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Properties of DNA Libraries

» DNA alphabet A = {A,C,G, T}

» Watson-Crick complement 6(A) =T, 6(T) = A, 6(C) =G, 6(G) =C
» O is antimorphic: 6(uv) = 6(v)o(u)

» DNA library L C A* can satisfy all kinds of properties

(a) GTACCTTCAC —
«— CATGGAAGTG
(b) AGTCCAGAAGTTCCTGAATCC —
— TCTTCAAGGA
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» O is antimorphic: 6(uv) = 6(v)o(u)

» DNA library L C A* can satisfy all kinds of properties

(a) GTACCTTCAC —
— CATGGAAGTG
(b) AGTCCAGAAGTTCCTGAATCC —
«— TCTTCAAGGA

Example properties
» Lis 6-nonoverlapping if LN &(L) = 0.
(a) forbidden, (b) allowed
» Lis 6-compliantif Ywe d(L),x,y € A*: xwy e L = xp =¢.
(a) allowed, (b) forbidden

» L is strictly 0-compliant if it is -nonoverlapping and -compliant.
(a) and (b) forbidden
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Formal Models

Define a formal model that allows us to (efficiently) solve (some of) the
following problems:

Satisfaction given a property P and a (regular) library L:
decide if L satisfies P.

Maximality given a property P and a (regular) library L with L € P:
decide if L is maximal with respect to P.

Construction given a property P and n € IN:
construct a library L such that |L| >n and L € P.
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Formal Models

Define a formal model that allows us to (efficiently) solve (some of) the
following problems:

Satisfaction given a property P and a (regular) library L:
decide if L satisfies P.

Maximality given a property P and a (regular) library L with L € P:
decide if L is maximal with respect to P.

Construction given a property P and n € IN:
construct a library L such that |L| >n and L € P.

Two existing models
» transducer code properties (not suitable for DNA properties)

» trajectory DNA code properties

Generalization
» alphabet A with at least two letters

» (anti-)morphic permutation 6
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Classic Transducer Properties

» A transducert: A* — A" is a finite automaton with output.
> tis input-altering if w € t(w) for all w € A*.
> tis input-preserving if w € t(w) for all w € A*.

Definition (Dudzinski, Konstantinidis, 2012)

1.) L has the input-altering property described by i.-a. t if

LNt(L)=0.
2.) L has the input-preserving property described by i.-p. t if
Ywel: wet(L\w).

Example

(a,a) (a,€) (a,a) (a,a)
5 (a,€) 8 (a,b)
tpr L tig: — @

> tpr isi.-a. and describes the prefix codes.

> tis isi.-p. and describes the 1-substitution error-detection.
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O-Transducer Properties

> Let : A* — A* be an (anti-)morphic permutation.
> tis O-input-altering if O(w) & t(w) for all w € A*.
> tis O-input-preserving if O(w) € t(w) for all w € A™.

Definition
1.) L satisfies the strict O-transducer property (S-property) Sg ¢ if
O(L)Nnt(L) =0.
2.) L satisfies the weak O-transducer property (WW-property) Wg ¢ if
YwelL: O(w)et(L\w).

Remark

Let 6 = id be the (morphic) identity.

1.) If tisid-i.-a., then Siq, is the i.-a. transducer property.
2.) If tisid-i.-p., then Wiq is the i.-p. transducer property.
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Describing DNA Code Properties

» Lis O-compliantif Ywe O(L),x,y e A*: xwy e L = xp=c¢.

Example

(a,a)
(a,€) (a,€)
g @4

(a,a)

t:

> tis 0-i.-a. and Sp ¢ = Wy ¢ is the 8-compliant property:
O(L)Nt(L)=0 & Ywel: O(w) ¢t(L\w) < Lis B-compliant
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Describing DNA Code Properties

» Lis O-compliantif Ywe O(L),x,y e A*: xwy e L = xp=c¢.
» Lis strictly 0-compliantif Yw € (L), x,y € A*: xwy & L.

Example
(a,a)

(a,¢€) (a€) (a,€) (a,a) (a,€)

(@® (@,¢) & /O\ 6

(a,a) (e,€)

Po=hiin"oJIT0CN0ENo
(ll, <€) W

(a,a)

> tis 0-i.-a. and Sp ¢ = Wy ¢ is the 8-compliant property:
O(L)Nt(L)=0 & Ywel: O(w) ¢t(L\w) < Lis B-compliant
> Spy, is the strictly 6-compliant property:
O(L)Ntg(L) =0 < Lis strictly 8-compliant
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First Observations

Proposition

The 6-nonoverlapping property is not describable by any
input-preserving transducer.

» Lis O-nonoverlapping if LN O(L) = 0.

Remark
0-nonoverlapping is realized by t;4:
LeSgy, = O(L)Ntig(L)=0.
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First Observations

Proposition

The B-nonoverlapping property is not describable by any
input-preserving transducer.

» Lis O-nonoverlapping if LN O(L) = 0.

Remark
O0-nonoverlapping is realized by t;4:
Le Sy, = O(L)Ntq(L)=0.

Proposition

The O-free property is not a O-transducer property.
» Lis O-freeif and only if L> N ATO(L)A* = 0.

Example

K = {ACGT, CCAC,GTAA} is not o-free as ACGT = 6(ACGT) and
CCACGTAA € A*ACGTA™.
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DNA Code Properties via Trajectories

Let &1,€, C {0, 1} be (regular) trajectories.
D7 5 (L) = (L ~g A)NAT) LG, AT

el,éz
~» scattered deletion

W shuffle (scattered insertion)
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DNA Code Properties via Trajectories

Let &1,€, C {0, 1} be (regular) trajectories.
q)gl,e_z (L) = ((L We_l A*) r114‘*-) LUEZ A”
~» scattered deletion

L shuffle (scattered insertion)

Definition (Domaratzki, 2007)
The strictly bond-free property described by (€1, é,) is
B3(é1,8) ={LC A"| (L) N D, (L) =0}

N.b.: there is also a bond-free property.

Example

By (170%1%,0%) is the strictly 6-compliant property.
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O-Trajectory vs. O-Transducer Properties

Theorem
Every regular 6-trajectory property is a O-transducer S-property.

Idea: there are transducers that implement all necessary operations
twél (X)=X Me A tLLlEZ (X)=X Lg, A t (X)=X NA"

= tzpe‘z =ty otyot.,, = CDe‘S’l’e—2
S, =Byer &) = {Lcat]ow)nag (1) =0
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O-Trajectory vs. O-Transducer Properties

Theorem

Every regular 6-trajectory property is a O-transducer S-property.

Idea: there are transducers that implement all necessary operations
t"’")él (X) =X Wé] A*’ tLLlEz (X) =X Luéz A*’ t+()() =XnN AY

S - — DS
- tél,ég = t|_|_|éz ot, Otwél = CDel’eZ

=By(e,e)={Lca”

Sot O(L) N D3, 4, (L) =0}

e

Theorem

'H is a O-transducer property, but not a O-trajectory one.
» H={LC A" | Yu,v € L: Hamming(u, 6(v)) > 2}

Idea: Sgy,, is the desired property.

(a,a) (a,a)

e ()

A O-trajectory property would require “del i”- and “ins i”-trajectories.
But, “del i” could combine with “ins j”.
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(Un-)decidability of Satisfaction and Maximality

Given: NFA a, transducer t, antimorphic permutation 6

Problem Property S?’t 4 Property_ Wt ‘
general ‘ 0-i.-altering general ‘ 0-i.-preserving
decidable® decidable”
Satisfaction ) decidable’ .
in O(ltllal*) in O(|t|[al*)
Maximality undecidable’ ‘ decidable’, PSPACE-hard

* as in Dudzinski, Konstantinidis, 2012
T proven here
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(Un-)decidability of Satisfaction and Maximality

Given: NFA a, transducer t, antimorphic permutation 6

Problem Property S?’t 4 Property' Wt ‘
general ‘ 0-i.-altering general ‘ 0-i.-preserving
decidable® decidable”
Satisfaction ) decidable’ .
in O(ltllal*) in O(|t|[al*)
Maximality undecidable’ ‘ decidable’, PSPACE-hard

* as in Dudzinski, Konstantinidis, 2012
T proven here

Remark

Transforming a trajectory property into an S-properties and deciding
satisfaction is asymptotically as fast as deciding the trajectory
property directly O(|é][e2][al*) = O(It5, 4,11al*).

61,6_2
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Deciding if L satisfies Wy

Theorem

It is decidable if a regular L satisfies Wgy .
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Deciding if L satisfies Wy

Theorem

It is decidable if a regular L satisfies Wgy .

Lemma
L satisfies Wy iff (x,7) €s = 0(x) = .
»s=tN(LxO(L)) CA*x A"

L. Kari, S. Konstantinidis, S. Kopecki DNA Transducers and Antimorphic Undecidability 11/15



Deciding if L satisfies Wy

Theorem

It is decidable if a regular L satisfies Wgy .

Lemma
L satisfies Wy iff (x,y) €s = O(x) =7v.
»s=tN(LxO(L)) CA*x A"

Lemma
L satisfies Wy 4 iff

sC U U(xl(xz)ix3,Q(xl(xz)ix3)).

X1,%2,x3€A* ieN
|x125x3]<[s]
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Deciding if L satisfies Wy

Theorem

It is decidable if a regular L satisfies Wgy .

Lemma
L satisfies Wy iff (x,y) €s = O(x) =7v.
»s=tN(LxO(L)) CA*xA*

Lemma
L satisfies Wy 4 iff
sC U U (x1(x2) 53, 0(x1 (x2)'x3) ).

X1,%2,x3€A* ieN
|x1x2x3|<]s]|

This can be tested by verifying that

1.) 8 C Uxyxpx3ear (X1 X5%3) X O(x1 x5 x3); and
[ X2 x3]<]s]

2.) |x| = y| for all (x,v) € s.
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Deciding Maximality

Let LeWyy, or L € Sp¢ and t is O-input-altering.

Theorem
L is maximal with respect to Wy (resp., Sg) iff
Lue (L) ut (B(L)) = A"
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Deciding Maximality

Let LeWyy, or L € Sp¢ and t is O-input-altering.

Theorem
L is maximal with respect to Wy (resp., Sg) iff
Lue (L) ut (B(L)) = A"

Corollary

It is PSPACE-hard to decide if L is maximal w.r.t. Wy ¢ (resp., Sg ¢)-
...because deciding universality of an NFA is PSPACE-hard.
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Deciding Maximality

Let LeWyy, or L € Sp¢ and t is O-input-altering.

Theorem
L is maximal with respect to Wy (resp., Sg¢) iff
Lue (L) ut (B(L)) = A"

Corollary
It is PSPACE-hard to decide if L is maximal w.r.t. Wg s (resp., Sg)-
...because deciding universality of an NFA is PSPACE-hard.
Note
Let L € Sy and t is not O-input-altering. If
we Lua L (t(L)ut 1 (e(L)),
then L may still be maximal provided 6(w) € t(w).
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Undecidability of Maximality w.r.t. S,

Post correspondence problem (PCP)
Given words ay, @y,...,ap € AT and By, Ba,..., B € AT, decide if there is

a non-empty sequence iy, iy,..., i, such that

ajy @y -, = By Biy o B,

Theorem
It is undecidable if a given transducer is O-input-preserving.
Idea: define a transducer t such that
O(w) g t(w) & w=bin(u-i,---iy) withu =a; ---a; =p; -pj.
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Post correspondence problem (PCP)

Given words ay, @y,...,ap € AT and By, Ba,..., B € AT, decide if there is
a non-empty sequence iy, iy,..., i, such that

ajy @y -, = By Biy o B,

Theorem
It is undecidable if a given transducer is O-input-preserving.
Idea: define a transducer t such that
O(w) € t(w) & w=bin(u-i,---iy) withu =a; ---a; =p;i ;.

Corollary

It is undecidable if ) is maximal with respect to Sy .
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Undecidability of the 6-PCP

6-Post correspondence problem (6-PCP)

Given words a1, ay,...,ap € A* and B, Bo,..., Br € A*, decide if there is
a non-empty sequence iy, iy,..., i, such that

a; aj,--a; = 0(B; Bi, - Bi,)-

Theorem
The 6-PCP is undecidable.
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Undecidability of the 6-PCP

6-Post correspondence problem (6-PCP)

Given words a1, ay,...,ap € A* and B, Bo,..., Br € A*, decide if there is
a non-empty sequence iy, iy,..., i, such that

aj aj,---a;, = 0(B; Biy -+ Bi,)-
Theorem
The 6-PCP is undecidable.

Corollary
It is undecidable if a given transducer is O-input-altering.

(@i, 0 (ﬁl )

Idea:

we 0 (tw) & a;,-a, =w=0" (078, ;) = 0B, ;)
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Questions?
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