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DCFS 2014, Turku, Finland
We proved the following theorem:

Theorem

Given a string w over ¥, PI*(w) = n(w), where ©(w) is the set of all
permutations of w.

What is the property of permutation operation?
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Permutation

@ Permutation is well-known in combinatorics.

An example of different permutations of three distinct balls

@ In formal language theory, permutation per on a string w is

per(w) ={u e X" | |w|g=|u|a forae X}
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Permutation

@ Regular languages are not closed under permutation.

Example
Let alanguage L = L(a- b)*. Then,

per(L) ={w | |w|a = |W|p}.
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State Complexity

@ Deterministic State Complexity (sc): the number of states in a
minimal DFA.

@ Nondeterministic State Complexity (nsc): the number of states in
an NFA.

@ State complexity of some operations:
» sc(Ly) =mandsc(Lz) =n
> (L1 N Lz) =mn
> (L1 U Lg)
> se(Lq)ff =
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State Complexity of Permutations on Finite Languages

@ Upper bound construction for per of a binary finite language
with restriction.

» restriction: length of strings s.t. L C {a, b}"!

@ State complexity of per on a binary finite language.
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Upper Bound Construction for sc(per(L))
Lemma

Let n be a positive integer and L C {a, b}"~" be a finite language such

that sc(L) = n. Then, we have the following inequality for the state
complexity of the permutation of L:

2
sc(per(L)) < %

Let A be the minimal DFA for L C {a, b}"".

A DFA A forms a chain.
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Upper Bound Construction for sc(per(L))
Lemma

Let n be a positive integer and L C {a, b}"~" be a finite language such

that sc(L) = n. Then, we have the following inequality for the state
complexity of the permutation of L:
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Upper Bound Construction for sc(per(L))

Lemma

Let n be a positive integer and L C {a, b}"~" be a finite language such

that sc(L) = n. Then, we have the following inequality for the state
complexity of the permutation of L:

2 1
se(per(L)) < T

The order of a, b and a&b-transitions does not affect per(L).
@ Assume that for i, j, k > 1 and i+j+k = n—1, Lis of the form

ab/(a+b)k.

~(P) NN
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Upper Bound Construction for sc(per(ab?(a+b)?))
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Upper Bound Construction for sc(per(ab?(a+b)?))
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Upper Bound Construction for sc(per(ab?(a+b)?))

*HH‘ OO ©

e a-transition: 0
e h-transition: 2

o a&b-transition: 2
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Upper Bound Construction for sc(per(ab?(a+b)?))
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Upper Bound Construction for sc(per(ab?(a+b)?))
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Upper Bound Construction for sc(per(ab?(a+b)?))
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Upper Bound Construction for sc(per(ab?(a+b)?))

*QHHO OO @
e a-transition: 0

e b-transition: 0

o a&b-transition: 0
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Upper Bound Construction for sc(per(ab?(a+b)?))
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Upper Bound Construction for sc(per(L))
Lemma

Let n be a positive integer and L C {a, b}"~" be a finite language such

that sc(L) = n. Then, we have the following inequality for the state
complexity of the permutation of L:

2
sc(per(L)) < n —|—3n+1

We can construct a DFA B for per(L(A)) with

(i+1) - (j+1)+(k - i)+(k - j)+k states .
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Upper Bound Construction for sc(per(L))
Lemma

Let n be a positive integer and L C {a, b}"~" be a finite language such

that sc(L) = n. Then, we have the following inequality for the state
complexity of the permutation of L:

nP+n+1

se(per(L)) < —3

@ Let function f(i,j, k) = (i+1) - (j+1)+(k - )+(k - j)+k.
@ Then, fis maximized when j = j = k = 251

Pirl jfn=1 (mod 3)

otherwise .

max f(i,j, k) = {

mP+n
3
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Upper Bound Construction for sc(per(L))

Lemma

Let L be a binary finite language and m = max{|w| | w € L} for some
positive integer m. Then, we have sc(per(L)) < %

Given a DFA A for L over the binary alphabet,
@ We construct a DFA B for per(L(A)).

@ B has states of the form (i, j), for w € L(A):
» jtracks |W|,,
» jtracks |w|p.

@ For all states (i,j), i+j < m.
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Upper Bound Construction for sc(per(L))

@ For (i,)), i tracks |w|z and j tracks |w/|p.
@ For (i,j), i+j<m.
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Upper Bound Construction for sc(per(L))

The total number of states of B for per(L(A)):
m-(m+1)

1
5 +

T+24--+m+1=

(0,m—1) : (m—1,0)
S eielele
v OO - @
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Upper Bound Construction for sc(per(L))

Corollary

Let L be a binary finite languages and sc(L) = n for some positive
integer n. Then, we have

P —-n+2

se(per(L)) < —

Since 1+ max{|w| | w € L} < sc(L),
m <sc(L)—1=n-1.

Then,

m+m+2 (n—12+(n—1)+2
sc(per(L)) < 5 = > )
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Lower Bound for sc(per(L))

Theorem

For any ny € N, there exists a regular language L with sc(L) = n, for
n > ng, such that

sc(per(L)) > %

Letn=3k +1>ng, k € Nand L, = L(a"br(a + b)¥).

DFA A for L,

Da-Jung Cho (Yonsei University)
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Lower Bound for sc(per(L))
Letn=3k +1>ng, k € Nand L, = L(a"bF(a + b)¥).
Then,

per(Ly) = {w € 23K | |wl,, |w|p > kand n =3 - k+1}.
Let X and Y be the sets of strings:
e X={ab|0<i<2kand1 <)<k},
e Y={db|0<i<kandk<j<2k}.

Inequivalent check

All strings of X U Y are pairwise inequivalent with respect to the
Myhill-Nerode congruence of per(L,).
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Lower Bound for sc(per(L))

Let u = a'b/ and U’ = &b’ be two arbitrary distinct strings € X U Y.
iy uu e X

(i) u, ey

(i) ue Xand U € Y

Case (iii)
@ Letue X,u € Yand |u| = |U|.
@ Because of following condition:

X={ab|0<i<2kand1<j<k}
Y={ab |0<i<kandk <j<2k}

@ |ulp < kand|U|p,> k.

@ Then, |ulz > |U/]a.

@ Forz=a""p?k~1 uz = ab - a~'b?k~ ¢ per(L,).
@ But, v'z=a"bl' - &b ¢ per(Lp).
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Lower Bound for sc(per(a?b?(a+b)>?))

OO O OO0 0)

uwe X, v eY and |u| = |u|
o u=at?
o u = a'%?

uz = a'b? - bba € per(L(A))
'z = a’b® - bba & per(L(A))

Da-Jung Cho (Yonsei University) State Complexity of Permutations DCFS 2015 22/27



Lower Bound for sc(per(a?b?(a+b)>?))

e O 0RO 008 00)

uwe X, v eY and |u| = |u|
o u=at?
o u = a'%?
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Lower Bound for sc(per(L))

Theorem

For any ny € N, there exists a regular language L with sc(L) = n, for
n > ng, such that

sc(per(L)) > %

e X={ab|0<i<2kand1 <)<k},
e Y={adb|0<i<kandk< <2k}

Thus, the # of states of the minimal DFA has at least

(2-k+1) - (k+1)+k? = 3 - k®+3 - k+1 states .
Sincen=3-k+1, k=27,

n-1
3

_ 2
3 )24_:3.("31)_’_1:’”'""3’7""1
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Summary
Deterministic state complexity
—1. 2
@ Upper bound for per(L), where L C {a, b}"~1: ™01
@ Upper bound for per(L): ®=f+2

2
@ Lower bound for per(L): T4+t
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Open Problems

@ State complexity of permutation over non-binary languages
@ State complexity of permutation of set of equal length strings

@ Nondeterministic state complexity of permutation on finite
languages
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Thank you!
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