CHAPTER 1

REGULAR LANGUAGES AND EXPRESSIONS

1.1 NOTATION
We begin with a brief introduction to the basic mathematical

terminology and notation.
Sets will be denoted by capital letters, €.d. X, Yand Z. The
by #X. If all the sets under consi-

cardinality of a set X will be denoted
deration are subsets of some set I, then

The empty set is ¢. We use the following notation,

of I:

I is called a universal set.

where X, Y are subsets

IcX X is a subset of ¥

Xcl X is a proper subset of Y

XuY the union of X and Y

XnY the intersection of X and Y

X-Y the difference of X and Y

X = I-X the complement of X in I
the symmetric difference of X and Y

Xay
XAY=(X=Y) u(Y-X)

P(X) the power set of X, i.e. the set of all subsets of X

A family B of subsets of a set I is a boolean algebra iff:

1) X € B implies X ¢ B, and
2) X,Y ¢ B implies X u Y ¢ B.

Sl

In view of the fact fnY¥ = (i U ?j, 1) and 2] 1mp1y that
) hold, since

XnYeB. Also ¥Y and X4 Y are in B if 1) and 2

-Y=Xn¥ and X8 Y= (x-Y) u (Y-X) .
The cartesian product X X Y of two sets X and Y s

 xY={(xsy) | xeX ye¥l

is an ordered pair of elements. A binary relation o

where (X, Y)
We

and Y is any subset of X x Y . If (x, ¥)ep

between sets X
is related by p to y . A binary

also write xpy to indicate that x
is called a binary relation on X . The converse

relation p c X x X
=1 of a relation is

ﬂ-l e {(xa Y) | KYs x) E D}-

P

We will usually consider relations on a set X . A binary

relation p on X is reflexive iff xpx forall xe X . Itis

symetric iff xpy implies ypx for all x,y e X, and antisymmetric iff

xoy and ypx implies x =Yy for all x,y € X .
If oy < XxY and o, < Y x Z are binary relations, their

composition Py ° P is a binary relation between X and 7,
Py ° 0p * {(x, z) | XpqY and ¥oo? for some y ¢ Y} .

One verifies that the composition of binary relationsona set X 1is

associative, i.e. that p, o (92 o 93) - (01| o pz} ° Py for all 0., by
n_ n-l

as a shorthand for pep and o p

L |

and pg - We write p2

in general.
A partial order on a set X s a binary relation on X that

is reflexive, antisymmetric, and transitive. An equivalence relation on



Mathematical terminology

set, subset, cardinality, universal set
subset operations:
union, intersection, difference,
complement, symmetric difference
Power set, Boolean Algebra, De Morgan's law
Binary relation
Relations with special properties: converse relation
reflexive, symmetric, antisymmetric relations
composition of relations

partial order relation, equivalence relation, equivalence classes,

iInduced quotient sets, index of an equivalence relation
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X 1s a binary relation on X that is reflexive, symmetric, and transi=

tive. Given an equivalence relation p on X and any x ¢ X , let

d the p-equivalence class of
[1]p = {yeX|xyl . Then [x] fis calle p-0q

x. Note that [x] = [yl 1ff xy., and if [x] 7 [y)) then [x])

and [y], are disjoint. Let X/p={[x] Ixe X} ; X/p is called the

quotient set of X by p . Aset w is a partition of X {ff the

elements of n are subsets of X and there exists for each X e X
exactly one S e m such that x e S . Clearly X/p 1is a partition of
X, if p is an equivalence relation on X . Conversely, for any

partition m on X we can define the equivalence relation
P {(x,y) eXxX|xeS and yeS forsome Ser},

and = X/o, . The index of an equivalence relation p on X is the
number of equivalence classes, i.e. the cardinality of Xe .

A function f from set X toset Y is a binary relation

between X and Y such that for every x e X there exists y e Y

such that xfy , and xfy] and xfyz implies Y=Y, We write

£:X+Y toindicate that f is a function from X to Y . For any
x ¢ X the unique element y such that xfy is denoted f(x). The
set Y' ={yeY|y-=f(x) for som xe X} is the image of X under

f and is denoted by f(X) . We say that f is surjective or onto iff

Y = f(X) ; f is injective or one-to-one whenever x, # x, implies

f(xl) # f(xz) ; f fis bijective or one-to-one and onto iff it is both

injective and surjective. By a restriction of a function f : X+ Y to
X' c X we mean the function f' : X' +Y such that f'(x) = f(x) for

S TR Y | Tlleiially €' de alen AdAenntod hv F

P AT

A semigroup is an algebraic system 5= X,y where X 15 a set
and « 1s a binary operation on X that satisfies the associative law:

xe(yez) = (xey)-z, (1)

for a1l x,y,z ¢ X. The binary operation is often called multiplication and

the dot is usually omitted.
A monoid is an algebraic system M = <x.v,1">, where <X, is a

semigroup and l'|| ¢ X is a unit element satisfying:

xl“ = le = X, (2)

for all x € X. It is easily verified that a semigroup can have only one
element satisfying (2); i.e. the unit element is unique. If there is no

risk of ambiguity we simply write 1 for 1.

As an example, consider any set X. Then the systems P(X),u,s”,

®(X),n,X> and <P(X),A,4> are all monoids. Also, if N is the set of non-

negative integers, then &,+,0> and N,-,1> are monoids, where + and - denote

ordinary addition and multiplication.



Mathematical terminology cont.

Function relation, image,
onto (surjective) functions
one-to-one (injective) functions,
bijective functions
restriction of a function

Semi groups and monoids.

Alphabet A, letters, word, word length, empty word,
(concatenation) product, free monoid generated by A, A*

Languages (subsets of A*)

Language operations :
word operations extended to the elements of the power set,
multiplication (product) associative ,
the empty-word language is the multiplicative identity.
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1.2 LANGUAGES

Let A be a finite, non-empty set. We
lements a € A as letters. Any finite sequence or
then a and babb

will refer to A as an

alphabet, and to the e

string of letters is called a word. For example, if A = {a,b},

are words. Note that we make no distinction between a letter and the word

consisting of that letter; the meaning is clear from the context. The

number of letters in a word x is called its length and is denoted by |x| .

1 and |babb] = 4. A word of length n may be viewed as an ordered

Thus |a] =
n-tuple of letters. It is convenient to introduce also the 0-tuple of Tetters,
called the empty word and denoted by 1. Note that 1] = 0.

Given two words x = a;...3, and y = b1...bm we define the

concatenation or product of x and y to be the word x+y = a1...anb1...bm.
It is clear that concatenation

The dot is usually omitted and we write xy.

is associative, and that the empty word 1 acts as a unit, since 1x = x1 = X

for any word x. Let A™ be the set of all words (including the empty word 1)

over the alphabet A. It follows that <A*,-,1> is a monoid under concatenation,

with the empty word as the unit. This monoid of all the words over an

alphabet A is called the free monoid generated by A.

If w € A* is any word we shall denote the concatenation of n
copies of w by u", i.e.

R

S —

n times
If n = 0, we have wﬂ = 1 for all w. Thus,for example, the infinite set of
words

X= {b,ah.aab,....a"b,...],

- 1,4 =

with a,b ¢ A, 1s conveniently denoted by

x = {a"b|n 2 0},

j.e. it is the set of words of the form "zero or more a's followed by b".

Note the following property of the length of the product of two

words:

Ixy| = Ix| + lyl. (3)

In particular, this equation is satisfied if x = 1 since ly = y and |1} = 0.

A language over an alphabet A is any subset of A*, i.e. any set

of words. Given a family of languages, we can form new languages by applyir

certain operations. To begin with, we have the usual set operations such
as union, intersection, symmetric difference and complement. However, othe
operations arise naturally because languages are subsets of a special

universal set A*, which is a monoid. Thus we can extend the operation of

concatenation from A* to P(A*), the set of all languages over A*, as

follows: For X,Y < A%,
XY = {wlw=2xy, xeX,yeYh (4)

It is easily verified that this multiplication of languages is associative

and that the language {1} satisfies
{13 = X1} = X, (5)

for all X < A*. Thus the system <P(A"),+,{1}> is again a monoid.
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To illustrate multiplication of languages let A = {a,b}, and let

X = {bab,baba} and Y = {1,a,bb} be two languages over A. Then

XY = {bab,baba.babaa,habbb,bababb}.

Note that a word in the product may be generated in more than one way; for

example, baba = (baba)(1) = (bab)(a) .
Some basic properties of concatenation are shown in Table 1.

They are all easily derived from the definition of concatenation. Note that

C4 and C4' are special cases of C5 and 5', respectively. The latter laws

state that concatenation distributes also over infinite unions. For example,
in C5 both sides denote the set of all words of the form xy, where x ¢ X
and y € Yi for some i e I.

Note that the distributive laws are in general false, if union

is replaced by intersection. Thus, although C6 holds, the reverse containment

TABLE 1 Properties of Concatenation
c1 x(vz) = (xY)Z

€2 X1}=X c2' {1} =X
€3 Xp=¢ C3' ¢X=¢

c4  X(YuZ) = XY v XZ c4' (YuZ)X = YX u ZX
5 XUuv)= U (xY;) cs' (UY;)x= U(¥X

iel el iel jel

c6 X(YnZ) < XY n XZ c6' (YnZ)X c YX n ZX
c7 XY - XZ < X(Y-Z) C7' YX - ZX = (Y-=2)X
C8 XY A XZ < X(YAZ) c8' YX A Zx c (YAZ)X

Note: MWe assume that concatenation has precedence over
Boolean operations.

EiE) SN0

does not hold. For example, let X = (1,a}, Y = {aa} and Z = {a}. Then

X(YnZ) = ¢, but (XY) n (XZ) = {aa}. Similarly, the reverse containment

does not hold in C7 and C8.

We next define two closely related unary operations on lanquages

For X c A* the language

Ceu, (6)

is the subsemigroup of A" generated by X. Thus X" is the set of all the

words of the formw = X,...x,, n 2 1, x; € X, i=1,...,n. Similarly, the

lanquage

LT e A

is the submonoid of A* generated by X. We refer to these operations as plus

and star operations, respectively. Some properties of these operations are

listed in Table 2.

TABLE 2 Properties of Plus and Star

Pt =t s1 x*=x v
P2 (X)) =x" 52 (x4 =t
P3 ¢ = ¢ $3 ¢*= {1}

e (1 = (1) s (1= {1}
P5 XX = xx* S5 XM = xx*

P6 X c Y implies X" c v 6 X cYimplies X* c ¥*



Product identities, subsemigroup, submonoid, and star identities

Cl
C2
C3
C4

C5

Pl
P2
P3
P4
P5

P6

X(YZ)
X{1}
X0

X(Y U 2)

X+
(XF)*
o+
37
XX

X c Yimplies Xt Y™

(XY)Z

X
D

XY U XZ
X(Uia Y) = Ui (XY))

2’
C3'
c4'
Cs'

Product identities

{nx =
oX =
(YU 2Z)X =

Plus and star identities

XX*
X+
%)

]
XX+

S1
S2
S3
S4
S5

Monotonicity

S6

X
(X*)*
O *
3
X*X

X
()

YXUZX
(Ui YDX = Ui (YiX)

X+ U {1}
X*

{1}

{1}
XX*

X < Y implies X* CcY*

no claim of independence P4 follows P2 and P3, S4 from S2 and S3 and P5 from P1 and S5
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Another simple unary operation on languages is reversal,

First we define the reverse, x®, of a word x by induction on |x|, the

length of x:

P =1 and (xa)f = ax".

Thus xP is the word x read backwards. MWe extend this to languages as

follows:

W= Px e X},

Some properties of the reversal operation are given in Table 3.

TABLE 3 Properties of Reversal

R1
R2
R3
R4
RS
R

X ouyP

L]

(x u¥)P
(XaV)P=x"ny°
(0° = )

(x)f = Y°xF

()P = ()
(0w (x)®

(8)
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1.3 REGULAR LANGUAGES

We now restrict our attention to a particular family R of languages;

this turns out to be precisely the family of lanquages recognizable by

finite automata.
Given a finite alphabet A with #A = n, define the family [ of

letter languages:

L= {{ﬂ”ﬂt’ A.}. {g.l
These are the n languages each consisting of a word of length 1.

Definition 1 The family R of regular languages is defined inductively as

follows:
Basis: LR,
Induction Step: If X and Y are in R, then so are

XuY, %, XY and X*.

Thus R is the smallest family of languages containing all the
letter languages and closed under boolean operations, concatenation and
star.

Consider some examples of regular languages. Since {a} v Tar =
we have A* ¢ R, Next ¢ = A¥ and {1} = ¢, showing that 4 and {1} are in R.

Let A = {a,b} for the examples below. The language
X = ({a} u {b})*{a}{a} = A™{aal,

is the set of all words over {a,b} that end in two a's. The languace



Definition and properties of Reversal
1P=1, (xa)’ =axP, acA, xcA¥*, XP={xP|xeX}, XcA*
RI XUYP=XPUYP
R2 XNY)P=XPNYP
R3 (—X)P =~(XP)
R4 (XY)P =YPXP
R5 (XH)P = (XP)*
R6 (X*)P = (XP)*

R7 (XP)P =X



Definition of Regular Languages, //
Letter languages: /.= {{a} | a € A}
A nonempty finite alphabet A is assumed to be given.
1. L cR

2. IfXandY arein R, thensoare X UY, =X, XY, and X*

3. Nothing else is in &, unless it is followed from a finite number of application of 1. and 2.

10



Y = ({a} v (b}a)'BN*

can be verified to consist of all the words over {a,b} that have an even

number of b's. The language
Z = {a}A* o A"(b)} n R"TBI{DIAT

is a regular language consisting of all the words over A that begin with
the letter a, end with the Tetter b and do not contain two consecutive b's.

We next introduce a notion that will provide a characterization

of regular languages.
pefinition 2 Let X c A* be a language and w ¢ A* a word. The (left)

quotient of X by w is denoted by w\X, and is defined by
w\X = {y|wy e XI.
Similarly the right quotient of X by w is defined by

X/w = {y|yw e X}.

The quotient w\X can be viewed as the set of all words which

“can follow w in X". To construct w\X, first take the set Y of all words in

X that begin with w, where it is understood that w begins with w since w = wl,

If w is then "removed" from each word wx of Y leaving the word x, the
resulting set of words is precisely w\X. In a sense this is a division of

X by w on the left; hence the name left quotient.
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As an illustration consider X = {ba,abb,aba}. Then
a\X = {ba,bb}, aa\X = ¢, ab\X = {a,b}, ba\X = {1}, etc,

It will be often necessary to determine whether a given lanquage
contains the empty word. This will be done with the aid of the 4 operator
defined by:

8(X) = (1}, if 1 e

6(X) = ¢, if 14X

(10)

Now the use of Teft quotient and the & operator permits ys to

determine whether an arbitrary word w is in X, for we have
we X iff 1ewXiff 6(wiX) = [1}. (11)

0f course the right quotient can also be used for this purpose.
However, we will often omit such statements about left-right symetry, in
the interest of conciseness. Also the left quotients will turn out to be
more appropriate in Chapter 2. Unless otherwise stated the word quotient
will mean left quotient.

Some basic properties of left quotients with respect to letters

are given below,

Proposition 1 For all a € A, and X,Y < A",

(a) a\¢ = ¢; a\{1} = ¢;a\{b}=¢, for a1l b e A, b # a; a\{a} = {1};
a\A* = A%,

(b) a\(X v ¥) = (a\X) v (a\Y)

(c) a\(X) = ax

(d) a\(XY) = (a\X)Y v 6(X)(a\Y)

(e) a\(X*) = (a\x)x*



A characterization of Regular Languages, (Left) Quotients

Definition: The quotient of X by w, w\X = {ylwye X }, X C A*, weA*
Division of X by w on the left.

The 0 operator to check the presence of the empty word in a language.

0(X)= {1} if 1 € X, otherwise &(X) =0, in short 3(X)={1} NX
Properties of quotients resulting from divisions by a letter a, a,be A, a# b, X, Y C A*

(a) a\d= a\{l} =a\{b} =0, a\la}= {1}, a\A*=A*

(b) aA(XUY)=(a\X)U (a\Y)

(c) a\(—X) = ~(a\X)

(d) a\(XY) = (a\X)Y U 3(X)(a\Y)

(e) a\(X*) = (a\X)X*

() X =X

(2) for words of length > 1, (wa)\X = a\(W\X)
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Proof
(a) This is easily verified.
(b) zeaXuvy) iffaze XuY iff aze X or az e Y iff
zea\XorzealiffzeaXu a\Y.
(c) z ¢ a\(X) iff az € X iff az ¢ X
iff z ¢ a\X iff z e a\X
(d) z e a\(Xy) iff az e XY.

If az € XY, we have two cases. Either there exist z,,2, € A*

such that z = 1112. azI e X and z, € Y,or1lelX and az € Y. In the first

case, Zy € a\X, z, € Yand z = 22; € (a\X)Y. In the second case

zealands(X) =1;1.e ze 5(x)(a\Y), Hence a\(XY) c (a\X)Y v s(X)(a\Y).

The converse containment follows similarly.

(e) Note that
x*=u={nf={UU(x-nnu-{nr={nu(xfunf

Thus a\(X*) = (a\(X-{1}))X* since §(X-{1}) = ¢. Finally a\(X-{1}) = a\X
and (e) follows. 8]

Note also the following property of quotients with respect to
words of ]engfh > 1:

(wa)\X = a\(w\X), (12)

for all w ¢ A*, a € A.

We will show that a language is regular iff it has a finite

number of distinct quotients. However, before we do this, we will simplify

our notation for regular languages by introducing certain expressions to

denote languages.

= lalts =

1.4 REGULAR EXPRESSIONS

In view of Definition 1, the only way we have for representing a
regular language % consists of specifying precisely how X is formed from L
by the application of boolean operations, concatenation and star. This

amounts to writing an expression for X. We formalize this as follows.

pefinition 3 The set EA of regular expressions over A is defined

inductively as follows.

Basis: 6,1, 1, andeach a e Ais a regular expression.

Induction Step: If F and G are regular expressions then so are (F v 6), F,
(FG) and F*. It is also convenient to include (F n G), (F -6), (F26)

+ .
and F' as regular expressions.

At this point regular expressions are strings of symbols formed
by starting with some basis symbols and combining them by means of a
finite number of operations as in the induction step. For example,
(((0 v 1*)(00))* v T) is a regular expression, whereas 0 u 1) is not.
Note that union and concatenation are treated here as binary operators.
This is somewhat awkward notationally, and will be remedied after we relate
regular expressions to languages.
pefinition 4 LletL: Ey~ P(A*) be the mapping defined inductively:
o L) = 0L LA,

{a}, for all a e A.

"

Basis: L(s)
L(a)



Regular Expressions over A, /75

1. O, 1,1and each a € A is a regular expression.
2. IfF and G are regular expressions then so are (F U G), —F, (FG) and F*
Other Boolean operators may also be included: (F N G), (F-G), (FAG).

The language denoted by a regular expression is defined recursively by the mapping
L: [EA — P(A¥*)
1. L(@)=0, L(1)={1}, LAd)=A*, L(a) = {a} foreacha € A

2. LFUG)=L(F)UL(G), L(-F)=-L(F), L(FG) =L(F)L(G) and L(F*)= (L(F))*

Equivalence of Regular Expressions

Two regular expressions, F and G, are equivalent if they denote the same language.

F=G iff L(F)=L(G)

14
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Induction Step: L(F v 6) = L(F) v L(G)
LOR) = TTFY

L(Fe) = L(FL(G)
L(FY) = (L(F)*

The mapping L associates with each regular expression E a
language L(E). For example, let E = ((a v b)*b). Then

L(E) =L ((a v b)*)L(b) = (L(a v b))*L(b) =

(L(a) v L(b))*L(b) = ({a} v {b})*(b} = A™{b}.

Note that each language can be represented by many expressions. We will say
that expressions F and G are equivalent iff L(F) = L(G), i.e. iff they
denote the same language. To simplify the notation we will denote this
equivalence relation by equality, and write F = G if L(F) = L(G). Now all
the laws applicable to languages are also extended to expressions. Thus
we will write E v F v G instead of (E v (F u G)) since union is associative
for languages. Also we will write x € E instead of x e L(E), E 2 F instead
of L(E) 2 L(F) etc. This simplifies the notation considerably. For
example, for the languages X, Y and Z introduced after Definition 1, we
now write:

X = (a u b)*aa = Iaa,

Y = (a u ba*b)*,

Z=al nlbn IBBI.

-1.14 -

Note that the expressions ¢, 1 and I can be omitted from the basis in
Definition 3, without changing the family of languages defined. However,
these expressions occur often and it is convenient to treat them as basic.
Also we usually omit F n G, F - G, F A G and F* for their properties can be
derived by noting that F n G = EJELE, F6=FnG, FAGS= (F-6) v (6-F)
and F = FF*. Thus L(F n G) = L(F) n L(G), etc.

In summary, we may redefine a language X to be regular iff

there exists a regular expression E such that X = L(E).



-1.15 -

1.5 DERIVATIVES OF REGULAR EXPRESSIONS
We now define a set of expressions derived from a given regular

expression and called "derivatives" of the expression. It will be shown that
derivatives correspond to the left quotients of the language denoted by the
given expression and can be used to characterize regular languages.

First we need an effective method for computing §(L(E)) for a given
regular expression E. We define the & operator for regular expressions as
follows:

Definition 5 If E is a regular expression, 6(E) is defined recursively as
follows:
Basis: 6(¢) = ¢, 8(1) =1, 6(I) =1, 6(a) = ¢ for all a ¢ A.
Induction Step: If F and G are regular expressions then
8(F v 6) = &(F) v &(6)

§(F) = 1-8(F)
8(F6) = &(F) n &(6)
8(FM =1

- Proposition 2 L(8(E)) = &(L(E)).
. Proof  The verifieation of this is straightforward and is left as an exercise

-1.16 -

Definition 6 The derivative of a regular expression E with respect to a

letter a e A {s the regular expression Ea defined as follows:
Basis: ¢,=¢,1,=¢,a =1,1 =1 and

ba=¢fnranbeﬁ.bfa.

Induction Step: If F and G are regular expressions

(Fu GYeRiE 0 6,

@, ~F

(Fﬁ)a = FaG U tS(]-']Ga
(F*}a = FaF*

Definition 7 The derivative of a regular expression E with respect to a

word w € A* is the regular expression EN defined by induction on the length of »
Basis: |w| = 0. Thenw =1 and E, = Eforall E.
[w| = 1. Then w ¢ A and we use Definition 6.
Induction Step: |w| > 1. Then w = xa for some x ¢ A", a ¢ A. Define
Exa 5 (Ex)a‘
Example] Let A = {a,b} and E = (a u b)*b. Then
i *
Ea = [(a v b) ]ab u ?ba
= [(a v b)a{a ub)*Ib v 1¢
= [(aa U ba)(a ub)*Ib u 18
=[(uedaub)*uig

Since we are interested in L(Ea} rather than the expression Ee itself, we will
simplify Ea if possible, In this case Ed simplifies to E. Similarly,
Ey = ((pu1)(@aub)*Ibui
=(aub)®ul=Eul,



Derivatives of Regular Expressions

Computation of d(L(E)) for a given regular expression E.

Recall the definition of 0 for languages
5(X) = {1} if 1 € X, otherwise §(X)= 0, inshort  §(X)={1} N X

For regular expressions we define & : /74 — /i,
1. 8@)=0, &1)=1, &D=1, 8a)=0 forall acA
2. 8(F UG)=5(F)UdG), 8F)=1-8(F), 8(FG)=d(F)d(G)=d(F) N 8(G), &(F*) =1
Note: L(d(E)) = o(L(E))
The derivative of a regular expression E with respect to a letter a € A, E,,
a,beA, azb, F,G € s
1. 9,=1,=b,=0, a, =1, I,=1

2. FUG),=F, UG, (—F), = 7F,, (FG), = F,GU3[F)G,, (F*), = F,F*17



The derivative of a regular expression E with respect to a word w € A*

Ifw=1then E{ =E, if we A then the definition of the derivative is already covered,
finally if w € A*A then w = xa where x € A" then the derivative E,, is defined as follows:

E, = Exqs = (Ey)q

Since A* = {1} UA U ATA the definition is complete for all words in A*.

Because of the recursive correspondence between derivatives and quotients

L(E,)) = w\L(E)

18
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Proof  We proceed by induction on the length of w.

Next we compute further derivatives using Definition 7.
Bagis: Wl =0, 1 = i
R l ! s 1.E. W 1, Since E1 = E and ]\L(E) - L{E} . the

S (Ea)a - (E}a =E =E

Eab s (Ea’b - Eb proposition holds.

Eha ” (EbJa =(Ev ﬂa o G Yol T E In| = 1. This is precisely Proposition 3.

Epp = {EﬁJb =(Ev I)b = ., etc. Induction Step: Let n 2 1 and assume that the proposition holds for a1
with |[w| s n. Now let w=xa, a e A, |x| =n. Then

L(E) = L(E,.) = LUE),) = a\L(E )

We now prove that the expression E_ denotes the quotient w\E. by the induction hypothesis, since lal = 1 < n. Again by the inducti
5 on

hypothesis, since |x| < n,

Proposition 3 For all a < A, E e EA'

e ) - a\L(E). L(Ex) = x\L(E).

Proof The claim is easily verified if E is a regular expression having no Altogether, L(E ) = a\(x\L(E)) \L(E) (E)
s iy = xa = WAL(E), where we have
operators, i.e. one of ¢, 1, I or a ¢ A. See Proposition 1(a) and the basis used (12) 0 :

of Definition 6. Now assume that F and G are expressions having n or fewer

operators and that L(FaJ = a\L(F) and L(Ga) = a\L(G). IfE =F vy G we have

L(Fa u aa} = L(Fa) v L(Ga)
a\L(F) v a\L{6) = a\(L(F) v L(G))

L(Ea)

a\L(F v B) = a\L(E),

where we have used Proposition 1(b).
The cases E = F, E = FG and E = F* are similarly verified. Hence the induction

step goes through and the claim holds. ]

This result is now generalized to arbitrary words.

Proposition 4 For all w e A* and E € Ey,
L(E) = w\L(E).
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1.6 CONSTRUCTION OF DERIVATIVES Lemma 1

We will show in this section that every regular language has a Forallwe A*, (FG) ~FGu U 6
4 W oW :
ied
i W
set depending on w and Gy is a derivative of 6 for all i ¢ J

J ..
W

i where Jw is a finite index
finite number of distinct left quotients. If we are dealing with regular

expressions we encounter the problem of recognizing when two expressions F
Proof

and G denote the same language, i.e. when L(F) = L(G). In general, this is
We proceed by induction
a difficult problem. For example, we have such equivalences as ; ? 00X

L(a¥) = L(IbI) for A = {a,b}, and
L(1a) = (b u aa*b)*aa*,

which may be hard to see. On the other hand, it is sufficient to recognize AGAEAR Sk
Assume the claim holds for |w| <n for n 2 0, and consider wa. MNote that we

Basis: |w| =0
(F&); = FG~F& = FiGu ¢

lw| > 0.

only certain simple equivalences and still prove the desired result.

Definition 8 Two regular expressions E] and E, are similar (written E, ~ Ez) use the associative law (18) for union without explicitly mentioning this,

iff E, can be obtained from E, by using only the following rules: but implying it by the notation.

Fo = oF = ¢ (13) (F&),, = ((F&)), ~ (F.G i 6:), ~
3 W
Fuo=¢uF=F (14) (FG),u U (&) ~F 6ué(FIE v U (§).
1e ied a
Fl=1F=F (15) M -
FuF=F (16) Now if 8(F,) = ¢, use (13) and (14) to obtain (FG), ~F 6y U (5),.
s (17) e
FuG=GuF : Since each (Gi)a is a derivative of G, this is in the required form. If
= (18
Eu(FuG =(EuF)u@ 5(F,) = 1, then 6(F )6, ~ 6, by (15). Now rewrite 6, v U (G;), as
d ,i:']“ 1°a
where E, F and G are any regular expressions. u GJ., where G, is either G, or it is one of the (Gi}&. In any case,
Jedya
It is easily verified that ~ is an equivalence relation on EA the result follows. 0

and that F ~ G implies L(F) = L(G). On the other hand L(F) = L(G) does

Lemma 2
not necessarily imply F ~ G, as can be seen from the examples above. == oy _ i
i i For all we A", (F¥) ~ (U F.)F*, where J_ is a finite non-empty
We will show that every regular expression has a finite number of fed, : 3

_ ! ; : T
dissimilar derivatives. First we need some preliminary results. index set depending on w and F; is a derivative of F for 3



Each regular language has a finite number of (left) quotients

The similarity equivalence

Regular expressions X, Y are similar, X ~ Y, iff Y is obtainable from X by the following rules:

FO =QF = Q, FUQ=F, Fl1=1F=F, FUF=F,
FUG=GUF, (EUF)UG=EU (FUG), whereE,F,Gefx

Observe the finite form of derivatives

Forallwe A* (FG),, ~ F,,G UG; UG, ... UG,, where each G; is a derivative of G.
(F*),, ~ (F{UF, ... UF,)F*  where each F; is a derivative of F.

A(E) = the number of dissimilar derivatives of E

1. A@)=AD)=1, A(1)=2, A(a)=3 foreach aeA*
2. AFUG) < A(FAG), A(—F) =A(F), A(FG) < A(F)ZA(G)’ A(F*) < ~A(F)

By induction, we see that E has a finite no. of dissimilar derivatives,

since X ~Y implies L(X)=L(Y), L(E) has a finite no. of quotients. .
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Proof  We proceed by induction on |w|.

Basis: |w] =1,i.e.w=acA.

We have (F*)a = FaF*, which is of the required form, by Definition 6.

Induction Step: |w| > 1. Consider wa, a € A.
P T M (R

W

U (F.) )FFvé( U F(FY)..
(1£J ( i}a) i (iedw ! ( =

As in Lemma 1, this is easily reduced to the required form. 0

Theorem 1 (Brzozowski) The number of dissimilar derivatives of any regular
expression E is finite.

Proof  The proof is by induction on the number n of operators in E. Let
d(E) be the number of dissimilar derivatives of E.

Basis: n=0.

(a) IfE=¢thenE,

¢ for all w e A*, i.e. d(¢) = 1.

() IfE=1thenE =1 forallwe A%, q.e. d(I) = 1.
(c) IfE=1thenE =1andE =¢forallwe A", ie. d(1) = 2.
= = = *:
(d) If E = a then ET = a, Ea 1 and Ew ¢ for w ¢ A*-{1,a}. Thus
d(A) = 3.

Induction Step: n > 0.
= *
() IfE=FuG, thenE =F vG for all w e A*, Thus

d(F U 6) =< d(F)d(G) .
() IfE=F, thenE = r: Thus
d(F) = d(F).
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(9 IfE=FG, by Lenma 1
(Fe)" ~FGu U G, .
1£J“

By using the similarity transformations (16), (17) and (18) we can ensure that
elidlL

U G; contains no repetiti :
ier 1 petitions, and the G; can be arranged in some standard
order. By the inductive assumption d(G) is finite, and there are at most Zd{ﬁ}

E * - »
xpressions of the form iEJ G;, up to similarity. From the form of (Fe).,,
W

d(Fe) < d()24(6)
(h) IfE=F*, by Lemma 2, forwe A"

* o~
KBS = (U EREF,
leJH

where Jw is nonempty. There are Zd(FJ-1 nonempty subsets of the set of
derivatives of F. Adding to this the derivative with respect to 1, i.e.
(F*)] = F*, we find

a(F*) < 24(F) 0

The following are easy consequences of the theorem.
Corollary 1 If E has d(E) dissimilar derivatives they can all be found
by taking derivatives with respect to words of length < d(E)-1.
Proof  Arrange the words of A in order of increasing length. (For
example, if A = (a,b}, consider 1; a,b; aa, ab, ba, bb; aaa, aab,... etc.
Find the derivatives in that order. If for some n no new derivatives are
found with respect to words of length n, then no new derivatives will ever
be found and the process terminates. Thus at least one new derivative must

be found for n or the process stops. In the worst case, only one derivative

is found for n = 0,1,...,d(E)-1.
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Corollary 2 Every regular language has a finite number of distinct left

quotients.
Proof  This follows since similarity implies equivalence.

Example 2 Let I = (a ub)* and E = a(al) n Ta. Then
E, = (a(al)), n (),
= [(a),(a1) v &(a)(al),] n TI 27w STTTTaT,
= [1(al) v o(al),] nTa v 1T
=alnlauT.
Such details of the calculation are omitted below, We find:

EI =E=afal) n T2

E, =alnlauT

Ey =¢nla

Eaa =InlavT

Ep “9nTa=E

Epa =¢nlau T
By, =¢nla=E

Eaaa =LalauT=E,
Egp “InT2

Ebaa '¢"E—”—T=Eba
Epp = ¢ 0 Ta=E

Eaabaﬂlnlaul=!iaa

Erdge =10 la=E,

Since no new derivatives are found for words of length 4, the process

terminates. Using only the similarity laws of Definition 10 we failed to
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recognize that Eba = Eh' for example. In practice, it is convenient tg

augment the set of similarity laws by other equivalences. Using the Yaws

¢nF=dandl nF=F,we find the following simplified computation:

E =alnTa

E, =aln TavT
By e R B " B
Eaa 5 (80T » Eaaa . Eaaha
Eam.b *Ta- Eaabb
There are 5 derivatives implying that L(E) has at most 5 distinct quotients.
The question of deciding whether these quotients are indeed distinct
will be discussed later,
Example 3 Let X = {a“b"|n = 1}, We are now in a position to prove that

this language is not regular, We have
ax = @)

az\x = {an'zb"tn z 2)

It is easily seen that all these quotients are distinct, {a‘\!‘. contains b,

but no other word consisting of b's only.) By Corollary 2, X is not reqular,



An example of finding all dissimilar derivatives of E = a(al) N — (Ia), where L(I) = {a, b} *

We use the lexical tree of L(I) with nodes E, , w € L(I), where the spelling of w 1s the path to E, .

We cut off all branches emanating from E,,, if E,,,. has already been encountered, x € {a, b}.
The finiteness of the no. of dissimilar derivatives guarantees finite termination.

E;=E=a(al) N —(la)

/a \b
E,=alN —(aU1) Ep=0N —(la)
/a \b la \b
E,=IN—JaU1)  Ey=0N-a)=E, Ep,=0N —(1aU1)  Ep=0N0-Ia)=E
Ja \b la \b
Euua=1N~0aU1)=E,  Eggp=10N~(la) Epy=@N-(aU1)=Ey Epyp=0N~aUl)=E,
la \b

Euupg =1N—(aU1)=E,y, Egapp =10 = (Ia ) = Eggp

We obtain the following set of dissimilar derivatives: {E{, E,;, Ep, Ej 40 Epgy Eggp}

L 24
Note: Ep = Ep, = 0, but they are dissimilar.
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1.7 DERIVATIVE EQUATIONS

Note that E, = ¢. It is .
A word in any language X {s either empty or it must begin with a b ! sometines conventent. to remove the empLy
derivative, This leads to the simplified equations:
letter of the alphabet. The set of all words in X that begin with letter a '

is clearly {a}(a\X). Hence we have the following disjoint decomposition B =k,
of any language: By~ aE
B ey
G aSﬂ{a}(a\X] v §(X). (19) F e

Each quotient in turn can be expressed in the same form: ;i
It is useful to represent the derivative equations ir different, but

out

w\X = L;fa}("a\x) u S(W\K) (20) equivalent, forms. We show three such forms below.
ae

Matrix Notation

If X is regular and is denoted by E, then the dissimilar derivatives of E b Ve T

(E (¢ a b ¢ ¢ (E 3
satisfy a finite set of equations derived from (20).
Ea o ¢ b a ¢||E b
Let the dissimilar derivatives of E be E] = E,Ez,...,E". Then a
Ey |=|¢ ¢ abo of |E |ujo
the derivatives satisfy:
: 4 E.a gis 3 n bl HE ¢
Ei = a]Ei’] u ain .2 U sss U akEi’k u 5( i)’ Eaab ¢ ¢ ¢ a b \Eaab \]
for i = 1,...,n, where A = {a],az,...,ak], and Ei.J = (Ei)aj. Tabular Form
Ta of Example 2, we have < b
Example 4 For E = aal n Ia of Example 2, w d Ea T : y
TR aEa u bEb EX Eal Ey 4
Epe oty bE, Eaa Eaa Eaab | ¢
Eaa . aEaa Y bEaab Eaab Eaa Eaab 1
Eaab = aEaa U IJEaah ul

Figure 1-1 Tabular representation of derivative
equations



Derivative Equations

For a given alphabet A = {a, b, ..., z} alanguage X < A*
is a linear combination of its letter quotients and 6(X) as follows.

X=Aa}(@X)U{p}(b\X)U ... U {z}(2\X) U 6(X)
and each quotient w\X in turn is a linear combination of its letter quotients and d(w\X)
WX = {a}(wa\X) U{b}(wb\X) U ... U {z}(wz\X) U d(w\X)

If X is regular, X = L(E), then the finite set of dissimilar derivatives of E, A(E),
AE)={E,F, ..., Q}, satisfies a finite system of linear equations.

E=aE,UDbE, U .. UzE, U(E), where E,, E, ..., E. € A(E)
F= aF,UbF, U ...UzF, U &(F), where F,, Fp, ..., F, e A(E)

Q=aQ,UhQ,U..UzQ,UdQ), whereQ, Qp, .., Q. cA(E)

For E =a(al) N — (Ia), we have A(E)={E, E,, Ep, E 4o Equp}
E = aE, U bE,
Ea = aEaa U bEb
Eb = aEb U bEb
Eyo = aEgq U DEgyyp
Eaab = aEaa U bEaab Ul

26
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Proof  First we show that Y*Z satisfies (22). We have

Graphical Form
araphica’ 1o b YOFZ) o Z= (0 o )2 = (Y u1)Z = 72,

Note that every solution of (22) contains Y*Z .

Now suppose that Y*2 u W is a solution. Without loss of generality we can

assume that Y*Z nW = 4. Then
Y2 uMW=Y(Y*ZuMW uZ=YZ0yW,

&b Let w be a shortest word of W and let |w| = r. We must have w ¢ ¥*7 , YW

* * = : s » #
Figure 1-2 Graphical represgntation of Also w ¢ Y°Z because Y°Z n W = ¢. Thus w « YN. This is impossible, for
gerivatiye CqUALIing 14 Y and all words in YW are of length at least r+1. Hence W = 4

and X = Y*Z is the unique solution. The second claim in the theorem
The matrix representation is self-explanatory; here concatenation follows analogously. .

plays the role of multiplication and union plays the role of addition. The

3 c . s S

tabular form will be used in Chapter 2. In the graphical form the incoming Corollary Any set of n equations in the form (21) can be solved for a1l the
; g

arrow designates the given expression E whose derivatives are represented, i

and the double circles denote derivatives containing the empty word. We Proof  Consider (21). If E, j 7 E; for all j = 1,...,k, then E, does not

return to these representations again in Chapter 2 depend on itself and can be eliminated from the set of equations by substitu-

3] SR

Rl Ey s Sk

tion. IfE r =1, then (21) can be rewritten as:

Up to this point we have shown that every regular expression has a

i derivatives which satisfy the set of equations (21).
finite number of derivatives whic y q Ei=lastuiiconay JE. o UaE, 'uélE))
1 3 il ped pi,p i

We will now show that every such set of equations can be solved and that the

solution is always a regular language. where p < J iff E; 7 E;. We solve this equation for E; using Theoren 2,

Theorem 2 (Arden, Bodnarfuk) Let X, Y, Z be arbitrary languages over ;
- Ei = (ﬂj U sas U 8, } ( UaEi uﬁ(Ei”.
A , with the restriction 1 ¢ Y . Then the equation 1 Jr ped P 1P

X=YXul (22) Now E*I can be eliminated from the original set of n equations by substitution.

i % In any case, the set of n equations can be reduced to a set of n-1
has the unique solution X = Y'Z.

equations. In the new set of equations one easily verifies that if E, = YE,

v

Under the same conditions, the equation X = XY u Z has the unique

solution X = Z¥*.



Arden's Theorem:

Let X,Zc A*and Y < AT, then the language equation X =YX U Z
has a unique solution X =Y*Z

Let A be an alphabet A= {a, b, ..., z} and

letA={E, F, ..., Q} be a finite set of unknown languages over A,

then the following finite system of linear equations has a unique solution vector

of regular languages (E, F, . . . , Q) which can be obtained by Arden's Theorem and
successive elimination of the unknowns.

E=aE,UDbE, U .. UZzZE, U o(E), where E,, Ep, ... ,E, €A
F= aF,UbF, U ..UZzF, Uod(F), where F,, Fp, ..., F. el

ooooooooooooooooooooooooooooooooooooooooooooooooo

Q=aQ,UhQ,U..UzQ.USQ),  whereQ, Qp,...,Q, A

Example:
For A= {a, b} A={E,E, Ep, Egy, Egap}
and linear system a solution in terms of regular expressions is given below
E =aE, U bE, E =aa(a U bb*a)*bb*
E, = aE,, U bE, E, = a(aU bb*a)*bb*
Eb :aEb UbEb Eb =0
E,, = aE,, U bE, E,, = (a U bb*a)*bb*

E = aE, U bE, U 1 E,, = b*a(a U bb*a)*bb* U b* 28



=k

then ' (i
Y satisfies the condition 1 ¢ Y. Hence the process can be repeated until e i
¥ s01ving the equations

i ID E .{] - ‘(

general, the form of the expression may depend on the order in which ¢
e th the

Example 5 Consider the derivative equations from Example 4. Solving for ;
derivatives are eliminated, For instance, note that

Eb first we have
Eaab = Eaa V!

Eb = (aub)Eb u ¢ = (aub)*s = ¢.
in Example 4. Then

Substitution of Eb = ¢ yields the second set of equations in Example 4. E..=ak _ublE._ ul)
aa aa aa
(awu TJ)Eaa ub=(aub)* =Ib, and

Solve next for Eaah:
E

Eaab = (b)Eaab v (aEaa ul) 3aE o0x aalb.

& b*(ﬂEaa e b*aEaa o b, However, the language denoted by the solution is always the same.
We have shown that each regular expression € has a finite numper

Next,
e . of derivatives which satisfy the derivative equations. Conversely, the
£ =aE__ v bb aEaa u b¥) :
aa o derivative equations can be solved to recover L(E), althougn the new
& * * . : ;
= (aubb a)Eaa u bb expression may be different from E. This provides a converse to Corollary 2

of Theorem 1. Altogether we can now state:

(a v bb*a)*bb*,

i i ini M af 1aft ouotients
Ea = aa v bb*a)*bb*, and Theorem 3 A language is regular iff it has a finite number of Ieft quotients
E = aa(a u bb*a)*bb*. (right quotients).
Proof  We need to show only that, if X has a finite number of left quotients,
In summary, o T
then it is regular. This follows because we can write a finite number of
E = aa(a v bb*a)”bb* g i
- *3)*bb* derivative equations in the form (21) for X. These can be solved for !
E =a(ﬂUbba bb . | 5 ; e
7 solution is a regular expression, showing explicitly that A 1s requia
Eb i The statement about the right quotients follows similarly, sinc
» *
E = (aubb*a)’b
can solve X = XY u L.

E . =b*a(av bb*a) *bb* v b*.
aab



Important Consequences:
A language i1s regular iff it has a finite number of (left) quotients.

A language X is regular iff for some positive expression E, X = L(E),
where positive expressions are regular expressions without any Boolean operators except U.

For regular expressions E, F
E =0 iff no quotient of L(E) contains 1
E =1 iffall quotient of L(E) contain 1
EcF iff ENF=0 iff FU-E=I
E=F iff EAF =0

Effective testing for equivalence and containment of regular expressions
is performed by testing of appropriate derivatives for the presence or absence of 1.

30
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Theorem 2 and its Corollary have another important consequence
as we now show.

pefinition 9 The set Pﬁ of positive expressions over alphabet A is defined

as follows.
Basis: ¢, 1, 1 and each a € A are positive expressions.

Induction Step: If F and G are positive expressions then so are (F v G),
(FG) and F*.

Analogously, a language X is positive iff there exists a positive

expression E such that X = L(E). Clearly, each positive language is regular.

Furthermore, we have:

Theorem 4 A language is regular iff it is positive.

Proof  Let X be regular and E any regular expression such that X = L(E).
Construct the derivative equations for E, and solve for E. The solution

involves only the operations of union, concatenation and star, Hence the

solution is positive. 0

As a consequence, for any regular expression E involving

intersections and complements, there exists a positive expression equivalent

to E.

1.8 EQUIVALENCE OF REGULAR EXPRESSIONS

We now consider the problem of deciding the equivalence of two

regular expressions. The solution of this problem allows us to reduce the

derivative equations to a set in which all derivatives are distinct.
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Proposition § Let E, F and G be regular expressions. Then
a) E = ¢ iff no derivative of E contains 1.
b) E =1 iff all derivatives of E contain 1.
c) FaGiffFub=lI,
d) F=Giff FAG= 4.

The verification of the proposition is trivial. We have now the following

procedures.

Testing whether E = ¢ or E = I

Given a regular expression E, construct its derivatives. The
equivalence of two derivatives may not always be recognized, but we are

assured that the number of dissimilar derivatives is finite. Find Z[E

W

for each derivative Ew‘
E=¢iff d(Ew) = ¢, for all we A",
E=1iff G(Ew) =1, forallweA".

The solution of the containment and equivalence problems follow immediately.

Testing whether F 5 G

To test whether F > G, test whether F v G = I.

by constructing the derivatives of F u G and checking whether 1 is present

in all cases.

Testing whether F = G

Construct the derivatives of F 4 G and determine whether 1 is abs

in all cases.

Example 6 Let F = (a v b)*b and 6 = (a u ba®b)*ba’b. Does F 2 67 Let

E=FuyG. The derivatives of E are:

This can be done

T
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E =Fu@
FuG=E
p = (Ful)ua*Gua™=Fua*eua™

m m
n n

Eba =F u a6 u a*d = Eh
Ebb =(Ful)uBuT=FuG=E,

where we recognize that 1 v Gu T =1 u (G-1) = G. One verifies that 1 ¢ E
and 1 ¢ E,. Hence FuG=1andF26. This fact is obvious in this simple
example, since F consists of all the words ending in b and all the words

in G end in b. In general, the containment problem is far from obvious.
Note also that E = I since all derivatives of E contain 1. This means
that F v a"bG u a*b = I, which is not obvious.

Example 7 Let A = {a,b}, I =A%, F=1b,6=(av bb*a)*bb*. Is F = G?
Let E = F A G. The derivatives of E are:

E =FAG
= FAG=E
E = (F u1) 4 (b*aG v b*)
Eba =FAG=E
* *y
Epp = (Ful) a(b¥aG ub ) = Ey

|1}

Neither E nor Eb contain 1. Hence E=F A G=¢andF =G.

Since we now in a position to test whether two regular expressions
are equivalent, we can test for the equiv
n E, and reduce the derivative equations so that each derivative

left quotient of L(E). This problem will be re-

expressio
corresponds to a distinct

examined in more detail in Chapter 2

alence of the derivatives of a given
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PROBLEMS

1. For languages X,Y,Z c A*, show ¢nat xy _ y7 5 1

Repeat for XY A XZ > X(Y A 2).

2. A language X c A* is said to be prefix-free 1ff x . f and x5 . 5 .

1-1) 1s false, in general,

slies

y = 15 1.e. no word x is a prefix of another word y. Similarly, 1 is

suffix-free iff x,yx ¢ X implies y = 1,
X,¥,I < A%
(a)  If X is suffix-free then
(Y nZ)X=YXnlX
(Y -2)x =YX - IX
(Y AZ)X=YXAIZX
(b)  If X is prefix-free then
X(Y n2Z) =XYnXZ
XY -2) = XY - XZ
X(YAZ)=XYAX
3. For any a € A and X c A* prove
(a) TaIX = {a}X v (A-{a})A* v (1)
(b)) K

AX u {1}.

Prove the following for a1

(c) Forall we A%, (wX)° = (1 o

4. Construct the derivatives of the following expressions:

(a)  b*a(b v ab®a)*
(b) (b v aa")*aa b*
(c)  a* v ba* v a"ba”

(d) a ubbu(auvb)*abb

(e) laal n (3 u ba*d)*, where I = (aub)*
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