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Abstract

Let L, L, C ¥* be languages. If L; C L, then we say that Ly covers L;. Let
C, D be classes of languages over 3. We call a cover Ly € C of L; a C-minimal cover
with respect to D if, for all L' € C, L C L' C Ly implies L, — L' € D.

We examine in detail the particular cases of minimal regular covers and minimal
context-free covers, both with respect to finite languages. The closure properties
of the class of languages which possess a minimal cover (regular or context-free)
are examined. We provide a complete characterization of bounded languages which
have a minimal regular cover. An analogous results for languages bounded by wiw;
and minimal context-free covers is also given.

The problem of whether a given (linear) CFL has a minimal regular cover is
shown to be undecidable, while it takes exponential time infinitely often on a Turing

machine to decide whether a given bounded CFL has a minimal regular cover.
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Chapter 1

Introduction

Approximation of languages by regular languages is an important problem in sys-
tems with limited resources. For example, the problem for approximating finite
languages by infinite regular languages has received attention recently [10, 41].
We are interested in approximating non-regular infinite languages by regular lan-
guages. To this end, we consider regular languages which are minimal covers of
non-regular languages. We extend the notion of simplicity and immunity from
structural complexity [13, 11, 42] to sub-recursive classes of languages, specifically
regular languages, to introduce the notion of minimal regular covers.

For languages L;, Ly over a common alphabet ¥, we say that L, covers Ly if
Ly C L. In this thesis, we are concerned with languages which possess covers that
lie in a given complexity class, and that are minimal, in some sense, over all covers

from that complexity class. In particular, we propose the following definition:

Definition 1.0.1 Let C,D be a classes of languages over an alphabet ¥*, and let

L1 C Ly € ¥*. Then Ly is a minimal C-cover of Ly with respect to D if Ly € C



and for all L € C such that Ly C L C Ly, we have Ly — L € D.

This definition is the basis for the work which follows in Chapters 3 and 4.

If D is the class of finite languages and C is a class of languages which is a
boolean algebra under the operations of union and complementation, we can show
that minimal C-covers with respect to finite languages are unique, up to finite
modification. This theorem is an easy generalization of Theorem 3.0.1.

We will be concerned primarily with the case where C is the class of regular
languages and D is the class of finite languages. In this case, we simply say that L,
has minimal regular cover Ly. Theorem 3.6.5 demonstrates that not every language

has a minimal regular cover, even among the context-free languages.

1.1 Preliminaries

We first establish some preliminaries of formal language theory which will be used in
this thesis. For an additional reference about formal language theory, see Hopcroft
and Ullman [24]. For preliminaries of complexity theory, see Papadimitriou [39] or
Balcédzar et al. [2]. Any notion not defined in this section can be found in Hopcroft
and Ullman [24], including the formal models of Turing machines, finite automata,
context-free grammars and context-sensitive grammars.

Let ¥ be a finite alphabet and let X* be the set of finite words over . A
language L over ¥* is a subset of ¥*. For strings x € ¥*, |z| denotes the length of
x. For any letter a € X, |z|, is the number of occurrences of a in the word z. For

any integer m > 0, let 5™ = {x € &* : |z| < m}.



For any string x € ¥*, v = xy29 - - - x,, where x1,x9,...,2x, € X, the reversal of
x, denoted by 2%, is defined to be 2 = x,2, - - 291,.

For a given alphabet ¥ and a language L C X*, we let L denote the complement
of L, that is, L = ¥* — L. For any finite language L, |L| denotes the cardinality of
L.

We denote the class of languages recognizable in polynomial time by a determin-
istic Turing machine by P, and the class of languages recognizable in polynomial
time by a non-deterministic Turing machine by NP. The class of languages recog-
nizable in linear exponential time on a deterministic Turing machine is denoted E.
Other classes of languages are given by upper-case script letters: C, D, etc.

We denote the class of regular languages, that is, those recognizable by a finite
automaton, by REG while the classes of finite languages, context-free and context-
sensitive languages are denoted by FIN,CF and CS, respectively. The class of
deterministic context-free languages (DCFLs) are denoted by DCF.

A language is said to be recursive if it is accepted by a Turing machine that
halts on all inputs. A language that is accepted by a Turing machine (which does
not necessarily halt on all inputs) is said to be recursively enumerable (r.e.). The
classes of recursive and recursively enumerable languages are denoted by REC and
RE, respectively.

We have the following hierarchy of strict inclusions (see Hopcroft and Ullman
24]):

FIN C REG C CF C CS C REC C RE. (1.1.1)

For any class of languages C, let co-C denote the class of languages whose com-



plement is in C. That is, co-C = {L : L € C}.
For any function f : X — Y and any subset Z C X, the restriction of f to Z,

denoted by f|;: Z — Y, is the function defined by f|;(z) = f(z) for all z € Z.

1.2 Synopsis

In Chapter 2, we will examine concepts in computational complexity theory which
are the analogues of minimal covers for classes such as P, NP or RE. In particular,
Balcézar and Schoning [3] note that Post [42] introduced the concept of simple sets
to recursive function theory in an attempt to define languages which were neither
r.e.-complete nor recursive.

The definitions of immune and simple have been used since Post’s introduction
by many authors, including Flajolet and Steyaert [13], who transformed Post’s no-
tion of immunity in recursive function theory to the notion of immunity pertaining
to complexity classes. Immunity and simplicity has also been extended by Balcazar
and Schoning [3], who studied bi-immune sets.

While the concepts of immunity and simplicity have a strong standing in the
literature, they are focused primarily at classes situated near the highest level of the
Chomsky hierarchy. However, Chapter 2 will also examine work similar to minimal
covers pertaining to the context-free languages. In particular, the work of Hunt et
al. [28, 27], while concentrating primarily on the difficulty of problems concerning
the similarity of regular expressions and CFGs, contains results which characterize
a class of CFLs which are REG-immune.

We also have the concept of minimality pertaining to regular languages devel-



oped by Campeanu et al. [10], where the authors define the concept of a cover-
automaton. These cover-automata are defined in order to give succinct representa-
tions of finite languages by infinite regular languages.

In Chapters 3 and 4, we develop the notions of minimal covers of formal lan-
guages. Chapter 3 examines minimal regular covers in depth. The closure proper-
ties of the class of languages possessing a minimal regular cover are examined in
Sections 3.1 and 3.2. We give a new proof of a theorem of Ginsburg and Spanier
[18] on bounded regular languages, and use this theorem to characterize completely
those bounded languages with a minimal regular cover. We also examine several
decision problems relating to minimal regular covers. Chapter 4 considers results
on minimal context-free and minimal co-context-free covers. We conclude with

Chapter 5, in which we give several open problems relating to minimal covers.



Chapter 2

Related Work

This chapter examines the existing work related to minimal covers. We begin with
the theory of immunity and simplicity related to sets of integers introduced by
Post [42] in 1944. We continue with the natural extension of immunity to classes
of formal languages, through the paper of Flajolet and Steyaert [13], and examine

some results on immunity and bi-immunity.

2.1 Immunity and Recursive Function Theory

Post [42] initiated research on simple sets in recursive function theory, where he

defined them as follows:

Definition 2.1.1 A r.e. set A is simple if A is infinite and contains no infinite

r.e. subset.

Post then proved the existence of a simple set, as well as the following lemma:



Lemma 2.1.2 Fvery infinite recursively enumerable set contains an infinite recur-

sive subset.

Thus there are no languages in co-RE — REC which are simple.
Dekker [11], improving directly on Post’s results, gave the following definition

of immunity:

Definition 2.1.3 A set A is immune if A is infinite and A has no infinite r.e.

subset.

The main result of Dekker [11] gives some closure properties of simple (r.e.)

sets:

Theorem 2.1.4 The following hold for simple sets:

e The product of two simple sets is simple.
e The sum of two simple sets is either simple or is co-finite.

e There exist two simple sets whose union equals N.

Post introduced simple sets in an attempt to determine whether there exist RE
sets which are neither RE complete nor recursive, though Balcazar and Schoning
[3] note that simplicity failed as a method for solving Post’s problem. However, the
notions of simplicity and immunity, which we see below were quickly adapted to a
computational complexity-theoretic notion, have remained important concepts in

the literature.



2.2 Immunity and Complexity Theory

Flajolet and Steyaert [13] extended the definitions of immunity and simplicity to
move them from a recursive function theory setting to a computational complex-
ity theory setting. This entails defining immune and simple languages for every

language class C.

Definition 2.2.1 Let C be a class of languages.

o A language L is C-immune if L is infinite and no infinite subset of L is a
member of C.

o A language is L is C-simple if L is co-infinite and intersects every infinite
member of C.

It is an easy observation that L is C-simple if L € C and L is C-immune. Given this

definition, we have the following lemma:

Lemma 2.2.2 Let C be a class of languages closed under complement. A co-infinite

language L C * 1s C-simple if and only if it has minimal C-cover Y*.

Proof:

L is C-simple L has no infinite C subset
(VS)(SC L and S € C = S is finite )
LCS

(V9)( C¥ and S €C = X" — S is finite )

[

L has minimal C-cover X*.



Flajolet and Steyaert show that every denumerable class of subsets of N contains
a simple set. Their standard diagonalization technique is an adaptation of Post’s
original construction of a simple set. Thus for each class of languages, there is a
simple language for that class. However, we do not know in which class the simple
language lies.

Of the results given by Flajolet and Steyaert [13], we are most concerned with
those contained in Flajolet and Steyaert’s section entitled “Application to sub-
recursive classes”, since we will be considering minimal covers from subrecursive
classes in Chapters 3 and 4. Flajolet and Steyaert note that the well-known CF
language {a"b" : n > 1} is a regular-immune language, while the CS language
{a™"c" : n > 1} is a CF-immune language. Both of these results can be obtained
by simple applications of pumping-type lemmas.

An immediate application of immunity to complexity theory is the following

easy observation:

Lemma 2.2.3 If there exists an P-immune set A € NP then P # NP.

Proof: If A is P-immune and A € NP then certainly A ¢ P since A has no

infinite P-subset, including A itself. O
As another example of results in immunity theory, we present the following nice

result of Blum [7, 8] which we can translate in terms of immunity:

Theorem 2.2.4 Let M; be an enumeration of Turing machines. Then the following

language Ly ts REC-immune:

Lmin = {Mz : V] < Z:L(Mz) 7& L(MJ)}
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where L(M;) is the language accepted by the Turing machine M,;.

2.2.1 Bi-immunity

Balcdzar and Schoning [3] have extended the notion of immunity by defining the

concept of bi-immunity:

Definition 2.2.5 A language L is bi-immune for C, or simply C-bi-immune, if both

L and L are C-immune.

This appears to be the first definition of bi-immunity, though it was implicitly
studied in papers by Hartmanis and Berman [4] and Ko and Moore [30]. Bi-
immunity is related to the notion of complexity cores, introduced by Lynch [36].
For any language A, the set C' is a complexity core of A if, for any Turing machine
M accepting A and every polynomial p, there are only finitely many strings € C
whose computation by M takes time at most p(|z|). It is noted by Balcdzar and
Schéning [3] that A C ¥* is P-bi-immune if and only if 3* is a complexity core for
A.

There are many papers considering bi-immunity. We note only some particularly
interesting results here. Let E denote the set of languages which can be recognized
in linear exponential time, that is, E = DTIME(2°™). Ko and Moore [30] note
that Hartmanis and Berman [4] proved that there exists a P-bi-immune set in E. In
fact, Mayordomo [38] proved that the class of P-bi-immune languages has measure
1 in E, under the resource-bounded measure of Lutz [34, 35], which gives a suitable

interpretation of the Lebesgue measure for recursive language classes.
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2.3 CFLs and Coverings

We begin an examination of work on CFLs and coverings with an examination of
the paper of Hunt, Rosenkrantz and Szymanski [28]. This paper was concerned
primarily with the complexity of several decision problems relating to grammars
and regular expressions, but also characterizes context-free languages, beginning

with the following definition:

Definition 2.3.1 A CFL Lq is said to be decipherable if and only if for all strings

u, v, w, T,y in X with v,x # € such that {uv'wz'y : i > 0} C Ly, we have
w'lwrly = wlwrty =i =75 = k.

With this definition, we have the following theorem of Hunt et al. [28]:

Theorem 2.3.2 Let L be any infinite CFL. Then either L has an infinite reqular

subset or L is decipherable.

In Section 3.6, we will see an expanded proof of Theorem 2.3.2 found independently
of Hunt et al. [28]. As we have seen, if a language L has an infinite regular subset, it
does not have minimal regular cover ¥*. Thus, languages which are not decipherable
do not have minimal regular cover >*.

A similar result to Theorem 2.3.2 is also given by Latteux and Thierrin [31,

Lemma 5.5, p. 14]. We will return to this in Section 3.6.



12

2.3.1 Grammatical Coverings

Another notion of coverings, that of grammatical coverings, is given by Gray and
Harrison [19]. Recall that h : A* — B* is a homomorphism if h(ajas) = h(a1)h(as)

for all ay,a, € A*.

Definition 2.3.3 Let Gy = (V1, %, P1, S1) and Gy = (Vo, 3, Py, Sy) be context-free
grammars. Let h: P} — Py be a homomorphism. Then G, left covers Gy under

h if, for all w € ¥,

(m)

h(m
e whenever S; =7 w, then Sy =" w, and

. !
e whenever Sy =7 w then there exists ©' such that h(n') = and S, =7 w.

The concept of G| being a right cover of G5 is defined symmetrically. Gray and

Harrison [19] contrast their definition to one given by Reynolds and Haskell:

Definition 2.3.4 Let Gy = (V1, 2, P, S1) and Gy = (V3, X, Py, Sy) be context-free
grammars. Let h : P} — Py be a homomorphism. Then Gy is said to be a weak

cover of G if
[ ] ]’L(Sl) = SQ, and
o if A— x is a production in Py then h(A) =* h(z) in Gs.

Note that if G4 left (or right) covers G; under the homomorphism h, then h(A) — h(x)
is a production in P, for each production A — = in P;. So G is also a weak cover
for G7;.

However, these concepts of covering are strictly concerned with grammars, and

not with language coverings as sets. In fact, if Gy left covers Gy then L(Gp) =
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L(G5) [28]. Hunt et al. note that the concept of grammatical covering are not as
general as language equivalence. That is, there exist CF grammars G,, Gy such
that L(G1) = L(G2) but G; does not cover Gy or vice-versa [28].

Unfortunately, the work of Hunt et al. does not consider the relationships be-
tween grammars which satisfy L(G1) C L(G2). The concepts of left and right covers
are only developed by Hunt et al. as a means of classifying accompanying decision
problems, eg. {(Gy,G3) : Gy left covers Gy} is not RE for arbitrary CFGs G,
and G, over a binary alphabet, but is PSPACE-complete if G; and G5 are linear
CFGs [28].

2.3.2 Deterministic CFLs

We also have a brief note of a result by Hunt and Rosenkrantz [27], which we
can interpret in terms of bi-immune sets. Recall that a language L is bounded if
L C wi---w,; for some words wy,...,w,. If there do not exist any such words, L

is said to be unbounded.

Theorem 2.3.5 For any DCFL L C X* with |X| > 2, either L or L contains an

reqular subset R which is unbounded.

Upon noting that any DCFL over a unary alphabet is regular, we can rewrite

Theorem 2.3.5, using the terminology of Balcazar and Schoning, as follows:

Theorem 2.3.6 There are no REG-bi-immune deterministic CFLs.
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2.4 Density Problems

The question of containment of languages is related to a problem of Bucher [9] which
remains open: given context-free languages L, and Lz with Ly C Ly and Ly — L
infinite, must there exist a context-free language Ly such that L; C Ly, C L3 with
Ls — Ly and Loy — L; both infinite?

This question is true for regular languages, as is noted by Bucher [9], since
the regular languages are closed under complement. To see this, note that in the
equivalent formulation for regular languages, L3 — L; is an infinite regular language.
It is an easy task then to construct a regular language L, which is an infinite subset
of Ly — Ly and for which (L3 — Ly) — L4 is also infinite. Thus Ly, = Ly, U Ly
satisfies the conditions. Similar methods also exist to solve the problem positively
for deterministic context-free and recursive languages. However, the lack of closure
under complement means these methods do not apply to the CFLs. Thus, the

problem of Bucher still remains open.

2.5 Minimal Cover-Automata

The concept of cover-automata was developed by Campeanu et al. [10] for giving
compact representations of finite languages as finite automata.

Given a finite language L, where the longest string in L is of length ¢, a cover-
automaton of L is a deterministic finite automaton M = (@, X, J, qo, F') such that
L(M)N ¥ = L. A minimal cover-automaton of L is a cover-automaton M =

(Q,%, 9, qo, F') such that |@Q] is minimal among all cover-automata for L. Campeanu
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et al. [10] demonstrate that a given finite language may have several non-isomorphic
minimal automata.

In terms of minimal covers, given any finite language F', then for any class C
with FIN C C, L is a C-minimal cover of F' with respect to FIN if and only if
F C L and L is finite. However, in constructing the minimal cover-automaton M
for F', the language accepted by M is not necessarily finite.

Given a DFA M with n states accepting a finite language F', Paun et al. have
also given an O(n?) algorithm for constructing a minimal cover automata for a

finite language [41].



Chapter 3

Minimal Regular Covers

The focus of this chapter is the topic of minimal regular covers with respect to
finite languages, or simply, minimal regular covers. Before beginning the closure
properties of minimal regular covers, we prove that minimal regular covers are

unique up to finite modification.

Theorem 3.0.1 Let L be a language, and suppose R, R' are minimal reqular covers
) )

of L. Then (R — R')U (R' — R) is finite.

Proof: Suppose R, R' are minimal regular covers of L. Let R” = RN R'. Then
R" is regular and also covers L, and L C R" C R. It follows that R — R" is finite.
Similarly, R' — R" is finite. Since (R — R')U(R'— R) = (R — R")U (R — R"), the

result follows. O

The following result, due to Shallit, shows us that the languages with minimal

regular cover X* are dense:

Theorem 3.0.2 Almost all languages L have minimal reqular cover Y*.

16
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Proof: We show that almost all languages have minimal regular cover ¥*. Let
a language L be chosen at random, that is, for all strings x € ¥*, the probability
that © € Lis 1/2.

Assume that there exists a regular language R with L C R and X* — R infinite.
Since ¥* — R is an infinite regular language, there exist words u, v, w with v # ¢
such that uvw € ¥* — R for all i > 0. But since L is chosen at random, with
probability 1 at least one of uv'w € L for some 4 > 0. Thus L is not a subset of R.

This is a contradiction. Thus L has minimal regular cover ¥*. O

Section 3.1 examines several operations which preserve minimal regular covers,
while Section 3.2 examines remaining operations which do not preserve minimal
regular covers. We then turn specifically to bounded languages in Section 3.3. Using
a characterization of bounded regular languages due to Ginsburg and Spanier, we
give a theorem which allows us to determine whether a given language has a regular
language R as minimal regular cover.

Sections 3.4 and 3.5 then examine questions of decidability and complexity of
some problems related to minimal regular covers. In Section 3.6, which considers
some interesting classes of languages and their minimal regular covers. We conclude

by briefly considering bi-minimal regular covers in Section 3.7.
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3.1 Closure Properties of MRCs

3.1.1 Closure under binary operations of MRC

We examine the closure properties of minimal regular covers under several opera-

tions.

Theorem 3.1.1 Let Ly and Lo be languages with minimal reqular covers Ry and

R, respectively. Then Ly U Ly has minimal reqular cover Ry U R;.

Proof: Let R3 be a regular language such that Ly, U L, C R3 C Ry U Ry. Note
that (R; U Ry) — Rj infinite implies Ry — Ry infinite or Ry — R3. Without loss
of generality, assume that R; — Rj is infinite. But R, — R3 = Ry — (Ry N R3),
and Ly C (Ry N R3) € Ry. Thus, Ry is not a minimal regular cover of L;, a

contradiction. O

Theorem 3.1.2 If Ly has minimal reqular cover R, and Ly C R, then Ly U Ly has

minimal reqular cover R.

Proof: Let R’ be a regular language with L; U L, C R’ C R. But then also
L; € R C R. Since R is a minimal regular cover of L;, this gives that R — R’ is

finite, and so R is a minimal regular cover of L; U L. O

The following, due to Shallit, shows that minimal regular covers are closed under
concatenation with a finite language. We will see in Section 3.2 that minimal regular

covers are not closed under arbitrary concatenation, even with regular languages.
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Theorem 3.1.3 Let L be a language having minimal reqular cover L and let F be

a finite language. Then FL (resp., LF') has minimal reqular cover FR (resp., RF ).

Proof: We prove the result for F'L, leaving the result for LF" to the reader.

By Theorem 3.1.1 it suffices to prove the result when F'is a single word, say
F = {w}. So suppose, to get a contradiction, that R; is a regular language such
that wlL C Ry C wR, with wR — R infinite.

Let Ry = {x : wx € Ry}. It is clear that Ry is regular, and since Ry C wR,
we have Ry = wRy. We claim that L € Ry C R. For the first inclusion, suppose
y € L. Then wy € wlL C R;. But then y € Ry. For the second, suppose z € R,.
Then wz € R;. But Ry CwR, so wz € wR. Hence z € R.

Since R is a regular cover of L, we must have R— Ry is finite. Then w(R— Ry) =
wR — Ry is finite. But this contradicts our earlier assumption. It follows that wR

is a minimal regular cover of wL. O

The following theorem, due to Shallit, shows that minimal regular covers are

closed under intersection with regular languages.

Theorem 3.1.4 Let L be a language with minimal regular cover R. Let R’ be an

arbitrary reqular language. Then L N R' has minimal reqular cover RN R'.

Proof: Let R"” be a regular language satisfying LN R’ C R" C RN R'. Assume,

to arrive at a contradiction, that (RN R') — R" is infinite. Define

Ro=R— ((RNR) - R"),
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and note that L. C Ry C R. Also, R— Ry = (RN R') — R" and so is infinite. Thus,

R is not a minimal regular cover R. This is our contradiction. O

Next, we examine quotient. Recall that for languages L, Ly C ¥*, the quotient

Li/L, is defined by

Li/Ly ={x € ¥ : Jy € Ly such that zy € L;}.

The following result, due to Shallit and the author, shows that minimal regular

covers are preserved under quotient by arbitrary languages.

Theorem 3.1.5 Let L be a language with minimal reqular cover Ry, and Lo be

an arbitrary language. Then Ly/Ly has minimal reqular cover Ry /Ls.

Proof: Clearly if L; C Ry, then Ly/Ly C Ry/Ls. Furthermore, it is well known
that if R is regular, then R/L is regular for all languages L [24, Thm. 3.6, pp.
62-63]. Hence Ry/L, is a regular cover of L;/Ls.

Suppose, contrary to what we want to prove, that R;/Ls is not a minimal regular

cover of Ly/Ly. Then there exists a regular language R' such that

Li/Ly CR'C Ry /Ly

and R;/Ls — R' is infinite. We claim that there exists a string w € Ly such that
Ry /{w} — R’ is infinite.
To see this, let My = (Q1, %, 01,1, F1) be a DFA for R;. By the usual construc-

tion [24, p. 63] if we let F| = {q € @) : there exists y € Ly such that §;(q,y) € F'},
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then M| = (Q1,%,01,q1, F]) is a DFA for Ry /L. Let My = (Q9, 3, 02, g2, F») be a
DFA for R'. Let M = (Q1 X Q2,%,9, qo, F') where qo = [q1, 2], F' = F| x (Qy — Fy)
and d([p, ¢],a) = [61(p, a), d2(q, a)] for p € Q1,9 € @2, and a € . Then M accepts
the language Ry/Ls — R'. Since R;/Ls — R' is infinite, by the pigeonhole principle,
there must be a state t € F such that L = {z € ¥* : §(qo,x) = t} is infinite. Sup-
pose t = [r, s]. Then r € F}, and hence there exists w € Ly such that §;(r,w) € Ls.
It follows that L C Ry /{w} — R', and the result follows.

Now let B = (Ry/Ly — R'){w} N R;. Clearly B is regular and B C R;. We
claim that

LiCR —BCR, (3.1.1)

and B is infinite.

First, let’s prove (3.1.1). Since L; C Ry, it suffices to show that L; N B = ().
Suppose there exists a string « with x € Ly and + € B. Since x € B, we can
write © = tw where t € Ry/L, — R'. Hence t ¢ R'. But tw € L;, which implies
te Li/{w} CLi/Ly CR' sote€ R acontradiction.

Now let us prove that B is infinite. We know from above that R,/{w} — R is
infinite, say Ry/{w} — R' = {x1,29,...,}. Since z; € Ry/{w} for each i > 1, we
have x;w € Ry for each i > 1. Also z;w € (Ry/Ly — R'){w}. Hence z;w € B. But
all the z;w are distinct and hence B is infinite.

Since L1 C Ry — B C Ry, and Ry — B is regular, and Ry — (R, — B) = B is
infinite, it now follows that R; is not a minimal regular cover of L, a contradiction.

O
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3.1.2 Closure under morphisms of MRC

We now turn to the properties of minimal regular covers under homomorphisms and
inverse homomorphisms. We find that forward homomorphisms and e-free inverse
homomorphisms both preserve regular covers.

Recall that ¢ : ¥* — A* is a homomorphism if ¢(zy) = ¢(z)e(y) for all
x,y € ¥*. We first have a set-theoretic lemma which will be useful in the proof of

Theorem 3.1.7:

Lemma 3.1.6 Let Ly, Ly be languages with Ly C ¥* and Ly C A*. Let ¢ : ¥* —

A* be a homomorphism. Then

@(L1) — Ly C o(Ly — ¢ '(La)).

Proof: Let x € ¢(L;) — Ly. Then x = ¢(y) for some y € Ly, and & ¢ Ly. Then
o(y) & Lo. Ity € ¢ *(La), then ¢(y) € (¢ (L)) C Lo, a contradiction. Thus
y & ¢ '(Lz). But then y € Ly — ¢~ '(Ly) and z = o(y) € p(Li — ¢ '(L2)), as

desired. O

Theorem 3.1.7 Let L be a language with minimal regular cover R C X*. Let

@ X* — A* be a homomorphism. Then ¢(L) has minimal reqular cover ¢(R).

Proof: Suppose, to arrive at a contradiction, that Ry is a regular language such
that (L) C Ry C ¢(R), and ¢(R) — Ry is infinite. We have L C ¢ '(¢(L)) C

o~ (Ro).
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Define R’ to be the language
R = ¢ Y(Ry)NR.

By the closure properties of regular languages, R’ is regular. Also, L C ¢ '(Ry)
and L C R imply that L C R' C R.

By Lemma 3.1.6, we have that
p(R) — Ry C o(R— ¢~ '(Ro)).

Thus, ¢(R) — Ry infinite implies ¢(R — ¢ '(Ry)) is also infinite. This implies
R—R =R— (¢ '"(Ry)NR) = R— ¢ '(Ry) is infinite. This is our contradiction.

O

We prove some preliminary lemmas before establishing the closure of minimal
regular covers under inverse e-free homomorphisms. Recall that we define ¢~ 1(z) =

{y : ¢(y) =z} for any x € £* and naturally extend this to languages as
(L) =Je (@)
zel
We say that a homomorphism ¢ : ¥* — A* is e-free if p(a) # € for each a € X.

Lemma 3.1.8 Let ¢ : X" — A* be an e-free homomorphism. Then S C ¥* infinite

implies p(S) infinite.

Proof: Since S is infinite, there exists a set {x;};>9 C S such that |z;| = n; and

{n;}i>0 is a monotonic increasing sequence.
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Let m; = |p(x;)|. Since ¢ is e-free, m; > n;. Then we can choose a monotonic
subsequence of {m;}i>o , say {mj; };>0. Then {¢(z;;)};>0 C ¢(S) is an infinite set.

O

Given a homomorphism ¢ : ¥* — A*, define the language E = E(p) by

E={reA* : ¢ '(x)=0}.

Lemma 3.1.9 For any ¢ : X* — A*, the language E is regular.

Proof: Let ¥ = {by,bs,...,b,}. For each i with 1 <i < mn, let w; € A* be given

by w; = ¢(b;). We claim that

E=(uw +wy+---+w,)"

which will establish the lemma.

Let z € (wy +wy + -+ + wy,)*, say x = wy,w;, ---w;, with 1 < i; < n for all
1 < j < k. But then @(b;, by, -+ b;,) = x, thus ¢ '(x) # 0 and thus = ¢ E.

If z € E, then there exists y € X* such that ¢(y) = 2. Let y = bj,bj, - - - b;, with

1 <ji<nforalll <i<s. Butnowz=p(y)=uw,wj - wj. O

E]

Given ¢ : X* — A* and regular languages Ry C A* and Ry C X%, define
T =T(p, R, Ry) as

T={zec¢ ()~ Ry : ¢(z) € p(R)}.
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We establish the following facts about 7"

Lemma 3.1.10 Let ¢ : ¥* — A* be a homomorphism and let Ry C ¥* and

Ry C X% be regular languages. Let T = T(p, Ry, Ry). Then

(a). T is regqular;

(b). For any language L C Ry such that o '(L) C Ry, o(T) N L = 0.

Proof: (a). Let 7" = {x € X* : @(z) € p(Ry)}. Note that 7" = ¢ (p(Ry)).

Thus T" is regular. Also,

T=TnN(p " (R)— R),

giving that T' is regular.

(b). Let L be a language with L C Ry and ¢ '(L) C Ry. Let w € LN (7).
By definition of T, T C ¢ '(R;) — Ry. Thus, w € ¢(T) implies that there exists
u € ¢ '(Ry) — Ry such that ¢(u) = w. Then using the fact that w = p(u) € L,

u € ¢ '(L) C Ry. This contradicts our choice of u € ¢~ '(R;) — Ry. O

We now prove that minimal regular covers are closed under e-free inverse ho-

momorphism.

Theorem 3.1.11 Let ¢ : ¥* — A* be an e-free homomorphism. Let L, R C A* be
languages with R a minimal regular cover for L. Then o~ '(L) has minimal reqular

cover ¢ ' (R).
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Proof: The inclusion ¢~ '(L) C ¢ '(R) is trivial. Let R’ be a regular language
such that ¢~ '(L) C R’ C ¢ '(R). We must show that ¢ '(R) — R’ is finite.

Let E C ¥* be E = E(yp) as defined above. Let Ry C X* be the regular language

Ry = ¢(RYU(RNE).

Ry is regular by Lemma 3.1.9 and our standard closure properties of regular lan-
guages.
We claim that

LC Ry, CR. (3.1.2)

The inclusion Ry C R is true by definition of Ry and the fact that ¢(R') C R. Now,
let # € L—p(R'). If thereis y € ¥* with p(y) =z, theny € ¢ '(z) C ¢ (L) C R".
So z € p(R'), contrary to our choice of x. Thus ¢ !(z) = () and so = € E. Since
x € L CR, we get that t € RNE. Thus, L C Ry = ¢(R')U (RN E).

Let T =T(p, R, R') be as defined above. Then by Lemma 3.1.10, T is regular
and ¢(T) N L = (. From (3.1.2), we have seen above that L C R;. Thus, L C
(Ry — ¢(T)). Also from (3.1.2), Ry C R. Thus

LC Ry—o(T)CR.

But since R is a minimal regular cover of L, we must have that

R — (Ry — ¢(T)) is finite. (3.1.3)
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Lemma 3.1.12 Given the conditions as above,

plo '(R) = R') € R— (R — ¢(T)).

Proof: Let x € (¢ '(R) — R'). Then, there exists a y € ¢ '(R) — R' such
that p(y) = z. Now y € ¢ '(R) implies that z = ¢(y) € R. In order to obtain a
contradiction, assume = € Ry — (7). Since z € Ry, either x € E or x € ¢(R'), by
definition of Ry.

If x € F then ¢ '(x) = 0. However, we know that y € o !(z). Therefore, we
must have z € p(R'). That is, z = p(y) € p(R'). But recalling our definition of T’
we note that y € ¢ '(R)—R' and ¢(y) € ¢(R') impliesy € T and = = p(y) € ¢(T).

But this is contrary to our assumption on x. Thus x € R — (Ry — ¢(T)). O

But now by Lemma 3.1.12 and (3.1.3), we have that ¢(¢'(R) — R') is finite.
So, since @ is e-free, we must have that ¢ '(R) — R’ is also finite, by Lemma 3.1.8.

This proves the result. U

Thus, we may now easily construct languages which are unbounded but which
have a minimal regular cover. This complements Section 3.3, which will consider
exclusively bounded languages with minimal regular covers.

Example 3.1.13: Let X be an arbitrary alphabet and let ¢ : ¥X* — 0* be the
homomorphism defined by ¢(a) = 0 for all a« € 3. Let L be any language with
minimal regular cover 0*. By Theorem 3.3.5 I(L) = {n : 0" € L} intersects every
arithmetic progression.

Then o '(L) = {z € ¥* : |z| € I(L)} has minimal regular cover ¥*. If |X| > 1,
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then ¢ '(L) is unbounded. Thus, for any set I which intersects every arithmetic
progression, the language Ly = {z € ¥* : |z| € I} has minimal regular cover X*.
For example, L = {z € {a,b} : |z| # n+n!, Vn > 1} has minimal regular

cover {a,b}*. O

Following Theorem 3.1.11, we consider the closure properties of languages with
minimal regular covers under inverse e-free substitution. A substitution ¢ : ¥* —
287 is e-free if € & p(a) for all a € X (see, eg. [44, p. 19]). Recall that for a language
L C A* and a substitution ¢ : ¥* — 22" we may define the inverse image of a
language L by

o "(L)={zeX* : p(x)C L} (3.1.4)

Then Theorem 3.1.11 is not true if we replace homomorphism by substitution, even
regular substitution. To see this, let L = {0 : n > 1 not prime}. Anticipating
Lemma 3.2.2, L has minimal regular cover 0*. Define the substitution ¢ : {a, b}* —
29" by ¢(a) = 07 and p(b) = 00(00)*. Note that p(b') = (00)?(00)* C L and that if
|z|la #0, () =0" € L. Then ¢ (L) =b" while o= '(07) = (a+b)". So ¢ '(L)
does not have minimal regular cover ¢ *(07).

However, we may also use the definition of inverse substitution given by

o) ={z e : p@)NL #0}.

We use the notation ¢! to distinguish it from the definition of inverse substitution
given by (3.1.4). With this in mind, we prove that if L is a language with minimal

regular cover 0%, inverse e-free substitution preserves minimal regular covers. We
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start with some preliminary lemmas, including a proof that minimal regular covers

are closed under finite inverse e-free substitution.

Lemma 3.1.14 Let L C 0* have minimal reqular cover 0*. Let 3 be an alphabet
and ¢ : 3 — 2% be a reqular e-free substitution. For all x € X* such that |¢(x)| is

infinite, v € =1 (L).

Proof: Let z € ¥* such that ¢(x) is infinite. Since ¢ is a regular substitution,
@(x) is regular. Thus we know by Lemma 3.2.1 that ¢(z) O 07(0°)* for some
integers 7 > 0 and s > 1. Since ¢ is e-free, s # (0. We consider the arithmetic
progression r 4+ sm for m > 0. Anticipating Theorem 3.3.5, there exists an m such

that 0"**™ € L. Thus, ¢(z) N L # (). Thus = € pl71(L). O

Theorem 3.1.15 Let L C A* be a language with minimal reqular cover R. Let
@ X% — 227 be a finite e-free substitution. Then p=Y(L) has minimal regular

cover o= (R).

Proof: Let ¥ = {ay,...,a,}. For each 1 < i < n, let m; be integers such
that [¢(a;)] = mi. Let ¢(a;) = {wir, ..., %im,} for words u;; € A*. Now, let
m = [[}_, mi;. Now, we define m homomorphisms ¢, : ¥* — A* for 1 < j < m,
such that for each (uy,, Uy, ..., Unj,) € @(ar) X g(az) X ... X ¢(a,), there exists
a j with 1 < j < m such that ¢;(a;) = u, ;. Note that as ¢ is e-free, each ¢, is
also e-free. We claim that

w0 = e (315)
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We first prove the left-to-right inclusion of (3.1.5): Let o € ¢, '(L). Then ¢;(x) € L,
since ¢; is a homomorphism. But now ¢,(z) C ¢(z), by definition of ¢;, so that
()N L#0and x € p=1(L).

To prove the right-to-left inclusion of (3.1.5), let « € ¢[=Y(L). Then @(x)N L #
(), say in particular that z € p(z) N L. But now if = = ay, ---ax, for a5, € X,
then there is a decomposition of z as zj, - - -z, such that z;, € ¢(ax,). Now, by
the definition of ¢;, there exists a j such that ¢;(z) = 2. Then z € L implies
x € cp;l(L). Thus, the inclusion is proved.

Now, by Theorems 3.1.1 and 3.1.11, J_, ;' (L) has minimal regular cover
U;.nzl gp;l(R). By the equality of (3.1.5), applied with R in place of L, the theorem

is proved. O

Theorem 3.1.16 Let L C 0* be a language with minimal reqular cover 0*. Let
@ : X — 29 be a reqular e-free substitution. Then ©!="(L) has minimal regular

cover X*.

Proof: Let ¥ = {ay,a9,...,a,} and let ¢(a;) = R; for all 1 < i < n. Define
subsets X, Y of ¥ as

X ={a; : R;is infinite },
Y ={a; : R, is finite }.

Clearly X NY =0 and X UY = 3. We claim that the following equalities hold:

PN L) NY* =Y~ (3.1.6)
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PTIL) Y =l (L), (3.1.7)

Consider first (3.1.6). It is equivalent to Y* C l="(L). Thus, consider z € Y,
which implies that |z|x > 0. So, ¢(x) is infinite, and by Lemma 3.1.14, we have
that o(z) N L # 0 and o € p!=Y(L). Thus (3.1.6) is established.

As to (3.1.7), let = € cp\g;”(L). Then ¢ly () N L # 0. But ¢|y is only defined
on Y* sox € Y*. Also p|ly(x)NL C @(x) N L. Soz € ¢7U(L). Conversely, let
v € o (L)NY* Then z € Y*, so p|y(z) is defined and in fact is equal to o(z).
Thus clearly = € g0|[yfu(L). This establishes the inclusion.

Now ¢|y : Y — 2% is a finite substitution, so by Theorem 3.1.15, @@;”(L) has

minimal regular cover g0|[yfl}(0*). Further,

PTUL) = (PTUD)NYH U (L) YY)

= YV uelm)

has minimal regular cover Y* U g0|g71}(0*).
But now (3.1.6) and (3.1.7) give us that ¢[71(0*) = Y* U @\5”(0*). Thus
©=U(L) has minimal regular cover o =')(0*). The result follows on noting that

necessarily pl=1(0*) = 2*, O
One particular case is worth noting as a corollary:

Corollary 3.1.17 Let L C 0* be a language with minimal regular cover 0*. Let
@ : X* — 2V be a regular e-free substitution such that for all a € 3, p(a) is infinite.

Then @=1(L) = ©*,
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Proof: The corollary follows on letting Y = () in the proof of Theorem 3.1.16. O

We have a partial generalization of Theorem 3.1.16. It follows from the following

lemma:

Lemma 3.1.18 Let L have minimal regular cover R. Then L U R has minimal

reqular cover Y*.

Proof: Let LUR C R’ C ¥*. We must show R’ is finite. Now '’ C LN R C R.
Also, (LUR')N R C R'N R, and this cover is minimal, by Theorem 3.1.4. So
by Theorem 3.0.1, R — (R'N R) is finite. That is RN R’ is finite. But since R’ C R,

RN R =R'. So R'is finite, as required. O
The following is an easy lemma, stated without proof:

Lemma 3.1.19 Let ¢ be a substitution. Then o"U(AU B) = ol=U(A) U o[1(B)

and A C B implies pl=1(A) C pl=1(B).

Theorem 3.1.20 Let L C 0* be a language with minimal reqular cover R. Let
@ : 3 = 2% be a regular e-free substitution. Then p=(L) — o=U(R) has minimal

regular cover =Y (R) — p=U(R).

Proof: By Lemma 3.1.18, we know that L UR has minimal regular cover 0*. Thus
Theorem 3.1.16 implies that ¢~')(L U R) has minimal regular cover X*.
By Lemma 3.1.19, ¢[=Y(L) U ¢["Y(R) has minimal regular cover ¥* and thus

by Theorem 3.1.4 and Lemma 3.1.19 again, ¢l"(L) U (¢"U(R) N ¢l7U(R)) has
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minimal regular cover "U(R). Since p=U(R) N ¢l=Y(R) is regular and L C R,
we can apply again Theorem 3.1.4 to yield our final result: ¢ =(L) — ¢[=1(R) has

minimal regular cover o ~U(R) — p=(R). O

3.2 Non-closure properties of MRCs

We examine operations which are not closed under minimal regular cover. We begin

with a lemma which will be useful below. It is due to Shallit:

Lemma 3.2.1 If L C 0* is a regular language, then there exist integers m > 0,
n > 1 and sets A C {6,0,...,0™ '} and B C {0™, 0™ ... 0™t} such that

L =AU B(0")*. Furthermore, L is infinite if and only if B # 0.

Proof: If L is regular, then it is accepted by a DFA. The structure of this DFA
must consists of a “tail” of m > 0 states followed by a cycle of n > 1 states. The

result easily follows. O

We have the following useful lemma, due to Shallit:

Lemma 3.2.2 Suppose a; < ay < az < --- 1s a strictly increasing sequence of
non-negative integers such that a,/n — oo as n — oo. Let A = {0% : i > 0}.

Then L = 0" — A is minimally covered by 0*.

Proof: We have 0* — L = A. If A contained an infinite regular subset, then by
Lemma 3.2.1, there would exist integers i > 0 and j > 1 such that 0%(07)* C A.
But then there would be an € > 0 such that a, /n < j+ ¢ for all n sufficiently large,

a contradiction. O
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We now show that there exists a language L such that L has a minimal regular
cover, while L* has no minimal regular cover. Since if L is unary then L* is regular
(see [24, Exercise 3.7, p. 72]), we must consider a alphabet of size strictly greater

than one:

Theorem 3.2.3 Let D = {0"*™ : n > 0}. Then L = 1D has minimal regular

cover 10*, but L* has no minimal reqular cover.

Proof: By Lemma 3.2.2, D has minimal regular cover 0*. By Lemma 3.1.3, L has
minimal regular cover 10*.

Now, we establish that L* has no minimal regular cover. Let R be a regular
language with L* C R. Let M = (Q,, 0, qo, F') be a DFA with r states such that
L(M) = R. Let n be an integer with n > r and n not of the form m + m! for all
m > 1.

Consider 10™. Since n is not of the form m + m!, 10" € L C L*. Further, since
L* C R, 10" is accepted by M and thus §(gg, 10") = ¢; for some state ¢; € F. But
by the pigeonhole principle, since n > r there exists some state ¢, such that ¢, is
visited twice in the computation of 10™. Let the distance between successive visits
to g2 be k, where k is an integer with 1 < k& < r. Thus, since we may now repeat

the computation between successive visits of ¢g; any number of times, it follows that

(g0, 10"7F) = ¢

for all j > 0. Since k < r < n, j =n!/k is an integer, and so

6(go, 10" = ¢. (3.2.1)
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Now 1000 € L. Thus 10*(1000)* € L* for all i > 0. Since 6(gy, 10") = ¢; and
L* C R, 6(q1,(1000)") € F for all 7+ > 0. Combining this with (3.2.1) gives
§(qo, 10"+™(1000)") € F for all i > 0 and so 10" (1000)* C R for our choice

of n. But 10" (1000)" ¢ L for all i > 0, thus

L* C R — {10™™(1000)" : i > 0} C R.

Thus R is not a minimal regular cover of L*. Thus L* has no minimal regular cover.

O

We now turn to arbitrary intersection. We see that two languages may possess
minimal regular covers, while their intersection may not. The theorem is proved
after establishing that the unary language {0”2 : n > 1} has no minimal regular
cover. We introduce the following notation: w(n) denotes the total number of prime
factors of n, counted with multiplicity. For example, w(235711%) = 18. The entire

argument is due to Shallit:
Lemma 3.2.4 Let L, = {O"2 : n>1}. Then L has no minimal regular cover.

Proof: Suppose R is a minimal regular cover of L. Then by Lemma 3.2.1 we can
write R = AU B(0™)* with B C {0™, 0™ ..., 0™~} Let p be an odd prime
not dividing n, and let a be a quadratic non-residue (mod p), i.e., the Legendre
symbol (%) = —1. Since L, is infinite, R must be infinite, and so B # (). Choose a
b such that 0° € B. Let r be an integer, m < r < m + pn such that r = b(mod n)

and r = a(mod p); such an r exists by the Chinese remainder theorem.
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Now let "= (0P")*0". Note that T'C R. If 0° € T', then ¢ is not a square, since
(i) = (i) = (%) = —1. It follows that Ly C R — T, so R — T is a regular cover

of L. On the other hand, R — (R — T') = T is infinite, so R is not minimal, a

contradiction. O

Theorem 3.2.5 Let

Lo ={0" : w(n) =0(mod 2)}

and

Ly ={0" : nis a square or w(n) = 1(mod 2)}.

Then ¥* is a minimal reqular cover of both Ly and Ly, but Lo Ly has no minimal

reqular cover.

Proof: First, consider Ly. By Theorem 3.3.5, it suffices to show that I(Ly) = {n :
w(n) = 2(mod 2)} intersects every arithmetic progression. Let A, , := {nt +a

t > 0} be an arithmetic progression. Let g = ged(a,n); note that if @ = 0 then
g = n. Then by Dirichlet’s theorem there exists infinitely many prime numbers
p = a/g(mod n/g), so in particular there exists such a p with p > n.

Now there are two cases to consider. If w(g) = 1(mod 2), then w(gp) =
O(mod 2). Also gp = a(mod n) and gp > n, so gp € A, , and hence I(Lg) in-
tersects A, 4.

If w(g) = 0(mod 2), then by Dirichlet’s theorem there exists a prime ¢ =
1(mod n/g). Then w(gpg) = 0(mod 2). Also gpg = a(mod n) and gpg > n, so
gpq € A, , and hence I(Ly) intersects A, ,. It follows that 0* is a minimal regular

cover of L.
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A similar argument applies to {0" : w(r) = 1(mod 2)}, and hence, by Theo-
rem 3.1.2, L, has 0* as a minimal regular cover. However, Lo N L, = {O"2 Tn >

1} = Ly, and L has no minimal regular cover by Lemma 3.2.4. O

Lemma 3.1.3 demonstrated that minimal regular covers were closed under con-
catenation with finite languages. However, the following theorem, due to the author

and Shallit, shows that this closure fails when we consider even regular languages.

Theorem 3.2.6 Let L; = 17 — {1? : p prime }. and Ly, = 0*. Then L, has
manimal reqular cover 17 and Lo has minimal reqular cover itself. However, L, Lo

has no minimal reqular cover.

Proof: Let L = L;L,, and suppose R is a minimal regular cover for L. Let
M =(Q,%,0,q, F) be a DFA with L(M) = R. Let n = |Q/|, and p be a prime with
p > n. Since 17°0* C L, we have d(qo, 1”209') € F for all j > 0. However, by the
pigeonhole principle, there must be some state such that §(qg, 1¢) = 6(qo, 1%*°) for
some a > 0,0 > 1 such that a + b < n. We can go around this loop as many times
as we want, so it follows that d(qo, 1”2+(1*1)”Oj) € F for all 4,7 > 0. By Dirichlet’s
theorem, there exists i such that p? + (+ — 1)b is a prime number. Call this prime
number ¢. Let R = R—190*. Then L C R' C R and R — R’ is infinite. This shows

that L has no minimal regular cover. O

We now consider closure under inverse homomorphism. The next lemma shows
that minimal regular covers are not closed under arbitrary inverse homomorphism.
We have already seen that this closure holds if we restrict ourselves to e-free inverse

homomorphism.
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Theorem 3.2.7 Let L = {0"™™ : n > 1} and ¢ : {a,b} — {0} be the homomor-
phism defined by ¢(a) = 0 and p(b) = e. Then L has minimal reqular cover 0%, but

¢ (L) has no minimal reqular cover.

Proof: By Lemma 3.2.2, L has minimal regular cover 0*. Define L' C {a,b}* as

L' = ¢ }(L). Observe that

L'={x € {a,b}* : |x|s #m +m!Vm > 1}.

We claim that L' has no minimal regular cover. Let R be a minimal regular cover,
so that L/ € R C {a,b}*. Let M = (Q,%,d,qo, F)) be a DFA with r states such
that L(M) = R. Let n be an integer with n > r and n not of the form m + m! for
allm > 1.

Since L' C R, and a" € L', we have §(qo,a") = ¢ for some ¢; € F. But
a™ € L' for all 7 > 0, so we must have (q;,b") € F for all i > 0. But the
pigeonhole principle implies that there is an integer k, with 1 < k < r such that
§(qo, a"*) = §(qo, a™) = ¢ for all j > 0. Choose j = n!/k to yield 6(qo, a™ ™) = ¢1.
Thus for all i > 0, 6(qo, a™™b") € F and so a®™b* C R for our choice of n. But
now a"t™b' ¢ L' for all i > 0 and so L' C R — a"™b* C R. So R is not a minimal

regular cover of L' O

As a consequence of the proof of Theorem 3.2.6, we can show that minimal
regular covers are not closed under substitution, even regular substitution. Recall
that ¢ : ¥ — 2% is a substitution if p(2y) = ¢(z)e(y) for all z,y € T*. A

substitution is regular if ¢(a) is a regular language for all a € .
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Theorem 3.2.8 Let o : {0,1}* — 2101 be the regular substitution defined by
©(0) =0* and p(1) = 1. Let Ly = 17— {17 : p is prime }. Then L0 has minimal

reqular cover 170 but p(L10) has no minimal regular cover.

Proof: We know that L;0 has minimal regular cover 170 by Lemma 3.2.2 and
Theorem 3.1.3. But now ¢(L;0) = L;0*, and by Theorem 3.2.6, L;0* has no

minimal regular cover. O

We define (arbitrary) shuffle as follows:

z Wy ={z1y1Toya - TuYn @ T=T1Ta Tn, Y= 1Yz Yn, iy Yi € X7},
Note that we do not insist x;,y; be letters from 3. We extend this to languages as

Ly NI Ly = U 2 11 y.
r€L1,y€L>
Similarly, we define the perfect shuffle operation for two strings x,y € »* with
T =TT Tn, Y = Y1y Yny i Yy € X, as o Ol y = myizays - - 2,y,. Note
that we insist that x;,y; be letters in ¥ and = I y is not defined if |x| # |y|. We

similarly extend the perfect shuffle operation to languages L, and L, as
Lyl Ly={aly : x € L,y € Ly}.

It is relatively easy, as we shall see, to show that that minimal regular covers
are not closed under arbitrary shuffle. But we will also see that the same is true of

perfect shuffle.
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Theorem 3.2.9 Let D = {0"™ : n > 0} and Ly = 1*. Then Ly = D has
minimal reqular cover 0%, and Ly has minimal regular cover itself. But Ly III L,

has no minimal cover.

Proof: That Ly has minimal regular cover 0* follows from Lemma 3.2.2. It is

evident that

Lo I Ly ={x €{0,1}" : |z]p #n+n! ¥n >0}

and so Lo Il Ly = L' where L' is from the proof of Theorem 3.2.7. Thus, Lg III L,

has no minimal regular cover. O

Theorem 3.2.10 Let

Ly = {0" : w(n)=0(mod 2)}

L, = {1" : nis a square or w(n) = 1(mod 2)}.

Then 0* is a minimal reqular cover of Ly and 1* is a minimal regular cover of Ly,

but Ly I Ly has no minimal reqular cover.

Proof: We know from Theorem 3.2.5 that Ly and L; have minimal regular cover
0* and 1%, respectively.

Assume that Ly III L; had minimal regular cover R. Note that Ly IIl L, =
{(01)" : ris a square }. Then letting h(1) = € and h(0) = a, Theorem 3.1.7 gives
h(Ly) has minimal regular cover h(R). Since h(Lg) = L, from Lemma 3.2.4, we

have a contradiction. Thus, Ly IIl L; has no minimal regular cover. O
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3.3 Bounded Languages and MRCs

Recall that a language L is bounded if there exist words wy, ws, ..., w, such that
L C wjwj---w;. In this section, we characterize completely bounded languages
which possess a minimal regular cover. We begin by giving Theorem 3.3.2, a char-

acterization of bounded regular languages originally due to Ginsburg and Spanier

[18]. We first require some preliminary lemmas:

Lemma 3.3.1 Let L C wjw;---w, be a bounded reqular language. Let L, be an

arbitrary language. Then
L= {wl : Juwl - -w!"} € Ly such that wi'wd - w!" }wi € L}

15 a bounded regular language.

Proof: Clearly L' C w}, thus L' is bounded.

Let My = (Q1,%, 1,901, F1) and My = (Q9,%, 02, qo2, F») be DFAs such that
L(M,) = w;, and L(M,) = L. Define the NFA My = (@5, %, 5, gy, F>) where
Qy = Q2 U gy, and 0y(q,a) = da2(q, a) for all ¢ € @ and a € ¥ and

5'2(%,2, 6) = {q S QQ : 311){1 .- ]n 1 € Ll such that (52((]0 2, wl wfln:ll) = q}
We now define the NFA M = (Q, %, 6, qo, F) as follows:

Q:Q1XQ’2

6([‘],: q"]: a) = [61 (qlv a)= 612 (quv a)]
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!
9 = [qo,1, CIo,Q]

and define F' by

F:F1><F2.

We claim that L(M) = L'. Let « € L(M). Then d5(qy4,2) € F. But (g, 7) =

{6(q,z) : Fw - w!" € Ly such that 6,(go, w!* ---w!" ) = q}. Also, z € w?,

n—1
say © = wir. Then, we must have d5(qo 2, w]" - - ™ 'wir) € F, that is, z € L.

n—1

Conversely, let w/* € L'. Then there exists w]1 --wj"jf € Ly such that

n
wit - w! lwin € L Let ¢ € Qy be the state with dy(w!* ---w’ ') = ¢. Then
since wl' - - w!" Jwir € L, 8,(q, wi*) € Fy. Thus, by definition of M, wi* € L(M).

Thus L(M) = L' and L' is regular, as required. O

Theorem 3.3.2 Let L C wijwj---w; be a bounded language. Then L is reqular if
and only if there exist an integer N and indices a;j,0;; for 1 <i < N, 1 <j<mn

such that

b

L=Jwi™ (wy™) - wir (whin)”,

-

=1

Before proving our theorem, we note the theorem of Ginsburg and Spanier [18]:

Theorem 3.3.3 A subset X of wy---w is reqular if and only if it is a finite union

of sets of the form X, X, --- X, where each X; is a reqular subset of w}.

This is, implicitly, an equivalent statement to our Theorem 3.3.2, though the
proof given by Ginsburg and Spanier [18] uses different methods. We continue
with our proof of Theorem 3.3.2, found independently of the proof of Ginsburg and

Spanier:
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Proof: Clearly if

L= U wit (w?i’l)* coeplin (gl ) *

i=1
then L is regular.

We prove the converse by induction on n. For n =1, let L C w}. Let Ly, C 0*
be the regular language such that h(Ly) = L, where h(0) = w;. Then Lg is a
unary regular language, and by Theorem 3.2.1, Ly = A U B(0")* for finite sets
A and B. For appropriate choices of a; and b;, depending on A and B, we have
Lo = UY, 0%(0%)*. Then applying h gives L = |JX, w® (w?)*.

Let n be any integer with n > 1. Assume that for any integer k& < n, any words

wy,...,wy, and for any regular language L C wj ---wy, L can be expressed as

N
I = U w;li,l (w?m)* . _wZi,k (wsz)*
i=1

for appropriate constants a;; and b; ;.

Let L be a regular language with L C w}---w} and M = (Q, %, 0, qo, F') be the
minimal DFA with L(M) = L. Let m = |Q] and Q = {qo, ..., ¢m_1}. We employ
the Myhill-Nerode theorem (see [24, Thm 3.9, pp. 65-66]). For 0 <i <m — 1, let

E; be the equivalence class defined by the Myhill-Nerode relation:
r=y <= (V2)(rz€ L < zy€ L)
Define the sets E for 0 <i<m —1 as

E = ENw - w,

n—1-
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E! is regular, since F; is accepted by the automaton M; = (Q, %, 4, qo, {¢;}), if we
identify F; with the state ¢; of the minimal DFA M.

We also define F; for 0 < i < m — 1 as follows:
F;={y € w; : Jx € E; such that zy € L}.
From Lemma 3.3.1, each F; is regular. We claim that for all 7 with 0 <7 <m — 1
EjF; C L.

To see this, let z € E} and y € F;. By definition of F;, there exists x, € E; such
that z,y € L. But z, = x by definition of E]. So z,y € L implies zy € L. Thus
E!F; C L. Note that F; = () is possible, which implies E/F; C L trivially.

We define a set J C {0,...,m — 1} as follows:
j € J <= 3k such that §(q;,wk) € F
Since E/F; C Lforall0 <i<m —1,
UEF cL
jed
We claim the reverse inclusion also holds. Let = € L. Then §(qo, z) = ¢5 for some

qs € F. Let x; be the prefix of 2 which lies in wj---w ,. Let 6(qq, 1) = ¢, for

n

some 7. By definition of M and E,, z; € E,, and so x; € E/. Further, if we write

T = Ty, where zy lies in wk, 0(q,,x2) = ¢s € F, so that, by definition, r € J.
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Also, we have that o € F,.. Thus, © = x29 € E/F, C UjeJ ELF;.

Thus, we conclude that

L= UE;Fj

jeJ

since J C {1,...,m} the union is finite. But now by the inductive hypothesis,

/ ayig (o b1\« n—1,i5( bn-1ij\*
E; wy T (wy ) w, Y (w, )

So that

Nj M;
41, bl"" * An—1,i,j b —1,4,5 \* ,.On k,j b N AT
L= U U U w7 (wy ) w, Y (w0 ) ™ ()

jeJi=1k=1

O

We now use Theorem 3.3.2 as a means of classifying bounded regular languages

with minimal regular covers.

Definition 3.3.4 Let L C wj---w; be a bounded language. Given fized integers
ai; and b;; (1 <i< N, 1<j<n), wedefine, foreach1 <i< N and1l <k <mn,

the sets

Ii,k(Lajla ce ajkflaj/H»la s 7]71)

. a;1+bi1j W p—1+b; k—1Jp— ap i+bp :7  ay +b, ; ) o
— {,7 : wlm i,1J1 'wkikl 17104, k—1Jk lwkk,z k,z]wk:_kl+1 ik+1Jk+1 -wZ“"J“b“"’" s L}
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for any ji, jo, -, Ji—1,Jit1, -5 Jn > 0.

Theorem 3.3.5 Let L C R C wyj---w, be bounded languages. Let R be regular,

with representation

N
R = le wl )i (b )*,

i=1

Then L has minimal reqular cover R if and only if for all 1 <1 < N, 1 <k <n

and fOT' all jl:j?: s inflaji-l-la s J.jn Z 0; the set

]’i,k(LJ.jla.jQJ S J.j’i*l?.ji‘l'l? B 7771)

intersects every arithmetic progression.

Proof: Let L C R. We write R = [JY | R; where
Ri — wlllz 1 (wll’i,l)* - wai,n (wbi’")*.

Let L; = L N R;. Since minimal regular covers are closed under intersection with
regular languages, R; is a minimal regular cover of L; if and only if R is a minimal
regular cover L. Note that L = Ufil L;. Thus, it suffices to show the result for L;,
since minimal regular covers are closed under union.

First, assume that for L;, there exist k£ and i, J2, ..., Jk—1, Jkt1s- - - Jn = 0 such

that

I = Ii,k(Liajlana s 7jk*1’jk+17 s a.]ﬂ)



47

does not intersect every arithmetic progression. Let a, b be integers with a # 0 such
that am + b & I for all m > 0. Define D as the set
D — waz‘,1+bi,1'j1 . _U}“i,k—l‘“’i,k—l'jlc—l,u)alc,i+blc,i'a(,U)alc,i+blc,i'b)*,ll)ai,k+1+bi,k+1'jk+1 oo qpinTbingn
=W k1 k k k+1 n -
Clearly D is infinite and regular. By the choice of D, we claim that D N L; = ()
and D C R;.
By definition of I, we know that if

wai*1+b"*1'j1 . .wai,kfl‘i“bi,kfl']‘kflwak,i+bk,i'a(wak,i+bk,i'b)mwai,k+1+bi,k+1'jk+1 .

. v ap@intbin-g )
1 k1 k k k1 wytr I e Ly,

there exists an m with am + b € I, contrary to our assumption on a,b and /. So,
we must conclude that DN L; = (0. Also, D C R;, by the definition of D. So, define
R, = R; — D. Then L; C R; C R; and R; — R, = D is infinite. So R; is not a
minimal regular cover of L;.

To prove the converse, assume that L; is not minimally covered by R;. Then

there exists an R; such that L; C R, C R; and R; — R} is infinite. Recall that

Let R; — R} be written as

M

R, — R; _ U wil,l(wfl,l)* el (szn)*.
=1
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Since R; — R! is infinite, we must have that there is an ¢, 1 < ¢ < M, such that
ey detyx Coon () Qinyx
wy (wy ) wy " (wn™) (3.3.1)

is infinite. Further, there must be a k, 1 < k < n such that d,; # 0, since (3.3.1)

is infinite. So, choose arbitrary ji, jo, ..., Jk_1s Jk+1s - - -, Jn Such that

ce1tde g1 cok—1tdek—1Jk—1, Cok  dog\k  Clk+1Tde k41 Tk+1 contdenin
w; cew w "t (w, ) w Wy

is infinite. Define D to be this subset of R, — R;:

_ cgatdeii cok—1tdek—1Jk—1 Coky  dog\k  Clk+1Tde k41 Tk+1 contdengn
D = w, Wiy wy " (w,,"") k+1 ©r o Wn .
Since D C R;, each string is a member of R;. In particular, if we define the strings

U,, for each m > 0 as

ceatdeagn U}W,k—l“‘d&k—l'jk—lu)cl,k+d£,k'm o k1t k1 Jht1 _wzz,n+dé,n'jn,

U = wy W k k+1

each U, € R;. Consider first Uy. We want to write Uy in terms of a;; and b; ;,

which is possible since Uy € R;. So, let ji,---j! be integers such that

_ ai,1+bi,1-ji ai,k—l‘}’bi,kfl']‘;cil ai,k+bi,k'j;c ai1k+1+bi’k+1-]‘;€+1 a; n+bi n'j’
Uy = wy Ceewg w, Wy 1y Ceewy, ",
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Equating powers in our two representations of Uy, we have that

Cor + dl,r : jr = Qj,r + bi,r : ]1,~

for 1 <r <mn,r#k, and

)
Cok = ik + big - Jp-

Next, consider U;. We know that U, and U; share the same prefix of length

Zf;ll((,’g’i +dg;-ji)|w;| (that is, the prefix of powers of all wy, ..., w,_1) and a suffix

of length 7" , . (cpi+dp - ji) |w;| (similarly, the suffix of powers of all wyq, ..., wy).

We can then use the same ji,...,j; 1, jp11s---, 7, to write U; as
U, = w;li,l‘l'bi,l'j/l N _wZi,k{1+bi,k71'j;ﬁ1wl(cai,wrbi,k'J'L)+bi,1c'cwz:k1+l+bi,k+1'j;c+1 oo g% Tbindn
— n

for some constant ¢. Similarly, by comparing lengths, we conclude that we may

write

_agtbiigy Qi k- 1Fbik—1G 1 (5 kFbi kg )i kem G k1 +bi gy @i +bi gl
Unp = w, Ceew w, (O Ceew, n

Now, each string U,, € R; — R} and thus, since L; C R., U,, ¢ L; for all m > 0.

Thus, by definition of

I = Iz,k(Llajia B 7jllcflajl’c+17 B a.];L)

we have that j, + c-m ¢ I for all m > 0. This proves the theorem. O
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3.4 Decision problems for MRCs

We examine some decision problems for minimal regular covers. Our first result
shows that it is undecidable whether an arbitrary CFL has a minimal regular cover.

We show the same is true even if we restrict ourselves to linear CFLs.

Theorem 3.4.1 Let L be an arbitrary CFL. The following are undecidable:
(a). whether L has a minimal reqular cover.

(b). whether L has a minimal regular cover.

We appeal to Greibach’s Theorem [20]:

Theorem 3.4.2 Let C be a class of languages that is effectively closed under con-
catenation with reqular sets and union, and for which the decision problem “= *”
15 undecidable for any sufficiently large fized . Let P be a property that is true for
all reqular sets and that is preserved under quotient with a single letter. Then P is

undecidable for C.

We now prove Theorem 3.4.1:
Proof: (a) Note that CFLs satisfy the conditions of Greibach’s Theorem (see
[24, pp. 205 206]). Define P(L) = {L has a minimal regular cover}. By Theo-
rem 3.1.5, P is closed under arbitrary quotient. Finally, we note that every regular
language trivially has a minimal regular cover.

(b) Let P'(L) = {L has a minimal regular cover}. Again, P’ is true for all
regular sets. Assume that P’(L) is true. Now, we note that P'(L/a) is true if and

only if L/a = ¥* — L/a has a minimal regular cover. But it is easy to observe
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that ¥* = ¥*/a, and so that ¥* — L/a = ¥*/a — L/a = (¥* — L)/a. But by
Theorem 3.1.5, we must have that (X* — L)/a has minimal regular cover, since
we assume that P'(L) is true. So P'(L/a) is true and thus we have satisfied the

conditions for Greibach’s Theorem. O

Recall that a grammar G = (V, X, P, S) is said to be linear if each production
o — (31 --- 3, satisfies 3; € V for at most one index . That is, for all productions,
all but at most one of the items on the right-hand side is a variable, the rest being
elements of X.

We note the theorem of Hunt and Rosenkrantz [26] which gives a condition for
undecidability of problems relating to linear CFLs over {0,1}. We begin with a

definition:

Definition 3.4.3 Let P be a nontrivial predicate on a class C of languages over

{0,1}. Let r,s,x,y be strings over {0,1}. Define the languages L, and Lg by

Lo ={0z,1y}", Ly = {x0,y1}"

and the homomorphisms hy, hg : {0,1}* — {0,1}* by

ha(0) = 0x, ha(1l) =1y

Then we define L(P,r,s,x,y) and R(P,r,s,z,y) by

o L(Prs,x,y)={h'(u\(r\L/s)) : u€ Ly, P(L) is true},
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e R(P,r,s,x,y) = {hgl((r \ L/s)/v) : v € Lg, P(L) is true}.

We now present the theorem of Hunt and Rosenkrantz [26]:

Theorem 3.4.4 Let P be any predicate on the linear CFLs over {0,1} for which
there exists a linear CFL Ly and strings r, s,z and y in {0, 1}* such that
1. P(Ly) is true,
2. r{0z,1y}*s C L;, and
3. L(P,r,s,x,y) is a proper subset of the linear CFLs over {0,1}.
or symmetrically,
1. P(Ly) is true,
2. r{z0,y1}*s C L;, and
3. R(P,r,s,z,y) is a proper subset of the linear CFLs over {0,1}.
Then for arbitrary linear CFG G, the predicate P(L(G)) is undecidable.

We demonstrate that the conditions of Theorem 3.4.4 hold for the predicate

P(L) = {L has a minimal regular cover}.

Theorem 3.4.5 Let G be an arbitrary linear CFG over {0,1}. Then it is unde-

cidable whether L(G) has a minimal regular cover.

Proof: We first note that h, is an e-free homomorphism, so that minimal regular
covers are preserved under h_', by Theorem 3.1.11. Note that any unbounded
regular language R satisfies the first two conditions of Theorem 3.4.4. In particular,

let Ly = {0,1}*. Then r = s = x = y = € satisfies r{Oxz, ly}*s C L;. Observe that

R = R(P,¢¢€¢)

= {L/xz : 2z € {0,1}*, P(L) is true}.
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We must show that R is a proper subset of the linear CFLs over {0,1}. But note
that by Theorem 3.6.5, Ly = {0"1" : n > 0} is a linear CFL which has no
minimal regular cover. But were Ly € R, then Ly = L;/z for some z € {0,1}F
and with P(L;) is true. But by Theorem 3.1.5, P(L,) true implies P(L;/x) is true.
This contradicts that Ly has no minimal regular cover. Thus, it must be that R
is a proper subset of the linear CFLs, since Ly ¢ R. So our predicate P satisfies
Theorem 3.4.4. O

Consider the following technical lemma:

Lemma 3.4.6 Let L be any language and let x be any string. Then L/x = (L/x).

Proof: By definition, (L/z) = {y : yx € L} = {y : yx ¢ L}. But also by

definition, L/z = {y : yx € L}. This proves the lemma. O
The following is a simple lemma:
Lemma 3.4.7 Let Ly = {0"1" : n > 0}. Then Ly is a linear CFL.

Proof: Observe that

Ly = {0™"1™ : m,n>0,m#n}U{0*1*}

= {0"1" : m,n>0,m#n}U0"11*0(0 + 1)*

The second term in this union is regular, and thus there is a right linear grammar
G, = (V4,{0,1}, P;, S;) such that L(G;) = 0*11*0(0 + 1)*. Further, the language

{0™1™ : m,n > 0,m # n} can be given by the grammar Gy = (V5,{0, 1}, P», S)
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such that P, is given by

Sy — 0Sm|Si1 S — 0SS,

Sl —>Sll|Ss SS —>0551|6.

This is easily verified. So, we can combine GGy and G5 to give a linear grammar for

Ly. O
With this, we can prove the following:

Theorem 3.4.8 Let G be an arbitrary linear CFG over {0,1}. Then it is unde-

cidable whether L(G) has a minimal regular cover.

Proof: The proof uses the same construction as the proof of Theorem 3.4.5, with
the predicate P(L) = {L has a minimal regular cover}. Again, L; = {0,1}*, and
r =5 =1 =y = e satisfies the first two conditions of Theorem 3.4.4, since L, = ()

has itself as minimal regular cover. So, again we have

R={L/x : xz€{0,1}*, P(L) is true}.

Now, we consider Ly = {0"1" : n > 0}. By our Lemma 3.4.7, L is a linear CFL.
Now, assume that Ly € R. So, there must exist an z € {0,1}" and a language L,

such that Ly = L;/x, and P(L,) is true. But by Lemma 3.4.6,

Lo= (L /2) = L) /x (3.4.1)
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Since P(L;) is true, L; has a minimal regular cover. Then by Theorem 3.1.5 and
(3.4.1), Ly has a minimal regular cover. But by Theorem 3.6.5, Ly has no minimal
regular cover. This is a contradiction and R is a proper subset of the linear CFLs.

O

3.5 Concerning bounded CFLs and MRCs

In Section 3.4, we saw that the problem of deciding whether a given CFL or linear
CFL has a minimal regular cover is undecidable. In this section, we consider the
equivalent problem for bounded CFLs. Results of Hunt, Rosenkrantz and Szyman-
ski will allow us to conclude that this and related problems are hard. We have the

following theorem of Hunt, Rosenkrantz and Szymanski [28, Theorem 4.11, p. 253]:

Theorem 3.5.1 Let P be any nontrivial predicate on the bounded CFLs such that

P is true for all bounded reqular sets and either
L={L" : L'=x\L,x€{0,1}*,P(L) is true }

or

R={L": L'=LJx,x € {0,1}*, P(L) is true }

15 a proper subset of the bounded CFLs. Then there exists a constant ¢ > 0 such

that any nondeterministic multi-tape TM that recognizes

{G : G is a CFG generating a bounded language and P(L(Q)) is false}
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requires time at least 2¢"/(1°8™) infinitely often.

Note that {0"1" : n > 0} is a bounded CFL with no minimal regular cover
and that L/x is a bounded CFL for any bounded CFL L. Thus, in order for the
the predicate P(L) = {L has a minimal regular cover} to satisfy the conditions of
Theorem 3.5.1, we need only satisfy the condition that there exists a language L'
such that L' # L/x for all L bounded CFLs with P(L) true. But by Theorem 3.1.5,
if P(L) is true, then P(L') must also be true. Since we know that P is nontrivial on
the bounded CFLs, we must conclude that an R is a proper subset of the bounded
CFLs.

Thus we have the following theorem:
Theorem 3.5.2 There exists a constant ¢ > 0 such that any multi-tape NTM which
recognizes

{G : G is a CFG with L(G) bounded and L(G) has no minimal regular cover}

requires time at least 2°/18™) infinitely often.

Given Lemma 3.4.7, the following theorem is proved similarly using the predicate

P(L) = {L has a minimal regular cover }:

Theorem 3.5.3 There exists a constant ¢ > 0 such that any multi-tape NTM which

Tecognizes

{G : G is a CFG with L(G) bounded and L(G) has no minimal regular cover}



57

requires time at least 2¢"/(1°8™) infinitely often.

Analogously, the theorem of Hunt et al. [28, Theorem 4.12, p. 224] which states:

Theorem 3.5.4 Let P be any nontrivial predicate on the bounded linear CFLs such

that P is true for all bounded reqular sets and either

L={L : L'=x\L,xe€{0,1}*,P(L) is true }
or

R={L": L'=LJx,x € {0,1}*, P(L) is true }

15 a proper subset of the bounded linear CFLs. Then
{G : G is a linear CFG generating a bounded language and P(L(G)) is false}

1s NP-hard.
gives us the following result:

Theorem 3.5.5 The following problems are NP-hard:
Li={G : G is a linear CFG, L(G) is bounded and has no min. regular cover},

Ly ={G : G is alinear CFG, L(G) is bounded and has no min. regular cover}.

3.6 Examples

In this section, we consider some particular classes of languages and their minimal

regular covers. In particular we demonstrate that there exist context free languages



o8

which do not have a minimal regular cover. We begin with the theorems of Lyndon

and Schiitzenberger [37]:

Theorem 3.6.1 Lety € ¥* and x,z € X1, Then xy = yz if and only if there exist

u,v € ¥* and an integer e > 0 such that x = wv, z = vu and y = (uv)®u = u(vu)®.

Theorem 3.6.2 Let z,y € 3. Then the following three conditions are equivalent:
* Ty = yx;
e There erist integers i,j > 0 such that ' = y’;

e There exist z € X and integers k.l > 0 such that z = 2* and y = 2!,

We also have the theorem of Fine and Wilf [12]:

Theorem 3.6.3 Let x,y € ¥*. If there exist integers p,q > 0 such that P and y4

have a common prefiz (resp., suffix) of length at least |x| + |y| — ged(|z], |y|), then

there exists z € ¥* and integers i,j > 0 such that v = 2 and y = 27.
The following lemma is due to Shallit and Yu:

Lemma 3.6.4 Let u,v,w,z,y € ¥* be fixzed words with v,z # €. Define L =
L(u,v,w,z,y) = {uwv'wx’y : i > 0}. Then the following conditions are equivalent:
(a). L is reqular;

(b). L has an infinite reqular subset;

(c). There exist integers k,l > 1 such that v*w = wx';

(d). There exist words r,s € X* and integers m,n > 1 and p > 0 such that
v=(rs)™, w=(rs)Pr and x = (sr)";

(e). There exist integers a,b > 0 with a # b such that uv*waby € L.
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This result was found independently of Hunt et al. [28, pp. 239 240}, who
proved the implications (¢) <= (b) and (e) = (a). The equivalence of (a) and
(c) was also proved by Latteux and Therrin [31, Lemma 5.5, p. 14].

Proof: We prove (a) = (b) = (¢) = (d) = (a), and (¢) <= (e).

(a) = (b): L is clearly infinite, so if L is regular, then it has an infinite regular

subset, namely L itself.

(b) = (¢): Suppose R is an infinite regular language, and R C L. Then by the
pumping lemma, there exist words r, s # ¢, and ¢ such that rs*t C R. Then there

Tryx™ "y, Since L

exist integers m,n > 0 such that rt = uv™wa™y and rst = uv™
contains at most one word of each length, it then follows that rst = uv™ W™ty
for all 7+ > 0.

By replacing r with rs® for some a and ¢ with st for some b, if necessary, we
may assume without loss of generality that |r| > |u| and |t| > |y|. Similarly, by
replacing s with s° for some ¢, if necessary, we may assume |r| < |uv™™™| and
t| < |a™Fmiy| for all 4 > 1.

It now follows that r = uvev', s = v"viwatz’, t = 2"2"y for some e, f, g, h > 0

where v = v'v"” and x = z'z"”. Now choose i sufficiently large such that m + ni —

e—h—1>|s|+ |v|+ |z|. Then

rs't = wu™ " wa™ "y,
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By cancelling r = uv®’ on the left and ¢ = 2”2y on the right, we get

Sl — Ullvm—kmfeflwxm—l—mfhflx/

(U//U/)m-l-nife—lvuwx/(x//x/)m-km'fhfl_ (3.6.1)
We now observe that s® and (v”v')™ ¢! agree on a prefix of size > m+ni—e—1 >
|s| + |v|, and so by Theorem 3.6.3, there exists a word Y such that s and v"v'

are both powers of Y. Similarly, s* and (z"2')m+ni-h-1

agree on a suffix of size
>m+ni—h—1>|s|+|z|, and so by Theorem 3.6.3, there exists a word Z such
that s and z”z" are both powers of Z. From Theorem 3.6.2 it now follows that
there exists a word X such that both Y and Z are powers of X. Hence s, v"v', and
a"x' are all powers of X. Then from Eq. (3.6.1) it follows that v"wa’ is a power
of X. Now write v"v' = X!, 2”2’ = X*, and v"wsz’ = X? for some integers [, k, d.
Then

(0" ev"wa' = v"wa' (" 2"

Now cancel v” on the left and x' on the right; we get

k

and hence v*w = wa!, as desired.

(¢) = (d): If v*w = wa!, then by Theorem 3.6.1 there exist ¢,z € ¥* and an

integer e > 0 such that v* = tz, w = #(2t)¢, and 2! = 2t.
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Now v¥ = tz implies there exists a decomposition v = v'v"” such that t = v’
and z = v"v? for some integers i,j > 0. Then 2! = 2t = v"viviv’ = (v"v') 9L Set
h = v"v'. Then 2! = h**/*!. Hence, by Theorem 3.6.2, there exists a word g € X+
and integers n,a > 1 such that x = ¢" and h = ¢*.

From this last equality we get v"v" = ¢®. Thus there exists a decomposition
g = sr such that v" = ¢’s and v’ = rg¢ for some integers b,c > 0. Then we find
v =v"v" = (rg°)(g’s) = (rs)Tetl,

Finally, we have

w = t(zt)°
= o' (2!)*
= (rs)btetDipge(gmyle
= (rs)brerlip(gp)ctnle

_ (TS) (b+c+1)i+c+nlerl

so (d) holds with m =b+c¢+ 1, and p = (b+ ¢+ 1)i + ¢ + nle.

(d) = (a): For all i > 0 we have

wowaty = u(rs)™ (rs)Pr(sr)"y = u(rs)m TPy

so L = u((rs)™"™)*(rs)Pry, which is clearly regular. O

Theorems 3.6.5 and 3.6.6 are due to Shallit and Yu.
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Theorem 3.6.5 Let u,v,w,z,y € X* be fixzed words with v,z # €. Let L =
{uvtwa'y : 1 > 0}. Then L is context-free, and L has a minimal regqular cover if

and only if L is reqular.

Proof: It is clear that L is context-free, since it is generated by the following

context-free grammar:

S — uBy

B — w|vBzx

First, suppose that L is minimally covered by the regular language R. Let
M = (Q,%,0,q, F) be a DFA accepting R. Then there exists a state ¢ such that
§(qo, uv'w) = ¢ for infinitely many i. Let I = {i : &(qo, uv'w) = q} and iy be the

smallest element of 1. Define

R = {2y : §(q,27y) € F and j > ig}.

Then R’ is infinite since it contains {z'y : i € I —iy}. Furthermore, R’ is regular
since

R ={teX : §(q,t) e Finazty.

Let R” = wvwR'. Then R” is infinite and regular, and clearly R” C R. Now if
R" C R— L, then R = R— R" is a regular cover of I with R — R infinite. Hence
R is not minimal, a contradiction. Thus R” € R — L, and hence uv™wa’°y € L for

some jg > ig. Then by Lemma 3.6.4, L is regular.
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On the other hand, if L is regular then L itself is trivially a minimal regular

cover. O

Theorem 3.6.6 Let u,v,w,z,y € X* be fivred words with v,x # €. Let L =
{uviwaly : i > 0}. Then L is a context-free language, and further, if L is not

reqular, then ¥* is a minimal reqular cover of L with respect to finite languages.

Proof: To see that L is context-free, we describe a pushdown automaton (PDA)
M accepting L.

The PDA M accepts its input z in either one of two cases:

(a). The length |z| is not of the form |uwy| + i|vz| for some i > 0.

(b). The length |z| is of the form |uwy| + i|vz| for some i > 0, and a mismatch
between z and uv'wz'y has been found somewhere, and |uwy| + i|vz| input

symbols have been processed.

Case (b) is the only tricky part. The PDA starts by comparing the first |ul
symbols of its input with the symbols of u. If a mismatch is detected, the PDA
records this fact, but does not accept yet. Then it compares the next symbols of
its input with v?, where i is chosen nondeterministically. If a mismatch is detected,
the PDA records this fact, but does not accept yet. For each copy of v compared
to the input, a counter is placed in the stack. Eventually the PDA chooses (nonde-
terministically) to stop matching v’s. When it does so, there are i counters on the
stack. Now the PDA continues comparing the next |w| symbols of its input with

w. Again, if a mismatch is detected, it records this fact, but does not accept yet.
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Then, using the count recorded in the stack, it compares the next i|z| symbols of
the input with 2’. Finally, it compares the next |y| symbols of its input with y.
When the computation is complete, the PDA has read |uwy| + ilvz| symbols, and
it accepts if and only if there was a mismatch somewhere along the way.

Now suppose L is not regular. Then L is not regular. We show ¥* is a minimal
regular cover of L. Suppose not. Then there exists a regular language L' such that
L C L' C¥* and ¥* — L' is infinite. But then ¥* — L' C L, so L has an infinite

regular subset. But then L is regular by Lemma 3.6.4, a contradiction. O

We now present an interesting class of languages which have minimal regular

cover X*. Let 0 < aw < 1 be an irrational real number. Define

fo=|(n+1a| — [nal.

We set £, = f1fofs -, an infinite word over the alphabet {0,1}. The infinite word

f, is called the characteristic word of ce. With each such « we associate the language

La :{OZ : fz: 1}

Theorem 3.6.7 For all wrrational real o with 0 < o < 1, the language L, 1s not

reqular and is minimally covered by 0*.

Proof: If L, were regular, then f, would be ultimately periodic. But then

===n— = o would be rational, a contradiction.

limy, o
To see that L, is minimally covered by 0*, suppose it is minimally covered by
a regular language R with 0* — R infinite. Then by the pumping lemma there

exist words u = 0/, v = 0%, w = 0’ such that uwv'w € 0* — R for all i > 0. But
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wo'w = 07T Tt now suffices to show that for all ¢,d with ¢ > 0,d > 1, there
exists an ¢ > 0 such that f..;,; = 1. This easily follows from Kronecker’s theorem

[21, Theorem 438]. O

3.7 Bi-MRCs

We briefly consider the minimal cover analogue of bi-immunity [3]. We propose the

following definition:

Definition 3.7.1 A language L has bi-minimal reqular cover (Li, Ls) if Ly is a

minimal reqular cover of L and Ly 1s a minimal reqular cover of L.

In the terminology of Balcdzar and Schoning, a language L C ¥* has bi-minimal
regular cover (X*,X*) if and only if L is REG-bi-immune. We will consider some
classes of languages which have bi-minimal regular covers. We begin with an easy
class of languages:

Example 3.7.2: Let Ly = {0"*" : n > 0}.

Then by Lemma 3.2.2, Ly has minimal regular cover 0*. By Lemma 3.3.5, Ly

has minimal regular cover 0* if and only if every arithmetic progression intersects

I ={n+n! : n > 0} Let a,b be arbitrary integers with a # 0. Consider

(a+b)!

a

m = + 1. Then am—l—b:a(@—kl)—kb: (a+b)! +a+b. Thus for this
choice of m, am + b € I. Thus Ly has bi-minimal regular cover (0*,0*).
By extension, let k be a positive integer. Let L, = {0¥*™) . n > 0}. Then

L = or(Lg) where 4, (0) = 0%, so L has minimal regular cover (0%)*.
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Now, observe that

Ly ={0" : r#0(mod k)} U{0* : n#m+m!V¥m >0} (3.7.1)

The second term of the union in (3.7.1) is 4(Lg), and thus has minimal regular
cover (0F)*. But the first term of the union in (3.7.1) is regular, and so has minimal

regular cover itself. Thus, L; has minimal regular cover

{0" : r #0(mod k)} U (0F)* = 0*.

Thus Lj has bi-minimal regular cover ((0%)*,0%). O

The class of languages related to characteristic words introduced in Section 3.6
gives us another class of languages which have bi-minimal regular covers. The

following preliminary lemma is adapted from Lothaire [33, Cor. 2.2.20]:

Lemma 3.7.3 Let o be an irrational number with 0 < o < 1. Then Li_, =

0" — Lg.

Clearly « is irrational if and only if 1 — « is irrational. Thus, Theorem 3.6.7

immediately gives us the following result:

Theorem 3.7.4 Let o be an irrational number with 0 < o < 1. Then L, has

bi-minimal regular cover (0%, 0%).

Thus, by Theorem 2.3.6, for each irrational a with 0 < o < 1, L, is not

a DCFL. Since the CFLs and thus the DCFLs are precisely the regular languages
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over a unary alphabet, we have that each L, is at least a CSL. We now demonstrate

a large class of irrational numbers a which yield L, a CSL. We use the theory of

Sturmian words (see Allouche and Shallit [1, Ch. 9] or Lothaire [33, Ch. 2]).
Recall the definition of continued fraction. Every irrational number « admits a

unique expansion of the form

a = ag+
a1+

az+—

We denote this as

a = [ag, a1, a9, . . ]

If o = [ag, ay,...], we use the notation

04:[(1/0,0,1,0,2,...,(112'—"/6]

to denote that § = [0, a;41,a49,...]. We define the homomorphism h,, : {0,1}* —
{0,1}* for each m > 1: h,(0) = 0™ '1, h,(1) = 0™ '10. From the theory of

Sturmian words, we have the following theorem about continued fractions [33, Cor.

2.2.22):
Theorem 3.7.5 If « = [0,a4,as, ...,a; ] for some irrational number o with 0 <
a, 3 <1, then
Joa = (hal 0 hg, © has ©---0 hai)(fﬂ)'
Call a continued fraction [aq, a9, ..., a;,...] periodic if {a;};>1 is periodic as a

sequence. Then we have the following corollary to Theorem 3.7.5 [1, Cor. 9.2.6]:
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Corollary 3.7.6 If o = [0, ay,as,...] has an ultimately periodic continued fraction

expansion, then f, is the fived point of a homomorphism.

We recall a remarkable theorem of Berstel [5] on the fixed point of a homomor-

phism:

Theorem 3.7.7 Let h : ¥* — ¥* be a morphism that generates an infinite word
on a letter a € . Let F be the set of left factors of this infinite word. Then F is

a CFL.
With Theorems 3.7.5 and 3.7.7, we can prove the following:

Theorem 3.7.8 Let « be an irrational number with 0 < o < 1. If a has a ulti-

mately periodic continued fraction then L, is a CSL.

Proof: By Corollary 3.7.6, f, is a fixed point of a homomorphism hA. Thus, let
F,, be the set of non-empty left factors of f,. By Theorem 3.7.7, F, is a CFL and
so F, is a CSL, since equation (1.1.1) gives that CF C CS and it is known [29, 46]
that CS = co-CS.

Now, consider F' = F,N(0+1)*1. Since the CSLs are closed under intersection
with regular languages (for the closure properties of the CSLs, see [24]), F" is still a
CSL. But F’ contains precisely those strings which end in a 1. That is, z € F' <
flz = 1. Since the CSLs are closed under e-free homomorphism, we conclude that
h(F') C 0* is a CSL, where h(0) = h(1) = 0. But now 0° € h(F') <= f;=1. So
h(F') = L,. Thus, L, is a CSL. O

Thus, we have established unary REG-bi-immune languages which are CSLs.

We can characterize the irrational numbers which give periodic continued fractions
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completely with the theorem of Lagrange (see [21, Thms 176 and 177]). Recall that
an irrational number is quadratic if it is the irrational root of a quadratic equation

with integer coefficients.

Theorem 3.7.9 An irrational number has periodic continued fraction if and only

if it is a quadratic irrational.

Thus, not only do irrational numbers exist which yield CSLs, but we can restate

our Theorem 3.7.8 more strongly as follows:

Theorem 3.7.10 If a is a quadratic irrational number with 0 < o < 1, then L, is

a CSL.

This was found independently of the results of Blanchard and Korka [6]. It is
not clear whether the methods used by Blanchard and Korka can be used in this

context.



Chapter 4

Minimal Context-Free Covers

The question of minimal context-free covers is covered in this chapter. We begin
with a result showing that the languages with minimal context-free cover ¥* are

dense, due to Shallit:
Theorem 4.0.1 Almost all languages L C X* have minimal context-free cover X*.

Proof: Let L' be a fixed context-free language with ¥* — L' infinite, say ¥* — L' =
{1, x9,...}, and suppose L' is a minimal cover of L. Then none of zq,x,...
are in L, which happens with measure 0. Now take the union over all context-free
languages with 3* — I infinite; since this union is countable, the result has measure

0, too. O

The chapter begins with results on the closure properties of minimal context-
free covers. We then examine a restricted case of minimal context-free covers of
bounded languages, that is, the case when our language L is bounded by two words:

L C wiw;. We then turn to a method for constructing languages with minimal

70
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context-free covers, by converting a regular language R to a context-free language

R

{zz"™ . 2 € R}. The chapter ends with a consideration of languages with minimal

context-free covers, and their commutative images under the Parikh mapping.

4.1 Closure properties of MCFCs

We examine some closure properties of minimal context free covers. We begin with

a transitive property of minimal covers.

Theorem 4.1.1 Let Ly have minimal context-free cover Ly and Ly have minimal

reqular cover Ly. Then Lg has minimal reqular cover L.

Proof: Assume, on the contrary, that Ls is regular such that
Lo C L3 C Ly

and that L, — L3 is infinite. Consider Lz N L;. We have that Ly C Ly N L; C L.
Further, L3 regular and L; context-free implies that L3N Ly is context-free. But L,
is a minimal context-free cover of Ly so we must have that L; — (L3N Ly) = Ly — L
is finite.

We have L3 U L is regular, since L3 is regular and L; — L3 is finite. Note that
Ly CLyULy C Ly

We have that L, # L, U L3 since Ly — L3 is infinite, by assumption. We must have

that Ly — (L3 U Ly) is finite. This contradicts that Ly — L3 is infinite. We conclude
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that Ly has minimal regular cover Ls. O

Recall that a if a family of languages is closed under intersection with regular
sets, homomorphism and inverse homomorphism, it is termed a full trio. We note

the following theorem [24, pp. 276-277|, due to Ginsburg and Greibach [16]:
Theorem 4.1.2 FEvery full trio is closed under quotient with a reqular set.

Let ¥ be an alphabet and define ¥ = {& : a € X}. From the proof of

Theorem 4.1.2 in Hopcroft and Ullman [24], we are given the following formulation:

L/R = hy(h{ (L) N (2)*R) (4.1.1)

where hy, hy 0 (¥ UX)* — ©* are homomorphisms defined by

]’Ll((L) = hl(&) =a

ha(a) = €, hy(a) = a
Thus, we are able to make the following corollary

Corollary 4.1.3 Let C be a full trio. If C-minimal covers are closed under homo-
morphism, inverse e-free homomorphism and intersection with reqular languages,

then C-minimal covers are closed under quotient with reqular languages as well.

Proof: Let L; have minimal C cover Lo, and let R be a regular language. By
Theorem 4.1.2, Ly/R is a member of C. Note that h; is e-free. Then by assumption,

hi'(Ly) has minimal C cover hy'(Ly), h7*((L1) N (£)*R) has minimal C cover
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hi ' ((Lo)N(2)*R), and finally hy(hy ' (Ly)N(2)* R) has minimal C cover hy(hy ! (Ly)N
(2)*R). Then by (4.1.1), L;/R has minimal regular cover L,/R. O

4.2 Bounded MCFCs

In this section we examine minimal context-free covers as they result to bounded
CFLs. We first recall two crucial results due to Ginsburg and Spanier [17], taken

from Ginsburg [14, pp. 180 182]:

Theorem 4.2.1 Let wy,wy be words. If Ly C wiw; and Ly are CFLs, then Ly M Ly

is a CFL.

Theorem 4.2.2 Let wy,wy be words. If Ly C wiw; and Ly are CFLs, then Ly — Ly

and Lo — Ly are CFLs.

We can now prove that minimal context-free covers are unique up to finite
modification, in the restricted case that one of the minimal context-free covers is

bounded by two words:

Theorem 4.2.3 Let L be a language, and let L, Ly be minimal context-free covers
of L, one of which is bounded by wiw; for some words wy,wy. Then (Ly — L) U

(Ly — Ly) is finite.

Proof: Assume without loss of generality that L, is bounded, say L, C wjw; for

words w1, ws.
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Let Ly = LiN Ly. By Theorem 4.2.1, Ly is a context-free language with L C L
and thus L; — Ly and Ly, — Ly must both be finite by the minimality of L; and L.

The result follows since (Ll — LQ) U (L2 — Ll) = (Ll — Lo) U (LQ — Lo) O
We may also adapt Theorems 3.1.4 and 3.1.1 as follows:

Theorem 4.2.4 Let Ly, Ly be languages with minimal context-free covers LY, L,
respectively. If there exist words wy,wq such that LY, L) C wijw) then L; U Ly has

minimal context-free cover L U L.

Proof: Suppose L3 is a context-free language such that L, U Ly C L3 C L} U Li,.
Note that L} U L, C wiw;. If (L} U L) — Ls is infinite, then either L} — L or
L}, — Lj is infinite. Without loss of generality, assume that L} — Ly = L} — (L} N L)
is infinite. But L} N Ly satisfies L; C L) N Ly C L}, and by Theorem 4.2.1, L, N L

is a CFL. This contradicts the minimality of L) as a context-free cover of L;. O

Theorem 4.2.5 Let Ly, Ly be context-free languages with Ly C wjw; bounded.

Then

1. If L is a language with minimal context-free cover Ly, then LN Ly has minimal

context-free cover Ly N Ly.

2. If L is a language with minimal context-free cover Ly, then LN Ly has minimal

context-free cover Lo N Ly.

Proof: 1. Let L3 be a regular language satisfying L C Ly C Ly N Ly. and

(L1 N Ly) — Ly infinite. Note that L; N Ly C Ly C wjw} and so it is bounded, and
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it is a CFL by Theorem 4.2.1. Then by an application of Theorem 4.2.2, we have
that (L; N Ly) — Ly C Ly C wiwj is a bounded CFL. So

Ly =Ly — ((Li N Ly) — Ls)

is also a CFL, by another application of Theorem 4.2.2. Now, L C Ly C L;. Also,

LlfLOZ(leLQ)*I@

the latter we assumed was infinite. This contradicts the minimality of L; as a
context-free cover of L.

[tem 2 follows by symmetry. O

We now characterize languages which have a minimal context-free cover, when
the language is bounded by two words. We use the notation established in Ginsburg

[14, p.150]:

Definition 4.2.6 For subsets Z, X1, Xo,..., X, and Y1,...,Y, of ¥* let

(X, Y,) - (X, Y« Z={XF ... XPrzyFr ooy - ki >01<i<n}

We make the following notational extension:

Definition 4.2.7 For subsets 7, X1, Xo,..., X, and Y1,...,Y, of ¥* and integers

jhj?a"'ajn 2 0 let

(X, o)l (X0, Y0 e Z = X X 2V Y
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Now that we have established the closure properties for these restricted cases,
we recall an additional lemma from Ginsburg and Spanier [17] (also in Ginsburg

[14, Theorem 5.3.1(a), pp. 155 157)):

Lemma 4.2.8 L C wiwj is a bounded contextl-free language if and only if L is a
finite union of sets of the form (., ym) - - - (x1, Y1) * 2 where z; is in wi, y; is in w;

and z 1s in wiw;

Thus, for any CFL L; C wyws, we may write

L= U (G ™) Gl ) () e (o))

Finally, we must define analogues of the sets from Definition 3.3.4, and analogues

of arithmetic progressions over n-tuples of integers:

Definition 4.2.9 Let L C wjwj be a bounded language. Given fized integers N,
m; (1 <i<N), and a;; and b;; (1 <i < N, 1< j < m;) we define, for each

1 <¢ <N the set
. . Ai,m; bi,mi i, a;, bi, i a;, bi,
Ki(L) :{(.77711'7"'7.71) : (wl ; Wy )[J J"'(wl lan 1)[m*(wl OwQ 0) GL}

Definition 4.2.10 Let (ay,...,a,) and (by,...,b,) be n-tuples of integers. Then

we call the set

an n-ary arithmetic progression.
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Thus, we have the following partial characterization of bounded languages with

minimal context-free covers, analogous to Theorem 3.3.5:

Theorem 4.2.11 Let L' C L C wiw} be bounded languages. Let L be a CFL, with

representation
_ Qi,m; bi,mi Ai,m;—1 bi,mi—l a; 1 bi11 a0 bi,O
L—U<(w1 ywy ™) - (wy ; Wy ) (i wy ) x (wy P wy ))
i=1

Then L' has minimal context-free cover L if and only if for all 1 < i < N, the set

K;(L') intersects every m;-ary arithmetic progression.

Proof: First, let L = UZ]L L; where
Li = (w{™™, wgi’mi) : (11)1“’7""71,11);1"”"71) (w8 W) % (0w ) (4.2.1)

And let L) = L' N L;. By Theorem 4.2.1 and Theorem 4.2.5 we have that L; is a
minimal context-free cover of L} if and only if L is a minimal context-free cover of L'.
Note that since L' = Ul]\il L, it suffices to show the result for L;, by Theorem 4.2.4.

First, assume that for L, K = K;(L!) does not intersect every m;-ary arithmetic
progression. Let ¢ = (¢1,...,¢y,) and d = (dy,...,d,;) be m;-tuples of integers

with ¢ # 0 such that cr +d & K for all » > 0. Define D as the set

{(wy™™, wgi’mi)[c"‘i'Hdmi} o (8wl (g 80b0) e > 0}
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Clearly D is infinite since ¢ # 0, and it is given by the CFG G = ({S},%, P, S)

with productions P given by

S — wit Swjww?

where A, By, Ay, By are integer constants defined by

mg

A = g ik - Ck

k=1

m;
Ay = ajo+ E Qg+ dp
k=1

m;
B, = g bi - C
k=1

By = b+ Z bi g - di
k=1

Thus, D is context-free. As D is also bounded by wjwj, we know that L; — D is
also context-free. Clearly D C L; and D N L, = (), by definition of D. Since D
contains only strings which do not contribute to K, and strings which contribute
to K lie in L}, we must have that D N L, = ().
Thus, define L as L} = L; — D. Then we have L is context-free, L; C L! C L;
and L; — L7 = D is infinite. Thus L; is not a minimal context- free cover of L;.
To prove the converse, we assume that L. is not minimally covered by L,;. Then

there must exist a CFL LY such that L} C L C L, is infinite. Recall from (4.2.1)
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that

Now, from Theorem 4.2.2, we have that L; — L! is a context-free language. Thus,

write
M
" o__ Ct,my dl,mz Clymp—1 d(,m[—l ce dg’l ce,0 d[’o
Li— 1 = [ (7w ) (e ()« (0w )
=1

Since L; — L is infinite, we must have that there is an ¢, 1 < ¢ < M such that
m d m my— d my—
(W™ wy ™) - (Wi wy ) s (WS, Wit e (wiCwite) (4.2.2)

is infinite. Further, there must be a k, 1 < k < my such that one of dy or ¢y is
non-zero, since if this were not so (4.2.2) would not be infinite. We can thus choose
arbitrary ji, jo, -, Jk—1, Jk+1, - - *» Jm, such that if we define the set D to be

D= {(wi’z,m(7 wsz’ml)[jmﬂ . (wfz,mrl’w;z,mrl)[jmrl} L (wfl,k+17 w;iz,k+1)[jk+1}

(wiz,k7 wgl,k)[m}(wil,k—lj wgz,k—l)[jk,ﬂ o (wi[’l, w;iz,l)[jl} % (wiz,owgz,O) S m > 0}7

then D is infinite. Since D C L;, each string of D is a member of L;. We want to
express each member of D in terms of a;; and b; ;.
Now, consider (4.2.2). It is contained in L; by definition, and so each string in

it is also in L;. By definition of the % operator, w **ws"® € L; so that we can find
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integers Jy,, 1 <r < m,, so that

cro deo Qi,m; bimi\[Jo. m.] a; 1 bi,1\[Jo1] a;0 bio
Wy wy = (wy T wy ) om0y wy ) e (wy P wy )

s

.. c c d Crs -
Similarly, w,"*w{"wy""wy"* is a member of L; for each 1 < s < my. So we can find

Jsro 1 <1 <m; for each 1 < s < my such that

c c d c Qi m; b m,; a; b; a; b;
U)lf,s,u)ll,OU)QZ,OU)QLS — (u)lz,rnZ , U)Ql’ml)[‘]o’mi+‘]5’mi} .. (,u)lz,l’ 11)21,1)[]0,1+Js,1] * (U)ll,O'I,UQZ,O)
Define the following constants:

my
Jj=Jo; + Z Js - Jsj

s=1,s#k

It is then an easy observation that

(™™ wy ) Imict T Jitme i

(i we )] K (Wi Cwhi)

_ Coomy  dmyy [ Coomg=1  Aemg—1\[j, 4 Cokt1 ek [egr
= (w, " wy ){mﬂ'(“ﬁ y Wy )[m‘ }"'(wl y Wy )[ al

(u)ff,k’ u);l(f,k)[m}(u);l,k—l, w;z,kﬂ)[g‘k,l] L (U);Ll, w;m)[jl] « (w;mw;m)

Then we have expressed each string in D in terms of a; ; and b; ;.
Finally, each string ¢ € D is a member of L; — L! and thus, since L, C L,

t ¢ L. Thus, if we let let u = (J,,,,...,J1) and v = (Jgm,,- .., Jk1), by definition

R

vr+u ¢ KZ(L;)
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for all » > 0. Thus K;(L}) does not intersect every m;-ary arithmetic progression,

completing the proof. O

As a simple example of Theorem 4.2.11, consider:

Example 4.2.12: Let L = {a'b’ : i # n+n!Vn > 0}. Then if L, = {a"d"
n > 0}, L has minimal context-free cover L;. This follows since L; = (a, b)*(¢) and
K(L)=1{i : i # n+n!Vn > 0}, which intersects every arithmetic progression.

More generally, let kq, ko, k3, ¢1, co, c3 be arbitrary integer constants. Let

L = {akFmthemtkspeintemtes . 4y is not prime}.

Then if Ly = (a*', ) (a*2, b°?) x (a*2b°2),

K(L) ={(n,m) : n+m is not prime}.

Certainly K (L) intersects every binary arithmetic progression. To see this, let
(ag,a1)n + (b, by) be an arbitrary binary arithmetic progression. Choosing n =
(bg + by) gives a value of the progression which is not prime, as it is divisible by

bo + b1, and thus lies in K(L). So L has minimal context-free cover L;. O

Thus, Theorem 4.2.11 completely characterizes languages bounded by two words
which possess a minimal context-free cover. The theorem relies on the closure of
context-free languages under intersection when one of the languages is bounded by
two words. This closure under intersection is certainly not true when we consider

even three words, thus while a complete characterization of bounded languages
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possessing a minimal context-free cover might be possible, Theorem 4.2.11 is the

best we can hope for using the above techniques.

4.3 Palindromic images of MRCs

In this section, we devise a method for constructing languages with minimal context-
free covers from an arbitrary language with a minimal regular cover. For any

language L C ¥*, define
PAL(L) = {za® : z € L}

PAL (L) ={z e ¥ : 2z € L}

Note that if R is a regular language, PAL(R) is a CFL. This suggests the following

theorem:

Theorem 4.3.1 Let L,R C ¥*. If R is a minimal reqular cover for L, then

PAL(R) is a minimal context-free cover for PAL(L).

Proof: First, note that PAL(L) C PAL(R), since if zz® € PAL(L), z € LC R

so zzf € PAL(R). Let L' be a CFL such that
PAL(L) C L' C PAL(R).

Consider PAL ' (L'). If x € L then x2® € PAL(L) C L'. Thus, z € PAL '(L").
Similarly, if # € PAL '(L') then z2® € L' C PAL(R). Thus PAL '(L') C R,
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giving
L CPAL (L) CR.
If we can argue that PAL '(L') is a regular set, we are finished, since then we

have found a regular language PAL '(L') between L and R, and thus since R is a

minimal regular cover for L, we must have R — PAL '(L') is finite. But
PAL(R — PAL (L)) = PAL(R) - L.

since PAL(PAL '(L')) = L' by our choice of I'. Thus, we have that PAL(R) — L/
is finite. So, PAL(R) is a minimal context-free cover for PAL(L), subject to the

regularity of PAL '(L"). O

It remains to show that PAL '(L') is a regular set. From Horvéth et al. [25], we
say a language L is palindromic if each = € L is a palindrome. We naturally extend
this to say a language is even palindromic if each # € L is an even palindrome.

Consider the following theorem of Horvéth et al. [25]:

Theorem 4.3.2 A CFL L C ¥* is palindromic if and only if it is of the form

L= U {waw®™ : w e L,}

aeXU{e}
for some reqular languages L,.

This proves the result, since for our L' C PAL(R), L' is palindromic, and since all

strings in L' are of even length, we must have that PAL ™' (L) is regular.
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Now, let L; C L with L an even palindromic CFL. By the results of Horvath et
al. [25], PAL (L) is regular. Further, PAL '(L;) C PAL '(L). Then we have

the following:

Theorem 4.3.3 Let Ly, L C ¥*, with L an even palindromic CFL and L a min-
imal context-free cover for Ly. Then PAL (L) is a minimal regular cover for

PAL '(L,).

Proof: Let R be a regular language such that PAL '(L,) C R C PAL *(L).
Then it is an easy observation that L; C PAL(R) C L and since PAL(R) is a
CFL, we must have that

L — PAL(R)

is finite. Then, since

PAL '(L - PAL(R)) =PAL (L) - R

we have that PAL™'(L) — R must be finite. Thus, PAL (L) is a minimal regular
cover for PAL(Ly). O

Thus we see that L has minimal regular cover R if and only if PAL(L) has

minimal context-free cover PAL(R). We can now make the following observation:

Corollary 4.3.4 Let u,v,w,z,y € X* be fized words with v,z # €. Let

L = {uw'waz'yy" (2®) w (™) u . i >0}



85

Then L has a minimal context-free cover with respect to finite languages if and only

if L is context-free.

Proof: Let L' = {uwv'wz'y : i > 0}. Then L = PAL(L') is context-free if and
only if L' is regular, by Horvath et al. [25]. By Theorem 3.6.5, we know that L’
is regular if and only if L' has a minimal regular cover, namely L' itself. Then
by Theorem 4.3.1, L' has minimal regular cover L' if and only if L has minimal

context-free cover L. O

4.4 Letter-equivalency and MCFCs

We recall the Parikh mapping and letter-equivalency. Our presentation is based
on Harrison [22]. Let ¥ = {aj,as,...,a,} be our fixed alphabet. Then define
Y X* — N by

b(w) = ([wlay, [wlas, - - [wla,)

We naturally extend this to languages as (L) = {¢(w) : w € L}.

A subset of N” is said to be linear if it is of the form
{ag +mag +ngag + -+ + npay, = n; >0 for 1 <i<m}

for elements ag, aq, ..., a,, € N*. A set is said to be semi-linear if it as finite union
of linear sets. We say that L has semi-linear image if ¢)(L) is semi-linear.
We say that two languages L, Lo C X* are letter-equivalent if ¢ (L) = ¢(Ly).

Also note that if Ll g LQ then w(Ll) g 'l/)(LQ)
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The following results are well known (eg, see Harrison [22, pp. 226 230]):

Lemma 4.4.1 A language L has a semilinear image if and only if L is letter equiv-

alent to a regular set.
The following is known as Parikh’s Theorem [40]:
Theorem 4.4.2 FEvery context-free language has semilinear image.

Thus, every context-free language is letter equivalent to a regular language. Now

we are ready for the section’s main theorem:

Theorem 4.4.3 Let L, Ly C wjwi be languages, with Ly a minimal context-free
cover of L. Then L is letter equivalent to a language L' which has a minimal regular
cover Ry. Further, Ry s letter equivalent to L.
Proof: Let
N
L, = U ((w?i’mi , w;i’mi) (wytmi w’;“"fl) o (wit wgi’l) * (wfi’“wgi’o)) ,

i=1

where x is given in Definition 4.2.6. Then K;(L) intersects every m;-ary arithmetic

progression, by Theorem 4.2.11. Now, define R; to be the language

Ry = () - ™) (] ) (o] ) )

Ry is regular and it is easily observed that R; is letter equivalent to L. Define
L'={x € R, : ¢(x) €y(L)}. We claim that L' has minimal regular cover R;. L’

is letter equivalent to L by construction.
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We use Theorem 3.3.5 to show that L' has minimal regular cover R;. To do so,
let

Rl,i _ (wflli,mi w;i,mi)* . (w‘lli,miflw;i,mifl)* . (w?i,lw;i,l)*(w?iﬁowgi’o).

Each is certainly regular and bounded by itself. If we define L} = R;; N L’ then
by Theorems 3.1.4 and 3.1.1, it suffices to show that L) has minimal regular cover
Rl,i-

Now, let k£ be an arbitrary integer satisfying 1 < k£ < m,;. Consider

I= Ik(L’ajla e ajkflaj]H»la s 7]m,)

for some integers ji, ..., Jk 1, Jkt1s- - s Jmy . Assume there is an arithmetic progres-
sion am + b such that am + b ¢ [ for all m > 0. We now construct an m;-ary
arithmetic progression which does not intersect K;(L). This will contradict our

assumption. The m;-ary arithmetic progression is

(jla B 1jk*17am+ bajk+1a s 7]m,)

= (J1ye s Jb15 0y Jkt1s s Jm;) +m(0,...,0,a,0,...,0)
Assume that (j1,..., k-1, am + b, jgi1, ..y Jjm;) € K;(L) for some m > 0. Then

A5 om, bi,m- [] } @i om,—1 bi,m-fl [] } A k41 bi,k+1 [jk#»l}
(wy "™y " Wmil (T g™ ) Imal e (wy Jwy ) .

(u)‘lli,k’ wgz‘,k)[aerb} . (u)‘lli,k—l,U}Si,k—l)[jk,ﬂ L (w;lz‘,l,wgm)[jl} « (wtlli,owgz‘p) cL.
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Thus, the string

(wflli,mi w;i,mi)jmi ] (wfi,mi—lwgi,mi—l)jmi L (wtlli,k+1w;i,k+1)jk+1_

(w‘lli,kwgi,k)am—l—b . (w?i,kflw;i,kfl)jk,l o (wtlli,lwgi,l)jl (w?i,owgm) cl

is in L', by definition of L', and am + b € I by definition of I. 0

Theorem 4.4.3 leads us to conjecture the following:

Conjecture 4.4.4 Let L, L, C ¥* be languages, with Ly context-free and L C L.
If L has minimal context-free cover Ly then L is letter equivalent to a language L'

such that

(a). L' has a minimal reqular cover R and
(b). R is letter equivalent to L.

The converse of the conjecture is not true, as we see in the next lemma.

Lemma 4.4.5 Let L = {0"1*"0" : n > 0} Then L does not have a minimal

context-free cover, but L is letter equivalent to a reqular language.

Proof: Corollary 4.3.4 gives that L has a minimal context-free cover if and only
if L is context-free, by setting u = w =y =€, v =0, and x = 1. But L is easily
seen to not be context-free, as L = h~'(a"b"c") N (07(1?)70F), where h(a) = 0,
h(b) = 11 and h(¢) = 0. Thus L has no minimal context-free cover.

However, L is semilinear, as ¢ (L) = {n(2,2) : n > 0}. Thus by Theorem 4.4.2,
L is letter equivalent to a regular language, for example (0?12)*, which certainly

has minimal regular cover itself. 0O
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In trying to prove Conjecture 4.4.4, Theorems 4.3.1 and 4.3.3 will not give us
a counter-example, since languages with minimal context-free cover produced by
these theorems will always be letter-equivalent to a homomorphic image of the

language that were used to create them.

4.5 Minimal co-CF Covers

From the results in Section 4.3, we can characterize a class of languages which

possess a minimal co-context-free cover, via the following:

Corollary 4.5.1 Let u,v,w,z,y € X* be fized words with v,z # €. Let

L = {uwv'wa'yy" (™) w (o) 1 i >0}

Then L has a infinite context-free subset if and only if L is a CFL. Further, if L s

not a CFL, L has minimal co-CF cover X*.

Proof: We first show that L has an infinite context-free subset if and only if L is
itself context-free. Obviously if L is a CFL then L itself is a context-free subset of
L.

To prove the converse, assume L' C L is a context-free subset of L. Then by the
results of Horvath et al. [25], we must have that PAL '(L') is a regular language,

since L' C L is even palindromic. But note that

PAL (L)) C PAL (L) = {wv'wa'y : i >0}
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Further, PAL '(L') is infinite since L' is. Thus by 3.6.4, we must have PAL ' (L)
is regular. We conclude that L is a CFL.

Thus, assume that L is not a CFL, and so has no infinite context-free subset.
Then for all context-free languages Lg such that L C Ly C X*, observe that Ly C L
and thus L is finite. This shows that ¥* is a minimal co-context-free cover for L.

O

This is obviously analogous to Theorem 3.6.6 for minimal regular covers. However,
we have a result pertaining to co-CF covers due to the fact that the CFLs are not

closed under complement.



Chapter 5

Open Problems

We conclude by examining the open problems relating to minimal regular covers

and the related work examined in this thesis.

5.1 Open Problems for MRCs

Despite the work done in Sections 3.1 and 3.2, the closure properties of minimal
covers under inverse e-free regular substitution remains open. Given a substitution
@ 3 — 227 we recall that there are two possible definitions of inverse substitution:

either

o (L) ={r e : p(r) C L}

or

oL ={z e : px)NL #0}.

91
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In Section 3.1, an example was given which showed that, under the first definition,
there is a language L with minimal regular cover R and a e-free substitution ¢ with
¢~ '(L) not minimally covered by the regular language ¢ '(R). However, it may
still be that ¢~ '(L) has another minimal regular cover which is a proper subset of

¢ '(R). Thus, we have the following open problems:

Open Problem 5.1.1 Gien a language L with a minimal reqular cover, and an

e-free reqular substitution ¢, does ¢~ '(L) have a minimal reqular cover?

With respect to the second definition of inverse substitution, we only have a partial
solution to the problem in the unary case, as Theorem 3.1.16 gives that for any
unary language L with minimal regular cover 0*, ¢!=!I(L) has minimal regular cover

3*. Thus, for the unary case, we have the following:

Open Problem 5.1.2 Giwen a unary language L C 0* with a minimal reqular
cover R C 0%, R # 0 and a e-free reqular substitution ¢ : X* — 27, does go[’”(L)

have minimal regular cover l=U(R)?
For non-unary languages, the same problem is also open:

Open Problem 5.1.3 Given a language L C A* with a minimal regqular cover R
and a e-free regular substitution ¢ : ¥* — 227, does p=(L) have minimal regular

cover = (R)?

5.1.1 Bi-reg-immune sets and MRCs

This thesis examined in great detail the case of a language L having a minimal

regular cover L. However, in Section 2.2.1, we saw the definition of bi-immunity for
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a class of languages. Considering minimal covers to be an extension of immunity,

we have proposed the following definition:

Definition 5.1.4 A language L has bi-minimal C-cover (L, Ly) with respect to D
if Ly is a minimal C-cover of L with respect to D and Lo is a minimal C-cover of

L with respect to D.

Again, the case where C = REG and D = FIN would be of primary interest.
However, there is much more consideration to be given to this topic than that
devoted to it in Section 3.7.

For instance, in the unary case, we defined a class of context-sensitive languages
which were bi-REG-immune. Since the context-sensitive languages are the smallest
class of languages which properly contain the regular languages in the unary case,
this gives the best result possible in the unary case. We may ask the same questions

of larger alphabets:

Open Problem 5.1.5 Does there exist an alphabet ¥ with |3| > 1 such that there

18 a context-free language L C X* with bi-minimal reqular cover (R, Ry)?
guag g )

We know by Theorem 2.3.5 that if such a context-free language exists, it is

necessarily nondeterministic.

5.2 Open decision problems for MRCs
In Section 3.4, we proved that the following problems were undecidable:

e Given an arbitrary CFL L, does L have a minimal regular cover?
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e Given an arbitrary CFL L, does L have a minimal cover?

e Given an arbitrary linear CFG G, does L(G) have a minimal regular cover?

e Given an arbitrary linear CFG G, does L(G) have a minimal regular cover?

Clearly, the decision problem “Given a regular language R, does R have a minimal
regular cover?” is trivially true. Thus, we are left with the DCFLs as the only
natural class of languages to which we do not know the decidability status of the
‘minimal regular cover possession’ problem.

This remains open: Is the problem “Given a DCFL L, does L have a minimal
regular cover?” decidable? Since the DCFLs are closed under complement, this
is equivalent to asking “Given a DCFL L, does L have a minimal regular cover?”.
Greibach’s theorem, which proved the problem undecidable for CFLs, is not ap-
plicable to DCFLs, as “= ¥*7 is decidable for DCFLs. In fact, we have several
decision problems which are decidable for DCFLs [24, Thm 10.6, p. 246-247]:

e Given a DCFL L and a regular language R, does R = L [15]?
e Given a DCFL L, is L regular [45, 47]7
e Given a DCFL L and a regular language R, is L C R [15]7

However, the following are undecidable [24, Thm 10.7, p. 247], as proved by Gins-
burg and Greibach [15]:

e Given DCFLs L; and Lo, is L; N Ly a DCFL?

e Given DCFLs L; and Lo, is L1 N Ly = (7



95

e Given DCFLs L; and Lo, is L; C Ly?

Since the decision problem of possession of a minimal cover only involves one
DCFL (namely the L in question), it would seem reasonable to conjecture the

following:

Conjecture 5.2.1 Let M be an arbitrary DPDA. Then the decision problem ‘does

L(M) have a minimal reqular cover?’ is decidable.

5.3 Open Problems for MCFCs

We have considered several problems for minimal context-free covers. Unfortu-

nately, several remain open. Notably, we have the following open problems

Open Problem 5.3.1 Are minimal context-free covers unique up to finite modifi-

cation?

Open Problem 5.3.2 What are the closure properties of languages which possess

a minimal context-free cover?

We also have our conjecture relating minimal context-free covers and letter equiv-

alency:

Conjecture 5.3.3 Let L, L, C X* be languages, with Ly context-free and L C L.
If L has minimal context-free cover Ly then L is letter equivalent to a language L'

such that

(a). L' has a minimal regqular cover R and
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(b). R is letter equivalent to L.

Note that if this conjecture is true, if a language did have distinct context-free

covers L; and Ly, the symmetric difference of ¢(L;) and ¢(Ls) would be finite.

5.4 Open problems concerning density

Also, recall the problem of Bucher [9], which we saw in Section 2.4: given context-
free languages L; and L3 with L; C L3 and L3 — L, infinite, must there exist a
context-free language Lo such that Ly C Ly C Ly and both L3 — Ly and Ly — L

infinite? Apparently, there has been no progress on this problem since 1980.
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