1,2,....n}, f = f1 - fo- ... fr for some k, with each

fi € {0@677}‘

Note that the inverses of o and 3 are functions themselves, and are thus
generated by {a,3,7}. In fact, ™! = o' and S~!' = 3. The inverse
of v 1s not, however, a function, and so it is included as the fourth letter
in 3. Furthermore, we may treat o, /3, 7, and y~' as functions that map
{1,2,...,n} to 2{82--n} (Note that the range of a, 3 and v will be the set

of singletons in 2{12--n}),

Suppose f € ¥*. Then f = fif,... fi with each f; € ¥. So we can allow f to

represent the function fi- f—i-...- fi which maps {1,2,...,n} to 2{1:2--n},

We are now ready to define L, over the alphabet ¥. A word (function)
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fisin L, if and only if 2 € f(1). First, we will construct an NFA M =
(Q,%,9, qo, F') of size n which accepts L,,. First, we willset @ = {1,2,...,n}.
For each ¢ € @, and each f € X, set 6(i, f) = f(i). Finally, 1 will be the
start state and 2 will be the lone final state. It is easy to see that there is a
path from 1 to 2 in M on input f if and only if 2 € f(1). So M is an n—state

NFA which accepts L,.

To see that any NFA accepting L, requires at least 2" states, we will use
Lemma 12. For each subset S of {1,2,...,n}, we will choose a pair of words

(fs,hs) from ¥* so that the following conditions hold:

d fS(]-) = Sv
e foreach i € S, hs(i) = {2}, and

e foreach i ¢ S, hs(i) = {1}.

To see that such fs and hg exist for each S, note that hg is simply a total
function whose domain is {1, 2,...,n} and whose range is {1,2}. Therefore,

it is generated by {a, 3,~} and is in ¥*.

Although fs is not a function, it is the inverse of a function. In fact, setting fs
to be the inverse of hg yields the desired property that fs(1) = S. Therefore,
fs is generated by {a™!, 37!, 471}, and thus is in ©* (Recall that ™! and

p~1 are generated by a and j respectively).

Since there are 2" different subsets S of {1,2,...,n}, it is only left to show

35
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that the words (fs,hs) satisfy the requirements of Lemma 12. First, note
that hs(fs(1)) = {1} and so fshs € L,,. Now, consider two different subsets
S and Z of {1,2,...,n}, and let ¢ be in the symmetric difference of S and
Z. Ifie SNZ, theni € fs(1) and hz(i) = {2}. So 2 € hz(fs(1)) and
so fshy € L,. Otherwise, i € ZN S, so fzhs € L,. Thus, we see that at
least one of fshy and fzhg are in L, and thus not in L,,, and so any NFA

accepting L,, must have at least 2" states, as desired. g

The question of whether we can achieve the same result (an increase from n to
2™) over a smaller alphabet is currently open. However, using a two-letter alphabet,
we can achieve an increase of O(n) to 2" in nondeterministic state complexity when

complementing a regular language.

Theorem 23 For each n, there exists a language L, over a two-letter alphabet

such that nsc(L,) = O(n) and nsc(L,) > 2".

Proof:
Let L, = (a4 b)*(a(a 4+ )" 'a + b(a + b)""'b)(a + b)*. So a word z is in
L, if and only if «[:] = x[¢ + n| for some ¢. Since we have given a regular
expression of size O(n) for L,, it must be that nsc(L,) € O(n) (see Theorem

27).

To show that nsc(L,) > 2", we use Lemma 12. For each ¢ with 1 <1 <27,
let w; represent the ith word (in lexicographical order) of length n over the
alphabet {a,b}. Also, let z; represent the complement of w;, that is, the

image of w; under the mapping {a + b; b+ a}. Clearly z;w; € L,, for each
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i, since w;[k] # x;[k] = (w;z;)[k + n] for all k with 1 < k < n. Furthermore,
if 1 # j, then w;[k] = x;[k] for some k, that is, w;[k] = (w;x;)[k + n]. Thus,

by Lemma 12, nsc(L,) > 2", as desired. g

Holzer and Kutrib [10] showed a stronger version of this result. They showed that
for each n > 2 there exists an n—state NFA M,, over a two—letter alphabet such that
any NFA which accepts the complement of L(M,,) requires at least 2"~2 states.

In the unary case, we have a better bound. Recall Theorem 10, which states
that if M is a unary NFA of size n accepting a language L, then the minimal DFA
for L has size no more than O(F(n)). (See Section 4.2.1 for a discussion of F(n).)
Therefore, since DFAs can be complemented with no increase in size, we have the

following bound:

Theorem 24 If L is a unary reqular language with nondeterministic state com-

plexity n, then nsc(L) = O(F(n)).

In fact, Holzer and Kutrib [11] show that this bound is, in fact, the best that we

can do.

Theorem 25 (Holzer & Kutrib [10]) For any n > 1 there exists a unary n—
state NFA M such that the nondeterministic state complexity of the complement of
L(M) is F(n—1).

4.4.7 Quotients

In the unary case, we have tight bounds on the state complexities of the left and

right quotients of a language. In the general case, we have a tight bound for the
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right quotient.

Theorem 26 Let L be a reqular language over X, and let w be a word in X*. Then:
(a) nsc(Lw™') < nsc(L).

Also, if ¥ is a unary alphabet, then
(5) nse(w ) < nse(L),

Otherwise,
(¢) nsc(w L) <mnsc(L)+1.

Furthermore, the bounds in (a) and (b) are tight.

Proof:
Suppose nsc(L) = n. Let M = (Q,%,6,q, F') be a minimal NFA for L.
Let F' = {qeQ: 6*(¢q,w)NF #0}. That is, F' is the set of all states ¢
from which there is a path labelled w that leads to some final state. Then
M =(Q,X,6, q, F') accepts Lw™', and |M’'| = |M| = n. This establishes
the bound in (a). Since Lw™ = w™L in the unary case, this also establishes

the bound in (b).

To establish the bound in part (¢), let @' = Q U {¢'} for some new state

q ¢ Q. Define ¢ as follows:

§'(q,a) = 6(q,a)VqeQ, a€X;
§'(¢'ya) = O Vae;

§'(q',e) = §(qo,w).
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Then M' = (Q',%,d, ¢, F) is an NFA—¢ which accepts w™'L, and |M'| =
|M| +1 =mn+ 1. This establishes the bound in (c).

To see that the bounds in (a) and (b) are tight (even in the unary case), simply
let L, = {x: |¢| =0 (mod n)}. Then, clearly, L, has nondeterministic
state complexity n, and L,w™ = w 'L, = {z: |z| = —k (mod n)} (where
|w| = k). Thus, L,w™" also has nondeterministic state complexity n, and

the bounds are tight.

However, we do not know if the bound in part (c¢) of the above theorem is tight.

Open Problem 2 Is the bound in Theorem 26, part (c) tight? That is, does there
exist an alphabet ¥, a reqular language L C ¥*, and a word w € ¥* such that
nsc(w L) =nsc(L)+ 17



Chapter 5

Regular Expression Size

In this section we will look at another, and perhaps more intuitive, way of specifying
regular languages: regular expressions. We will study the size of the smallest regular
expression that specifies a regular language. We will examine how this complexity
measure compares to state complexity (both deterministic and nondeterministic),
and what effect the application of certain regularity-preserving operations has on

minimal regular expression size.

5.1 Definitions

A regular expression is a standard way of specifying a regular language. Regu-
lar expressions can be defined recursively. Suppose we wish to specify a regular
language over Y. Then, () and € are regular expressions, specifying the regular lan-
guages () and {e} respectively. Furthermore, for any a € ¥, a is a regular expression

specifying the language {a}. Now, suppose that r; and r, are regular expressions,
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specifying the regular languages L; and Ly respectively. Then, (r1) + (r2) is a reg-
ular expression that specifies Ly U Ly. Also, (r1)(r2) is a regular expression that
specifies Ly Ly. Finally, (r1)* is a regular expression that specifies L. Note that the
parentheses may be omitted if they are superfluous. For example, to specify the
language containing the single word ab, we may simply use the regular expression
“ab” rather than “(a)(b)” (although both would be acceptable). In the absence
of parentheses, our “order of operations” has Kleene closure (star) binding most
closely, followed by concatenation, followed by the union operator. Thus, the reg-
ular expression “ab 4 ¢d*” is equivalent to “(ab) 4+ (¢(d*)). We will refer to the
language specified by the regular expression r as L(r). Furthermore, as shown in
Hopcroft & Ullman [12, Theorem 2.3], every regular language can be specified by
a regular expression.

There are many ways to measure the complexity of a regular expression. For
example, Ehrenfeucht and Zeiger [8] studied the size, star height, width, and width
of regular expressions. We will use the size of, or number of alphabetic symbols in,
a regular expression r (denoted by |r|) to measure its complexity. For example, the
regular expressions abab and (a*ba)*b both have size 4. This measure was chosen
because it is intuitively similar to the state complexity of a finite automaton.

A regular expression will be referred to as minimal if it is minimal with respect
to size, that is, if there is no regular expression of smaller size that specifies the
same language. The size of a regular language L, denoted by size(L), refers to the

size of a minimal regular expression for L.
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5.2 Regular Expressions and Finite Automata

Regular expressions give us a fundamentally different way of representing regu-
lar languages than (deterministic or nondeterministic) finite automata. Therefore,
we will consider the problem of converting from a regular expression to a finite
automaton, and vice versa.

One of the reasons that we choose to measure the complexity of a regular ex-
pression by its size (as opposed to some other measure) is its similarity to state
complexity, particularly, nondeterministic state complexity. Intuitively, a regular
expression is easily transformed into an NFA. In fact, nondeterministic state com-

plexity gives us a lower bound on regular expression size.

Theorem 27 (Leiss [16]) Suppose that L is a reqular language over an alphabet

Y. Then nsc(L) <size(L) + 1, and this bound is tight, even in the unary case.

Proof:
First, define an NFA to be non—returning if there are no transitions leading
to the start state. We will prove inductively that, for every regular expression
r of size n, there there is a non—returning NFA—e M, of size n+1 that accepts
L(r). Since M, can be converted to an NFA with no increase in the number

of states, this is sufficient to prove our claim.

We will proceed by induction on the number of operations (union, concate-
nation, and Kleene closure) used in the construction of r. In the base case,
there are no operations used, and so r = @) or r = a for some a € 3. If r = (),

then |r| = 0 and M, is simply a single state (which is designated as the start
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state) with no transitions, and no final states. So, |M,| =1 = |r| + 1 as
desired. If r = a for some a € ¥, then |r| = 1 and M, consists of two states:

a start state gp and a final state ¢;, with a single transition from ¢y to ¢; on

input a. Clearly, L(M,) = {a} = L(r) and |M,| =2 = |r| + 1 as desired.

For the inductive step, we must consider the operations of union, concate-
nation, and Kleene closure. First, consider the union operation. Suppose
that r = s +¢. So |r| = |s| + |t|. Suppose that M, = (Qs, %, ds, ¢s, Fs) and
M, = (Qu, 2, 6, qi, Fy). We can assume without loss of generality neither @,
nor (); contain a state labelled ¢g, and also that @}, and @, are disjoint. Since
M, and M, are non—returning, there are no transitions leading to g, or ¢, so
we can construct M, as follows: Basically, we want to perform the usual union
construction, except that we can “merge” the two start states (since our orig-
inal NFAs are non-returning). Formally, define @ = (Q;UQ:U{q})—{¢s, a:}
and F' = (F; U F;). Also, for each a € ¥ U {e}, define § as follows:

55((]7 Cl), when q¢€ Qs;
6(g,a) = de(q,a), when g € Qy;

5,(qes @) Udi(gry @) when ¢ = .

Then M, = (Q,X,6,qo, F') accepts L(s +t) and |M,| = |M| + | M| — 1 =

|s|]+ 1+ t|+1—1=|s+t|+1 as desired.

For concatenation, we can use a similar idea. If r = st with M, =

(Qs,%,0s,¢s, Fis) and My = (Q1, %, 6, qi, Fy), (with the usual assumption
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that @, and @, are disjoint) then we can perform the usual construction
for concatenation, except that, since M; is non—returning, there are no tran-

sitions leading into ¢ and so we can remove that state. Formally, define

Q=0Q:;UQ; —{q} and F = F,. For each a € ¥ U {e}, define § as follows:

58((]7a)7 WheIl q S Qs - Fsa
5((]’ a) = 55((]7 Cl) U 5t(qt7 Cl), when q €< Fs;
di(g, a), when ¢ € Qy;

Then M, = (Q,%,0,q, F') accepts L(st) and |M,| = |M,| 4+ |[M;| — 1 =

|s|] + 1+ [t|+1—1=|st| +1 as desired.

Finally, for Kleene closure, suppose that r = s* with M, = (Q,, ¥, d5, ¢s, Fs).
Then for each a € ¥ U {e}, define § as follows:

ds(q, a), when g € (), — F};

ds(q,a) U ds(gs,a), when ¢q € Fy;

Then M, = (Qs,X,6,¢s, Fs) is a non-—returning NFA—e that accepts L(s*)
and |M,| = | M| = |s| + 1 as desired.

Therefore, for any regular expression r, there is a non-returning NFA—e M,
that accepts L(r) and has size |r| + 1. Thus, there also exists an NFA of size
|r| + 1 that accepts L(r). Therefore, if L is a regular language, nsc(L) <

size(L) + 1, as desired.
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To see that the bound is tight, even in the unary case, simply choose some
arbitrary n and let w be a word of length n. Then if L = {w}, it is clear that

size(L) =n and nsc(L) =n+ 1. g

Corollary 28 For any n > 0, the reqular expression (a™)* is minimal.

Proof:
First, define L, to be the language specified by the regular expression (a™)*.
This result is similar to Holzer & Kutrib’s result [11, Lemma 2] that the

nondeterministic state complexity of L,, is n.

From the previous theorem, we know that if L, is specified by a regular
expression of size k, it is accepted by a non-returning NFA—e of size k + 1.
So, it is sufficient to show that any non—returning NFA—e that accepts L,

requires n + 1 states.

Suppose M = (Q,{a},d, qo, F) is a non-returning NFA—e that accepts L,,.
Since a™ € L,, there must be a sequence of states (qo,q1,...,¢s) such that
gn € F and ¢;41 € 6*(¢i,a) for each 0 < i < n — 1. It is sufficient to show

that these n + 1 states must all be unique.

First, note that since M is non-returning, it is not possible that ¢; = ¢o for
any ¢ > 0. Now, choose ¢ and j arbitrarily with 0 < 72 < 7 < n. Note that
j=i+kfor 0 <k<mn. Also,q € §*(q,a') and g, € 6*(¢;,a"™7). If ¢; = ¢,
then g, € 8 (qo, a’*"7), that is, a'T" 7 = ¢itn=(+k) = gn=k ¢ [ which is a

contradiction, since 0 < k < n. Thus, ¢; # ¢;, and since ¢ and j were chosen
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arbitrarily, we can conclude that each ¢; € (g, q1,-..,¢s) is unique, and so

M requires n + 1 states. g

Although a regular expression can be transformed into an NFA with only an
increase in size of an additive constant, the reverse is probably not true. Although
we do not have a tight bound for this conversion, our best upper bound is expo-
nential. This bound follows from an algorithm for converting a finite automaton to

a regular expression, due to McNaughton and Yamada [18].

Theorem 29 (Ellul, Shallit, & Wang [9]) If M = (Q,X,0,q, F) is an finite
automaton (deterministic or nondeterministic) of size n, and |Z| = k, then there

is a reqular expression r of size at most nk4™ that accepts L(M).

Although this is currently the best upper bound that is known, we do not have a
matching lower bound. In fact, no non-trivial lower bounds are known. Ehrenfeucht
and Zeiger [8] give examples of n—state finite automata that require exponentially
large regular expressions, but their examples do not use a fixed alphabet. In fact,
the alphabets that they use grow quadratically with n. Therefore, the following is

currently an open problem:

Open Problem 3 Does there exist a constant ¢ > 0 such that, for arbitrarily large

values of n, there exists a finite automaton M with |M| = n and size(L(M,)) > 2 ¢

In the unary case, we can get a better bound for both deterministic and nondeter-

ministic state complexity.
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Theorem 30 (Ellul, Shallit, & Wang [9]) If L is a unary regular language with
sc(L) = n, then size(L) = O(n). Furthermore, this bound is asymptotically tight,
that s, for each n there is a regular language L, with state complexity n and size

Theorem 31 (Ellul, Shallit, & Wang [9]) If L is a unary regular language with

nondeterministic state complexity n, then size(L) < 2n* + 4n.

Proof:
A unary NFA M = (Q,{a},d, qo, F) is said to be in Chrobak normal form
if @ is the disjoint union of Qr (the “tail”) and Q¢ (the “cycles”) where
Qr = {q,q,.-- a}, (g, a) = ¢4 for each i < k, and Q7 is a disjoint
union of cycles with exactly one transition from ¢, to some state in each

cycle. For an example of an NFA in Chrobak normal form, see Figure 5.1

Chrobak [5] showed that any n-state unary NFA M may be converted into
an equivalent NFA M’ in Chrobak normal form such that the “tail” of M’
has size at most n? 4+ n, and the cycles of M’ use a total of n states. Our

bound follows directly from this. g

5.3 Operations on Regular Languages

As was the case with state complexity, we have simple tight bounds on the increase

in regular expression size when these operations are applied.
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Figure 5.1: A nondeterministic finite automaton in Chrobak normal form.

5.3.1 Union

Theorem 32 Suppose Ly and Ly are regular languages with minimal reqular ex-
pressions r1 and ry of sizes m and n respectively. Then size(Ly U Ly) < m+n, and

this bound s tight.

Proof:
To establish the bound, consider the regular expression r = ry + ry. Clearly

L(r) = Ly U Ly and size(r) = m + n.

To see that the bound is tight, choose m and n arbitrarily, and consider
the singleton regular languages L; = {¢™} and Ly, = {b"}. Clearly these

languages have minimal regular expressions a™ and b" respectively, and a
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minimal regular expression for Ly U Ly is ™ + b". Thus, the bound is tight.

O

In fact, this bound is also tight in the unary case. This is a direct result of the

tightness of the same bound for nondeterministic state complexity.

Theorem 33 For each i, let r; = (a')*, and let L; = L(r;). Then r; is the minimal
reqular expression for L; (so size(L;) = |r;| = i) and for any choices of m,n such
that m is neither a multiple nor o divisor of n, size(L,, U L,) = m + n. Thus the

bound in Theorem 32 is tight, even in the unary case.

Proof:

The fact that r; is minimal for L; follows directly from Corollary 28.

To see that size(L,, U L,,) = m + n, note that Holzer & Kutrib [11, Theorem
4] showed that any NFA accepting L,, U L, requires m + n + 1 states, so
long as m is neither a divisor or a multiple of n. Therefore, by Theorem 27,
(a™)* 4+ (a™)* is a minimal regular expression, and so size(L,, U L,) = m +n

as desired. g

5.3.2 Concatenation

Theorem 34 Suppose Ly and Ly are regular languages with minimal reqular ex-
pressions r1 and ro of sizes m and n respectively. Then size(L1Ly) < m +n, and

this bound s tight, even in the unary case.



CHAPTER 5. REGULAR EXPRESSION SIZE 50

Proof:
To establish the bound, notice that the regular expression riry specifies Ly Ly

and has size m + n.

To see that the bound is tight, choose m and n arbitrarily, and consider the
singleton regular languages L; = {a™} and L, = {a"}. These languages have
minimal regular expressions a™ and a” respectively, and a minimal regular
expression for L;L, is ™. Thus, the bound is tight, even in the unary

case.

5.3.3 Kleene Closure

Theorem 35 Suppose L is a regular language with a minimal reqular expression r

of size n. Then size(L*) < n, and this bound is tight, even in the unary case.

Proof:

A regular expression for L™ is r*, so the bound is correct.

Choose an arbitrary n. Then let L = (a™)*. By Corollary 28, size(L) = n,
and, since L = L* it is also true that size(L*) = n. Thus, the bound is tight,

even in the unary case. g

5.3.4 Reversal

Theorem 36 Suppose L is a reqular language over any alphabet. Then size(L) =
size( LT).
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Proof:
Suppose r is the minimal regular expression for L. We will show that there is
some regular expression rt such that || = |r| and L(rf) = L(r)®. This will
establish that size( L?) < size(L). However, by the symmetry of the reversal
operation (ie, (L®)® = L) this also implies that size(L) > size( L) and so

size(L) = size( L"), which is our desired result.

In order to achieve this, we can simply let »® be the reversal of ». To be
more formal, we will use induction. First, consider the case where r = a for
some a € X, or 7 = ¢, or 7 = (). In each of these cases, L(r) = (L(r))® and

so taking rf® = r achieves the desired result.

For the inductive step, there are 3 cases:

e If r = r; 4+, for some regular expressions ry and 7y, then rf = rf” + rf”.

R _ .R.R

o If r = ryry for some regular expressions ry and ry, then r rart.

o If r = (r))* for some regular expression ry, then rft = (rf)*.

In each case, it is clear that L(r®) = (L(r))%, which gives us the desired

result. o

5.3.5 Complementation

In the unary case, we have a good bound on the increase in regular expression size

when complementing a regular language. As was the case with nondeterministic
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state complexity in the unary case, we will need the function F(n) for our analysis

(see Section 4.2.1 for a detailed description of this function).

Theorem 37 (Ellul, Shallit, & Wang [9]) If L is a unary language that is spec-

ified by a regular expression r of size n, then size(L) € O(F(n+1)).

Proof:
Since size(L) < n, it follows from Theorem 27 that nsc(L) < n+1. Therefore,
by Theorem 10, sc(L) € O(F(n + 1)). Note that sc(L) = sc(L), since we can
complement a DFA by interchanging final and non—final states, and so by

Theorem 30 size(L) € O(F(n 4+ 1)) as desired. g

In fact, this bound is asymptotically tight.

Theorem 38 (Ellul, Shallit, & Wang [9]) There are arbitrarily large integers

n for which there exists a reqular languages L, of size O(n) with size(L) € Q(F(n)).

In the general, non—unary case, we have a large gap between the best known
upper and lower bounds on the increase in size when complementing a regular

language. In fact, our best upper bound is doubly exponential:

Theorem 39 (Ellul, Shallit, & Wang [9]) There exists a constant ¢ such that
for every regular language L over a fized alphabet ¥ of size k, if size(L) = n, then

size(L) < ¢".
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Proof:

Since size(L) = n, it follows from Theorem 27 that nsc(L) < n + 1. So, by

Theorem 7, sc(L) < 2"t!. Therefore, since sc(L) = sc(L), by Theorem 29,
size(L) < nk4?"™ where k is the size of the alphabet. This is sufficient to

show that the bound is correct, since:

nk4?t = nk(22)2n+1
= nk2'C@")
S k22"24(2")
= k2°")

= k327"

IA

(32k)%".

Thus, the bound holds, with ¢ < 32k. g

It seems unlikely that this bound is achievable. However, complementation can

cause an exponential increase in minimum regular expression size:

Theorem 40 (Ellul, Shallit, & Wang [9]) For each n, let L,, C {a,b}" be the

regular language {w : i wli] = w[i + n] = a}. Then:
(a) size(L,) <2n+4, and

(b) size(L,) >2" —1.
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Proof:
L, is specified by the regular expression (a + b)*a(a + b)"'a(a + b)*. Thus,

the bound in part (a) is satisfied.

For part (b), we will use Lemma 12 to find a lower bound on the nondeter-
ministic state complexity of L,. For a word w € {a,b}", we will denote its

image under the morphism {a« — b; b — a} by w.

Let S be the set of ordered pairs {(w,w) : w € {a,b}"} Note that ww € L,,

for each w € {a,b}", since (ww)[i] # (ww)[i + n] for each 1 <i < n.

Now, suppose that z,y € {a,b}" with @ # y. Then z[i] # y[i] for some
1 <i < n. Soz[i] =7 and y[i] = z[7]. If z[i] = y[i] = a then 2y € L.
Otherwise, y[i] = Z[i] = @ and yT € L. So, the premises for Lemma 12 are
satisfied, and nsc(L) > 2". Therefore, by Theorem 27, size(L) > 2" — 1, as

desired.

The large gap between the upper and lower bounds leads to the following open

problem:

Open Problem 4 What is the (asymptotically) largest function f(n) such that,

for arbitrarily large values of n, there exists a regular language L, with:
(a) size(L,) <n, and

(b) size(Ly) € Q(f(n))?
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5.3.6 Intersection

In the unary case, we can use our nondeterministic state complexity results to get
a bound on the increase in regular expression size when taking the intersection of

two regular languages.

Theorem 41 (Ellul, Shallit, & Wang [9]) Suppose that L and Ly are unary

reqular languages of size m and n respectively. Then size(Ly; N Ly) € O((mn)?).

However, we do not know if this bound is tight.

Open Problem 5 Does there exist a constant ¢ > 0 such that, for arbitrarily large
values of m and n, there exist unary reqular languages Ly and Ly of size m and n

respectively, such that size(L; N Ly) > ¢(mn)*?
In the non—unary case, our bound is different.

Theorem 42 (Ellul, Shallit, & Wang [9]) There is a constant ¢ such that, for
all regular languages Ly and Lo, if size(L1) = m and size(Lz) = n, then size(L; N

LZ) < c(m—l—l)(n—l—l).
However, we do not know if this bound is tight.

Open Problem 6 Does there exist a constant ¢ > 0 such that, for arbitrarily large
values of m and n, there exist unary reqular languages Ly and Ly of size m and n

respectively, such that size(L; N Ly) > 2™ ¢



CHAPTER 5. REGULAR EXPRESSION SIZE 36

5.3.7 Quotients

Theorem 43 Let v be a reqular expression of size n that specifies a language L

over ¥, and let w be a word in X*. Then:
(a) size(Lw™") € 2909 and
(b) size(w™'L) € 200,
Proof:
By Theorem 27, nsc(L) < n + 1. So, by Theorem 26, nsc(Lw™') < n + 1,

and nsc(w™'L) < n + 2. Thus, by Theorem 29, there are regular expressions

r" and " specifying Lw™! and w™' L respectively, with:

(a) |r'] < |Z|(n+ 1)4"*t € 20(”), and

(b) [ < [Z|(n 4 2)47+2 € 290,
as desired. g

However, we do not know if these bounds are tight.

Open Problem 7 Does there exist a constant ¢ > 0 such that, for arbitrarily
large values of n, there exists a reqular language L of size n and a word w such that

size(Lw™t) > 2 ¢

Open Problem 8 Does there exist a constant ¢ > 0 such that, for arbitrarily
large values of n, there exists a reqular language L of size n and a word w such that

size(w™ L) > 2 ¢



Chapter 6

Radius

So far, we have studied both deterministic and nondeterministic finite automata,
as well as regular expressions. In each case, we were concerned with the size of the
smallest representation of a regular language.

In this chapter, we will study the radius of a regular language, which is a
measure of the shape of a finite automaton that accepts it, rather than its size. We
will examine how radius is related to other measures of descriptional complexity,
and we will give bounds on the increase in radius when certain regularity-preserving

operations are applied.

6.1 Definitions

For every state ¢ in a finite automaton M = (Q, X, 6, o, F), we define the depth of

q, denoted by depth(q), to be the (graph—theoretic) distance from the start state

37
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to ¢q. Formally, if M is a DFA, then

depth(q) = min {|z| : 6" (g0, ) = ¢} ,

otherwise, if M is an NFA,

depth(g) = min {|] : ¢ € 8"(qo, 2)} .

If ¢ is not reachable from ¢o then we define depth(g) to be infinite.

We are now ready to define the radius of a finite automaton. It should be noted
that this concept is not the same as the graph—theoretic concept of radius. Infor-
mally, we may consider the start state of a finite automaton to be the “center” of
the automaton, and so the “radius” of this automaton is the distance from the start
state to the point that is furthest away. Formally, if M = (Q, X, 9, qo, F') is a finite
automaton, then the radius of M, denoted by rad(M), is max {depth(q) : ¢ € Q}.
For example, the radius of the NFA in Figure 6.1 is 1. In this example, the depth
of the start state is 0, and the depth of each of the other two states in 1. Therefore,
the radius of the NFA is 1. We can extend this to define the radius of a regular
language, which is simply the minimum radius of all DFAs which accept that lan-
guage. Formally, if L is a regular language, then the radius of L, is denoted by
rad(L), and is equal to min{rad(M): L(M) =L, M € DFA}.
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Figure 6.2: The minimal DFAs M and N
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6.2 Minimal DFAs

It should be noted that radius and state complexity are two completely different
measures. It is possible to have two minimal DFAs M and N with |M| < |N| but
rad(M) > rad(N). For example, see Figure 6.2 on the previous page. N is the
minimal DFA for the language aa 4+ aba™ + bbb*, and M is the minimal DFA for the
language ((a@ + b)*)*. N has radius 2 and size 7, while M has radius 4 and size 5.
Therefore, it is not true that |M| < |N| = rad(M) < rad(N), even if M and N
are minimal. However, despite this fact, it is true that, for any regular language L,

the minimal DFA for L is also a DFA of minimum radius for L.

Theorem 44 Suppose L is a regular language with minimal DFA M. Then
rad(L) = rad(M).

Proof:
Consider an arbitrary regular language L whose minimal DFA is M =

(Q.%,9, qo, F'). Suppose that rad(M) = n. Then clearly rad(L) < n.

Since rad(M) = n, there is some state gmqr € @ of depth n. Thus, there is
some word x of length n such that 6*(go, ®) = ¢mas. Additionally, whenever
(g0, W) = @max, it must be that |w| > |z|. Thus, in the computation on
input x, each state in the path from ¢g to ¢pae 1s visited only once, otherwise

we could remove the loop and find a shorter word leading to ¢qz-

Now, let x[; x signify the first & letters of z. Since each state in the path

from ¢ to ¢mae o0 input x was visited only once, we have that §*(qo, zp1.4) #
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6*(qo, xp1.5)) for @ # j. So, since M is a minimal DFA for L, the words
rp., and xp ;) must lie in different equivalence classes under the standard

Myhill-Nerode equivalence relation.

Let M" = (Q',%,d, ¢}, F') be a DFA that accepts L. Then 6" (q(, zp1.q) #
8" (gh, xp1.z) when 1 <17 < j < n. So the path in M’ from ¢} to 6"*(¢,,z) on
input @ does not visit the same state twice, and so depth(6 (¢}, z)) = |z| = n.

Thus rad(M’) > n and so rad(L) > n.

Therefore rad(L) = n =rad(M). o

6.3 State Complexity

Since the minimal DFA for a regular language is also the DFA of minimum radius
for that language, there are tight upper and lower bounds relating state complexity

to radius.

Theorem 45 For a regular language L over an alphabet ¥, where |X| = k > 2:

krad(L)-I—l -1

rad(L) +1 <sc(L) < T

and, in fact, these bounds are tight.
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Proof:
Let L be an arbitrary regular language of radius n, and M = (@, %, 4, qo, F)
be the minimal DFA for L. Then, by Theorem 44, M also has radius n. So,
there is some state ¢ € @ such that depth(gq) = n, that is, the shortest path
from the start state to ¢ has length n. Therefore, the DFA must contain at
least n + 1 states (since a path of length n has n edges and n 4+ 1 nodes).

Thus, sc(L) — 1 is an upper bound on rad(L).

Since M has radius n, every state in M has a depth of no more than n.
However, since M is a DFA and therefore, by definition, complete, each state
in M has outdegree equal to k = ||, there can be at most 7% distinct paths
of length 7, and therefore there can be at most 7% distinct states of depth i.
So, since each state has depth less than or equal to n, the total number of

states can be no more than:

n ik:kn-l—l_l
E—1

=0
Thus, the lower bound on sc(L) holds as well.
It remains to be shown that the bounds are tight. Consider arbitrary nat-
ural numbers k& and n. Let ¥ = {0,1,...,k—1}. It is sufficient to show

that, given any such k and n, regular languages Ly and Ly over ¥ can be

constructed such that:

1. rad(Ly) = rad(Ly) = n,
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2. sc(Ly) =n+1, and

3. sc(Ly) = kn,:_ll_l.

Figure 6.3: The minimal DFA for L,.

Define Ly = {x € ¥* : |2| > n}. Since z is the only word in L, it is clear
that the DFA shown in Figure 6.3 is minimal for Ly. So, the radius of L; is

n, and the state complexity of Ly is n + 1, as desired.

Now let wy,wy, ..., wgn represent the k™ words of length n over ¥, in lexi-
cographic order. Let Ly be the language {w;z : x € ¥* 1 4 |z| > k" }. Define
the DFA M, = (Q, X, 0, qo, F') as follows:

Q = {a:yez="};

Gas when |z| < n;
Va € ¥, 0(qzya) =

Quiy,»  Wwhen |z] = n and so z = w; for some 1;

G = 4e

Fo= {qum}-
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Figure 6.4: A transition diagram for M, with £ =2 and n = 3.

A transition diagram for this DFA with k£ = 2 and n = 3 is given in Figure 6.4.
The language accepted by Ms is clearly Ljy; however, it remains to be shown
that M, is the minimal DFA for L,. It is sufficient to show that any two
distinct words zq, z9 of length less than or equal to n lie in different Myhill-

Nerode equivalence classes.

There are two cases to consider: either the lengths of z; and z, are the same,
or they are different. Suppose first that both words have the same length [,

which is less than or equal to n. Let ¢ € ¥. Since z; and z, are different,

l l

" are also different words, both of length n. So, z;a"™" = w;

z1a" " and zpa™"

and zya"~! = w; for some ¢ # j. Assume without loss of generality that ¢ < j.

n_; _ n_; .« . n_; _ n_; . .
Then w;a*® =" = 2;a" %"~ is in L,, but wjak U= 2q" R =1 g not in L.
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So, z; and z3 lie in different equivalence classes.

It is only left to show that if z; and zy are of different lengths (less than
or equal to n), then they lie in different equivalence classes. First, note the
following property of Ly: For any word x with |z| > n, and for any words y;
and yy; with |y1] = |y2|, 2y1 and a2y, lie in the same equivalence class. That
is, if two words of the same length agree on their first n symbols, they are in

the same equivalence class.

Now, assume that z; and z are of different lengths [ and m, both less than
or equal to n. Assume without loss of generality that [ < m < n. Now, let

and b be distinct members of ¥. Consider the following words:

I n—m
1 = da 5
m—I
To = a 5
T3 = bm—l
Note that |z1zq| = |z123] = n — 1. So, z12 29 and 212123 are different words

of length n, and thus (as shown above) lie in different equivalence classes.

Finally, note that zyxyxy and z9xyx3 have the same length, and agree on
the first n symbols (z221). Therefore, they lie in the same equivalence class.
So, when the strings x;z9 and x5 are appended to zy, they produce words
in different equivalence classes. But, when they are appended to z, they
produce words in the same equivalence class. Thus, z; and z; must lie in

different equivalence classes, and so M, is the minimal DFA for L,. Therefore,
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krtl—1
k—

=, and the lower bound is tight. g

L, has radius n and state complexity

In the unary case, we have a much simpler result, due to the structure of unary

DFAs.

Theorem 46 Suppose Ly is a unary language. Then rad(L) = sc(L) — 1.

Proof:
Suppose M is a unary DFA. Since M is unary and deterministic, the outde-
gree of each state is exactly 1. Thus, there is at most one state of depth & for
any particular k. So, suppose |M| = n. Then for each 0 < k < n — 1 there
is exactly one state of depth k. Thus, rad(M) =n — 1. So, if M is a unary
DFA, rad(M) = |[M|—1. In particular, if M is the minimal DFA for L, then
rad(L) =rad(M) = | M| —1=sc(L) — 1, as desired. g

6.4 Operations on Regular Languages

As was the case for both deterministic and nondeterministic state complexity, and
regular expression size, we would like to find tight upper bounds on the increase
in radius when the usual regularity-preserving operations are applied. However,
for most of these operations, we only have trivial upper bounds, and there is quite
a large gap between our best upper and lower bounds. In the unary case, these
problems are much simpler. Their results follow directly from Theorem 46 and our

results for unary state complexity (see Section 3.2).



CHAPTER 6. RADIUS 67

6.4.1 Union and Intersection

Since the radius of a regular language is the same as the radius of its minimal DFA
(recall Theorem 44), it seems intuitive that the upper bounds for union and inter-
section should be similar. Given two regular languages Ly and Ly, the constructions
used to create a DFA for Ly U Ly, and Ly N Ly are almost identical: the only differ-
ence between the two DFAs is the set of final states. Thus, the constructed DFAs
will have the same size and radius. In fact, as shown in Section 3.3, the tight upper
bounds on state complexity are the same for union and intersection.

For both union and intersection, the best upper bound known on the increase

in radius is trivial:

Theorem 47 Suppose Ly and Ly are regular languages over the alphabet ., where

|X| = k > 2. Furthermore suppose that rad(L,) = m and rad(Ly) = n. Then:

km—l—n—I—Z _ km—l—l _ kn—l—l _I_ 1

rad(L1UL2) S k2—2k—|—1 ]_,
and
km—l—n—I—Z _ km—l—l _ kn—l—l _I_ 1
I’ad(leLz) S k2—2k—|—1 — 1.
Proof:
By Theorem 45,
S |
L)< —-
sc(Ly) < P
and
S |
sc(Ly) < ——
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Thus,
km-l—l -1 kn-l—l -1
km—l—n—I—Z _ km—l—l _ kn—l—l _I_ 1
B 2 — 2k + 1 ’
and

Rt 1\ (R -1
km—l—n—I—Z _ km—l—l _ kn—l—l _I_ 1
k2 —2k+1

Therefore, by Theorem 45,

km—l—n—I—Z _ km—l—l _ kn—l—l _I_ 1

rad(L1 U Lz) S 1

k? =2k 41 ’

and

km—l—n—I—Z _ km—l—l _ kn—l—l _I_ 1

1
E2 —92k+1 ’

rad(L1 N Lz) S

as desired. g

However, we do not know if either of these bounds are tight.

Open Problem 9 What is the (asymptotically) largest function f(m,n) such that,

for arbitrarily large values of m and n, there exist reqular languages L., and L with:
(a) rad(L,) = m,

(b) rad(L!) =n, and
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(¢) rad(L,, U L) € Q(f(m,n))?

Open Problem 10 What is the (asymptotically) largest function f(m,n) such
that, for arbitrarily large values of m and n, there exist reqular languages L, and

L', with:
(a) rad(Lyn) = m.
(b) rad(L’) = n, and
(¢) rad(Ly N L) € Q(f(m,n))?

However, we do know that a multiplicative increase is achievable, at least for small
instances. That is, there exist languages L; and Ly such that rad(L; U Ly) and
rad(Ly N Ly) are both larger than rad(L)rad(Ls). For example:

Example 48 For each n > 1, define M,, = (Qn, %, 9,,1, Fy,), where:

i Qn:{lv"'72n+1_1};

Y = {a,b},

dn(t,a) =2i forall1 <i¢< 2" —1,
e 5,(i,0)=2i+1 foralll <i<2"—1,

o 5n(ia) =6,(i,b) =i+ 1 for all 20 < i <2 —2,

5,2 —1,a) = 6,2 —1,0) = 1, and

F, = {27 —1}.
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For example, see Figure 6.5 for a transition diagram of M.

Figure 6.5: The DFA M.

Also, define L, = L(M,). Then:
(a) rad(M,) = n,
(b) M, is minimal, and so rad(L,) = n,
(¢) 1ad(Ly N L) > mn for some values of m and n, and

(d) rad(L, U L,,) > mn for some values of m and n.

Proof:
Part (a) is obvious. The minimality of M,, follows from the Myhill-Nerode
theorem, and so part (b) is a direct result of Theorem 45. For parts (c)
and (d), we chose some small values of m and n and used the Grail software
package to examine the effects that union and intersection have on radius
for these particular languages. The Grail software package, including source

code, is available at http://www.csd.uwo.ca/research/grail/. Also, see
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Appendix A for the source code that was written and added into Grail to

compute radius.

Our results for values of m and n between 2 and 4 follow:

The DFAs M;, M3, and Mj:

$ cat DFA2
(START) |- 1
1 2

1)

N NN OO W WN N e
oM TN TN TN TN TN O
PR, NN OO OO N U

-| (FINAL)

$ cat DFA3
(START) |- 1
1

1)
w N

O O W w NN
oM T O M T M O
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12
13
14
15

© ©

10

10
11
11
12
12
13
13
14
14
15
15

©© 0w~~~ O O
oM o o o p

oM TP T O T O T

1
1
15 -| (FINAL)
$ cat DFA4

(START) |- 1
1

1)
w N

O N N O O OOl W wNN N
M o0 O O O P O O P O
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8 b 17
9 a 18
9 b 19
10 a 20
10 b 21
11 a 22
11 b 23
12 a 24
12 b 25
13 a 26
13 b 27
14 a 28
14 b 29
15 a 30
15 b 31
16 a 17
17 a 18
18 a 19
19 a 20
20 a 21
21 a 22
22 a 23
23 a 24
24 a 25
25 a 26
26 a 27
27 a 28
28 a 29
29 a 30
30 a 31
16 b 17
17 b 18
18 b 19
19 b 20
20 b 21
21 b 22
22 b 23
23 b 24
24 b 25
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256 b 26
26 b 27
27 b 28
28 b 29
29 b 30
30 b 31

31 -| (FINAL)

The radius of each language:

$ fmrad < DFA2
2

$ fmrad < DFA3
3

$ fmrad < DFA4
4

The radius of each union of languages:

$ fmunion DFA2 DFA3 | fmdeterm | fmmin
9

$ fmunion DFA2 DFA4 | fmdeterm | fmmin
9

$ fmunion DFA3 DFA4 | fmdeterm | fmmin
14

The radius of each intersection of languages:

$ fmcross DFA2 DFA3 | fmdeterm | fmmin
9

$ fmcross DFA2 DFA4 | fmdeterm | fmmin
8

$ fmcross DFA3 DFA4 | fmdeterm | fmmin

fmcomp

fmcomp

fmcomp

fmcomp

fmcomp

fmcomp

fmrad

fmrad

fmrad

fmrad

fmrad

fmrad
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14

So:
rad(Ly U Lg) =rad(Ls N L3) = 9 > rad(Lq)rad(Ls),

and

rad(Ls U Ly) = rad(Ls N Ly) = 14 > rad(Ls)rad(Ly),
as desired. g

In the unary case, tight upper bounds for both union and intersection follow

directly from Theorem 46 and our results on unary state complexity.

Theorem 49 Suppose Ly and Ly are unary regular languages, with rad(Ly) = m

and rad(Lz) = n. Then:

e rad(L; U Ly) <mn+m+n, and

e rad(L; N Ly) <mn+m+n.

Furthermore, these bounds are tight.

Proof:
Since L; has radius m, it has state complexity m + 1. Similarly, L, has state
complexity n + 1. So the state complexities of Ly U Ly and L; N Ly are no

more than (m + 1)(n + 1). Thus, the radius of Ly U Ly (or Ly N Ly) is no

more than (m +1)(n+1) — 1 =mn+m + n.

The tightness of the bounds follow directly from the tightness of the state

complexity bounds. g
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6.4.2 Concatenation

Once again, a trivial bound follows from Theorem 45, along with our results on

state complexity.

Theorem 50 Suppose Ly and Ly are regular languages over the alphabet 3, where
|X| = k > 2. Furthermore suppose that the radius of Ly is m, the radius of Ly is

n, and the minimal DFA for Ly has 7 final states. Then:

gl g

e+l ) ntl_
rad(Lle) S ( 2 _)1 — ]2k k—1 k.
Proof:
By Theorem 45,
Emrl 1
L)< ——
sc(Ly) < ]
and
Ertl —1
L)< ——
sc(Lg) < ]
Thus,
km-l-l — 1 gntti_y ntl_y
sc(L1Ly) < ﬁQk g2
ntl 4
12 e,
NG o
Therefore, by Theorem 45,
n+l _q
e+l Qk ) ntl_
rad(L; L) < ( ) — 2
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as desired.

However, we do not know if this bounds is tight.

Open Problem 11 What is the (asymptotically) largest function f(m,n) such
that, for arbitrarily large values of m and n, there exist reqular languages L, and

L' with:
(a) rad(L,) = m,
(b) rad(L!) =n, and

(¢) rad(L, L)) € Q(f(m,n))?

In the unary case, a tight upper bound follows directly from Theorem 46 and our

results on unary state complexity.

Theorem 51 Suppose Ly and Ly are unary regular languages, with rad(Ly) = m

and rad(Ls) = n. Then rad(LiLy) < mn+m+ n Furthermore, this bound is tight.

Proof:
Since L; has radius m, it has state complexity m + 1. Similarly, L, has
state complexity n + 1. So the state complexity of L;L, is no more than
(m+1)(n+1). Thus, the radius of Ly Ly is no more than (m+1)(n+1)—1 =

mn + m + n.

The tightness of the bound follows directly from the tightness of the state

complexity bound. g
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6.4.3 Kleene Closure

Once again, a trivial bound follows from Theorem 45, along with our results on

state complexity.

Theorem 52 Suppose L is a reqular language over the alphabet 3 of size bk > 2.

Furthermore suppose that rad(L) = m. Then:

Tl _g EMT _opg

rad(L") < 2F1 427 #1 —1.
Proof:
By Theorem 45,
Emtt 1
SC(L) S ﬁ
Thus,
km+1—1 km+1—1

sc(L*) < 2771 'R P

Tl _g EMT _opg

= 2 r1 42 E—1

Therefore, by Theorem 45,

emtl g Emtl _opan

rad(L*) <27 %1 427 #1 -1,

as desired. g

However, we do not know if this bound is tight.
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Open Problem 12 What is the (asymptotically) largest function f(n) such that,
for arbitrarily large values of n, there exists a reqular language L, with rad(L,) = n

and rad(L}) € Q(f(n))?

In the unary case, a tight upper bound follows directly from Theorem 46 and our

results on unary state complexity.

Theorem 53 Suppose Ly is a unary reqular language of radius m. Then rad(L]) <

m?, and this bound is tight.

Proof:
Since L; has radius m, it has state complexity m+ 1. So the state complexity
of L} is no more than ((m +1) —1)?> +1 = m? + 1. Thus, the radius of L is

no more than m? +1 — 1 = m?2.

The tightness of the bound follows directly from the tightness of the state

complexity bound. g

6.4.4 Reversal

Once again, a trivial bound follows from Theorem 45, along with our results on

state complexity.

Theorem 54 Suppose L is a reqular language over the alphabet 3 of size k > 2.

Furthermore suppose that rad(L) = m. Then:

Emtl g

rad(L*) <2 %1 —1.
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Proof:
By Theorem 45,

gt 1
SC(L) S ﬁ

Thus,

gt

SC(LR) < 2 FT

Therefore, by Theorem 45,

Emtl g

rad(L7) <2 %1 —1

Y

as desired. g

If we allow our alphabet size to grow arbitrarily large, we can achieve a large

increase in radius when reversing a regular language.

Example 55 Let ¥ represent the k-letter alphabet {a1,aq, ..., ar}, and, for each

1, let p; be the ith prime. Define the language Ly over the alphabet Xy to be:

a;(Sh Y,

1

k
Then:
(a) rad(Ly) = pr, and

(b) vad(Lf) =TTy pi — 1.
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Proof:
To see that the radius of Ly is pg, consider the DFA My, = (Qk, Xk, ok, g0, Fr),

where:

o Q={qtU{g, : 1<i<k 1<j<p},

o 6i(qo,ai) = ¢gip forall 1 <<k,

Ou(gijoa) =gy forall 1 <i <k 1<j5<p —1;a€3,

Ok(Gip,a) = ¢ forall 1 <i <k;aé€ Xy, and

Fro=Aq¢ : 1 <1<k},

as shown in Figure 6.6.

Figure 6.6: The DFA that accepts L.

This DFA accepts Ly, and, by the theorem of Myhill-Nerode, it is clearly a
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minimal DFA. Thus, rad(Ly) = rad( M) = py.

It is left to show that rad(LF) = Hle p; — 1. First, note that:

k
Lt = U(Z?)*ai = {wa; 1 we I}, Jw =0 (mod p;)}.

=1

So, consider some fixed w € ¥;*. Now, let m be the product of the first
k primes, that is, m = Hle pi- Then wX; C LE if and only if |w| = 0
(mod m). Therefore, any Myhill-Nerode equivalence class that contains some
word of a length divisible by m must contain only words of length divisible
by m. Also, note that, for any word z, the following three statements are

equivalent:

1. Jy,|ly| =0 (mod m) such that yx € L
2. v € LE

3. Vy such that |y| =0 (mod m), yx € LE

Thus, it follows that all words of length divisible by m are in the same Myhill-
Nerode equivalence class, and therefore there must be a single Myhill-Nerode
equivalence class that contains only the words of length divisible by m. In the
minimal DFA for L, this class will be represented by the start state (since
0 is divisible by m). Also, any path of length m that starts at the start state
must also end at that state (since the equivalence class contains all words of
length m) and so there can be no state that has a depth greater than m — 1.

Thus, the radius of the language can be no more than m —1. Also, there may

82
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be no shorter path from the start state to itself (otherwise there would be a
shorter word in the equivalence class). So, consider the state (in the minimal
DFA) that represents the equivalence class containing a}"~'. It follows that
this state must have depth m — 1, and so the radius of the language can be
no less than that. Thus, the radius of L is exactly Hle p; — 1, as desired.

O

In fact, we can achieve a similar result over a fixed-size alphabet

Corollary 56 Define Xy, p;, and Ly as in Example 55. Additionally, for each k,
define o), : OF — {0,1}“0&“ as follows: or(a;) = [i — 1]a, that is, wir(a;) is the
base—2 representation of 1 — 1, padded on the left with 0’s (if necessary) to ensure
that |ex(a;)| = [log, k.

For each k, define L) (over the alphabet {0,1,2}) to be

Then:
(a) rad(Lg) = pr + [logy, k| — 1, and
) rad(LF) = T, pi — 1.

Proof:

The proof is almost identical to the proof of Example 55, since

w{0,1}1°82K1 C L, if and only if |w| = 0 (mod Hle pi)- O
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The large gap between the best known increase and the best known upper bound

leads to the following open problem.

Open Problem 13 Suppose we fix the size of an alphabet 3 to be constant. Then,
what is the (asymptotically) largest function f(n) such that, for arbitrarily large

values of n, there exists a reqular language L, with:
(a) rad(L,) = n, and

(b) rad(L;f) € Q(f(n))?

Of course, in the unary case, the problem is trivial, since L = L% and so

rad(L) = rad(L?) for any unary language L.

6.4.5 Complementation

Lemma 57 If L is a reqular language, then the radius of L is the same as the

radius of L.

Proof:
If M = (Q,%,6,qo, F) is the minimal DFA for L, then M = (Q, %, 6, g0, Q—F)
is the minimal DFA for L. Since M and M have the same set of states, the
same transition function, and the same start state, they must also have the
same radius, and so as a result of Theorem 44, L and L must also have the

same radius. g
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6.4.6 Quotients

Theorem 58 Suppose L is a reqular language of radius n, and w is a word. Then
the radius of Lw™ is no more than n. Furthermore, this bound is tight, even in

the unary case. That is, there are cases where rad(Lw™") = rad(L).

Proof:
Let M = (Q, X, 6, o, ') be the minimal DFA for L. So the radius of M is n.
Define F’ to be the following subset of Q): for each q € ), ¢ € F’ if and only
if §*(¢q,w) € F. Then clearly M’ = (Q,X,6,qo, F') accepts Lw™, and the
radius of M’ is the same as the radius of M (since the two automata have the
same set of states, the same transition function, and the same start state).

Thus, the radius of Lw™! can be no more than n.

To see that this bound is tight, even in the unary case, let ¥ = {a}, and
choose n and k arbitrarily. Let L = (a"*!)* and let let w = a*. Then the
radius of L is n, since the graph of its minimal DFA is simply a directed (n +
1)—cycle with each edge labelled “a” and a single final state, also designated

as the start state.

Let j=(n+1)—k (mod n+1). Then Lw™" = aj(a”+1)*, and the minimal
DFA for Lw™' has the same set of states and transition function as the
minimal DFA for L (the only difference is the final state, which is the unique
state of depth j). Therefore, the radius of Lw™" is the same as the radius of

L. For an example, see Figure 6.7. o
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Figure 6.7: The minimal DFAs for L and Lw™" when n = 4 and k = 6.
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Chapter 7

Nondeterministic Radius

In this chapter, we will extend the concept of radius and apply it to nondeterministic
finite automata. This will lead us to study the nondeterministic radius of a regular
language, and examine how nondeterministic radius is related to other measures of
descriptional complexity. Also, we will give bounds on the increase in radius when

certain regularity-preserving operations are applied.

7.1 Definitions

The nondeterministic radius of a regular language is the minimum radius of all
NFAs which accept that language. Formally, if L is a regular language, then
the nondeterministic radius of L is denoted by nrad(L), and is equal to
min{rad(M): L(M) =L, M € NFA}.

In Section 4.1, we showed how an NFA—e may be converted to an NFA (without

e-transitions) with no increase in the number of states used. Unfortunately, we
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cannot make the same statement concerning radius. However, we can use a similar
construction to show that an NFA-e may be converted to an NFA with an increase

in radius of at most 1.

Lemma 59 Suppose M is an NFA—€ of radius n. Then there exists an NFA (with-
out e—transitions) M’ that is equivalent to M and has a radius of no more than

n+1.

Proof:
Consider an NFA-e M = (Q, %, 6, qo, F'), and suppose that the radius of M

is n. We will construct an equivalent NFA M’ = (Q', %, ¢, qo, F') as follows:

e () = (U%EJr 5*(qo, :1;)) U{qo}. That is, Q" contains the start state, along
with the set of all states in () that are reachable from the start state by

following a path that is not completely made up of e-transitions.
e For any (q,a) € Q' x X, §'(q,a) = §*(q, a).

o If 6*(qo,€) contains any final states, then F' = F U {¢}. Otherwise,

F'=F.

This construction is almost identical to the one in Section 4.1, with the only
difference being that unreachable states are removed. Also, this construction
has the property that for any w € ¥+, §"(go, w) = 6*(qo, w). (Since there

are no e-transitions in M’, it is necessarily true that §"*(qo, €) = {q}.)

It is left to show that the radius of M’ is no more than n + 1. To avoid

confusion, it is necessary to distinguish between the depth of a state g € @)’
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in the machine M, and its depth in M’. We will refer to these quantities as

depth,,(¢) and depth,,.(¢) respectively.

Consider a state ¢ € Q'. Let w be a minimum-length word from ¥* such
that ¢ € §*(qo, w). So, by definition, depth,,(¢) = |w|. There are two cases

to consider:

e If jw| > 0, then, by the property noted above, 6" (g, w) = *(go, w)
and so ¢ € 0" (qo,w). So by definition, depth,;(q) < |w], that is,

depthys(q) < depthy,(¢) and so it follows that depth,,(q) < rad(M).

e Otherwise, if |w| = 0, that is, if w = €, then choose some (¢’,a) € Q' X Z
such that ¢ € §'(¢’, a). Since each state in @' is reachable in M’ such a
pair (¢, a) must exist. Now, choose a minimal-length word w’ € ¥* such
that ¢ € 6*(qo,w). Note that, by definition, depth,,(¢') = |w|. Also,
q € 8 (qo,wa), and so q € 6" (qo, wa). Thus, depth,;(q) < Jw| +1 =

depth,,(¢') + 1. So it follows that depth,;(¢) < rad(M) + 1.

In either case, we have come to the conclusion that depth,;(¢) < rad(M)+1.
Since the choice of ¢ € Q' was arbitrary, we can conclude that rad(M’) <
rad(M)+ 1. g

It should be noted that this bound is the best possible. That is, it is not always
possible to convert an NFA—¢ into an NFA without having the radius increase by

1. Examples of such NFA—¢’s will be seen throughout this section (for example,
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see the proof of Theorem 67). So, it is important that, in our discussions of non-
deterministic radius, we limit ourselves to NFAs without e-transitions (unlike our

discussions of nondeterministic state complexity, where we were free to use NFAs

and NFA—€’s interchangeably).

7.2 Lower Bounds

As was the case with deterministic radius, we have some trivial lower bounds on

the nondeterministic radius of a language

Lemma 60 Suppose L is a nonempty reqular language, and w s the shortest word

in L. Then nrad(L) > |w|. Furthermore, this bound is tight.

Proof:
Suppose M = (Q, X, 4, qo, F') is a minimum-radius NFA that accepts L. Since
L is nonempty, F' must be nonempty. Let gr € F. If depth(¢r) < |w|, then
there is some word w’ with |w'| < |w| and ¢r € §*(qo,w"). So w’ € L, since
qr € F. This is a contradiction, since w is the shortest word in L. Thus, the

depth of gr is at least |w| and so rad(M) = nrad(L) > |w|.

To see that the bound is tight, simply let L = {w} for any word w. The
nondeterministic radius of L can be no more than |w| since it is accepted by

a |w| 4+ 1-state NFA of radius |w|. g

Lemma 61 Suppose L is nonempty regular language such that:
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e cc [,
e LNYT #£0, and
o w is the shortest word in L N YT,

Then the nondeterministic radius of L is at least |w| — 1. Furthermore, this bound

is tight.

Proof:
Suppose M = (Q, X, 6, qo, F') is a minimum-radius NFA for L. Since w € L,
there must be some ¢p € F with g € §*(qo, w). Choose some state ¢ such
that, for some a € ¥, ¢p € §(q,a). Let w’ be the minimum-length word such
that ¢ € §(qo, w’). So, depth(q) = |w'|. Note that w'a € L, so |w'| > |w|—1
(by the minimality of w). So depth(q) > |w| — 1 and so rad(M) > |w| — 1,

which establishes the bound.

To see that the bound is tight, let L = (a")* for some n. Then the shortest
word in L N X1 is a”, and the nondeterministic radius of L is n — 1, as will

be shown in Corollary 65 in the section on unary languages. o

Lemma 62 Suppose L is a reqular language over the alphabet . The languages (),
{e}, and A* (for any finite set of letters A C X) all have nondeterministic radius

0. All other reqular languages L have a larger nondeterministic radius.
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Proof:
Note that any NFA that has radius 0 must contain only 1 state, and any
1-state NFA has radius 0. Thus, the languages (), {¢}, and A* clearly have

nondeterministic radius 0 since they are accepted by 1-state NFAs.

Suppose some regular language is accepted by a l-state NFA M =
({¢},%,0,q,F). We will show that this language must be either 0, {e},
and A*.

If F = § then L(M) = §. Otherwise, F = {q} = Q. In this case, if there are
no transitions, then L = {e}. Otherwise, the only possible transitions are in
the form 8(q,a) = {q}. So, for cach a € I, cither §(q, a) = {q} or §(¢,a) = 0.
If we define A ={a € ¥ : §(q,a) = {q}}, then L = A*. g

7.3 Deterministic and Nondeterministic Radius

Note that, since a DFA is simply a special case of an NFA, the nondeterministic
radius of a language can be no more than its deterministic radius. However, there

is no bound on the possible blowup from nondeterministic to deterministic radius.

Theorem 63 For each n > 0, there exists a unary regular language L, whose

determanistic radius 1s n and whose nondeterministic radius s 1.

Proof:

Let L, be the language {ak k< n}
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This can be accepted by an NFA M = (Q,{a},d, q, F) of radius 1, where
Q={0,1,....n—1}, g0 =0, F = @, and ¢ is defined as follows:

{1,2,...,n}, when i=0;
6(i,a) = ¢ {i+1}, when 1 <1 <n—2;

0, when ¢ =n — 1.

See Figure 7.1 for a transition diagram for this NFA.

W™

Figure 7.1: A radius-1 NFA that accepts L,.

Since every state is final, this NFA accepts a word «* if and only if there is
a walk of length & from 0 to some state. (Note that a walk is simply a path
that may use the same state more than once.) Clearly, this is true if and

only if k£ < n. So the nondeterministic radius of L,, is 1.



CHAPTER 7. NONDETERMINISTIC RADIUS 94

——OQ— @D

Figure 7.2: The minimal DFA for L,.

However, consider the minimal DFA M,,;, which accepts L,. The single
non-final state in M,,;, can be reached from the initial state on any input
{ak k> n} This non-final state cannot be reached on a shorter input
(since all shorter words are in L,) so the machine has radius n, hence, the

deterministic radius of L, 1s n. g

7.4 Unary Languages

For a regular language L over the unary alphabet {a}, define gap(L) to be the
length n of the longest sequence S = {a',a'™!, ..., a"*" 71} such that SN L = () but
a't" € L. Then, gap(L) provides a lower bound for the nondeterministic radius of

L. Specifically:

Lemma 64 Let L be a unary reqular language. Then gap(L) < nrad(L).

Proof:
Suppose that there is a unary language L C {a}" such that gap(L) = n.
So, there is some 7 such that «'*" € L but {a’,a't,... a1} N L = 0.
Consider an NFA M = (Q,X, 4, qo, F') that accepts L. Since a'*" € L, there

is some walk ¢o, g1, . . ., ¢i+n where g1, € F.
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Suppose nrad(L) < n. Then, by definition, for each ¢ € @, depth(¢) < n. In
particular, depth(g,) < n, and so there is a walk of length k (where 0 < k <
n — 1) from ¢o to ¢,. Also, we know that there is a walk ¢, ¢ut1, ..., Gitn Of
length ¢ from ¢, to ¢4y, so, by concatenating these walks together, we get
a walk of length ¢ + k (where 0 < k < n — 1) from o t0 ¢i4n, and so, since
Gisn € F, it must be true that ¢'** € L for some 0 < k < n — 1, which is a

contradiction. Thus, the nondeterministic radius of L is no less than gap(L).

O

Corollary 65 For any choices of k > 0 and n > 0, the unary language L =

{a' : i =k (mod n)} has nondeterministic radius n — 1.

Proof:
From Lemma 64 we know that nrad(L) > n—1 since {ak"'l, o ,ak"'”_l}ﬂL =

0 but «**t" € L.

Also, L is accepted by a single cycle of length n (with the kth state in the cycle
being the only final state), and this has radius n — 1. Thus, nrad(L) =n —1

as desired. g

In the case where L is a finite language, gap(L) also gives us a tight upper bound

on the nondeterministic radius of L.

Theorem 66 Let L be a finite unary reqular language over the alphabet ¥ = {a}.
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Then there is an NFA M that accepts L such that:

|M| = nsc(L), and

nrad(M) = gap(L)+ 1.

Proof:
Suppose L = {a™,a™,...,a™}, where ny < ny < ... < ng. Define M =

(Q,{a},9, g, F) as follows:

Q = {qovqlv"'van}
fori >0, §(¢,a) = {¢i+1}
5((.207@) = {qwlm:nk_nz—l']-vlglgk}
o {qn.}, if e L;

{90,9n,}, if e€ L.

Figure 7.3: A minimal NFA for L = {a,a*, a"}.

A transition diagram representing this NFA for the language {a,a* a”} is
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given in Figure 7.3. To see that M is a minimal NFA for L, note that a"* is
the largest word accepted by L. Thus, there must be a length nj; walk from
the start state to some final state (since there is a word of length ny in the
language) and, there can be no cycles in this walk (since, if there was a cycle
of length m in the walk, then a"**™ would also be in the language. Thus,
this walk is actually a path, and thus contains nj 4+ 1 nodes. So, any NFA

that accepts L requires at least nj + 1 states, and so M is minimal.

Furthermore, note that for each state ¢; € @ with ¢ > 0, depth(¢;) =
depth(giy1) + 1, unless if ¢ = ny — n; + 1 for some j < k, in which case,
depth(g;) = 1. Therefore, since depth(qy) = 0, the maximum value of
depth(g;) is the maximum of {(ny —n; +1) — (nx —nj—1 +1):1 <5 <k}
where ng = 0. However, (ng —n; +1) — (ng —nj_1 +1) = n; —nj_; and so
the maximum value of depth(g;) is (by definition) gap(L) + 1. Therefore M

is the required minimal NFA with nrad(M) = gap(L) + 1. g

7.5 Operations on Regular Languages

As was the case for the other descriptional complexity measures that were stud-
ied in previous chapters, we would like to find tight upper bounds on the increase
in nondeterministic radius when the usual regularity-preserving operations are ap-

plied.
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7.5.1 TUnion

Theorem 67 If L; and Ly are regular languages with nrad(L,) = m and

nrad(Ly) = n, then nrad(Ly U Ly) < max{m,n} + 1.

Proof:
Suppose that M; = (Q1,%, 61, q1, F1) and My = (Q2, %, 02, ¢, ) are NFAs
of minimum radius for L; and Ly respectively. Also assume that ()7 and (),

are disjoint, and do not contain the state “gq”.

To establish the bound, we will use a construction similar to that used in
the proof of Lemma 13 (see Figure 4.3). Define @ = Q; U Q2 U {¢} and

F = F, UF,. For each a € X, define 4 as follows:

d1(¢q,a), when g € Qq;
6(g,a) = 82(q,a), when q € Qo;

0 when ¢ = qo.

Also, let 6(qo, €) = {q1, ¢2}. So, M = (Q, X, 6, qo, F) is an NFA—€ that accepts

Ly U L.

Note that for any word w € ¥*, §*(qo, w) = 67(q1,w) U §5(¢2, w). Thus, for
any state ¢ in @1 (or Q2), the depth of ¢ in M is the same as the depth of ¢
in @ (or Q3). So it follows that rad(M) = max {rad(M;),rad(M;)}. Since
M is an NFA-¢, it follows from Lemma 59 that there exists an NFA M’ that
accepts Ly U Ly and has radius max {rad(M;),rad(Ms)} 4+ 1. o



CHAPTER 7. NONDETERMINISTIC RADIUS

In fact, this bound is the best that we can do, even in the unary case.

*

Theorem 68 For some arbitrary n > 1, let Ly be the unary language (a™)

let Ly be the finite unary language {a}. Also, let L = Ly U Ly. Then:

Y

(a) nrad(Ly) =n — 1,
(b) nrad(Ly) =1, and

(¢) nrad(L) > n.

Proof:

Parts (a) and (b) follow from Corollary 65 and Theorem 66, respectively.

For part (c), suppose that M = (Q, X, 4, qo, F') is an NFA of minimum radius

that accepts L. We will show that the radius of M must be at least n.

Suppose that the radius of M is less than n. Then, for each state ¢ € @), the
depth of ¢ must be less than n. Since ¢®" € L, there must be some state ¢
and some final state gr such that there is a walk of length n from ¢y to ¢, and

a walk of length n from ¢ to gr. That is, ¢ € 6*(qo, ¢™) and ¢z € 6*(q,a").

However, since the depth of ¢ must be less than n, there must also be a shorter
walk from qp to ¢, that is, ¢ € §*(qo, a*) for some k < n. So, gr € §*(qo, a"**)
for some k < n. Since gp is a final state, that means that «"** € L. Note
that the 3 shortest words in L are a, a”, and a?". Thus, since k < n, it must

be that £ = 0 and so ¢ = ¢o. That is, gy € 6*(q,a"). But, a € L so there

is another final state ¢py with gre € 6(qo,@). So, since go € §*(qo, a™), it is

99

and
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also true that gry € 6*(qo, ™), and so ¢"*' € L, which is a contradiction.
Thus, it is not true that the depth of ¢ is less than n, and so the radius of

M is at least n, as desired. g

7.5.2 Intersection

There is no upper bound on the possible increase in nondeterministic radius when

intersecting two regular languages.

Theorem 69 For each n > 0, there are regular languages Ly and Ly over a two—

letter alphabet such that:
(a) nrad(L;) = 0,
(b) mrad(Ly) = 1, and
(¢) mrad(L; N Ly) = n.

Proof:

For an arbitrarily chosen n > 0, let Ly = a*, and let Ly = {bak k< n} U

{a"}.
By Lemma 62, nrad(L;) = 0, so condition (a) holds.

To see that condition (b) holds, let M = (Q,{a,b},d, g0, F) be the NFA

shown in Figure 7.4. Formally:

b Q:{()?]‘?"'?n}?
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e §(iya)={i+ 1} forall0 <:<n-—1,
e §(n,a) =10,
5(0,0) ={1,...,n},

5(1,0) = P for all 1 <7 < n,

qo = 0, and

o FF={n}.

Figure 7.4: The radius—1 NFA M that accepts Ls.

Clearly, the radius of M is 1 and M accepts Ly. So, condition (b) is satisfied.

Note that Ly N Ly = {a"}. So, in any NFA accepting Ly N Ly, any final state
must have depth at least n (since there are no words of length less than n in

the language). Thus, condition (c) holds. g



CHAPTER 7. NONDETERMINISTIC RADIUS 102

7.5.3 Concatenation
Theorem 70 If L; and Ly are regular languages with nrad(L,) = m and

nrad(Ly) = n, then nrad(LiLy) < m+n + 1.

Proof:
To see that the bound holds, note that we can use the construction from
Theorem 15 to create an NFA—e of radius m + n for Ly Ly. So, by Lemma 59,

there is an NFA of radius m + n + 1 that accepts LiL,. g

And, as it turns out, this bound cannot be improved upon in general.
Theorem 71 Let Ly = a* and L, = b*. Then:

(a) nrad(L;) = nrad(Ly) = 0, and

(b) nrad(LyLy) = 1.

Proof:

Part (a) is a direct result of Corollary 65.

Since a*b* cannot be accepted by a 1-state NFA, its nondeterministic radius
must be at least 1. By Theorem 70 its nondeterministic radius is at most 1.

This establishes part (b). g

And, in fact, this seemingly trivial example is the best that we can do. If the
nondeterministic radius of one of the languages is non—zero, we have a better bound

on the nondeterministic radius of their concatenation.
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Theorem 72 Suppose that Ly and Ly are reqular languages of nondeterministic
radius m and n respectively, with m > 0 orn > 0. Then nrad(LiLy) < m+n, and

this bound s tight, even in the unary case.

Proof:
Suppose that M, = (Q1,%,61,q1,F1) and My = (Q9,%,02,q, Fy) are
minimum-radius NFAs for L; and L respectively. So nrad(M;) = m and

nrad(Mz) = n. We will construct an NFA of radius m +n that accepts Ly L.

First, use the standard construction as described in Theorem 15 to construct
an NFA—e M = (Q, X, 0, qo, F') that has radius m + n and accepts Ly Ly (see

Figure 7.5).

I~
0 o000 G 000

Figure 7.5: M, which has radius m + n and accepts Lq Ly

Formally,

* Q=0Q1UQy,

e §(q,a) = d1(q,a) when ¢ € Q; and a € X,
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e §(q,a) = d3(q,a) when ¢ € Q3 and a € X,
. 5((]7 6) = {QZ} when q € F17
® o= q, and

.F:FZ.

Now, we will construct an NFA M’ = (Q',%,4', ¢}, F') of radius m + n that
accepts Ly L,. We can assume without loss of generality that L; N X+ £ (),
and L, N Xt £ (). That is, each language contains a word of length at least

1. If this were not true then either:

(a) Ly or Ly is equal to 0, and so L1Ly = (), or
(b) Ly ={e} and so LiLy = Ly, or

(¢c) Ly ={e} and so L1Ly = L.
In each case, the result follows trivially.

We can construct M’ as follows:

Q' =Q,

8'(q,a) = 6*(q,a) when ¢ € Q' and a € X,

qb = qo, and

F’ FU{q}, whenee€ LiLy;
[ ] =

F

, otherwise.

104
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Note that this is identical to the construction used in the proof of Lemma 59.
As a result, it has the property that, for each word w € ¥t, §(go, w) =
8*(go, w). So, for a state ¢ € @ = Q', we will denote the depth of ¢ in M by

depth,,(¢), and the depth of ¢ in M’ by depth,,.(q).

Now, we will show that the nondeterministic radius of M’ is no more than
the nondeterministic radius of M, which is m 4+ n. Consider a state ¢ € @)'.
Let w be a minimum-length word from ¥* such that ¢ € §*(qo, w). So, by

definition, depth,,(q) = |w].

There are two cases to consider. If |w| > 0 then w € ¥ and so ¢ € §""(qo, w)

and so depthy;(q) < |w| = depthy,(¢) < nrad(M) = m + n.

Otherwise, |w| = 0 and so w = e. So ¢ € 6*(qo,€). However, we can
see from the construction that the only e-transitions in M are transitions
from each gr € Fy to q;. Thus, either ¢ = qp or ¢ = ¢2. If ¢ = o then

depth,,(¢) = depthy,(¢) = 0 < m + n. Otherwise ¢ = gs.

Now, there are 3 cases to consider. If m = 0 then L; = A* for some nonempty
A C X (since Ly contains some word in ©*, and by Lemma 62). So choose
some a € A, and g € ¢'(qo,a), and so depthy(¢) = 1 < m 4 n (since
it is not true that m = n = 0). Similarly, if n = 0 then L, = A* for
some nonempty A C ¥. So choose some a € A, and ¢ € §'(qo,a), and so

depthy;(¢) =1 <m +n.

Finally, if m,n > 0 then let w’ be the shortest word in L; N ¥T. Recall
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that 6(qr, €) = {q} for each ¢r € Fi. So, q € §*(qo,w'), and ¢ € 6" (go, w').
Therefore depth,;(¢) < |w|. But, by Lemma 61, |w'| < m + 1. Thus,

depthy;(¢) <m+1 < m+ n, since m,n > 0.

Therefore, for any state ¢ € @', the depth of ¢ is no more than m + n. Thus,
the radius of M’ is no more than m + n and so nrad(LiLy) < m + n, as

desired.

To see that the bound is tight, even in the unary case, choose m and n
arbitrarily and let Ly = {a™} and L, = {a"}. So L1Ly = a™*™ and by

Theorem 66:

e nrad(L;) =m,
e nrad(Ls) = n, and

e nrad(LiLy) = m+ n,

which establishes that the bound is tight.

In the unary case, we do not have to worry about the special case where both

languages have a nondeterministic radius of 0.

Corollary 73 If Ly and Ly are unary regular languages with nrad(Ly) = m and
nrad(Ly) = n, then nrad(LiLy) < m +n.
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Proof:
Suppose L; and Ly are regular languages over the unary alphabet X. If either
m > 0 or n > 0 then by Theorem 72, the nondeterministic radius of L;Lj is

no more than m + n.

Otherwise, m = n = 0. Then by Lemma 62, both L; and L, are one of §), {e},
or a*. If one of Ly or Ly are (), then L1 Ly = () and nrad(L;Ly) = 0 = m + n.
If L; = e then Ly L, = Ly, which has nondeterministic radius n = 0 = m +n.
Similarly, if If L, = € then L;L, = Ly, which has nondeterministic radius
m = 0 = m + n. Finally, if both L; and L, are equal to a*, then LyL, =

a*a* = a*, which has nondeterministic radius 0 = m + n. g

7.5.4 Kleene Closure

Theorem 74 Suppose L is a reqular language with nondeterministic radius n.

Then nrad(L*) < n, and this bound is tight.

Proof:
Let M = (Q,%,0,q, F) be a minimal-radius NFA for L. Then we use the
same construction as was used in Lemma 16. That is, we modify M to create
an NFA-e M' = (Q, X, ¢, q, F) by adding e-transitions from each state in F
to go. So, it is clear that M’ accepts L*, and has radius n. However, M’ is
an NFA—¢, not an NFA. We must show that we can convert M’ to an NFA

M" with no increase in radius.
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Note that the only e-transitions in M’ are transitions that lead to the start
state. Thus, the only state of depth 0 is the start state, go. So, when we
apply the standard construction to M’ to create an equivalent NFA M" =
(Q",%,8", qo, ") (see the proof of Lemma 59 for this construction) we see
that every state in Q" (except for the start state) had non-zero depth in M’,
and thus its depth is unchanged in M"”. Of course, the depth of the start
state is always 0, so that remains unchanged. Since each state in M"” has
the same depth as it had in M’, the radius of M"” cannot be more than the

radius of M’ (which is the same as the radius of M).
Thus, nrad(L*) < nrad(L) as desired.

To see that the bound is tight, simply note that there are languages L of
arbitrary nondeterministic radius with L = L*. For example, choose L =
(a™)* for some arbitrary n. So, since L = L*, it follows that nrad(L) =

nrad(L*). g

7.5.5 Reversal

Suppose L is a regular language. Then there is no upper bound for nrad(L¥) in

terms of nrad(L).
Theorem 75 For each n > 0, there is a regular language L, such that:
(a) the nondeterministic radius of L, is 1, and

(b) the nondeterministic radius of LE is n.
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Proof:
Choose n > 0 arbitrarily, and let L, = {a* : 1 <7 <n}U{ba"}. Then the

nondeterministic radius of L, is 1, since L,, is accepted by the radius-1 NFA

M = (Q,{a,b},d,q, F) (shown in Figure 7.6) where:

Q:{()?]‘?"'?n?n—l_l}?

5(0,a) ={2,...,n + 1},
5(076) = {1},

d(kya)={k+1}forall 1 <k <n,

o S(k,b)=0foralll <k<n+1,

e S(n+1,a)=0,
o ¢ =20, and
e F={n+1}.

To see that the nondeterministic radius of L is n, note that applying the
standard reversal construction to M (ie, reverse the direction of all the tran-
sitions and interchange the start and final state: see Mg in Figure 7.6) yields
an NFA of radius n, so the nondeterministic radius of L? is at most n. To

see that the nondeterministic radius of L is at least n, note that:

(a) a"b e L%, and

(b) a"b is the only word in L¥ that ends in “b”.
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Figure 7.6: M has radius 1, and Mg has radius n.

So, let M' = (Q',{a,b},d", ¢, F') be the minimum-radius NFA that accepts
LE. Because of (a) above, there must be some ¢ € Q' such that ¢ € § (¢}, a")
and 6'(q,b) N F # 0. So, if the depth of ¢ is less than n, there must be some
word w with |w| < n and wb € L, which contradicts (b) above. Therefore
the depth of ¢ must be at least n, and so nrad(M’) > n, so nrad(L%) > n,

as desired. g

Of course, this is not true in the unary case since L = L for any unary language

L. Thus, if L is unary, nrad(L) = nrad(L%?).
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7.5.6 Complementation

It turns out that the possible increase in nondeterministic radius when comple-
menting a regular language is unbounded, even in the unary case. This result is

similar to Theorem 63.

Theorem 76 For cach n there is a unary reqular language L, of nondeterministic

radius 1 such that the nondeterministic radius of L, is n.

Proof:

For each n, let L, = {a' : i <n}. As shown in Theorem 63, the nondeter-

ministic radius of L,, is 1.

Note that L, = {a’ : 7 > n}. Since the shortest word in L, is of length n,
any final state in an NFA that accepts L,, must have depth at least n. Thus,

the nondeterministic radius of L,, is at least n. g

7.6 Computability

For the first time, we will examine the topic of computability. Every other com-
plexity measure that we have studied is trivially (even if inefficiently) computable.
However, the problem is not trivial for nondeterministic radius. Since, for each
E > 0, there are infinitely many languages of nondeterministic radius k& (this is just
a generalization of Theorem 63), we cannot simply determine the nondeterministic
radius of a regular language by iterating through all NFAs of each radius until we

find one that accepts our language. This leads to the following open problem:
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Open Problem 14 For a reqular language L, is the nondeterministic radius of L

computable?



Chapter 8

Conclusions and Open Problems

8.1 State Complexity

State complexity has been extensively studied by many people. As a result, tight
bounds on the increase in state complexity when many standard operations are
applied to regular langauges are already known, for both the unary and non—unary

cases (2, 24, 25, 26].

8.2 Nondeterministic State Complexity

Relationships between deterministic and nondeterministic state complexity have
already been studied in both the unary case [5] and general case, [19, 20], and were
quite well-known. However, we corrected a slight error in the generally accepted
upper bound for the possible increase from nondeterministic to deterministic state

complexity in the unary case.
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There was a known tight bound on the increase in nondeterministic state com-
plexity when taking the complement of a regular language (due to Birget [3]),
although there was an error [4] in the proof that appeared in the original pa-
per. For many other operations, we gave tight upper bounds in this thesis. Many
of these results were simultaneously and independently discovered by Holzer and
Kutrib [10, 11]. However, there are still some open problems. In particular, it is
unknown whether or not the bound for concatenation in the unary case is tight.
Also, we do not know whether the upper bound for complementation is achievable
when the alphabet size is less than 4. Finally, it is an open problem whether the

upper bound for left quotients is tight.

8.3 Regular Expression Size

We studied relationships between regular expression size and state complexity (both
deterministic and nondeterministic). We gave a tight lower bound on regular ex-
pression size, in terms of nondeterministic state complexity (this result was due to
Leiss [16]). We also gave an upper bound. However, it is an open problem whether
this upper bound is acheivable. In the unary case, we gave a tight lower bound on
regular expression size in terms of state complexity. We also gave an upper bound,
but, once again, it is an open problem whether this bound is acheivable.

We gave tight upper bounds on the increase in regular expression size the oper-
ations of union, concatenation, and Kleene closure. For complementation, we gave
a bound that is asymptotically tight in the unary case. However, for the general

case, the bound that we gave is trivial, and there is an exponential gap between this



CHAPTER 8. CONCLUSIONS AND OPEN PROBLEMS 115

bound and the largest acheivable increase in regular expression size. Therefore, it
is an open problem whether the bound is tight, or whether there is a better bound.
Similarly, we gave upper bounds for both the unary and general cases for intersec-
tion. However, it is currently unknown whether these bounds are tight. Finally, we
gave exponential upper bounds for both left and right quotients, but it is an open

problem whether these bounds are tight.

8.4 Radius

We studied the relationship between radius and state complexity. We showed that
the DFA of minimum radius that accepts a language is, in fact, the minimal DFA
for that language. Also, we gave tight upper and lower bounds on radius (in terms
of state complexity).

Also, we gave upper bounds on the increase in radius for various operations.
However, the bounds for union, intersection, concatenation, Kleene closure, and
reversal are seemingly trivial. For each of these operations, it is an open problem
whether the bound associated with that operation is tight. Complementation leaves

radius unchanged, and we gave a tight bound for quotients.

8.5 Nondeterministic Radius

We studied relationships between deterministic and nondeterministic radius. We
showed that the possible increase from nondeterministic radius to deterministic

radius of a regular language is unbounded.
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Additionally, we gave tight upper bounds on the increase in nondeterministic
state complexity for the operations of union, concatenation, Kleene closure. We also
showed that no such bounds exist for the operations of intersection, reversal, and
complementation. Additionally, it is an open problem whether the nondeterministic

radius of a regular language is computable.



Appendix A

Source Code

The following C++ <code can be added into Grail (available at
http://wuw.csd.uwo.ca/research/grail/) to allow it to calculate the ra-
dius of a finite automaton. This file can be named “radius.src”. The
documentation (which is included with the Grail software package) explains how

this code may be integrated into Grail.

// Compute the radius of a finite automaton.

//
// Written by Keith Ellul

template <class Label>
int
fm<Label>::radius() const

{
// Now copy code from reachable_states(), but count the
// number of 'waves"

int i;
int radius = 0;

117



APPENDIX A. SOURCE CODE 118

set<state> wave = start_states;
set<state> s = wave;

s.sort();
arcs.sort();
for (53)
{
// find all targets reachable in one instruction
set<state> targets;
set<state> temp2;
list<state> temp3;
fm<Label> temp;

temp3.clear();

for (i=0; i<wave.size(); ++i)

{
select(wave[i], SOURCE, temp);
temp.sinks(temp2);
temp2.sort();
temp3 += temp2;

t

targets.from_list(temp3);

// if we’ve found new states, they will be used on
// the next iteration

wave.clear();
for (i=0; i<targets.size(); ++i)
if (s.member(targets[i]) < 0)
wave.disjoint_union(targets[i]);

if (wave.size() == 0)
break;

wave.sort();
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s.merge(wave) ;
radius++;

b

return radius;
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