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AbstractLet L1; L2 � �� be languages. If L1 � L2, then we say that L2 covers L1. LetC;D be classes of languages over �. We call a cover L2 2 C of L1 a C-minimal coverwith respect to D if, for all L0 2 C, L1 � L0 � L2 implies L2 � L0 2 D.We examine in detail the particular cases of minimal regular covers and minimalcontext-free covers, both with respect to �nite languages. The closure propertiesof the class of languages which possess a minimal cover (regular or context-free)are examined. We provide a complete characterization of bounded languages whichhave a minimal regular cover. An analogous results for languages bounded by w�1w�2and minimal context-free covers is also given.The problem of whether a given (linear) CFL has a minimal regular cover isshown to be undecidable, while it takes exponential time in�nitely often on a Turingmachine to decide whether a given bounded CFL has a minimal regular cover.

iv



AcknowledgementsC. Pennell and E. Domaratzki: my greatest supporters and my �rst teachers.J. Shallit: my supervisor who challenges me but refuses to let me beat myself up.M. Mishna: encouragement and proof reading of this thesis.crew: shouts out to kristy, rob, reuben and kerri. bling bling.

v



Contents
1 Introduction 11.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21.2 Synopsis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 Related Work 62.1 Immunity and Recursive Function Theory . . . . . . . . . . . . . . 62.2 Immunity and Complexity Theory . . . . . . . . . . . . . . . . . . . 82.2.1 Bi-immunity . . . . . . . . . . . . . . . . . . . . . . . . . . . 102.3 CFLs and Coverings . . . . . . . . . . . . . . . . . . . . . . . . . . 112.3.1 Grammatical Coverings . . . . . . . . . . . . . . . . . . . . . 122.3.2 Deterministic CFLs . . . . . . . . . . . . . . . . . . . . . . . 132.4 Density Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142.5 Minimal Cover-Automata . . . . . . . . . . . . . . . . . . . . . . . 143 Minimal Regular Covers 163.1 Closure Properties of MRCs . . . . . . . . . . . . . . . . . . . . . . 183.1.1 Closure under binary operations of MRC . . . . . . . . . . . 18vi



3.1.2 Closure under morphisms of MRC . . . . . . . . . . . . . . . 223.2 Non-closure properties of MRCs . . . . . . . . . . . . . . . . . . . . 333.3 Bounded Languages and MRCs . . . . . . . . . . . . . . . . . . . . 413.4 Decision problems for MRCs . . . . . . . . . . . . . . . . . . . . . . 503.5 Concerning bounded CFLs and MRCs . . . . . . . . . . . . . . . . 553.6 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 573.7 Bi-MRCs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 654 Minimal Context-Free Covers 704.1 Closure properties of MCFCs . . . . . . . . . . . . . . . . . . . . . 714.2 Bounded MCFCs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 734.3 Palindromic images of MRCs . . . . . . . . . . . . . . . . . . . . . 824.4 Letter-equivalency and MCFCs . . . . . . . . . . . . . . . . . . . . 854.5 Minimal co-CF Covers . . . . . . . . . . . . . . . . . . . . . . . . . 895 Open Problems 915.1 Open Problems for MRCs . . . . . . . . . . . . . . . . . . . . . . . 915.1.1 Bi-reg-immune sets and MRCs . . . . . . . . . . . . . . . . . 925.2 Open decision problems for MRCs . . . . . . . . . . . . . . . . . . . 935.3 Open Problems for MCFCs . . . . . . . . . . . . . . . . . . . . . . 955.4 Open problems concerning density . . . . . . . . . . . . . . . . . . . 96Bibliography 97
vii



Chapter 1
Introduction
Approximation of languages by regular languages is an important problem in sys-tems with limited resources. For example, the problem for approximating �nitelanguages by in�nite regular languages has received attention recently [10, 41].We are interested in approximating non-regular in�nite languages by regular lan-guages. To this end, we consider regular languages which are minimal covers ofnon-regular languages. We extend the notion of simplicity and immunity fromstructural complexity [13, 11, 42] to sub-recursive classes of languages, speci�callyregular languages, to introduce the notion of minimal regular covers.For languages L1; L2 over a common alphabet �, we say that L2 covers L1 ifL1 � L2. In this thesis, we are concerned with languages which possess covers thatlie in a given complexity class, and that are minimal, in some sense, over all coversfrom that complexity class. In particular, we propose the following de�nition:De�nition 1.0.1 Let C;D be a classes of languages over an alphabet ��, and letL1 � L2 � ��. Then L2 is a minimal C-cover of L1 with respect to D if L2 2 C1



2and for all L 2 C such that L1 � L � L2, we have L2 � L 2 D.This de�nition is the basis for the work which follows in Chapters 3 and 4.If D is the class of �nite languages and C is a class of languages which is aboolean algebra under the operations of union and complementation, we can showthat minimal C-covers with respect to �nite languages are unique, up to �nitemodi�cation. This theorem is an easy generalization of Theorem 3.0.1.We will be concerned primarily with the case where C is the class of regularlanguages and D is the class of �nite languages. In this case, we simply say that L1has minimal regular cover L2. Theorem 3.6.5 demonstrates that not every languagehas a minimal regular cover, even among the context-free languages.1.1 PreliminariesWe �rst establish some preliminaries of formal language theory which will be used inthis thesis. For an additional reference about formal language theory, see Hopcroftand Ullman [24]. For preliminaries of complexity theory, see Papadimitriou [39] orBalc�azar et al. [2]. Any notion not de�ned in this section can be found in Hopcroftand Ullman [24], including the formal models of Turing machines, �nite automata,context-free grammars and context-sensitive grammars.Let � be a �nite alphabet and let �� be the set of �nite words over �. Alanguage L over �� is a subset of ��. For strings x 2 ��, jxj denotes the length ofx. For any letter a 2 �, jxja is the number of occurrences of a in the word x. Forany integer m � 0, let ��m = fx 2 �� : jxj � mg:



3For any string x 2 ��, x = x1x2 � � �xn, where x1; x2; : : : ; xn 2 �, the reversal ofx, denoted by xR, is de�ned to be xR = xnxn�1 � � �x2x1.For a given alphabet � and a language L � ��, we let L denote the complementof L, that is, L = �� � L. For any �nite language L, jLj denotes the cardinality ofL. We denote the class of languages recognizable in polynomial time by a determin-istic Turing machine by P, and the class of languages recognizable in polynomialtime by a non-deterministic Turing machine by NP. The class of languages recog-nizable in linear exponential time on a deterministic Turing machine is denoted E.Other classes of languages are given by upper-case script letters: C;D, etc.We denote the class of regular languages, that is, those recognizable by a �niteautomaton, by REG while the classes of �nite languages, context-free and context-sensitive languages are denoted by FIN,CF and CS, respectively. The class ofdeterministic context-free languages (DCFLs) are denoted by DCF.A language is said to be recursive if it is accepted by a Turing machine thathalts on all inputs. A language that is accepted by a Turing machine (which doesnot necessarily halt on all inputs) is said to be recursively enumerable (r.e.). Theclasses of recursive and recursively enumerable languages are denoted by REC andRE, respectively.We have the following hierarchy of strict inclusions (see Hopcroft and Ullman[24]): FIN ( REG ( CF ( CS ( REC ( RE: (1.1.1)For any class of languages C, let co-C denote the class of languages whose com-



4plement is in C. That is, co-C = fL : L 2 Cg.For any function f : X ! Y and any subset Z � X, the restriction of f to Z,denoted by f jZ : Z ! Y , is the function de�ned by f jZ(z) = f(z) for all z 2 Z.1.2 SynopsisIn Chapter 2, we will examine concepts in computational complexity theory whichare the analogues of minimal covers for classes such as P, NP or RE. In particular,Balc�azar and Sch�oning [3] note that Post [42] introduced the concept of simple setsto recursive function theory in an attempt to de�ne languages which were neitherr.e.-complete nor recursive.The de�nitions of immune and simple have been used since Post's introductionby many authors, including Flajolet and Steyaert [13], who transformed Post's no-tion of immunity in recursive function theory to the notion of immunity pertainingto complexity classes. Immunity and simplicity has also been extended by Balc�azarand Sch�oning [3], who studied bi-immune sets.While the concepts of immunity and simplicity have a strong standing in theliterature, they are focused primarily at classes situated near the highest level of theChomsky hierarchy. However, Chapter 2 will also examine work similar to minimalcovers pertaining to the context-free languages. In particular, the work of Hunt etal. [28, 27], while concentrating primarily on the di�culty of problems concerningthe similarity of regular expressions and CFGs, contains results which characterizea class of CFLs which are REG-immune.We also have the concept of minimality pertaining to regular languages devel-



5oped by Câmpeanu et al. [10], where the authors de�ne the concept of a cover-automaton. These cover-automata are de�ned in order to give succinct representa-tions of �nite languages by in�nite regular languages.In Chapters 3 and 4, we develop the notions of minimal covers of formal lan-guages. Chapter 3 examines minimal regular covers in depth. The closure proper-ties of the class of languages possessing a minimal regular cover are examined inSections 3.1 and 3.2. We give a new proof of a theorem of Ginsburg and Spanier[18] on bounded regular languages, and use this theorem to characterize completelythose bounded languages with a minimal regular cover. We also examine severaldecision problems relating to minimal regular covers. Chapter 4 considers resultson minimal context-free and minimal co-context-free covers. We conclude withChapter 5, in which we give several open problems relating to minimal covers.



Chapter 2
Related Work
This chapter examines the existing work related to minimal covers. We begin withthe theory of immunity and simplicity related to sets of integers introduced byPost [42] in 1944. We continue with the natural extension of immunity to classesof formal languages, through the paper of Flajolet and Steyaert [13], and examinesome results on immunity and bi-immunity.2.1 Immunity and Recursive Function TheoryPost [42] initiated research on simple sets in recursive function theory, where hede�ned them as follows:De�nition 2.1.1 A r.e. set A is simple if A is in�nite and contains no in�niter.e. subset.Post then proved the existence of a simple set, as well as the following lemma:6



7Lemma 2.1.2 Every in�nite recursively enumerable set contains an in�nite recur-sive subset.Thus there are no languages in co-RE�REC which are simple.Dekker [11], improving directly on Post's results, gave the following de�nitionof immunity:De�nition 2.1.3 A set A is immune if A is in�nite and A has no in�nite r.e.subset.The main result of Dekker [11] gives some closure properties of simple (r.e.)sets:Theorem 2.1.4 The following hold for simple sets:� The product of two simple sets is simple.� The sum of two simple sets is either simple or is co-�nite.� There exist two simple sets whose union equals N.Post introduced simple sets in an attempt to determine whether there exist REsets which are neither RE complete nor recursive, though Balc�azar and Sch�oning[3] note that simplicity failed as a method for solving Post's problem. However, thenotions of simplicity and immunity, which we see below were quickly adapted to acomputational complexity-theoretic notion, have remained important concepts inthe literature.



82.2 Immunity and Complexity TheoryFlajolet and Steyaert [13] extended the de�nitions of immunity and simplicity tomove them from a recursive function theory setting to a computational complex-ity theory setting. This entails de�ning immune and simple languages for everylanguage class C.De�nition 2.2.1 Let C be a class of languages.� A language L is C-immune if L is in�nite and no in�nite subset of L is amember of C.� A language is L is C-simple if L is co-in�nite and intersects every in�nitemember of C.It is an easy observation that L is C-simple if L 2 C and L is C-immune. Given thisde�nition, we have the following lemma:Lemma 2.2.2 Let C be a class of languages closed under complement. A co-in�nitelanguage L � �� is C-simple if and only if it has minimal C-cover ��.Proof:L is C-simple () L has no in�nite C subset() (8S)(S � L and S 2 C ) S is �nite )() (8S)(L � S � �� and S 2 C ) �� � S is �nite )() L has minimal C-cover ��: 2



9Flajolet and Steyaert show that every denumerable class of subsets of N containsa simple set. Their standard diagonalization technique is an adaptation of Post'soriginal construction of a simple set. Thus for each class of languages, there is asimple language for that class. However, we do not know in which class the simplelanguage lies.Of the results given by Flajolet and Steyaert [13], we are most concerned withthose contained in Flajolet and Steyaert's section entitled \Application to sub-recursive classes", since we will be considering minimal covers from subrecursiveclasses in Chapters 3 and 4. Flajolet and Steyaert note that the well-known CFlanguage fanbn : n � 1g is a regular-immune language, while the CS languagefanbncn : n � 1g is a CF-immune language. Both of these results can be obtainedby simple applications of pumping-type lemmas.An immediate application of immunity to complexity theory is the followingeasy observation:Lemma 2.2.3 If there exists an P-immune set A 2 NP then P 6= NP.Proof: If A is P-immune and A 2 NP then certainly A 62 P since A has noin�nite P-subset, including A itself. 2As another example of results in immunity theory, we present the following niceresult of Blum [7, 8] which we can translate in terms of immunity:Theorem 2.2.4 LetMi be an enumeration of Turing machines. Then the followinglanguage Lmin is REC-immune:Lmin = fMi : 8j < i; L(Mi) 6= L(Mj)g



10where L(Mi) is the language accepted by the Turing machine Mi.2.2.1 Bi-immunityBalc�azar and Sch�oning [3] have extended the notion of immunity by de�ning theconcept of bi-immunity:De�nition 2.2.5 A language L is bi-immune for C, or simply C-bi-immune, if bothL and L are C-immune.This appears to be the �rst de�nition of bi-immunity, though it was implicitlystudied in papers by Hartmanis and Berman [4] and Ko and Moore [30]. Bi-immunity is related to the notion of complexity cores, introduced by Lynch [36].For any language A, the set C is a complexity core of A if, for any Turing machineM accepting A and every polynomial p, there are only �nitely many strings x 2 Cwhose computation by M takes time at most p(jxj). It is noted by Balc�azar andSch�oning [3] that A � �� is P-bi-immune if and only if �� is a complexity core forA. There are many papers considering bi-immunity. We note only some particularlyinteresting results here. Let E denote the set of languages which can be recognizedin linear exponential time, that is, E = DTIME(2O(n)). Ko and Moore [30] notethat Hartmanis and Berman [4] proved that there exists a P-bi-immune set in E. Infact, Mayordomo [38] proved that the class of P-bi-immune languages has measure1 in E, under the resource-bounded measure of Lutz [34, 35], which gives a suitableinterpretation of the Lebesgue measure for recursive language classes.



112.3 CFLs and CoveringsWe begin an examination of work on CFLs and coverings with an examination ofthe paper of Hunt, Rosenkrantz and Szymanski [28]. This paper was concernedprimarily with the complexity of several decision problems relating to grammarsand regular expressions, but also characterizes context-free languages, beginningwith the following de�nition:De�nition 2.3.1 A CFL L0 is said to be decipherable if and only if for all stringsu; v; w; x; y in �� with v; x 6= � such that fuviwxiy : i � 0g � L0, we haveuviwxiy = uvjwxky) i = j = k:With this de�nition, we have the following theorem of Hunt et al. [28]:Theorem 2.3.2 Let L be any in�nite CFL. Then either L has an in�nite regularsubset or L is decipherable.In Section 3.6, we will see an expanded proof of Theorem 2.3.2 found independentlyof Hunt et al. [28]. As we have seen, if a language L has an in�nite regular subset, itdoes not have minimal regular cover ��. Thus, languages which are not decipherabledo not have minimal regular cover ��.A similar result to Theorem 2.3.2 is also given by Latteux and Thierrin [31,Lemma 5.5, p. 14]. We will return to this in Section 3.6.



122.3.1 Grammatical CoveringsAnother notion of coverings, that of grammatical coverings, is given by Gray andHarrison [19]. Recall that h : A� ! B� is a homomorphism if h(a1a2) = h(a1)h(a2)for all a1; a2 2 A�.De�nition 2.3.3 Let G1 = (V1;�; P1; S1) and G2 = (V2;�; P2; S2) be context-freegrammars. Let h : P �1 ! P �2 be a homomorphism. Then G1 left covers G2 underh if, for all w 2 ��,� whenever S1 )�L w, then S2 )h(�)L w, and� whenever S2 )�L w then there exists �0 such that h(�0) = � and S1 )�0L w.The concept of G1 being a right cover of G2 is de�ned symmetrically. Gray andHarrison [19] contrast their de�nition to one given by Reynolds and Haskell:De�nition 2.3.4 Let G1 = (V1;�; P1; S1) and G2 = (V2;�; P2; S2) be context-freegrammars. Let h : P �1 ! P �2 be a homomorphism. Then G2 is said to be a weakcover of G1 if� h(S1) = S2, and� if A! x is a production in P1 then h(A))� h(x) in G2.Note that ifG2 left (or right) covers G1 under the homomorphism h, then h(A)! h(x)is a production in P2 for each production A! x in P1. So G2 is also a weak coverfor G1.However, these concepts of covering are strictly concerned with grammars, andnot with language coverings as sets. In fact, if G1 left covers G2 then L(G1) =



13L(G2) [28]. Hunt et al. note that the concept of grammatical covering are not asgeneral as language equivalence. That is, there exist CF grammars G1; G2 suchthat L(G1) = L(G2) but G1 does not cover G2 or vice-versa [28].Unfortunately, the work of Hunt et al. does not consider the relationships be-tween grammars which satisfy L(G1) � L(G2). The concepts of left and right coversare only developed by Hunt et al. as a means of classifying accompanying decisionproblems, eg. f(G1; G2) : G1 left covers G2g is not RE for arbitrary CFGs G1and G2 over a binary alphabet, but is PSPACE-complete if G1 and G2 are linearCFGs [28].2.3.2 Deterministic CFLsWe also have a brief note of a result by Hunt and Rosenkrantz [27], which wecan interpret in terms of bi-immune sets. Recall that a language L is bounded ifL � w�1 � � �w�n for some words w1; : : : ; wn. If there do not exist any such words, Lis said to be unbounded.Theorem 2.3.5 For any DCFL L � �� with j�j � 2, either L or L contains anregular subset R which is unbounded.Upon noting that any DCFL over a unary alphabet is regular, we can rewriteTheorem 2.3.5, using the terminology of Balc�azar and Sch�oning, as follows:Theorem 2.3.6 There are no REG-bi-immune deterministic CFLs.



142.4 Density ProblemsThe question of containment of languages is related to a problem of Bucher [9] whichremains open: given context-free languages L1 and L3 with L1 � L3 and L3 � L1in�nite, must there exist a context-free language L2 such that L1 � L2 � L3 withL3 � L2 and L2 � L1 both in�nite?This question is true for regular languages, as is noted by Bucher [9], sincethe regular languages are closed under complement. To see this, note that in theequivalent formulation for regular languages, L3�L1 is an in�nite regular language.It is an easy task then to construct a regular language L4 which is an in�nite subsetof L3 � L1 and for which (L3 � L1) � L4 is also in�nite. Thus L2 = L4 [ L1satis�es the conditions. Similar methods also exist to solve the problem positivelyfor deterministic context-free and recursive languages. However, the lack of closureunder complement means these methods do not apply to the CFLs. Thus, theproblem of Bucher still remains open.2.5 Minimal Cover-AutomataThe concept of cover-automata was developed by Câmpeanu et al. [10] for givingcompact representations of �nite languages as �nite automata.Given a �nite language L, where the longest string in L is of length `, a cover-automaton of L is a deterministic �nite automaton M = (Q;�; �; q0; F ) such thatL(M) \ ��` = L. A minimal cover-automaton of L is a cover-automaton M =(Q;�; �; q0; F ) such that jQj is minimal among all cover-automata for L. Câmpeanu



15et al. [10] demonstrate that a given �nite language may have several non-isomorphicminimal automata.In terms of minimal covers, given any �nite language F , then for any class Cwith FIN � C, L is a C-minimal cover of F with respect to FIN if and only ifF � L and L is �nite. However, in constructing the minimal cover-automaton Mfor F , the language accepted by M is not necessarily �nite.Given a DFA M with n states accepting a �nite language F , Paun et al. havealso given an O(n2) algorithm for constructing a minimal cover automata for a�nite language [41].



Chapter 3
Minimal Regular Covers
The focus of this chapter is the topic of minimal regular covers with respect to�nite languages, or simply, minimal regular covers. Before beginning the closureproperties of minimal regular covers, we prove that minimal regular covers areunique up to �nite modi�cation.Theorem 3.0.1 Let L be a language, and suppose R;R0 are minimal regular coversof L. Then (R�R0) [ (R0 � R) is �nite.Proof: Suppose R;R0 are minimal regular covers of L. Let R00 = R \ R0. ThenR00 is regular and also covers L, and L � R00 � R. It follows that R� R00 is �nite.Similarly, R0 �R00 is �nite. Since (R�R0) [ (R0 �R) = (R�R00) [ (R0 �R00), theresult follows. 2The following result, due to Shallit, shows us that the languages with minimalregular cover �� are dense:Theorem 3.0.2 Almost all languages L have minimal regular cover ��.16



17Proof: We show that almost all languages have minimal regular cover ��. Leta language L be chosen at random, that is, for all strings x 2 ��, the probabilitythat x 2 L is 1=2.Assume that there exists a regular language R with L � R and ���R in�nite.Since �� � R is an in�nite regular language, there exist words u; v; w with v 6= �such that uviw 2 �� � R for all i � 0. But since L is chosen at random, withprobability 1 at least one of uviw 2 L for some i � 0. Thus L is not a subset of R.This is a contradiction. Thus L has minimal regular cover ��. 2Section 3.1 examines several operations which preserve minimal regular covers,while Section 3.2 examines remaining operations which do not preserve minimalregular covers. We then turn speci�cally to bounded languages in Section 3.3. Usinga characterization of bounded regular languages due to Ginsburg and Spanier, wegive a theorem which allows us to determine whether a given language has a regularlanguage R as minimal regular cover.Sections 3.4 and 3.5 then examine questions of decidability and complexity ofsome problems related to minimal regular covers. In Section 3.6, which considerssome interesting classes of languages and their minimal regular covers. We concludeby brie
y considering bi-minimal regular covers in Section 3.7.



183.1 Closure Properties of MRCs3.1.1 Closure under binary operations of MRCWe examine the closure properties of minimal regular covers under several opera-tions.Theorem 3.1.1 Let L1 and L2 be languages with minimal regular covers R1 andR2, respectively. Then L1 [ L2 has minimal regular cover R1 [R2.Proof: Let R3 be a regular language such that L1 [ L2 � R3 � R1 [ R2. Notethat (R1 [ R2) � R3 in�nite implies R1 � R3 in�nite or R2 � R3. Without lossof generality, assume that R1 � R3 is in�nite. But R1 � R3 = R1 � (R1 \ R3),and L1 � (R1 \ R3) � R1. Thus, R1 is not a minimal regular cover of L1, acontradiction. 2Theorem 3.1.2 If L1 has minimal regular cover R, and L2 � R, then L1 [L2 hasminimal regular cover R.Proof: Let R0 be a regular language with L1 [ L2 � R0 � R. But then alsoL1 � R0 � R. Since R is a minimal regular cover of L1, this gives that R � R0 is�nite, and so R is a minimal regular cover of L1 [ L2. 2The following, due to Shallit, shows that minimal regular covers are closed underconcatenation with a �nite language. We will see in Section 3.2 that minimal regularcovers are not closed under arbitrary concatenation, even with regular languages.



19Theorem 3.1.3 Let L be a language having minimal regular cover L and let F bea �nite language. Then FL (resp., LF ) has minimal regular cover FR (resp., RF ).Proof: We prove the result for FL, leaving the result for LF to the reader.By Theorem 3.1.1 it su�ces to prove the result when F is a single word, sayF = fwg. So suppose, to get a contradiction, that R1 is a regular language suchthat wL � R1 � wR, with wR� R1 in�nite.Let R2 = fx : wx 2 R1g. It is clear that R2 is regular, and since R1 � wR,we have R1 = wR2. We claim that L � R2 � R. For the �rst inclusion, supposey 2 L. Then wy 2 wL � R1. But then y 2 R2. For the second, suppose z 2 R2.Then wz 2 R1. But R1 � wR, so wz 2 wR. Hence z 2 R.Since R is a regular cover of L, we must have R�R2 is �nite. Then w(R�R2) =wR� R1 is �nite. But this contradicts our earlier assumption. It follows that wRis a minimal regular cover of wL. 2The following theorem, due to Shallit, shows that minimal regular covers areclosed under intersection with regular languages.Theorem 3.1.4 Let L be a language with minimal regular cover R. Let R0 be anarbitrary regular language. Then L \ R0 has minimal regular cover R \ R0.Proof: Let R00 be a regular language satisfying L \ R0 � R00 � R \ R0. Assume,to arrive at a contradiction, that (R \ R0)� R00 is in�nite. De�neR0 = R� ((R \R0)�R00);



20and note that L � R0 � R. Also, R�R0 = (R\R0)�R00 and so is in�nite. Thus,R is not a minimal regular cover R. This is our contradiction. 2Next, we examine quotient. Recall that for languages L1; L2 � ��, the quotientL1=L2 is de�ned byL1=L2 = fx 2 �� : 9y 2 L2 such that xy 2 L1g:The following result, due to Shallit and the author, shows that minimal regularcovers are preserved under quotient by arbitrary languages.Theorem 3.1.5 Let L1 be a language with minimal regular cover R1, and L2 bean arbitrary language. Then L1=L2 has minimal regular cover R1=L2.Proof: Clearly if L1 � R1, then L1=L2 � R1=L2. Furthermore, it is well knownthat if R is regular, then R=L is regular for all languages L [24, Thm. 3.6, pp.62{63]. Hence R1=L2 is a regular cover of L1=L2.Suppose, contrary to what we want to prove, that R1=L2 is not a minimal regularcover of L1=L2. Then there exists a regular language R0 such thatL1=L2 � R0 � R1=L2and R1=L2 � R0 is in�nite. We claim that there exists a string w 2 L2 such thatR1=fwg �R0 is in�nite.To see this, letM1 = (Q1;�; �1; q1; F1) be a DFA for R1. By the usual construc-tion [24, p. 63] if we let F 01 = fq 2 Q : there exists y 2 L2 such that �1(q; y) 2 Fg,



21then M 01 = (Q1;�; �1; q1; F 01) is a DFA for R1=L2. Let M2 = (Q2;�; �2; q2; F2) be aDFA for R0. Let M = (Q1 �Q2;�; �; q0; F ) where q0 = [q1; q2], F = F 01� (Q2� F2)and �([p; q]; a) = [�1(p; a); �2(q; a)] for p 2 Q1; q 2 Q2, and a 2 �. Then M acceptsthe language R1=L2�R0. Since R1=L2�R0 is in�nite, by the pigeonhole principle,there must be a state t 2 F such that L = fx 2 �� : �(q0; x) = tg is in�nite. Sup-pose t = [r; s]. Then r 2 F 01, and hence there exists w 2 L2 such that �1(r; w) 2 L2.It follows that L � R1=fwg � R0, and the result follows.Now let B = (R1=L2 � R0)fwg \ R1. Clearly B is regular and B � R1. Weclaim that L1 � R1 �B � R1 (3.1.1)and B is in�nite.First, let's prove (3.1.1). Since L1 � R1, it su�ces to show that L1 \ B = ;.Suppose there exists a string x with x 2 L1 and x 2 B. Since x 2 B, we canwrite x = tw where t 2 R1=L2 � R0. Hence t 62 R0. But tw 2 L1, which impliest 2 L1=fwg � L1=L2 � R0, so t 2 R0, a contradiction.Now let us prove that B is in�nite. We know from above that R1=fwg � R0 isin�nite, say R1=fwg � R0 = fx1; x2; : : : ; g. Since xi 2 R1=fwg for each i � 1, wehave xiw 2 R1 for each i � 1. Also xiw 2 (R1=L2 � R0)fwg. Hence xiw 2 B. Butall the xiw are distinct and hence B is in�nite.Since L1 � R1 � B � R1, and R1 � B is regular, and R1 � (R1 � B) = B isin�nite, it now follows that R1 is not a minimal regular cover of L1, a contradiction.2



223.1.2 Closure under morphisms of MRCWe now turn to the properties of minimal regular covers under homomorphisms andinverse homomorphisms. We �nd that forward homomorphisms and �-free inversehomomorphisms both preserve regular covers.Recall that ' : �� ! �� is a homomorphism if '(xy) = '(x)'(y) for allx; y 2 ��. We �rst have a set-theoretic lemma which will be useful in the proof ofTheorem 3.1.7:Lemma 3.1.6 Let L1; L2 be languages with L1 � �� and L2 � ��. Let ' : �� !�� be a homomorphism. Then'(L1)� L2 � '(L1 � '�1(L2)):Proof: Let x 2 '(L1)� L2. Then x = '(y) for some y 2 L1, and x 62 L2. Then'(y) 62 L2. If y 2 '�1(L2), then '(y) 2 '('�1(L2)) � L2, a contradiction. Thusy 62 '�1(L2). But then y 2 L1 � '�1(L2) and x = '(y) 2 '(L1 � '�1(L2)), asdesired. 2Theorem 3.1.7 Let L be a language with minimal regular cover R � ��. Let' : �� ! �� be a homomorphism. Then '(L) has minimal regular cover '(R).Proof: Suppose, to arrive at a contradiction, that R0 is a regular language suchthat '(L) � R0 � '(R), and '(R) � R0 is in�nite. We have L � '�1('(L)) �'�1(R0).



23De�ne R0 to be the languageR0 = '�1(R0) \ R:By the closure properties of regular languages, R0 is regular. Also, L � '�1(R0)and L � R imply that L � R0 � R:By Lemma 3.1.6, we have that'(R)�R0 � '(R� '�1(R0)):Thus, '(R) � R0 in�nite implies '(R � '�1(R0)) is also in�nite. This impliesR�R0 = R� ('�1(R0) \R) = R� '�1(R0) is in�nite. This is our contradiction.2 We prove some preliminary lemmas before establishing the closure of minimalregular covers under inverse �-free homomorphisms. Recall that we de�ne '�1(x) =fy : '(y) = xg for any x 2 �� and naturally extend this to languages as'�1(L) = [x2L'�1(x):We say that a homomorphism ' : �� ! �� is �-free if '(a) 6= � for each a 2 �.Lemma 3.1.8 Let ' : �� ! �� be an �-free homomorphism. Then S � �� in�niteimplies '(S) in�nite.Proof: Since S is in�nite, there exists a set fxigi�0 � S such that jxij = ni andfnigi�0 is a monotonic increasing sequence.



24Let mi = j'(xi)j. Since ' is �-free, mi � ni. Then we can choose a monotonicsubsequence of fmigi�0 , say fmijgj�0. Then f'(xij )gj�0 � '(S) is an in�nite set.2Given a homomorphism ' : �� ! ��, de�ne the language E = E(') byE = fx 2 �� : '�1(x) = ;g:Lemma 3.1.9 For any ' : �� ! ��, the language E is regular.Proof: Let � = fb1; b2; : : : ; bng. For each i with 1 � i � n, let wi 2 �� be givenby wi = '(bi). We claim thatE = (w1 + w2 + � � �+ wn)�which will establish the lemma.Let x 2 (w1 + w2 + � � � + wn)�, say x = wi1wi2 � � �wik with 1 � ij � n for all1 � j � k. But then '(bi1bi2 � � � bin) = x, thus '�1(x) 6= ; and thus x 62 E.If x 2 E, then there exists y 2 �� such that '(y) = x. Let y = bj1bj2 � � � bjs with1 � ji � n for all 1 � i � s. But now x = '(y) = wj1wj2 � � �wjs. 2Given ' : �� ! �� and regular languages R1 � �� and R2 � ��, de�neT = T (';R1; R2) asT = fx 2 '�1(R1)� R2 : '(x) 2 '(R2)g:



25We establish the following facts about T :Lemma 3.1.10 Let ' : �� ! �� be a homomorphism and let R1 � �� andR2 � �� be regular languages. Let T = T (';R1; R2). Then(a). T is regular;(b). For any language L � R1 such that '�1(L) � R2, '(T ) \ L = ;:
Proof: (a). Let T 0 = fx 2 �� : '(x) 2 '(R2)g. Note that T 0 = '�1('(R2)).Thus T 0 is regular. Also, T = T 0 \ ('�1(R1)� R2);giving that T is regular.(b). Let L be a language with L � R1 and '�1(L) � R2. Let w 2 L \ '(T ).By de�nition of T , T � '�1(R1) � R2. Thus, w 2 '(T ) implies that there existsu 2 '�1(R1) � R2 such that '(u) = w. Then using the fact that w = '(u) 2 L,u 2 '�1(L) � R2. This contradicts our choice of u 2 '�1(R1)� R2. 2We now prove that minimal regular covers are closed under �-free inverse ho-momorphism.Theorem 3.1.11 Let ' : �� ! �� be an �-free homomorphism. Let L;R � �� belanguages with R a minimal regular cover for L. Then '�1(L) has minimal regularcover '�1(R).



26Proof: The inclusion '�1(L) � '�1(R) is trivial. Let R0 be a regular languagesuch that '�1(L) � R0 � '�1(R). We must show that '�1(R)�R0 is �nite.Let E � �� be E = E(') as de�ned above. Let R0 � �� be the regular languageR0 = '(R0) [ (R \ E):R0 is regular by Lemma 3.1.9 and our standard closure properties of regular lan-guages.We claim that L � R0 � R: (3.1.2)The inclusion R0 � R is true by de�nition of R0 and the fact that '(R0) � R. Now,let x 2 L�'(R0). If there is y 2 �� with '(y) = x, then y 2 '�1(x) � '�1(L) � R0.So x 2 '(R0), contrary to our choice of x. Thus '�1(x) = ; and so x 2 E. Sincex 2 L � R, we get that x 2 R \ E. Thus, L � R0 = '(R0) [ (R \ E).Let T = T (';R;R0) be as de�ned above. Then by Lemma 3.1.10, T is regularand '(T ) \ L = ;. From (3.1.2), we have seen above that L � R0. Thus, L �(R0 � '(T )). Also from (3.1.2), R0 � R. ThusL � R0 � '(T ) � R:But since R is a minimal regular cover of L, we must have thatR� (R0 � '(T )) is �nite. (3.1.3)



27Lemma 3.1.12 Given the conditions as above,'('�1(R)� R0) � R� (R0 � '(T )):Proof: Let x 2 '('�1(R) � R0). Then, there exists a y 2 '�1(R) � R0 suchthat '(y) = x. Now y 2 '�1(R) implies that x = '(y) 2 R. In order to obtain acontradiction, assume x 2 R0 � '(T ). Since x 2 R0, either x 2 E or x 2 '(R0), byde�nition of R0.If x 2 E then '�1(x) = ;. However, we know that y 2 '�1(x). Therefore, wemust have x 2 '(R0). That is, x = '(y) 2 '(R0). But recalling our de�nition of T ,we note that y 2 '�1(R)�R0 and '(y) 2 '(R0) implies y 2 T and x = '(y) 2 '(T ).But this is contrary to our assumption on x. Thus x 2 R� (R0 � '(T )). 2But now by Lemma 3.1.12 and (3.1.3), we have that '('�1(R) � R0) is �nite.So, since ' is �-free, we must have that '�1(R)�R0 is also �nite, by Lemma 3.1.8.This proves the result. 2Thus, we may now easily construct languages which are unbounded but whichhave a minimal regular cover. This complements Section 3.3, which will considerexclusively bounded languages with minimal regular covers.Example 3.1.13: Let � be an arbitrary alphabet and let ' : �� ! 0� be thehomomorphism de�ned by '(a) = 0 for all a 2 �. Let L be any language withminimal regular cover 0�. By Theorem 3.3.5 I(L) = fn : 0n 2 Lg intersects everyarithmetic progression.Then '�1(L) = fx 2 �� : jxj 2 I(L)g has minimal regular cover ��. If j�j > 1,



28then '�1(L) is unbounded. Thus, for any set I which intersects every arithmeticprogression, the language LI = fx 2 �� : jxj 2 Ig has minimal regular cover ��.For example, L = fx 2 fa; bg : jxj 6= n + n!; 8n � 1g has minimal regularcover fa; bg�. 2Following Theorem 3.1.11, we consider the closure properties of languages withminimal regular covers under inverse �-free substitution. A substitution ' : �� !2�� is �-free if � 62 '(a) for all a 2 � (see, eg. [44, p. 19]). Recall that for a languageL � �� and a substitution ' : �� ! 2��, we may de�ne the inverse image of alanguage L by '�1(L) = fx 2 �� : '(x) � Lg: (3.1.4)Then Theorem 3.1.11 is not true if we replace homomorphism by substitution, evenregular substitution. To see this, let L = f0n : n � 1 not primeg: AnticipatingLemma 3.2.2, L has minimal regular cover 0+. De�ne the substitution ' : fa; bg� !20� by '(a) = 0+ and '(b) = 00(00)�. Note that '(bi) = (00)i(00)� � L and that ifjxja 6= 0, '(x) = 0+ 6� L. Then '�1(L) = b+ while '�1(0+) = (a+ b)+. So '�1(L)does not have minimal regular cover '�1(0+).However, we may also use the de�nition of inverse substitution given by'[�1](L) = fx 2 �� : '(x) \ L 6= ;g:We use the notation '[�1] to distinguish it from the de�nition of inverse substitutiongiven by (3.1.4). With this in mind, we prove that if L is a language with minimalregular cover 0�, inverse �-free substitution preserves minimal regular covers. We



29start with some preliminary lemmas, including a proof that minimal regular coversare closed under �nite inverse �-free substitution.Lemma 3.1.14 Let L � 0� have minimal regular cover 0�. Let � be an alphabetand ' : �� ! 20� be a regular �-free substitution. For all x 2 �� such that j'(x)j isin�nite, x 2 '[�1](L):Proof: Let x 2 �� such that '(x) is in�nite. Since ' is a regular substitution,'(x) is regular. Thus we know by Lemma 3.2.1 that '(x) � 0r(0s)� for someintegers r � 0 and s � 1. Since ' is �-free, s 6= 0. We consider the arithmeticprogression r + sm for m � 0. Anticipating Theorem 3.3.5, there exists an m suchthat 0r+sm 2 L. Thus, '(x) \ L 6= ;. Thus x 2 '[�1](L). 2Theorem 3.1.15 Let L � �� be a language with minimal regular cover R. Let' : �� ! 2�� be a �nite �-free substitution. Then '[�1](L) has minimal regularcover '[�1](R).Proof: Let � = fa1; : : : ; ang. For each 1 � i � n, let mi be integers suchthat j'(ai)j = mi. Let '(ai) = fui;1; : : : ; ui;mig for words ui;j 2 ��. Now, letm = Qni=1mi. Now, we de�ne m homomorphisms 'j : �� ! �� for 1 � j � m,such that for each (u1;j1; u2;j2; : : : ; un;jn) 2 '(a1)� '(a2)� : : :� '(an), there existsa j with 1 � j � m such that 'j(ai) = ui;ji. Note that as ' is �-free, each 'j isalso �-free. We claim that m[j=1'�1j (L) = '[�1](L) (3.1.5)



30We �rst prove the left-to-right inclusion of (3.1.5): Let x 2 '�1j (L). Then 'j(x) 2 L,since 'j is a homomorphism. But now 'j(x) � '(x), by de�nition of 'j, so that'(x) \ L 6= ; and x 2 '[�1](L).To prove the right-to-left inclusion of (3.1.5), let x 2 '[�1](L). Then '(x)\L 6=;, say in particular that z 2 '(x) \ L. But now if x = ak1 � � �akr for aki 2 �,then there is a decomposition of z as zk1 � � � zkr such that zki 2 '(aki). Now, bythe de�nition of 'j, there exists a j such that 'j(x) = z. Then z 2 L impliesx 2 '�1j (L). Thus, the inclusion is proved.Now, by Theorems 3.1.1 and 3.1.11, Smj=1 '�1j (L) has minimal regular coverSmj=1 '�1j (R). By the equality of (3.1.5), applied with R in place of L, the theoremis proved. 2Theorem 3.1.16 Let L � 0� be a language with minimal regular cover 0�. Let' : �� ! 20� be a regular �-free substitution. Then '[�1](L) has minimal regularcover ��.Proof: Let � = fa1; a2; : : : ; ang and let '(ai) = Ri for all 1 � i � n. De�nesubsets X; Y of � as X = fai : Ri is in�nite g;Y = fai : Ri is �nite g:Clearly X \ Y = ; and X [ Y = �. We claim that the following equalities hold:'[�1](L) \ Y � = Y � (3.1.6)



31'[�1](L) \ Y � = 'j[�1]Y (L): (3.1.7)Consider �rst (3.1.6). It is equivalent to Y � � '[�1](L). Thus, consider x 2 Y �,which implies that jxjX > 0. So, '(x) is in�nite, and by Lemma 3.1.14, we havethat '(x) \ L 6= ; and x 2 '[�1](L). Thus (3.1.6) is established.As to (3.1.7), let x 2 'j[�1]Y (L). Then 'jY (x) \ L 6= ;. But 'jY is only de�nedon Y �, so x 2 Y �. Also 'jY (x) \ L � '(x) \ L. So x 2 '[�1](L). Conversely, letx 2 '[�1](L) \ Y �. Then x 2 Y �, so 'jY (x) is de�ned and in fact is equal to '(x).Thus clearly x 2 'j[�1]Y (L). This establishes the inclusion.Now 'jY : Y ! 20� is a �nite substitution, so by Theorem 3.1.15, 'j[�1]Y (L) hasminimal regular cover 'j[�1]Y (0�). Further,'[�1](L) = ('[�1](L) \ Y �) [ ('[�1](L) \ Y �)= Y � [ 'j[�1]Y (L)has minimal regular cover Y � [ 'j[�1]Y (0�).But now (3.1.6) and (3.1.7) give us that '[�1](0�) = Y � [ 'j[�1]Y (0�). Thus'[�1](L) has minimal regular cover '[�1](0�). The result follows on noting thatnecessarily '[�1](0�) = ��. 2One particular case is worth noting as a corollary:Corollary 3.1.17 Let L � 0� be a language with minimal regular cover 0�. Let' : �� ! 20� be a regular �-free substitution such that for all a 2 �, '(a) is in�nite.Then '[�1](L) = ��.



32Proof: The corollary follows on letting Y = ; in the proof of Theorem 3.1.16. 2We have a partial generalization of Theorem 3.1.16. It follows from the followinglemma:Lemma 3.1.18 Let L have minimal regular cover R. Then L [ R has minimalregular cover ��.Proof: Let L [R � R0 � ��. We must show R0 is �nite. Now R0 � L \ R � R.Also, (L [ R0) \ R � R0 \ R, and this cover is minimal, by Theorem 3.1.4. Soby Theorem 3.0.1, R� (R0 \R) is �nite. That is R\R0 is �nite. But since R0 � R,R \ R0 = R0. So R0 is �nite, as required. 2The following is an easy lemma, stated without proof:Lemma 3.1.19 Let ' be a substitution. Then '[�1](A [ B) = '[�1](A) [ '[�1](B)and A � B implies '[�1](A) � '[�1](B).Theorem 3.1.20 Let L � 0� be a language with minimal regular cover R. Let' : �� ! 20� be a regular �-free substitution. Then '[�1](L)�'[�1](R) has minimalregular cover '[�1](R)� '[�1](R).Proof: By Lemma 3.1.18, we know that L[R has minimal regular cover 0�. ThusTheorem 3.1.16 implies that '[�1](L [ R) has minimal regular cover ��.By Lemma 3.1.19, '[�1](L) [ '[�1](R) has minimal regular cover �� and thusby Theorem 3.1.4 and Lemma 3.1.19 again, '[�1](L) [ ('[�1](R) \ '[�1](R)) has



33minimal regular cover '[�1](R). Since '[�1](R) \ '[�1](R) is regular and L � R,we can apply again Theorem 3.1.4 to yield our �nal result: '[�1](L)�'[�1](R) hasminimal regular cover '[�1](R)� '[�1](R). 2
3.2 Non-closure properties of MRCsWe examine operations which are not closed under minimal regular cover. We beginwith a lemma which will be useful below. It is due to Shallit:Lemma 3.2.1 If L � 0� is a regular language, then there exist integers m � 0,n � 1 and sets A � f�; 0; : : : ; 0m�1g and B � f0m; 0m+1; : : : ; 0m+n�1g such thatL = A [B(0n)�. Furthermore, L is in�nite if and only if B 6= 0.Proof: If L is regular, then it is accepted by a DFA. The structure of this DFAmust consists of a \tail" of m � 0 states followed by a cycle of n � 1 states. Theresult easily follows. 2We have the following useful lemma, due to Shallit:Lemma 3.2.2 Suppose a1 < a2 < a3 < � � � is a strictly increasing sequence ofnon-negative integers such that an=n ! 1 as n ! 1. Let A = f0ai : i � 0g.Then L = 0� � A is minimally covered by 0�.Proof: We have 0� � L = A. If A contained an in�nite regular subset, then byLemma 3.2.1, there would exist integers i � 0 and j � 1 such that 0i(0j)� � A.But then there would be an � > 0 such that an=n � j+ � for all n su�ciently large,a contradiction. 2



34We now show that there exists a language L such that L has a minimal regularcover, while L� has no minimal regular cover. Since if L is unary then L� is regular(see [24, Exercise 3.7, p. 72]), we must consider a alphabet of size strictly greaterthan one:Theorem 3.2.3 Let D = f0n+n! : n � 0g. Then L = 1D has minimal regularcover 10�, but L� has no minimal regular cover.Proof: By Lemma 3.2.2, D has minimal regular cover 0�. By Lemma 3.1.3, L hasminimal regular cover 10�.Now, we establish that L� has no minimal regular cover. Let R be a regularlanguage with L� � R. Let M = (Q;�; �; q0; F ) be a DFA with r states such thatL(M) = R. Let n be an integer with n > r and n not of the form m +m! for allm � 1.Consider 10n. Since n is not of the form m+m!, 10n 2 L � L�. Further, sinceL� � R, 10n is accepted by M and thus �(q0; 10n) = q1 for some state q1 2 F . Butby the pigeonhole principle, since n > r there exists some state q2 such that q2 isvisited twice in the computation of 10n. Let the distance between successive visitsto q2 be k, where k is an integer with 1 � k � r. Thus, since we may now repeatthe computation between successive visits of q2 any number of times, it follows that�(q0; 10n+jk) = q1for all j � 0. Since k � r < n, j = n!=k is an integer, and so�(q0; 10n+n!) = q1: (3.2.1)



35Now 1000 2 L. Thus 10n(1000)i 2 L� for all i � 0. Since �(q0; 10n) = q1 andL� � R, �(q1; (1000)i) 2 F for all i � 0. Combining this with (3.2.1) gives�(q0; 10n+n!(1000)i) 2 F for all i � 0 and so 10n+n!(1000)� � R for our choiceof n. But 10n+n!(1000)i 62 L for all i � 0, thusL� � R� f10n+n!(1000)i : i � 0g � R:Thus R is not a minimal regular cover of L�. Thus L� has no minimal regular cover.2We now turn to arbitrary intersection. We see that two languages may possessminimal regular covers, while their intersection may not. The theorem is provedafter establishing that the unary language f0n2 : n � 1g has no minimal regularcover. We introduce the following notation: !(n) denotes the total number of primefactors of n, counted with multiplicity. For example, !(2357118) = 18. The entireargument is due to Shallit:Lemma 3.2.4 Let Ls = f0n2 : n � 1g. Then Ls has no minimal regular cover.Proof: Suppose R is a minimal regular cover of Ls. Then by Lemma 3.2.1 we canwrite R = A [ B(0n)� with B � f0m; 0m+1; : : : ; 0m+n�1g. Let p be an odd primenot dividing n, and let a be a quadratic non-residue (mod p), i.e., the Legendresymbol �ap� = �1. Since Ls is in�nite, R must be in�nite, and so B 6= ;. Choose ab such that 0b 2 B. Let r be an integer, m � r < m + pn such that r � b(mod n)and r � a(mod p); such an r exists by the Chinese remainder theorem.



36Now let T = (0pn)�0r. Note that T � R. If 0c 2 T , then c is not a square, since�cp� = �rp� = �ap� = �1. It follows that Ls � R � T , so R � T is a regular coverof Ls. On the other hand, R � (R � T ) = T is in�nite, so R is not minimal, acontradiction. 2Theorem 3.2.5 Let L0 = f0n : !(n) � 0(mod 2)gand L1 = f0n : n is a square or !(n) � 1(mod 2)g:Then �� is a minimal regular cover of both L0 and L1, but L0 \L1 has no minimalregular cover.Proof: First, consider L0. By Theorem 3.3.5, it su�ces to show that I(L0) = fn :!(n) � 2(mod 2)g intersects every arithmetic progression. Let An;a := fnt + a :t � 0g be an arithmetic progression. Let g = gcd(a; n); note that if a = 0 theng = n. Then by Dirichlet's theorem there exists in�nitely many prime numbersp � a=g(mod n=g), so in particular there exists such a p with p � n.Now there are two cases to consider. If !(g) � 1(mod 2), then !(gp) �0(mod 2). Also gp � a(mod n) and gp � n, so gp 2 An;a and hence I(L0) in-tersects An;a.If !(g) � 0(mod 2), then by Dirichlet's theorem there exists a prime q �1(mod n=g). Then !(gpq) � 0(mod 2). Also gpq � a(mod n) and gpq � n, sogpq 2 An;a and hence I(L0) intersects An;a. It follows that 0� is a minimal regularcover of L0.



37A similar argument applies to f0r : !(r) � 1(mod 2)g, and hence, by Theo-rem 3.1.2, L1 has 0� as a minimal regular cover. However, L0 \ L1 = f0n2 : n �1g = Ls, and Ls has no minimal regular cover by Lemma 3.2.4. 2Lemma 3.1.3 demonstrated that minimal regular covers were closed under con-catenation with �nite languages. However, the following theorem, due to the authorand Shallit, shows that this closure fails when we consider even regular languages.Theorem 3.2.6 Let L1 = 1+ � f1p : p prime g. and L2 = 0�. Then L1 hasminimal regular cover 1+ and L2 has minimal regular cover itself. However, L1L2has no minimal regular cover.Proof: Let L = L1L2, and suppose R is a minimal regular cover for L. LetM = (Q;�; �; q0; F ) be a DFA with L(M) = R. Let n = jQj, and p be a prime withp > n. Since 1p20� � L, we have �(q0; 1p20j) 2 F for all j � 0. However, by thepigeonhole principle, there must be some state such that �(q0; 1a) = �(q0; 1a+b) forsome a � 0,b � 1 such that a + b � n. We can go around this loop as many timesas we want, so it follows that �(q0; 1p2+(i�1)b0j) 2 F for all i; j � 0. By Dirichlet'stheorem, there exists i such that p2 + (i � 1)b is a prime number. Call this primenumber q. Let R0 = R� 1q0�. Then L � R0 � R and R�R0 is in�nite. This showsthat L has no minimal regular cover. 2We now consider closure under inverse homomorphism. The next lemma showsthat minimal regular covers are not closed under arbitrary inverse homomorphism.We have already seen that this closure holds if we restrict ourselves to �-free inversehomomorphism.



38Theorem 3.2.7 Let L = f0n+n! : n � 1g and ' : fa; bg ! f0g be the homomor-phism de�ned by '(a) = 0 and '(b) = �. Then L has minimal regular cover 0�, but'�1(L) has no minimal regular cover.Proof: By Lemma 3.2.2, L has minimal regular cover 0�. De�ne L0 � fa; bg� asL0 = '�1(L). Observe thatL0 = fx 2 fa; bg� : jxja 6= m +m! 8m � 1g:We claim that L0 has no minimal regular cover. Let R be a minimal regular cover,so that L0 � R � fa; bg�. Let M = (Q;�; �; q0; F ) be a DFA with r states suchthat L(M) = R. Let n be an integer with n > r and n not of the form m+m! forall m � 1.Since L0 � R, and an 2 L0, we have �(q0; an) = q1 for some q1 2 F . Butanbi 2 L0 for all i � 0, so we must have �(q1; bi) 2 F for all i � 0. But thepigeonhole principle implies that there is an integer k, with 1 � k � r such that�(q0; an+jk) = �(q0; an) = q1 for all j � 0. Choose j = n!=k to yield �(q0; an+n!) = q1.Thus for all i � 0, �(q0; an+n!bi) 2 F and so an+n!b� � R for our choice of n. Butnow an+n!bi 62 L0 for all i � 0 and so L0 � R� an+n!b� � R. So R is not a minimalregular cover of L0. 2As a consequence of the proof of Theorem 3.2.6, we can show that minimalregular covers are not closed under substitution, even regular substitution. Recallthat ' : � ! 2�� is a substitution if '(xy) = '(x)'(y) for all x; y 2 ��. Asubstitution is regular if '(a) is a regular language for all a 2 �.



39Theorem 3.2.8 Let ' : f0; 1g� ! 2f0;1g� be the regular substitution de�ned by'(0) = 0� and '(1) = 1. Let L1 = 1+�f1p : p is prime g. Then L10 has minimalregular cover 1+0 but '(L10) has no minimal regular cover.Proof: We know that L10 has minimal regular cover 1+0 by Lemma 3.2.2 andTheorem 3.1.3. But now '(L10) = L10�, and by Theorem 3.2.6, L10� has nominimal regular cover. 2We de�ne (arbitrary) shu�e as follows:xX y = fx1y1x2y2 � � �xnyn : x = x1x2 � � �xn; y = y1y2 � � � yn; xi; yi 2 ��g:Note that we do not insist xi; yi be letters from �. We extend this to languages asL1 X L2 = [x2L1;y2L2 xX y:Similarly, we de�ne the perfect shu�e operation for two strings x; y 2 �� withx = x1x2 � � �xn, y = y1y2 � � � yn, xi; yj 2 �, as x W y = x1y1x2y2 � � �xnyn. Notethat we insist that xi; yi be letters in � and x W y is not de�ned if jxj 6= jyj. Wesimilarly extend the perfect shu�e operation to languages L1 and L2 asL1 W L2 = fxW y : x 2 L1; y 2 L2g:It is relatively easy, as we shall see, to show that that minimal regular coversare not closed under arbitrary shu�e. But we will also see that the same is true ofperfect shu�e.



40Theorem 3.2.9 Let D = f0n+n! : n � 0g and L1 = 1�. Then L0 = D hasminimal regular cover 0�, and L1 has minimal regular cover itself. But L0 X L1has no minimal cover.Proof: That L0 has minimal regular cover 0� follows from Lemma 3.2.2. It isevident that L0 X L1 = fx 2 f0; 1g� : jxj0 6= n + n! 8n � 0gand so L0X L1 = L0 where L0 is from the proof of Theorem 3.2.7. Thus, L0X L1has no minimal regular cover. 2Theorem 3.2.10 LetL0 = f0n : !(n) � 0(mod 2)gL1 = f1n : n is a square or !(n) � 1(mod 2)g:Then 0� is a minimal regular cover of L0 and 1� is a minimal regular cover of L1,but L0 W L1 has no minimal regular cover.Proof: We know from Theorem 3.2.5 that L0 and L1 have minimal regular cover0� and 1�, respectively.Assume that L0 W L1 had minimal regular cover R. Note that L0 W L1 =f(01)r : r is a square g. Then letting h(1) = � and h(0) = a, Theorem 3.1.7 givesh(L0) has minimal regular cover h(R). Since h(L0) = Ls from Lemma 3.2.4, wehave a contradiction. Thus, L0 W L1 has no minimal regular cover. 2



413.3 Bounded Languages and MRCsRecall that a language L is bounded if there exist words w1; w2; : : : ; wn such thatL � w�1w�2 � � �w�n. In this section, we characterize completely bounded languageswhich possess a minimal regular cover. We begin by giving Theorem 3.3.2, a char-acterization of bounded regular languages originally due to Ginsburg and Spanier[18]. We �rst require some preliminary lemmas:Lemma 3.3.1 Let L � w�1w�2 � � �w�n be a bounded regular language. Let L1 be anarbitrary language. ThenL0 = fwjnn : 9wj11 � � �wjn�1n�1 2 L1 such that wj11 wj22 � � �wjn�1n�1 wjnn 2 Lgis a bounded regular language.Proof: Clearly L0 � w�n, thus L0 is bounded.Let M1 = (Q1;�; �1; q0;1; F1) and M2 = (Q2;�; �2; q0;2; F2) be DFAs such thatL(M1) = w�n and L(M2) = L. De�ne the NFA M 02 = (Q02;�; �02; q00;1; F2) whereQ02 = Q2 [ q00;2 and �02(q; a) = �2(q; a) for all q 2 Q2 and a 2 � and�02(q00;2; �) = fq 2 Q2 : 9wj11 � � �wjn�1n�1 2 L1 such that �2(q0;2; wj11 � � �wjn�1n�1 ) = qg:We now de�ne the NFA M = (Q;�; �; q0; F ) as follows:Q = Q1 �Q02�([q0; q00]; a) = [�1(q0; a); �02(q00; a)]



42q0 = [q0;1; q00;2]and de�ne F by F = F1 � F2:We claim that L(M) = L0. Let x 2 L(M). Then �02(q00;2; x) 2 F . But �(q00;2; x) =f�(q; x) : 9wj11 � � �wjn�1n�1 2 L1 such that �2(q0;2; wj11 � � �wjn�1n�1 ) = qg. Also, x 2 w�n,say x = wjnn . Then, we must have �2(q0;2; wj11 � � �wjn�1n�1 wjnn ) 2 F , that is, x 2 L0.Conversely, let wjnn 2 L0. Then there exists wj11 � � �wjn�1n�1 2 L1 such thatwj11 � � �wjn�1n�1 wjnn 2 L Let q 2 Q2 be the state with �2(wj11 � � �wjn�1n�1 ) = q. Thensince wj11 � � �wjn�1n�1 wjnn 2 L, �2(q; wjnn ) 2 F2. Thus, by de�nition of M , wjnn 2 L(M).Thus L(M) = L0 and L0 is regular, as required. 2Theorem 3.3.2 Let L � w�1w�2 � � �w�n be a bounded language. Then L is regular ifand only if there exist an integer N and indices ai;j; bi;j for 1 � i � N; 1 � j � nsuch that L = N[i=1wai;11 (wbi;11 )� � � �wai;nn (wbi;nn )�:Before proving our theorem, we note the theorem of Ginsburg and Spanier [18]:Theorem 3.3.3 A subset X of w�1 � � �w�r is regular if and only if it is a �nite unionof sets of the form X1X2 � � �Xr where each Xi is a regular subset of w�i .This is, implicitly, an equivalent statement to our Theorem 3.3.2, though theproof given by Ginsburg and Spanier [18] uses di�erent methods. We continuewith our proof of Theorem 3.3.2, found independently of the proof of Ginsburg andSpanier:



43Proof: Clearly if L = N[i=1wai;11 (wbi;11 )� � � �wai;nn (wbi;nn )�then L is regular.We prove the converse by induction on n. For n = 1, let L � w�1. Let L0 � 0�be the regular language such that h(L0) = L, where h(0) = w1. Then L0 is aunary regular language, and by Theorem 3.2.1, L0 = A [ B(0n)� for �nite setsA and B. For appropriate choices of ai and bi, depending on A and B, we haveL0 = SNi=1 0ai(0bi)�. Then applying h gives L = SNi=1 wai1 (wbi1 )�.Let n be any integer with n > 1. Assume that for any integer k < n, any wordsw�1; : : : ; w�k, and for any regular language L � w�1 � � �w�k, L can be expressed asL = N[i=1wai;11 (wbi;11 )� � � �wai;kk (wbi;kk )�for appropriate constants ai;j and bi;j.Let L be a regular language with L � w�1 � � �w�n and M = (Q;�; �; q0; F ) be theminimal DFA with L(M) = L. Let m = jQj and Q = fq0; : : : ; qm�1g. We employthe Myhill-Nerode theorem (see [24, Thm 3.9, pp. 65{66]). For 0 � i � m� 1, letEi be the equivalence class de�ned by the Myhill-Nerode relation:x � y () (8z)(xz 2 L () xy 2 L):De�ne the sets E 0i for 0 � i � m� 1 asE 0i = Ei \ w�1 � � �w�n�1:



44E 0i is regular, since Ei is accepted by the automaton Mi = (Q;�; �; q0; fqig), if weidentify Ei with the state qi of the minimal DFA M .We also de�ne Fi for 0 � i � m� 1 as follows:Fi = fy 2 w�n : 9x 2 E 0i such that xy 2 Lg:From Lemma 3.3.1, each Fi is regular. We claim that for all i with 0 � i � m� 1E 0iFi � L:To see this, let x 2 E 0i and y 2 Fi. By de�nition of Fi, there exists xy 2 E 0i suchthat xyy 2 L. But xy � x by de�nition of E 0i. So xyy 2 L implies xy 2 L. ThusE 0iFi � L. Note that Fi = ; is possible, which implies E 0iFi � L trivially.We de�ne a set J � f0; : : : ; m� 1g as follows:j 2 J () 9k such that �(qj; wkn) 2 FSince E 0iFi � L for all 0 � i � m� 1,[j2J E 0jFj � L:We claim the reverse inclusion also holds. Let x 2 L. Then �(q0; x) = qs for someqs 2 F . Let x1 be the pre�x of x which lies in w�1 � � �w�n�1. Let �(q0; x1) = qr forsome r. By de�nition of M and Er, x1 2 Er, and so x1 2 E 0r. Further, if we writex = x1x2, where x2 lies in w�n, �(qr; x2) = qs 2 F , so that, by de�nition, r 2 J .



45Also, we have that x2 2 Fr. Thus, x = x1x2 2 E 0rFr � Sj2J E 0jFj.Thus, we conclude that L = [j2J E 0jFjsince J � f1; : : : ; mg the union is �nite. But now by the inductive hypothesis,E 0j = Nj[i=1wa1;i;j1 (wb1;i;j1 )� � � �wan�1;i;jn�1 (wbn�1;i;jn�1 )�Fj = Mj[k=1wan;k;jn (wbn;k;jn )�So that L = [j2J Nj[i=1 Mj[k=1wa1;i;j1 (wb1;i;j1 )� � � �wan�1;i;jn�1 (wbn�1;i;jn�1 )�wan;k;jn (wbn;k;jn )� 2We now use Theorem 3.3.2 as a means of classifying bounded regular languageswith minimal regular covers.De�nition 3.3.4 Let L � w�1 � � �w�n be a bounded language. Given �xed integersai;j and bi;j (1 � i � N , 1 � j � n), we de�ne, for each 1 � i � N and 1 � k � n,the setsIi;k(L; j1; : : : ; jk�1; jk+1; : : : ; jn)= fj : wai;1+bi;1j11 � � �wai;k�1+bi;k�1jk�1k�1 wak;i+bk;ijk wai;k+1+bi;k+1jk+1k+1 � � �wai;n+bi;njnn 2 Lg



46for any j1; j2; : : : ; ji�1; ji+1; : : : ; jn � 0.Theorem 3.3.5 Let L � R � w�1 � � �w�n be bounded languages. Let R be regular,with representation R = N[i=1wai;11 (wbi;11 )� � � �wai;nn (wbi;nn )�:Then L has minimal regular cover R if and only if for all 1 � i � N , 1 � k � nand for all j1; j2; : : : ; ji�1; ji+1; : : : ; jn � 0, the setIi;k(L; j1; j2; : : : ; ji�1; ji+1; : : : ; jn)intersects every arithmetic progression.Proof: Let L � R. We write R = SNi=1Ri whereRi = wai;11 (wbi;11 )� � � �wai;nn (wbi;nn )�:Let Li = L \ Ri. Since minimal regular covers are closed under intersection withregular languages, Ri is a minimal regular cover of Li if and only if R is a minimalregular cover L. Note that L = SNi=1 Li. Thus, it su�ces to show the result for Li,since minimal regular covers are closed under union.First, assume that for Li, there exist k and j1; j2; : : : ; jk�1; jk+1; : : : ; jn � 0 suchthat I = Ii;k(Li; j1; j2; : : : ; jk�1; jk+1; : : : ; jn)



47does not intersect every arithmetic progression. Let a; b be integers with a 6= 0 suchthat am + b 62 I for all m � 0. De�ne D as the setD = wai;1+bi;1�j11 � � �wai;k�1+bi;k�1�jk�1k�1 wak;i+bk;i�ak (wak;i+bk;i�bk )�wai;k+1+bi;k+1�jk+1k+1 � � �wai;n+bi;n�jnn :Clearly D is in�nite and regular. By the choice of D, we claim that D \ Li = ;and D � Ri.By de�nition of I, we know that ifwai;1+bi;1�j11 � � �wai;k�1+bi;k�1�jk�1k�1 wak;i+bk;i�ak (wak;i+bk;i�bk )mwai;k+1+bi;k+1�jk+1k+1 � � �wai;n+bi;n�jnn 2 Li;there exists an m with am + b 2 I, contrary to our assumption on a; b and I. So,we must conclude that D\Li = ;. Also, D � Ri, by the de�nition of D. So, de�neR0i = Ri � D. Then Li � R0i � Ri and Ri � R0i = D is in�nite. So Ri is not aminimal regular cover of Li.To prove the converse, assume that Li is not minimally covered by Ri. Thenthere exists an R0i such that Li � R0i � Ri and Ri � R0i is in�nite. Recall thatRi = wai;11 (wbi;11 )� � � �wai;nn (wbi;nn )�:Let Ri � R0i be written asRi �R0i = M[̀=1wc`;11 (wd`;11 )� � � �wc`;nn (wd`;nn )�:



48Since Ri � R0i is in�nite, we must have that there is an `, 1 � ` �M , such thatwc`;11 (wd`;11 )� � � �wc`;nn (wd`;nn )� (3.3.1)is in�nite. Further, there must be a k, 1 � k � n such that d`;k 6= 0, since (3.3.1)is in�nite. So, choose arbitrary j1; j2; : : : ; jk�1; jk+1; : : : ; jn such thatwc`;1+d`;1�j11 � � �wc`;k�1+d`;k�1�jk�1k�1 wc`;kk (wd`;kk )�wc`;k+1+d`;k+1�jk+1k+1 � � �wc`;n+d`;n�jnnis in�nite. De�ne D to be this subset of Ri � R0i:D = wc`;1+d`;1�j11 � � �wc`;k�1+d`;k�1�jk�1k�1 wc`;kk (wd`;kk )�wc`;k+1+d`;k+1�jk+1k+1 � � �wc`;n+d`;n�jnn :Since D � Ri, each string is a member of Ri. In particular, if we de�ne the stringsUm for each m � 0 asUm = wc`;1+d`;1�j11 � � �wc`;k�1+d`;k�1�jk�1k�1 wc`;k+d`;k�mk wc`;k+1+d`;k+1�jk+1k+1 � � �wc`;n+d`;n�jnn ;each Um 2 Ri. Consider �rst U0. We want to write U0 in terms of ai;j and bi;j,which is possible since U0 2 Ri. So, let j 01; � � � j 0n be integers such thatU0 = wai;1+bi;1�j011 � � �wai;k�1+bi;k�1�j0k�1k�1 wai;k+bi;k�j0kk wai;k+1+bi;k+1�j0k+1k+1 � � �wai;n+bi;n�j0nn :



49Equating powers in our two representations of U0, we have thatc`;r + d`;r � jr = ai;r + bi;r � j 0rfor 1 � r � n, r 6= k, and c`;k = ai;k + bi;k � j 0k:Next, consider U1. We know that U0 and U1 share the same pre�x of lengthPk�1i=1 (c`;i+d`;i � ji)jwij (that is, the pre�x of powers of all w1; : : : ; wk�1) and a su�xof lengthPni=k+1(c`;i+d`;i �ji)jwij (similarly, the su�x of powers of all wk+1; : : : ; wn).We can then use the same j 01; : : : ; j 0k�1; j 0k+1; : : : ; j 0n to write U1 asU1 = wai;1+bi;1�j011 � � �wai;k�1+bi;k�1�j0k�1k�1 w(ai;k+bi;k�j0k)+bi;k�ck wai;k+1+bi;k+1�j0k+1k+1 � � �wai;n+bi;n�j0nnfor some constant c. Similarly, by comparing lengths, we conclude that we maywriteUm = wai;1+bi;1�j011 � � �wai;k�1+bi;k�1�j0k�1k�1 w(ai;k+bi;k�j0k)+bi;k�c�mk wai;k+1+bi;k+1�j0k+1k+1 � � �wai;n+bi;n�j0nn :Now, each string Um 2 Ri � R0i and thus, since Li � R0i, Um 62 Li for all m � 0.Thus, by de�nition of I = Ii;k(Li; j 01; : : : ; j 0k�1; j 0k+1; : : : ; j 0n)we have that j 0k + c �m 62 I for all m � 0. This proves the theorem. 2



503.4 Decision problems for MRCsWe examine some decision problems for minimal regular covers. Our �rst resultshows that it is undecidable whether an arbitrary CFL has a minimal regular cover.We show the same is true even if we restrict ourselves to linear CFLs.Theorem 3.4.1 Let L be an arbitrary CFL. The following are undecidable:(a). whether L has a minimal regular cover.(b). whether L has a minimal regular cover.We appeal to Greibach's Theorem [20]:Theorem 3.4.2 Let C be a class of languages that is e�ectively closed under con-catenation with regular sets and union, and for which the decision problem \= ��"is undecidable for any su�ciently large �xed �. Let P be a property that is true forall regular sets and that is preserved under quotient with a single letter. Then P isundecidable for C.We now prove Theorem 3.4.1:Proof: (a) Note that CFLs satisfy the conditions of Greibach's Theorem (see[24, pp. 205{206]). De�ne P (L) = fL has a minimal regular coverg. By Theo-rem 3.1.5, P is closed under arbitrary quotient. Finally, we note that every regularlanguage trivially has a minimal regular cover.(b) Let P 0(L) = fL has a minimal regular coverg. Again, P 0 is true for allregular sets. Assume that P 0(L) is true. Now, we note that P 0(L=a) is true if andonly if L=a = �� � L=a has a minimal regular cover. But it is easy to observe



51that �� = ��=a, and so that �� � L=a = ��=a � L=a = (�� � L)=a. But byTheorem 3.1.5, we must have that (�� � L)=a has minimal regular cover, sincewe assume that P 0(L) is true. So P 0(L=a) is true and thus we have satis�ed theconditions for Greibach's Theorem. 2Recall that a grammar G = (V;�; P; S) is said to be linear if each production�! �1 � � ��n satis�es �i 2 V for at most one index i. That is, for all productions,all but at most one of the items on the right-hand side is a variable, the rest beingelements of �.We note the theorem of Hunt and Rosenkrantz [26] which gives a condition forundecidability of problems relating to linear CFLs over f0; 1g. We begin with ade�nition:De�nition 3.4.3 Let P be a nontrivial predicate on a class C of languages overf0; 1g. Let r; s; x; y be strings over f0; 1g. De�ne the languages L� and L� byL� = f0x; 1yg+; L� = fx0; y1g+and the homomorphisms h�; h� : f0; 1g� ! f0; 1g� byh�(0) = 0x; h�(1) = 1yh�(0) = x0; h�(1) = y1:Then we de�ne L(P; r; s; x; y) and R(P; r; s; x; y) by� L(P; r; s; x; y) = fh�1� (u n (r n L=s)) : u 2 L�; P (L) is trueg,



52� R(P; r; s; x; y) = fh�1� ((r n L=s)=v) : v 2 L�; P (L) is trueg.We now present the theorem of Hunt and Rosenkrantz [26]:Theorem 3.4.4 Let P be any predicate on the linear CFLs over f0; 1g for whichthere exists a linear CFL Lt and strings r; s; x and y in f0; 1g� such that1. P (Lt) is true,2. rf0x; 1yg�s � Lt, and3. L(P; r; s; x; y) is a proper subset of the linear CFLs over f0; 1g.or symmetrically,1. P (Lt) is true,2. rfx0; y1g�s � Lt, and3. R(P; r; s; x; y) is a proper subset of the linear CFLs over f0; 1g.Then for arbitrary linear CFG G, the predicate P (L(G)) is undecidable.We demonstrate that the conditions of Theorem 3.4.4 hold for the predicateP (L) = fL has a minimal regular coverg.Theorem 3.4.5 Let G be an arbitrary linear CFG over f0; 1g. Then it is unde-cidable whether L(G) has a minimal regular cover.Proof: We �rst note that h� is an �-free homomorphism, so that minimal regularcovers are preserved under h�1� , by Theorem 3.1.11. Note that any unboundedregular language R satis�es the �rst two conditions of Theorem 3.4.4. In particular,let Lt = f0; 1g�. Then r = s = x = y = � satis�es rf0x; 1yg�s � Lt. Observe thatR = R(P; �; �; �; �)= fL=x : x 2 f0; 1g+; P (L) is trueg:



53We must show that R is a proper subset of the linear CFLs over f0; 1g. But notethat by Theorem 3.6.5, L0 = f0n1n : n � 0g is a linear CFL which has nominimal regular cover. But were L0 2 R, then L0 = L1=x for some x 2 f0; 1g+and with P (L1) is true. But by Theorem 3.1.5, P (L1) true implies P (L1=x) is true.This contradicts that L0 has no minimal regular cover. Thus, it must be that Ris a proper subset of the linear CFLs, since L0 62 R. So our predicate P satis�esTheorem 3.4.4. 2Consider the following technical lemma:Lemma 3.4.6 Let L be any language and let x be any string. Then L=x = (L=x):Proof: By de�nition, (L=x) = fy : yx 2 Lg = fy : yx 62 Lg. But also byde�nition, L=x = fy : yx 2 Lg: This proves the lemma. 2The following is a simple lemma:Lemma 3.4.7 Let L0 = f0n1n : n � 0g. Then L0 is a linear CFL.Proof: Observe thatL0 = f0n1m : m;n � 0; m 6= ng [ f0�1�g= f0n1m : m;n � 0; m 6= ng [ 0�11�0(0 + 1)�The second term in this union is regular, and thus there is a right linear grammarG1 = (V1; f0; 1g; P1; S1) such that L(G1) = 0�11�0(0 + 1)�. Further, the languagef0n1m : m;n � 0; m 6= ng can be given by the grammar G2 = (V2; f0; 1g; P2; S2)



54such that P2 is given by S2 ! 0SmjSl1 Sm ! 0SmjSsSl ! Sl1jSs Ss ! 0Ss1j�:This is easily veri�ed. So, we can combine G1 and G2 to give a linear grammar forL0. 2With this, we can prove the following:Theorem 3.4.8 Let G be an arbitrary linear CFG over f0; 1g. Then it is unde-cidable whether L(G) has a minimal regular cover.Proof: The proof uses the same construction as the proof of Theorem 3.4.5, withthe predicate P (L) = fL has a minimal regular coverg. Again, Lt = f0; 1g�, andr = s = x = y = � satis�es the �rst two conditions of Theorem 3.4.4, since Lt = ;has itself as minimal regular cover. So, again we haveR = fL=x : x 2 f0; 1g+; P (L) is trueg:Now, we consider L0 = f0n1n : n � 0g. By our Lemma 3.4.7, L0 is a linear CFL.Now, assume that L0 2 R. So, there must exist an x 2 f0; 1g+ and a language L1such that L0 = L1=x, and P (L1) is true. But by Lemma 3.4.6,L0 = (L1=x) = L1=x (3.4.1)



55Since P (L1) is true, L1 has a minimal regular cover. Then by Theorem 3.1.5 and(3.4.1), L0 has a minimal regular cover. But by Theorem 3.6.5, L0 has no minimalregular cover. This is a contradiction and R is a proper subset of the linear CFLs.2
3.5 Concerning bounded CFLs and MRCsIn Section 3.4, we saw that the problem of deciding whether a given CFL or linearCFL has a minimal regular cover is undecidable. In this section, we consider theequivalent problem for bounded CFLs. Results of Hunt, Rosenkrantz and Szyman-ski will allow us to conclude that this and related problems are hard. We have thefollowing theorem of Hunt, Rosenkrantz and Szymanski [28, Theorem 4.11, p. 253]:Theorem 3.5.1 Let P be any nontrivial predicate on the bounded CFLs such thatP is true for all bounded regular sets and eitherL = fL0 : L0 = x n L; x 2 f0; 1g�; P (L) is true gor R = fL0 : L0 = L=x; x 2 f0; 1g�; P (L) is true gis a proper subset of the bounded CFLs. Then there exists a constant c > 0 suchthat any nondeterministic multi-tape TM that recognizesfG : G is a CFG generating a bounded language and P (L(G)) is falseg



56requires time at least 2cn=(log n) in�nitely often.Note that f0n1n : n � 0g is a bounded CFL with no minimal regular coverand that L=x is a bounded CFL for any bounded CFL L. Thus, in order for thethe predicate P (L) = fL has a minimal regular coverg to satisfy the conditions ofTheorem 3.5.1, we need only satisfy the condition that there exists a language L0such that L0 6= L=x for all L bounded CFLs with P (L) true. But by Theorem 3.1.5,if P (L) is true, then P (L0) must also be true. Since we know that P is nontrivial onthe bounded CFLs, we must conclude that an R is a proper subset of the boundedCFLs.Thus we have the following theorem:Theorem 3.5.2 There exists a constant c > 0 such that any multi-tape NTM whichrecognizesfG : G is a CFG with L(G) bounded and L(G) has no minimal regular covergrequires time at least 2cn=(log n) in�nitely often.Given Lemma 3.4.7, the following theorem is proved similarly using the predicateP (L) = fL has a minimal regular cover g:Theorem 3.5.3 There exists a constant c > 0 such that any multi-tape NTM whichrecognizesfG : G is a CFG with L(G) bounded and L(G) has no minimal regular coverg



57requires time at least 2cn=(log n) in�nitely often.Analogously, the theorem of Hunt et al. [28, Theorem 4.12, p. 224] which states:Theorem 3.5.4 Let P be any nontrivial predicate on the bounded linear CFLs suchthat P is true for all bounded regular sets and eitherL = fL0 : L0 = x n L; x 2 f0; 1g�; P (L) is true gor R = fL0 : L0 = L=x; x 2 f0; 1g�; P (L) is true gis a proper subset of the bounded linear CFLs. ThenfG : G is a linear CFG generating a bounded language and P (L(G)) is falsegis NP-hard.gives us the following result:Theorem 3.5.5 The following problems are NP-hard:L1 = fG : G is a linear CFG, L(G) is bounded and has no min. regular coverg,L2 = fG : G is a linear CFG, L(G) is bounded and has no min. regular coverg.3.6 ExamplesIn this section, we consider some particular classes of languages and their minimalregular covers. In particular we demonstrate that there exist context free languages



58which do not have a minimal regular cover. We begin with the theorems of Lyndonand Sch�utzenberger [37]:Theorem 3.6.1 Let y 2 �� and x; z 2 �+. Then xy = yz if and only if there existu; v 2 �� and an integer e � 0 such that x = uv, z = vu and y = (uv)eu = u(vu)e.Theorem 3.6.2 Let x; y 2 �+. Then the following three conditions are equivalent:� xy = yx;� There exist integers i; j > 0 such that xi = yj;� There exist z 2 �+ and integers k; l > 0 such that x = zk and y = zl.We also have the theorem of Fine and Wilf [12]:Theorem 3.6.3 Let x; y 2 ��. If there exist integers p; q � 0 such that xp and yqhave a common pre�x (resp., su�x) of length at least jxj + jyj � gcd(jxj; jyj), thenthere exists z 2 �� and integers i; j � 0 such that x = zi and y = zj.The following lemma is due to Shallit and Yu:Lemma 3.6.4 Let u; v; w; x; y 2 �� be �xed words with v; x 6= �. De�ne L =L(u; v; w; x; y) = fuviwxiy : i � 0g: Then the following conditions are equivalent:(a). L is regular;(b). L has an in�nite regular subset;(c). There exist integers k; l � 1 such that vkw = wxl;(d). There exist words r; s 2 �� and integers m;n � 1 and p � 0 such thatv = (rs)m, w = (rs)pr and x = (sr)n;(e). There exist integers a; b � 0 with a 6= b such that uvawxby 2 L.



59This result was found independently of Hunt et al. [28, pp. 239{240], whoproved the implications (e) () (b) and (e) ) (a). The equivalence of (a) and(c) was also proved by Latteux and Therrin [31, Lemma 5.5, p. 14].Proof: We prove (a) ) (b) ) (c) ) (d) ) (a), and (c) () (e).(a) ) (b): L is clearly in�nite, so if L is regular, then it has an in�nite regularsubset, namely L itself.(b) ) (c): Suppose R is an in�nite regular language, and R � L. Then by thepumping lemma, there exist words r, s 6= �, and t such that rs�t � R. Then thereexist integers m;n � 0 such that rt = uvmwxmy and rst = uvm+nwxm+ny. Since Lcontains at most one word of each length, it then follows that rsit = uvm+niwxm+niyfor all i � 0.By replacing r with rsa for some a and t with sbt for some b, if necessary, wemay assume without loss of generality that jrj > juj and jtj > jyj. Similarly, byreplacing s with sc for some c, if necessary, we may assume jrj < juvm+nij andjtj < jxm+niyj for all i � 1.It now follows that r = uvev0, s = v00vfwxgx0, t = x00xhy for some e; f; g; h � 0where v = v0v00 and x = x0x00. Now choose i su�ciently large such that m + ni �e� h� 1 > jsj+ jvj+ jxj. Thenrsit = uvm+niwxm+niy:



60By cancelling r = uvev0 on the left and t = x00xhy on the right, we getsi = v00vm+ni�e�1wxm+ni�h�1x0= (v00v0)m+ni�e�1v00wx0(x00x0)m+ni�h�1: (3.6.1)We now observe that si and (v00v0)m+ni�e�1 agree on a pre�x of size� m+ni�e�1 >jsj + jvj, and so by Theorem 3.6.3, there exists a word Y such that s and v00v0are both powers of Y . Similarly, si and (x00x0)m+ni�h�1 agree on a su�x of size� m+ ni� h� 1 > jsj+ jxj, and so by Theorem 3.6.3, there exists a word Z suchthat s and x00x0 are both powers of Z. From Theorem 3.6.2 it now follows thatthere exists a word X such that both Y and Z are powers of X. Hence s, v00v0, andx00x0 are all powers of X. Then from Eq. (3.6.1) it follows that v00wx0 is a powerof X. Now write v00v0 = X l, x00x0 = Xk, and v00wx0 = Xd for some integers l; k; d.Then (v00v0)kv00wx0 = v00wx0(x00x0)l:Now cancel v00 on the left and x0 on the right; we get(v0v00)kw = w(x0x00)l;and hence vkw = wxl, as desired.(c) ) (d): If vkw = wxl, then by Theorem 3.6.1 there exist t; z 2 �� and aninteger e � 0 such that vk = tz, w = t(zt)e, and xl = zt.



61Now vk = tz implies there exists a decomposition v = v0v00 such that t = viv0and z = v00vj for some integers i; j � 0. Then xl = zt = v00vjviv0 = (v00v0)i+j+1. Seth = v00v0. Then xl = hi+j+1. Hence, by Theorem 3.6.2, there exists a word g 2 �+and integers n; a � 1 such that x = gn and h = ga.From this last equality we get v00v0 = ga. Thus there exists a decompositiong = sr such that v00 = gbs and v0 = rgc for some integers b; c � 0. Then we �ndv = v0v00 = (rgc)(gbs) = (rs)b+c+1.Finally, we have w = t(zt)e= viv0(xl)e= (rs)(b+c+1)irgc(gn)le= (rs)(b+c+1)ir(sr)c+nle= (rs)(b+c+1)i+c+nler:so (d) holds with m = b + c+ 1, and p = (b + c+ 1)i+ c+ nle.(d) ) (a): For all i � 0 we haveuviwxiy = u(rs)mi(rs)pr(sr)niy = u(rs)(m+n)i+pryso L = u((rs)m+n)�(rs)pry, which is clearly regular. 2Theorems 3.6.5 and 3.6.6 are due to Shallit and Yu.



62Theorem 3.6.5 Let u; v; w; x; y 2 �� be �xed words with v; x 6= �. Let L =fuviwxiy : i � 0g: Then L is context-free, and L has a minimal regular cover ifand only if L is regular.Proof: It is clear that L is context-free, since it is generated by the followingcontext-free grammar: S ! uByB ! w j vBxFirst, suppose that L is minimally covered by the regular language R. LetM = (Q;�; �; q0; F ) be a DFA accepting R. Then there exists a state q such that�(q0; uviw) = q for in�nitely many i. Let I = fi : �(q0; uviw) = qg and i0 be thesmallest element of I. De�neR0 = fxjy : �(q; xjy) 2 F and j > i0g:Then R0 is in�nite since it contains fxiy : i 2 I � i0g. Furthermore, R0 is regularsince R0 = ft 2 �� : �(q; t) 2 Fg \ xi0x+y:Let R00 = uvi0wR0. Then R00 is in�nite and regular, and clearly R00 � R. Now ifR00 � R�L, then R000 = R�R00 is a regular cover of L with R�R000 in�nite. HenceR is not minimal, a contradiction. Thus R00 6� R� L, and hence uvi0wxj0y 2 L forsome j0 > i0. Then by Lemma 3.6.4, L is regular.



63On the other hand, if L is regular then L itself is trivially a minimal regularcover. 2Theorem 3.6.6 Let u; v; w; x; y 2 �� be �xed words with v; x 6= �. Let L =fuviwxiy : i � 0g: Then L is a context-free language, and further, if L is notregular, then �� is a minimal regular cover of L with respect to �nite languages.Proof: To see that L is context-free, we describe a pushdown automaton (PDA)M accepting L.The PDA M accepts its input z in either one of two cases:(a). The length jzj is not of the form juwyj+ ijvxj for some i � 0.(b). The length jzj is of the form juwyj + ijvxj for some i � 0, and a mismatchbetween z and uviwxiy has been found somewhere, and juwyj+ ijvxj inputsymbols have been processed.Case (b) is the only tricky part. The PDA starts by comparing the �rst jujsymbols of its input with the symbols of u. If a mismatch is detected, the PDArecords this fact, but does not accept yet. Then it compares the next symbols ofits input with vi, where i is chosen nondeterministically. If a mismatch is detected,the PDA records this fact, but does not accept yet. For each copy of v comparedto the input, a counter is placed in the stack. Eventually the PDA chooses (nonde-terministically) to stop matching v's. When it does so, there are i counters on thestack. Now the PDA continues comparing the next jwj symbols of its input withw. Again, if a mismatch is detected, it records this fact, but does not accept yet.



64Then, using the count recorded in the stack, it compares the next ijxj symbols ofthe input with xi. Finally, it compares the next jyj symbols of its input with y.When the computation is complete, the PDA has read juwyj+ ijvxj symbols, andit accepts if and only if there was a mismatch somewhere along the way.Now suppose L is not regular. Then L is not regular. We show �� is a minimalregular cover of L. Suppose not. Then there exists a regular language L0 such thatL � L0 � ��, and �� � L0 is in�nite. But then �� � L0 � L, so L has an in�niteregular subset. But then L is regular by Lemma 3.6.4, a contradiction. 2We now present an interesting class of languages which have minimal regularcover ��. Let 0 < � < 1 be an irrational real number. De�nefn = b(n+ 1)�c � bn�c:We set f� = f1f2f3 � � �, an in�nite word over the alphabet f0; 1g. The in�nite wordf� is called the characteristic word of �. With each such � we associate the languageL� = f0i : fi = 1g.Theorem 3.6.7 For all irrational real � with 0 < � < 1, the language L� is notregular and is minimally covered by 0�.Proof: If L� were regular, then f� would be ultimately periodic. But thenlimn!1 P1�i�n fin = � would be rational, a contradiction.To see that L� is minimally covered by 0�, suppose it is minimally covered bya regular language R with 0� � R in�nite. Then by the pumping lemma thereexist words u = 0j; v = 0k; w = 0l such that uviw 2 0� � R for all i � 0. But



65uviw = 0j+l+ik. It now su�ces to show that for all c; d with c � 0; d � 1, thereexists an i � 0 such that fc+id = 1. This easily follows from Kronecker's theorem[21, Theorem 438]. 2
3.7 Bi-MRCsWe brie
y consider the minimal cover analogue of bi-immunity [3]. We propose thefollowing de�nition:De�nition 3.7.1 A language L has bi-minimal regular cover (L1; L2) if L1 is aminimal regular cover of L and L2 is a minimal regular cover of L.In the terminology of Balc�azar and Sch�oning, a language L � �� has bi-minimalregular cover (��;��) if and only if L is REG-bi-immune. We will consider someclasses of languages which have bi-minimal regular covers. We begin with an easyclass of languages:Example 3.7.2: Let L0 = f0n+n! : n � 0g.Then by Lemma 3.2.2, L0 has minimal regular cover 0�. By Lemma 3.3.5, L0has minimal regular cover 0� if and only if every arithmetic progression intersectsI = fn + n! : n � 0g. Let a; b be arbitrary integers with a 6= 0. Considerm = (a+b)!a + 1. Then am + b = a( (a+b)!a + 1) + b = (a + b)! + a + b. Thus for thischoice of m, am + b 2 I. Thus L0 has bi-minimal regular cover (0�; 0�).By extension, let k be a positive integer. Let Lk = f0k(n+n!) : n � 0g. ThenLk = 'k(L0) where 'k(0) = 0k, so Lk has minimal regular cover (0k)�.



66Now, observe thatLk = f0r : r 6� 0(mod k)g [ f0kn : n 6= m +m! 8m � 0g (3.7.1)The second term of the union in (3.7.1) is 'k(L0), and thus has minimal regularcover (0k)�. But the �rst term of the union in (3.7.1) is regular, and so has minimalregular cover itself. Thus, Lk has minimal regular coverf0r : r 6� 0(mod k)g [ (0k)� = 0�:Thus Lk has bi-minimal regular cover ((0k)�; 0�). 2The class of languages related to characteristic words introduced in Section 3.6gives us another class of languages which have bi-minimal regular covers. Thefollowing preliminary lemma is adapted from Lothaire [33, Cor. 2.2.20]:Lemma 3.7.3 Let � be an irrational number with 0 < � < 1. Then L1�� =0� � L�.Clearly � is irrational if and only if 1 � � is irrational. Thus, Theorem 3.6.7immediately gives us the following result:Theorem 3.7.4 Let � be an irrational number with 0 < � < 1. Then L� hasbi-minimal regular cover (0�; 0�).Thus, by Theorem 2.3.6, for each irrational � with 0 < � < 1, L� is nota DCFL. Since the CFLs and thus the DCFLs are precisely the regular languages



67over a unary alphabet, we have that each L� is at least a CSL. We now demonstratea large class of irrational numbers � which yield L� a CSL. We use the theory ofSturmian words (see Allouche and Shallit [1, Ch. 9] or Lothaire [33, Ch. 2]).Recall the de�nition of continued fraction. Every irrational number � admits aunique expansion of the form � = a0 + 1a1 + 1a2+ 1���We denote this as � = [a0; a1; a2; : : :]:If � = [a0; a1; : : :], we use the notation� = [a0; a1; a2; : : : ; ai + �]to denote that � = [0; ai+1; ai+2; : : :]. We de�ne the homomorphism hm : f0; 1g� !f0; 1g� for each m � 1: hm(0) = 0m�11, hm(1) = 0m�110. From the theory ofSturmian words, we have the following theorem about continued fractions [33, Cor.2.2.22]:Theorem 3.7.5 If � = [0; a1; a2; : : : ; ai; �] for some irrational number � with 0 <�; � < 1, then f� = (ha1 � ha2 � ha3 � � � � � hai)(f�):Call a continued fraction [a1; a2; : : : ; ai; : : :] periodic if faigi�1 is periodic as asequence. Then we have the following corollary to Theorem 3.7.5 [1, Cor. 9.2.6]:



68Corollary 3.7.6 If � = [0; a1; a2; : : :] has an ultimately periodic continued fractionexpansion, then f� is the �xed point of a homomorphism.We recall a remarkable theorem of Berstel [5] on the �xed point of a homomor-phism:Theorem 3.7.7 Let h : �� ! �� be a morphism that generates an in�nite wordon a letter a 2 �. Let F be the set of left factors of this in�nite word. Then F isa CFL.With Theorems 3.7.5 and 3.7.7, we can prove the following:Theorem 3.7.8 Let � be an irrational number with 0 < � < 1. If � has a ulti-mately periodic continued fraction then L� is a CSL.Proof: By Corollary 3.7.6, f� is a �xed point of a homomorphism h. Thus, letF� be the set of non-empty left factors of f�. By Theorem 3.7.7, F� is a CFL andso F� is a CSL, since equation (1.1.1) gives that CF � CS and it is known [29, 46]that CS = co-CS.Now, consider F 0 = F�\ (0+1)�1. Since the CSLs are closed under intersectionwith regular languages (for the closure properties of the CSLs, see [24]), F 0 is still aCSL. But F 0 contains precisely those strings which end in a 1. That is, x 2 F 0 ()fjxj = 1. Since the CSLs are closed under �-free homomorphism, we conclude thath(F 0) � 0� is a CSL, where h(0) = h(1) = 0. But now 0i 2 h(F 0) () fi = 1. Soh(F 0) = L�. Thus, L� is a CSL. 2Thus, we have established unary REG-bi-immune languages which are CSLs.We can characterize the irrational numbers which give periodic continued fractions



69completely with the theorem of Lagrange (see [21, Thms 176 and 177]). Recall thatan irrational number is quadratic if it is the irrational root of a quadratic equationwith integer coe�cients.Theorem 3.7.9 An irrational number has periodic continued fraction if and onlyif it is a quadratic irrational.Thus, not only do irrational numbers exist which yield CSLs, but we can restateour Theorem 3.7.8 more strongly as follows:Theorem 3.7.10 If � is a quadratic irrational number with 0 < � < 1, then L� isa CSL.This was found independently of the results of Blanchard and K_orka [6]. It isnot clear whether the methods used by Blanchard and K_orka can be used in thiscontext.



Chapter 4
Minimal Context-Free Covers
The question of minimal context-free covers is covered in this chapter. We beginwith a result showing that the languages with minimal context-free cover �� aredense, due to Shallit:Theorem 4.0.1 Almost all languages L � �� have minimal context-free cover ��.Proof: Let L0 be a �xed context-free language with ���L0 in�nite, say ���L0 =fx1; x2; : : :g, and suppose L0 is a minimal cover of L. Then none of x1; x2; : : :are in L, which happens with measure 0. Now take the union over all context-freelanguages with ���L0 in�nite; since this union is countable, the result has measure0, too. 2The chapter begins with results on the closure properties of minimal context-free covers. We then examine a restricted case of minimal context-free covers ofbounded languages, that is, the case when our language L is bounded by two words:L � w�1w�2. We then turn to a method for constructing languages with minimal70



71context-free covers, by converting a regular language R to a context-free languagefxxR : x 2 Rg. The chapter ends with a consideration of languages with minimalcontext-free covers, and their commutative images under the Parikh mapping.4.1 Closure properties of MCFCsWe examine some closure properties of minimal context free covers. We begin witha transitive property of minimal covers.Theorem 4.1.1 Let L0 have minimal context-free cover L1 and L1 have minimalregular cover L2. Then L0 has minimal regular cover L2.Proof: Assume, on the contrary, that L3 is regular such thatL0 � L3 � L2and that L2 � L3 is in�nite. Consider L3 \ L1. We have that L0 � L3 \ L1 � L1.Further, L3 regular and L1 context-free implies that L3\L1 is context-free. But L1is a minimal context-free cover of L0 so we must have that L1� (L3\L1) = L1�L3is �nite.We have L3 [ L1 is regular, since L3 is regular and L1 � L3 is �nite. Note thatL1 � L3 [ L1 � L2We have that L2 6= L1 [L3 since L2�L3 is in�nite, by assumption. We must havethat L2� (L3 [L1) is �nite. This contradicts that L2�L3 is in�nite. We conclude



72that L0 has minimal regular cover L2. 2Recall that a if a family of languages is closed under intersection with regularsets, homomorphism and inverse homomorphism, it is termed a full trio. We notethe following theorem [24, pp. 276{277], due to Ginsburg and Greibach [16]:Theorem 4.1.2 Every full trio is closed under quotient with a regular set.Let � be an alphabet and de�ne �̂ = fâ : a 2 �g. From the proof ofTheorem 4.1.2 in Hopcroft and Ullman [24], we are given the following formulation:L=R = h2(h�11 (L) \ (�̂)�R) (4.1.1)where h1; h2 : (� [ �̂)� ! �� are homomorphisms de�ned byh1(a) = h1(â) = ah2(a) = �; h2(â) = aThus, we are able to make the following corollaryCorollary 4.1.3 Let C be a full trio. If C-minimal covers are closed under homo-morphism, inverse �-free homomorphism and intersection with regular languages,then C-minimal covers are closed under quotient with regular languages as well.Proof: Let L1 have minimal C cover L2, and let R be a regular language. ByTheorem 4.1.2, L2=R is a member of C. Note that h1 is �-free. Then by assumption,h�11 (L1) has minimal C cover h�11 (L2), h�11 ((L1) \ (�̂)�R) has minimal C cover



73h�11 ((L2)\(�̂)�R), and �nally h2(h�11 (L1)\(�̂)�R) has minimal C cover h2(h�11 (L2)\(�̂)�R). Then by (4.1.1), L1=R has minimal regular cover L2=R. 2
4.2 Bounded MCFCsIn this section we examine minimal context-free covers as they result to boundedCFLs. We �rst recall two crucial results due to Ginsburg and Spanier [17], takenfrom Ginsburg [14, pp. 180{182]:Theorem 4.2.1 Let w1; w2 be words. If L1 � w�1w�2 and L2 are CFLs, then L1\L2is a CFL.Theorem 4.2.2 Let w1; w2 be words. If L1 � w�1w�2 and L2 are CFLs, then L1�L2and L2 � L1 are CFLs.We can now prove that minimal context-free covers are unique up to �nitemodi�cation, in the restricted case that one of the minimal context-free covers isbounded by two words:Theorem 4.2.3 Let L be a language, and let L1; L2 be minimal context-free coversof L, one of which is bounded by w�1w�2 for some words w1; w2. Then (L1 � L2) [(L2 � L1) is �nite.Proof: Assume without loss of generality that L1 is bounded, say L1 � w�1w�2 forwords w1; w2.



74Let L0 = L1\L2. By Theorem 4.2.1, L0 is a context-free language with L � L0and thus L1 �L0 and L2 �L0 must both be �nite by the minimality of L1 and L2.The result follows since (L1 � L2) [ (L2 � L1) = (L1 � L0) [ (L2 � L0) 2We may also adapt Theorems 3.1.4 and 3.1.1 as follows:Theorem 4.2.4 Let L1; L2 be languages with minimal context-free covers L01; L02,respectively. If there exist words w1; w2 such that L01; L02 � w�1w�2 then L1 [ L2 hasminimal context-free cover L01 [ L02.Proof: Suppose L3 is a context-free language such that L1 [ L2 � L3 � L01 [ L02.Note that L01 [ L02 � w�1w�2. If (L01 [ L02) � L3 is in�nite, then either L01 � L3 orL02�L3 is in�nite. Without loss of generality, assume that L01�L3 = L01� (L01\L3)is in�nite. But L01 \L3 satis�es L1 � L01 \L3 � L01, and by Theorem 4.2.1, L01 \L3is a CFL. This contradicts the minimality of L01 as a context-free cover of L1. 2Theorem 4.2.5 Let L1; L2 be context-free languages with L2 � w�1w�2 bounded.Then1. If L is a language with minimal context-free cover L1, then L\L2 has minimalcontext-free cover L1 \ L2.2. If L is a language with minimal context-free cover L2, then L\L1 has minimalcontext-free cover L2 \ L1.Proof: 1. Let L3 be a regular language satisfying L � L3 � L1 \ L2. and(L1 \ L2)� L3 in�nite. Note that L1 \ L2 � L1 � w�1w�2 and so it is bounded, and



75it is a CFL by Theorem 4.2.1. Then by an application of Theorem 4.2.2, we havethat (L1 \ L2)� L3 � L1 � w�1w�2 is a bounded CFL. SoL0 = L1 � ((L1 \ L2)� L3)is also a CFL, by another application of Theorem 4.2.2. Now, L � L0 � L1. Also,L1 � L0 = (L1 \ L2)� L3the latter we assumed was in�nite. This contradicts the minimality of L1 as acontext-free cover of L.Item 2 follows by symmetry. 2We now characterize languages which have a minimal context-free cover, whenthe language is bounded by two words. We use the notation established in Ginsburg[14, p.150]:De�nition 4.2.6 For subsets Z;X1; X2; : : : ; Xn and Y1; : : : ; Yn of �� let(Xn; Yn) � � � (X1; Y1) ? Z = fXknn � � �Xk11 ZY k11 � � �Y knn : ki � 0; 1 � i � ngWe make the following notational extension:De�nition 4.2.7 For subsets Z;X1; X2; : : : ; Xn and Y1; : : : ; Yn of �� and integersj1; j2; � � � ; jn � 0 let(Xn; Yn)[jn] � � � (X1; Y1)[j1] ? Z = Xjnn � � �Xj11 ZY j11 � � �Y jnn



76Now that we have established the closure properties for these restricted cases,we recall an additional lemma from Ginsburg and Spanier [17] (also in Ginsburg[14, Theorem 5.3.1(a), pp. 155{157]):Lemma 4.2.8 L � w�1w�2 is a bounded context-free language if and only if L is a�nite union of sets of the form (xm; ym) � � � (x1; y1) ? z where xi is in w�1, yi is in w�2and z is in w�1w�2Thus, for any CFL L1 � w1w2, we may writeL1 = N[i=1�(wai;mi1 ; wbi;mi2 ) � (wai;mi�11 ; wbi;mi�12 ) � � � (wai;11 ; wbi;12 ) ? (wai;01 wbi;02 )�Finally, we must de�ne analogues of the sets from De�nition 3.3.4, and analoguesof arithmetic progressions over n-tuples of integers:De�nition 4.2.9 Let L � w�1w�2 be a bounded language. Given �xed integers N ,mi (1 � i � N), and ai;j and bi;j (1 � i � N , 1 � j � mi) we de�ne, for each1 � i � N the setKi(L) = f(jmi ; : : : ; j1) : (wai;mi1 ; wbi;mi2 )[jmi ] � � � (wai;11 ; wbi;12 )[j1] ? (wai;01 wbi;02 ) 2 LgDe�nition 4.2.10 Let (a1; : : : ; an) and (b1; : : : ; bn) be n-tuples of integers. Thenwe call the set f(a1; : : : ; an)n+ (b1; : : : ; bn) : n � 0gan n-ary arithmetic progression.



77Thus, we have the following partial characterization of bounded languages withminimal context-free covers, analogous to Theorem 3.3.5:Theorem 4.2.11 Let L0 � L � w�1w�2 be bounded languages. Let L be a CFL, withrepresentationL = N[i=1�(wai;mi1 ; wbi;mi2 ) � (wai;mi�11 ; wbi;mi�12 ) � � � (wai;11 ; wbi;12 ) ? (wai;01 wbi;02 )�Then L0 has minimal context-free cover L if and only if for all 1 � i � N , the setKi(L0) intersects every mi-ary arithmetic progression.Proof: First, let L = SNi=1 Li whereLi = (wai;mi1 ; wbi;mi2 ) � (wai;mi�11 ; wbi;mi�12 ) � � � (wai;11 ; wbi;12 ) ? (wai;01 wbi;02 ) (4.2.1)And let L0i = L0 \ Li. By Theorem 4.2.1 and Theorem 4.2.5 we have that Li is aminimal context-free cover of L0i if and only if L is a minimal context-free cover of L0.Note that since L0 = SNi=1 L0i, it su�ces to show the result for Li, by Theorem 4.2.4.First, assume that for L0i, K = Ki(L0i) does not intersect every mi-ary arithmeticprogression. Let c = (c1; : : : ; cmi) and d = (d1; : : : ; dmi) be mi-tuples of integerswith c 6= 0 such that cr + d 62 K for all r � 0. De�ne D as the setf(wai;mi1 ; wbi;mi2 )[cmi �r+dmi ] � � � (wai;11 ; wbi;12 )[c1�r+d1] ? (wai;01 wbi;02 ) : r � 0g



78Clearly D is in�nite since c 6= 0, and it is given by the CFG G = (fSg;�; P; S)with productions P given by S ! wA11 SwB12 jwA21 wB22where A1; B1; A2; B2 are integer constants de�ned byA1 = miXk=1 ai;k � ckA2 = ai;0 + miXk=1 ai;k � dkB1 = miXk=1 bi;k � ckB2 = bi;0 + miXk=1 bi;k � dkThus, D is context-free. As D is also bounded by w�1w�2, we know that Li � D isalso context-free. Clearly D � Li and D \ L0i = ;, by de�nition of D. Since Dcontains only strings which do not contribute to K, and strings which contributeto K lie in L0i, we must have that D \ L0i = ;.Thus, de�ne L00i as L00i = Li�D. Then we have L00i is context-free, L0i � L00i � Liand Li � L00i = D is in�nite. Thus Li is not a minimal context- free cover of Li.To prove the converse, we assume that L0i is not minimally covered by Li. Thenthere must exist a CFL L00i such that L0i � L00i � Li is in�nite. Recall from (4.2.1)



79that Li = (wai;mi1 ; wbi;mi2 ) � (wai;mi�11 ; wbi;mi�12 ) � � � (wai;11 ; wbi;12 ) ? (wai;01 wbi;02 )Now, from Theorem 4.2.2, we have that Li � L00i is a context-free language. Thus,writeLi � L00i = M[̀=1�(wc`;m`1 ; wd`;m`2 ) � (wc`;m`�11 ; wd`;m`�12 ) � � � (wc`;11 ; wd`;12 ) ? (wc`;01 wd`;02 )�Since Li � L00i is in�nite, we must have that there is an `, 1 � ` � M such that(wc`;m`1 ; wd`;m`2 ) � (wc`;m`�11 ; wd`;m`�12 ) � � � (wc`;11 ; wd`;12 ) ? (wc`;01 wd`;02 ) (4.2.2)is in�nite. Further, there must be a k, 1 � k � m` such that one of d`;k or c`;k isnon-zero, since if this were not so (4.2.2) would not be in�nite. We can thus choosearbitrary j1; j2; � � � ; jk�1; jk+1; � � � ; jm` such that if we de�ne the set D to beD = f(wc`;m`1 ; wd`;m`2 )[jm` ] � (wc`;m`�11 ; wd`;m`�12 )[jm`�1] � � � (wc`;k+11 ; wd`;k+12 )[jk+1](wc`;k1 ; wd`;k2 )[m](wc`;k�11 ; wd`;k�12 )[jk�1] � � � (wc`;11 ; wd`;12 )[j1] ? (wc`;01 wd`;02 ) : m � 0g;then D is in�nite. Since D � Li, each string of D is a member of Li. We want toexpress each member of D in terms of ai;j and bi;j.Now, consider (4.2.2). It is contained in Li by de�nition, and so each string init is also in Li. By de�nition of the ? operator, wc`;01 wd`;02 2 Li so that we can �nd



80integers J0;r, 1 � r � mi, so thatwc`;01 wd`;02 = (wai;mi1 ; wbi;mi2 )[J0;mi ] � � � (wai;11 ; wbi;12 )[J0;1] ? (wai;01 wbi;02 )Similarly, wc`;s1 wc`;01 wd`;02 wc`;s2 is a member of Li for each 1 � s � m`. So we can �ndJs;r, 1 � r � mi for each 1 � s � m` such thatwc`;s1 wc`;01 wd`;02 wc`;s2 = (wai;mi1 ; wbi;mi2 )[J0;mi+Js;mi ] � � � (wai;11 ; wbi;12 )[J0;1+Js;1] ? (wai;01 wbi;02 )De�ne the following constants:Jj = J0;j + mX̀s=1;s6=k js � Js;jIt is then an easy observation that(wai;mi1 ; wbi;mi2 )[Jmi+m�Jk;mi ] � � � (wai;11 ; wbi;12 )[J1+m�Jk;1] ? (wai;01 wbi;02 )= (wc`;m`1 ; wd`;m`2 )[jm` ] � (wc`;m`�11 ; wd`;m`�12 )[jm`�1] � � � (wc`;k+11 ; wd`;k+12 )[jk+1] �(wc`;k1 ; wd`;k2 )[m](wc`;k�11 ; wd`;k�12 )[jk�1] � � � (wc`;11 ; wd`;12 )[j1] ? (wc`;01 wd`;02 )Then we have expressed each string in D in terms of ai;j and bi;j.Finally, each string t 2 D is a member of Li � L00i and thus, since L0i � L00i ,t 62 L0i. Thus, if we let let u = (Jmi ; : : : ; J1) and v = (Jk;mi; : : : ; Jk;1), by de�nitionof Ki(L0i), vr + u 62 Ki(L0i)



81for all r � 0. Thus Ki(L0i) does not intersect every mi-ary arithmetic progression,completing the proof. 2As a simple example of Theorem 4.2.11, consider:Example 4.2.12: Let L = faibi : i 6= n + n! 8n � 0g. Then if L1 = fanbn :n � 0g, L has minimal context-free cover L1. This follows since L1 = (a; b)?(�) andK(L) = fi : i 6= n+ n! 8n � 0g, which intersects every arithmetic progression.More generally, let k1; k2; k3; c1; c2; c3 be arbitrary integer constants. LetL = fak1n+k2m+k3bc1n+c2m+c3 : n +m is not primeg:Then if L1 = (ak1 ; bc1)(ak2 ; bc2) ? (ak3bc3),K(L) = f(n;m) : n+m is not primeg:Certainly K(L) intersects every binary arithmetic progression. To see this, let(a0; a1)n + (b0; b1) be an arbitrary binary arithmetic progression. Choosing n =(b0 + b1) gives a value of the progression which is not prime, as it is divisible byb0 + b1, and thus lies in K(L). So L has minimal context-free cover L1. 2Thus, Theorem 4.2.11 completely characterizes languages bounded by two wordswhich possess a minimal context-free cover. The theorem relies on the closure ofcontext-free languages under intersection when one of the languages is bounded bytwo words. This closure under intersection is certainly not true when we considereven three words, thus while a complete characterization of bounded languages



82possessing a minimal context-free cover might be possible, Theorem 4.2.11 is thebest we can hope for using the above techniques.4.3 Palindromic images of MRCsIn this section, we devise a method for constructing languages with minimal context-free covers from an arbitrary language with a minimal regular cover. For anylanguage L � ��, de�ne PAL(L) = fxxR : x 2 LgPAL�1(L) = fx 2 �� : xxR 2 LgNote that if R is a regular language, PAL(R) is a CFL. This suggests the followingtheorem:Theorem 4.3.1 Let L;R � ��. If R is a minimal regular cover for L, thenPAL(R) is a minimal context-free cover for PAL(L).Proof: First, note that PAL(L) � PAL(R), since if xxR 2 PAL(L), x 2 L � Rso xxR 2 PAL(R). Let L0 be a CFL such thatPAL(L) � L0 � PAL(R):Consider PAL�1(L0). If x 2 L then xxR 2 PAL(L) � L0. Thus, x 2 PAL�1(L0).Similarly, if x 2 PAL�1(L0) then xxR 2 L0 � PAL(R). Thus PAL�1(L0) � R,



83giving L � PAL�1(L0) � R:If we can argue that PAL�1(L0) is a regular set, we are �nished, since then wehave found a regular language PAL�1(L0) between L and R, and thus since R is aminimal regular cover for L, we must have R�PAL�1(L0) is �nite. ButPAL(R�PAL�1(L0)) = PAL(R)� L0:since PAL(PAL�1(L0)) = L0 by our choice of L0. Thus, we have that PAL(R)�L0is �nite. So, PAL(R) is a minimal context-free cover for PAL(L), subject to theregularity of PAL�1(L0). 2It remains to show that PAL�1(L0) is a regular set. From Horv�ath et al. [25], wesay a language L is palindromic if each x 2 L is a palindrome. We naturally extendthis to say a language is even palindromic if each x 2 L is an even palindrome.Consider the following theorem of Horv�ath et al. [25]:Theorem 4.3.2 A CFL L � �� is palindromic if and only if it is of the formL = [a2�[f�gfwawR : w 2 Lagfor some regular languages La.This proves the result, since for our L0 � PAL(R), L0 is palindromic, and since allstrings in L0 are of even length, we must have that PAL�1(L0) is regular.



84Now, let L1 � L with L an even palindromic CFL. By the results of Horv�ath etal. [25], PAL�1(L) is regular. Further, PAL�1(L1) � PAL�1(L). Then we havethe following:Theorem 4.3.3 Let L1; L � ��, with L an even palindromic CFL and L a min-imal context-free cover for L1. Then PAL�1(L) is a minimal regular cover forPAL�1(L1).Proof: Let R be a regular language such that PAL�1(L1) � R � PAL�1(L).Then it is an easy observation that L1 � PAL(R) � L and since PAL(R) is aCFL, we must have that L�PAL(R)is �nite. Then, sincePAL�1(L�PAL(R)) = PAL�1(L)� Rwe have that PAL�1(L)�R must be �nite. Thus, PAL�1(L) is a minimal regularcover for PAL(L1). 2Thus we see that L has minimal regular cover R if and only if PAL(L) hasminimal context-free cover PAL(R). We can now make the following observation:Corollary 4.3.4 Let u; v; w; x; y 2 �� be �xed words with v; x 6= �. LetL = fuviwxiyyR(xR)iwR(vR)iuR : i � 0g



85Then L has a minimal context-free cover with respect to �nite languages if and onlyif L is context-free.Proof: Let L0 = fuviwxiy : i � 0g. Then L = PAL(L0) is context-free if andonly if L0 is regular, by Horv�ath et al. [25]. By Theorem 3.6.5, we know that L0is regular if and only if L0 has a minimal regular cover, namely L0 itself. Thenby Theorem 4.3.1, L0 has minimal regular cover L0 if and only if L has minimalcontext-free cover L. 2
4.4 Letter-equivalency and MCFCsWe recall the Parikh mapping and letter-equivalency. Our presentation is basedon Harrison [22]. Let � = fa1; a2; : : : ; ang be our �xed alphabet. Then de�ne : �� ! Nn by  (w) = (jwja1; jwja2; : : : ; jwjan)We naturally extend this to languages as  (L) = f (w) : w 2 Lg:A subset of Nn is said to be linear if it is of the formf�0 + n1�1 + n2�2 + � � �+ nm�m : ni � 0 for 1 � i � mgfor elements �0; �1; : : : ; �m 2 Nn . A set is said to be semi-linear if it as �nite unionof linear sets. We say that L has semi-linear image if  (L) is semi-linear.We say that two languages L1; L2 � �� are letter-equivalent if  (L1) =  (L2).Also note that if L1 � L2 then  (L1) �  (L2).



86The following results are well known (eg, see Harrison [22, pp. 226{230]):Lemma 4.4.1 A language L has a semilinear image if and only if L is letter equiv-alent to a regular set.The following is known as Parikh's Theorem [40]:Theorem 4.4.2 Every context-free language has semilinear image.Thus, every context-free language is letter equivalent to a regular language. Nowwe are ready for the section's main theorem:Theorem 4.4.3 Let L; L1 � w�1w�2 be languages, with L1 a minimal context-freecover of L. Then L is letter equivalent to a language L0 which has a minimal regularcover R1. Further, R1 is letter equivalent to L1.Proof: LetL1 = N[i=1�(wai;mi1 ; wbi;mi2 ) � (wai;mi�11 ; wbi;mi�12 ) � � � (wai;11 ; wbi;12 ) ? (wai;01 wbi;02 )� ;where ? is given in De�nition 4.2.6. Then Ki(L) intersects every mi-ary arithmeticprogression, by Theorem 4.2.11. Now, de�ne R1 to be the languageR1 = N[i=1�(wai;mi1 wbi;mi2 )� � (wai;mi�11 wbi;mi�12 )� � � � (wai;11 wbi;12 )�(wai;01 wbi;02 )� :R1 is regular and it is easily observed that R1 is letter equivalent to L1. De�neL0 = fx 2 R1 :  (x) 2  (L)g. We claim that L0 has minimal regular cover R1. L0is letter equivalent to L by construction.



87We use Theorem 3.3.5 to show that L0 has minimal regular cover R1. To do so,let R1;i = (wai;mi1 wbi;mi2 )� � (wai;mi�11 wbi;mi�12 )� � � � (wai;11 wbi;12 )�(wai;01 wbi;02 ):Each is certainly regular and bounded by itself. If we de�ne L0i = R1;i \ L0 thenby Theorems 3.1.4 and 3.1.1, it su�ces to show that L0i has minimal regular coverR1;i.Now, let k be an arbitrary integer satisfying 1 � k � mi. ConsiderI = Ik(L0; j1; : : : ; jk�1; jk+1; : : : ; jmi)for some integers j1; : : : ; jk�1; jk+1; : : : ; jm1 . Assume there is an arithmetic progres-sion am + b such that am + b 62 I for all m � 0. We now construct an mi-aryarithmetic progression which does not intersect Ki(L). This will contradict ourassumption. The mi-ary arithmetic progression is(j1; : : : ; jk�1; am+ b; jk+1; : : : ; jmi)= (j1; : : : ; jk�1; b; jk+1; : : : ; jmi) +m(0; : : : ; 0; a; 0; : : : ; 0)Assume that (j1; : : : ; jk�1; am + b; jk+1; : : : ; jmi) 2 Ki(L) for some m � 0. Then(wai;mi1 ; wbi;mi2 )[jmi ] � (wai;mi�11 ; wbi;mi�12 )[jmi ] � � � (wai;k+11 ; wbi;k+12 )[jk+1]�(wai;k1 ; wbi;k2 )[am+b] � (wai;k�11 ; wbi;k�12 )[jk�1] � � � (wai;11 ; wbi;12 )[j1] ? (wai;01 wbi;02 ) 2 L:



88Thus, the string(wai;mi1 wbi;mi2 )jmi � (wai;mi�11 wbi;mi�12 )jmi � � � (wai;k+11 wbi;k+12 )jk+1�(wai;k1 wbi;k2 )am+b � (wai;k�11 wbi;k�12 )jk�1 � � � (wai;11 wbi;12 )j1(wai;01 wbi;02 ) 2 L0is in L0, by de�nition of L0, and am + b 2 I by de�nition of I. 2Theorem 4.4.3 leads us to conjecture the following:Conjecture 4.4.4 Let L; L1 � �� be languages, with L1 context-free and L � L1.If L has minimal context-free cover L1 then L is letter equivalent to a language L0such that(a). L0 has a minimal regular cover R and(b). R is letter equivalent to L1.The converse of the conjecture is not true, as we see in the next lemma.Lemma 4.4.5 Let L = f0n12n0n : n � 0g Then L does not have a minimalcontext-free cover, but L is letter equivalent to a regular language.Proof: Corollary 4.3.4 gives that L has a minimal context-free cover if and onlyif L is context-free, by setting u = w = y = �, v = 0, and x = 1. But L is easilyseen to not be context-free, as L = h�1(anbncn) \ (0+(12)+0+), where h(a) = 0,h(b) = 11 and h(c) = 0. Thus L has no minimal context-free cover.However, L is semilinear, as  (L) = fn(2; 2) : n � 0g. Thus by Theorem 4.4.2,L is letter equivalent to a regular language, for example (0212)�, which certainlyhas minimal regular cover itself. 2



89In trying to prove Conjecture 4.4.4, Theorems 4.3.1 and 4.3.3 will not give usa counter-example, since languages with minimal context-free cover produced bythese theorems will always be letter-equivalent to a homomorphic image of thelanguage that were used to create them.4.5 Minimal co-CF CoversFrom the results in Section 4.3, we can characterize a class of languages whichpossess a minimal co-context-free cover, via the following:Corollary 4.5.1 Let u; v; w; x; y 2 �� be �xed words with v; x 6= �. LetL = fuviwxiyyR(xR)iwR(vR)iuR : i � 0gThen L has a in�nite context-free subset if and only if L is a CFL. Further, if L isnot a CFL, L has minimal co-CF cover ��.Proof: We �rst show that L has an in�nite context-free subset if and only if L isitself context-free. Obviously if L is a CFL then L itself is a context-free subset ofL. To prove the converse, assume L0 � L is a context-free subset of L. Then by theresults of Horv�ath et al. [25], we must have that PAL�1(L0) is a regular language,since L0 � L is even palindromic. But note thatPAL�1(L0) � PAL�1(L) = fuviwxiy : i � 0g



90Further, PAL�1(L0) is in�nite since L0 is. Thus by 3.6.4, we must have PAL�1(L)is regular. We conclude that L is a CFL.Thus, assume that L is not a CFL, and so has no in�nite context-free subset.Then for all context-free languages L0 such that L � L0 � ��, observe that L0 � Land thus L0 is �nite. This shows that �� is a minimal co-context-free cover for L.2This is obviously analogous to Theorem 3.6.6 for minimal regular covers. However,we have a result pertaining to co-CF covers due to the fact that the CFLs are notclosed under complement.



Chapter 5
Open Problems
We conclude by examining the open problems relating to minimal regular coversand the related work examined in this thesis.5.1 Open Problems for MRCsDespite the work done in Sections 3.1 and 3.2, the closure properties of minimalcovers under inverse �-free regular substitution remains open. Given a substitution' : �! 2��, we recall that there are two possible de�nitions of inverse substitution:either '�1(L) = fx 2 �� : '(x) � Lgor '[�1](L) = fx 2 �� : '(x) \ L 6= ;g:

91



92In Section 3.1, an example was given which showed that, under the �rst de�nition,there is a language L with minimal regular cover R and a �-free substitution ' with'�1(L) not minimally covered by the regular language '�1(R). However, it maystill be that '�1(L) has another minimal regular cover which is a proper subset of'�1(R). Thus, we have the following open problems:Open Problem 5.1.1 Given a language L with a minimal regular cover, and an�-free regular substitution ', does '�1(L) have a minimal regular cover?With respect to the second de�nition of inverse substitution, we only have a partialsolution to the problem in the unary case, as Theorem 3.1.16 gives that for anyunary language L with minimal regular cover 0�, '[�1](L) has minimal regular cover��. Thus, for the unary case, we have the following:Open Problem 5.1.2 Given a unary language L � 0� with a minimal regularcover R � 0�, R 6= 0� and a �-free regular substitution ' : �� ! 20�, does '[�1](L)have minimal regular cover '[�1](R)?For non-unary languages, the same problem is also open:Open Problem 5.1.3 Given a language L � �� with a minimal regular cover Rand a �-free regular substitution ' : �� ! 2��, does '[�1](L) have minimal regularcover '[�1](R)?5.1.1 Bi-reg-immune sets and MRCsThis thesis examined in great detail the case of a language L having a minimalregular cover L. However, in Section 2.2.1, we saw the de�nition of bi-immunity for



93a class of languages. Considering minimal covers to be an extension of immunity,we have proposed the following de�nition:De�nition 5.1.4 A language L has bi-minimal C-cover (L1; L2) with respect to Dif L1 is a minimal C-cover of L with respect to D and L2 is a minimal C-cover ofL with respect to D.Again, the case where C = REG and D = FIN would be of primary interest.However, there is much more consideration to be given to this topic than thatdevoted to it in Section 3.7.For instance, in the unary case, we de�ned a class of context-sensitive languageswhich were bi-REG-immune. Since the context-sensitive languages are the smallestclass of languages which properly contain the regular languages in the unary case,this gives the best result possible in the unary case. We may ask the same questionsof larger alphabets:Open Problem 5.1.5 Does there exist an alphabet � with j�j > 1 such that thereis a context-free language L � �� with bi-minimal regular cover (R1; R2)?We know by Theorem 2.3.5 that if such a context-free language exists, it isnecessarily nondeterministic.5.2 Open decision problems for MRCsIn Section 3.4, we proved that the following problems were undecidable:� Given an arbitrary CFL L, does L have a minimal regular cover?



94� Given an arbitrary CFL L, does L have a minimal cover?� Given an arbitrary linear CFG G, does L(G) have a minimal regular cover?� Given an arbitrary linear CFG G, does L(G) have a minimal regular cover?Clearly, the decision problem \Given a regular language R, does R have a minimalregular cover?" is trivially true. Thus, we are left with the DCFLs as the onlynatural class of languages to which we do not know the decidability status of the`minimal regular cover possession' problem.This remains open: Is the problem \Given a DCFL L, does L have a minimalregular cover?" decidable? Since the DCFLs are closed under complement, thisis equivalent to asking \Given a DCFL L, does L have a minimal regular cover?".Greibach's theorem, which proved the problem undecidable for CFLs, is not ap-plicable to DCFLs, as \= ��" is decidable for DCFLs. In fact, we have severaldecision problems which are decidable for DCFLs [24, Thm 10.6, p. 246-247]:� Given a DCFL L and a regular language R, does R = L [15]?� Given a DCFL L, is L regular [45, 47]?� Given a DCFL L and a regular language R, is L � R [15]?However, the following are undecidable [24, Thm 10.7, p. 247], as proved by Gins-burg and Greibach [15]:� Given DCFLs L1 and L2, is L1 \ L2 a DCFL?� Given DCFLs L1 and L2, is L1 \ L2 = ;?



95� Given DCFLs L1 and L2, is L1 � L2?Since the decision problem of possession of a minimal cover only involves oneDCFL (namely the L in question), it would seem reasonable to conjecture thefollowing:Conjecture 5.2.1 Let M be an arbitrary DPDA. Then the decision problem `doesL(M) have a minimal regular cover?' is decidable.5.3 Open Problems for MCFCsWe have considered several problems for minimal context-free covers. Unfortu-nately, several remain open. Notably, we have the following open problemsOpen Problem 5.3.1 Are minimal context-free covers unique up to �nite modi�-cation?Open Problem 5.3.2 What are the closure properties of languages which possessa minimal context-free cover?We also have our conjecture relating minimal context-free covers and letter equiv-alency:Conjecture 5.3.3 Let L; L1 � �� be languages, with L1 context-free and L � L1.If L has minimal context-free cover L1 then L is letter equivalent to a language L0such that(a). L0 has a minimal regular cover R and



96(b). R is letter equivalent to L1.Note that if this conjecture is true, if a language did have distinct context-freecovers L1 and L2, the symmetric di�erence of  (L1) and  (L2) would be �nite.5.4 Open problems concerning densityAlso, recall the problem of Bucher [9], which we saw in Section 2.4: given context-free languages L1 and L3 with L1 � L3 and L3 � L1 in�nite, must there exist acontext-free language L2 such that L1 � L2 � L3 and both L3 � L2 and L2 � L1in�nite? Apparently, there has been no progress on this problem since 1980.
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