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Shuffle Operation

x,y €EX*and a,be X

xWe=cWx = {x}
ax Wby = {az|zexwby }U{bz|zecaxwy }.

LCY~

Ll L1 L2 = U Xy
xely,yels

If two languages L1, Lo C X* are regular then L W Ly is regular.



Regular Expressions with Shuffle (RE(LL))

T = 0o
a = celal(a+a)l(a-a)|(cwa)|a* (acl).

=
~

0

£( = Lla+p) = L(a)UL(B)
do -l E, )
Ly = oy Llewsd) = Lle)wL()

@ otherwise

1) = {e ifsEL'

e(r) = e(L(7))



P3=a; W apllas



Example |

P3 = a7 W ap LW a3

Equivalent to

a1a2a3 + ai1azas + araias + a»azai + azaiaz + azasai



Example |

P,=a1W---Wa,

where n>1,a;#ajfor 1<i#j<n

L(P,)={aj---ai|ih,...,Iis a permutation of 1,...,n}.






Complexity of RE(LL)

» Membership for RE(L) is NP-complete [MS94]
(NL-complete for RE)
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Complexity of RE(LL)

» Membership for RE(L) is NP-complete [MS94]
(NL-complete for RE)

> Inequivalence for RE(LL) is EXP-complete [MS94]
(PSPACE-complete for RE)

» RE(LU) == NFA exponential trade-off [MS94]
(atmost quadratic for RE)

» RE(W) = RE double exponential trade-off [Gel10, GH09]

» RE(w) = DFA double exponential trade-off [Gel10]
(exponential for RE)



Automata and System of Equations

n-state NFA

A={(1,n],{a1,...,ak},So0,9, F)

right language of state /
Li={w|d(i,w)NF #0}
L1,..., L, satisfy the system of equations
Li = a1lyjU---UaglyUe(Ly), i€][l,n]

where each Lj; is a (possibly empty) union of L, m € [1, n

LA = &

i€Sy



NFA and System of Equations

Lo = a(ﬁl U Ez) U b(ﬁl U £3)

£1 = a £3
L = bLl3
L3 = {e}

Lo = {b, aa, ab, ba}



Regular Expressions RE(LLI) and System of Equations

Given ag € RE(LU), a support is set {a1,...,an,} that satisfies a
system of equations

o = aiayj+ ---+akak,-+5(a,-), i€ [07 n]

where ay;, | € [1, k], is a (possibly empty) sum of elements in
{a1,...,an}.



Regular Expressions RE(LLI) and System of Equations

Given ag € RE(LU), a support is set {a1,...,an,} that satisfies a
system of equations

o = ala1;+---+akak,-+5(a,-), i€ [07 n]

where ay;, | € [1, k], is a (possibly empty) sum of elements in
{a1,...,an}.

The existence of a support of o implies the existence of an NFA
that accepts L(«).



Support 7

Proposition 1
Given T € RE(LW), the set w(T) is a support:

(@) = 7w(e)=0 m(a+B) = n(a)
m(a) = {e} m(aB) = w(a)
(o) = w(a)a* 7w(awp) = w(a)

U ()



Support 7

Proposition 1
Given T € RE(LL), the set w(T) is a support:

70) = we)=0 n(la+p) = w(a)Un(B)
m(a) = {e} m(aB) = w(a)BuUn(B)
(o) = w(a)a* 7w(awp) = w(a)wr(B)
U m(a) w{B}U{a}wn(p)

where, for S, T C RE(w) and 3 € RE(w) \ {0, ¢},

Sp={aflacS)
SwT={awp|lacS,peT}
Se={efwS=Swi{e}=S5

SO =0S=0.



Support 7

Proposition 1
Given 7 € RE(LL), the set w(T) is a support:

m0) = 7w(e)=0 n(a+pB) = =n(a)Un(B)
m(a) = {e} m(af) = w(a)fun(B)
(o) = w(a)a* 7w(awp) = w(a)wr(B)
U m(a)w{B}U{a}wn(p)

Proposition 2

|7(7)] < 2I7l= — 1, where |7|5 denotes the number of alphabet
symbols in T (= alphabetic length).



P3 = a1 W ay W a3



Example |

P3 = a1 W ap LW a3

7(P3) = {e,a1, a2, a3, a1 LW ap, a1 LW a3, ax LU as}




Example |

P3 = a1 W ap LW a3

7(P3) = {e,a1, a2, a3, a1 LW ap, a1 LW a3, ax LU as}

Proposition 3
|m(Pn)| =2"—1 and |Py|x = n



Partial Derivatives

da(e) =

{e}if b =a

(0 otherwise

(o)

a(cr) U 94(P)

()8 U e(a)0a(B)
(o) W

o

{8} U{a} wa(8)



Partial Derivatives

da(e) =

{e}if b =a

(0 otherwise

(o)

a(cr) U 94(P)

()8 U e(a)0a(B)

() wA{B} U {a} wa.(B)

o

7)) ={w|aw € L(7)} = a *L(7)



Partial Derivatives

T € RE(W), ae X, xeX*, S C RE(W)

O:(r) = {7}
8xa(T) = 83(8X(7_))



Partial Derivatives
T € RE(W), ae X, xeX*, S C RE(W)

O:(r) = {7}
8xa(T) = 83(8X(7_))

o) = |J o)

XEX*

of(r) = | &)

xexX+t



Partial Derivatives
T € RE(W), ae X, xeX*, S C RE(W)

O:(r) = {7}
8xa(T) = 83(8X(7))

o) = |J o)

XEX*

of(r) = | &)

xexX+t

Proposition 4

V1 € RE(Ww), 87 (1) = (1)



Partial Derivative Automaton

7 € RE(W)

Apa(7) = (0(1), X, {7}, 07, F7)

where

57(%3) = aa('Y)
Fro= {vedlr)|e(r)=¢}



Partial Derivative Automaton

7 € RE(W)

Apa(7) = (0(1), X, {7}, 07, F7)

where

57(%3) = aa('Y)
Fro= {vedlr)|e(r)=¢}



Partial Derivative Automaton

7 € RE(W)

Apa(7) = (0(1), X, {7}, 07, F7)

where

6r(v,8) = 9x(v)

Proposition 5



Example |

P3231LL132LL133

631(P3) = {32 L 33} 631(31 LU 32) = {32}
832(P3) = {31 LL 33} 632(81 LL 82) = {31}
(933(P3) = {31 LL 32} 832(32 LL 33) = {33}
831(31 L 33) = {33} 633(32 LL 83) = {33}
Ony(a1Waz) = {a} 9a,(ai) = {e}



Example |

P3:.31LL132LL133

631(P3) = {32 L 33} 631(31 LU 32) = {32}
832(P3) = {31 LL 33} 632(81 LL 82) = {81}
833(P3) = {31 LL 32} 832(32 LL 33) = {33}
831(31 L 33) = {33} 833(32 LL 33) = {33}
Ony(a1Waz) = {a} 9a,(ai) = {e}




Average Case Complexity

RE(LW) = NFA



Average Case Complexity

T = Apy(7)



a = elalatala-ala® (a€X)

ol =n Jals =m



RE = NFA
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RE = NFA

a — elalatala-ala® (acX)

ol =n |ajls=m

v

Apos(a) - Position Automaton [Glu61]

[Apos(@)|@ = m+1 and [Apos(a)|s = O(r?)

Apd(c) - Partial Derivative Automaton [Mir66, Ant96]
» Apqg is a quotient of Apes [CZ02]

v

v



RE = NFA

a — elalatala-ala® (acX)

lal=n Jalg=m

v

Apos(a) - Position Automaton [Glu61]

[Apos(@)|@ = m+1 and [Apos(a)|s = O(r?)

Apd(c) - Partial Derivative Automaton [Mir66, Ant96]
» Apqg is a quotient of Apes [CZ02]

[Apa(a)le < m+1and [Apg(a)ls = O(r?)

v

v

v



Average Complexity RE = NFA

For the uniform distribution of & € RE and asymptotically
[Nic09, BMMR11, BMMR12]:

>



How to obtain an estimate of the
average complexity

T = Apq(7)



The Analytic Combinatorics
Way



Generating Functions

C combinatorial class
C(z) = Zz‘C| = Z cnz"
n

cn: number of objects of size n



Symbolic Method

{o}
AUB
A x B

A*

I




Asymptotic Analysis

Cp ~ 9n/fn

where 6, is a sub-exponential factor



Generating Function for RE(LL) (without ()

a — clal(a+a)l(a-a)|(cwa)|a*

Rk(z) = (k+1
+g

— (k41

— (k+1

U(z) + G(Rk x {+} x Ri) + G(Ri x {-} x Ri)
R x {} x Rye) + G(Ry x {*})
U(2)+3U(2)Ri(2)*+ U(2)Ri(2)

7+ 32zR(2)? + zRi(2).

~— ~— —~ —



Generating Function for RE(LL) (without ()

a — clal(a+a)l(a-a)|(cwa)|a*

Ri(z) = (k+1)U(2) + G(R x {+} x Ri) + G(Ri x {-} X Ry)
+ G(Ri x {W} x Ri) + G(Ri x {*})
= (k+1)U(2)+3U(2)Ri(2)*+ U(2)Ri(2)
= (k+1)z+3zRi(2)* + zRk(2).
Ri(z) = (1=2) gz Ak(z), where Ag(z) =1 — 2z — (11 + 12k) 2>

—142+/343k
11+12k

The radius of convergence of R(z) is px =



Generating Function for RE(LL) (without ()

a — clal(a+a)l(a-a)|(cwa)|a*

Ri(z) = (k+1)U(2) + G(R x {+} x Ri) + G(Ri x {-} X Ry)
+ G(Ri x {Ww} x Ri) + G(Rk x {*})
= (k+1)U(2)+3U(2)Ri(2)*+ U(2)Ri(2)
= (k+1)z+3zRi(2)* + zRk(2).
Ri(z) = (1=2) gz Ak(z), where Ag(z) =1 — 2z — (11 + 12k) 2>
The radius of convergence of R(z) is px = —1£1W

(3+3k)s —n1

2IR(Z) ~ g (1)




Cumulative Generating Function for Number of Letters

a — elal(a+a)l(a-a)|(cwa)|a”

I(€) I(a) +1(B)
I(a () + 1(B)
I(a*) I(a) +1(B)

0 (o + B)
I(a- )
() Horw p)

1
[ay



Cumulative Generating Function for Number of Letters

a — elal(a+a)l(a-a)|(cwa)|a”

I(€) I(a) +1(B)
I(a () + 1(B)
I(a*) I(a) +1(B)

0 (o + B)
I(a- )
() Horw p)

1
[ay

Lk(Z) = kZ+3ZLk(Z)Rk(Z)+ZLk(Z)




Cumulative Generating Function for Number of Letters

a — elal(a+a)l(a-a)|(cwa)|a”

() = 0 lla+B) = I(a)+1(B)
I(a =1 lla-B) = (o) +1(B)
(a*) = Ia) IlawpB) = Ia)+I1(8)

Lk(Z) = kZ+3ZLk(Z)Rk(Z)+ZLk(Z)

W)=
@) ~ "



Cumulative Generating Function for an Upper Bound of
the Size of 7

w(e) = 0 ma+p8) = w(a)Um(B)

r(a) = {e} m(af) = w(a)fuUn(B)

() = 7w(a)a* w(awp) = W(Oég ()
U

{8t U{a} wn(B)

(o) W



Cumulative Generating Function for an Upper Bound of
the Size of 7

w(e) = 0 m(la+p) = w(a)Un(p)

m(a) = {e} m(aB) = m(a)BUn(B)

m(a*) = w(a)a* m(awp) = w(a)w ()
U m(e) w{p} U{a}twn(s)

p(e) = 0 pla+pB) = p(a)+p(B)

p(a) = 1 p(aB) = p(a)+p(B)
p(a*) = pla) plawp) = p(a)p(B)+ p(a)+ p(B)



Cumulative Generating Function for an Upper Bound of
the Size of 7

p(e) = 0 pla+p8) = p(a)+p(B)
p(a) = 1 p(aB) = p(a)+p(B)
p(a*) = pla) plawpB) = p(a)p(B)+ p(a)+ p(B)

Pe(z) = kz+6zP(z)Rk(z) + zPk(z) + sz(z)2

VAK(2) n VA(2)

Pu(z) = 2z 2z

where A} (z) = 1 — 2z — (11 + 16k)z? with zero p} = 4;&1&%‘:“




Cumulative Generating Function for an Upper Bound of
the Size of 7

p(e) = 0 pla+p8) = p(a)+p(B)
p(a) = 1 p(aB) = p(a)+p(B)
p(a*) = pla) plawpB) = p(a)p(B)+ p(a)+ p(B)

Pe(z) = kz+6zP(z)Rk(z) + zPk(z) + sz(z)2

VAK(2) n VA(2)

Pu(z) = 2z 2z

where A} (z) = 1 — 2z — (11 + 16k)z? with zero p} = 4;&1&%‘:“

1
() "2

n

Al

~(3+3K)ip,

_1
2 4 (3 +4k)
2

s

2"1Pi(2) ~ (n+1)72



Average Size

[z"]Lk(2) 3kpk (n+1)2
[Z”]Rk(Z) \/m n%



Average Size




Average Size

NIw

[2"Li(2) _  3kpk (n+1)

avl = =
[z"|Re(z)  V3+3k 3
e ZNA)
[z"]Ri(2)
. logyavP 4
n,!(lngoo avl N Ingg 0415

lim avPl/at
n,k—o00



Average Size

Nlw

[z"]Li(2) 3kpk (n+1)

aVL — =
[2"|Rk(2)  V3+3k p2
e _ 1P
[2"]Ri(2)
. logyavP 4
n,!(lmoo vl = |0g2 g 0.415

lim avPl/2t
n,k—o00

Proposition 6

For large values of k and n an upper bound for the average
number of states of Apq is (% + o (1))lel=,



Final Remarks

» Experimental results suggest that the upper bound obtained
may be lowered
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» Other shuffle operations should be analysed from an average
case point of view.



Final Remarks

» Experimental results suggest that the upper bound obtained
may be lowered

» Other shuffle operations should be analysed from an average
case point of view.

» Similar analysis for regular expressions with intersection or
complement



Thank you for your attention!
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