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Mathematical terminology

set, subset, cardinality, universal set
 
subset operations: 

union, intersection, difference, 
complement, symmetric difference

 
Power set, Boolean Algebra, De Morgan's law
 
Binary relation
Relations with special properties: converse relation
 reflexive, symmetric, antisymmetric relations 

composition of relations

partial order relation, equivalence relation, equivalence classes,
 
induced quotient sets, index of an equivalence relation
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Mathematical terminology cont.
Function relation, image, 

onto (surjective) functions 
one-to-one (injective) functions, 
bijective functions
restriction of a function 

Semi groups and monoids.

Alphabet A, letters, word, word length, empty word, 
(concatenation) product, free monoid generated by A, A*

Languages (subsets of A*)
 
Language operations : 

word operations extended to the elements of the power set, 
multiplication (product) associative , 
the empty-word language is the multiplicative identity.
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Product identities, subsemigroup, submonoid,  and star identities

           Product identities

C1     X(YZ)   = (XY)Z
C2      X{1}   = X C2'    {1}X  = X
C3     XØ   = Ø C3'     ØX  = Ø
C4 X(Y U Z)  = XY U XZ C4' (Y U Z)X = YX U ZX 
C5 X(UiϵI Yi) = UiϵI (XYi) C5' (UiϵI Yi)X  = UiϵI (YiX)

 Plus and star identities

P1 X+ = XX* S1 X* = X+ U {1}
P2 (X+)+ =  X+ S2 (X*)* =  X*
P3 Ø+ =  Ø S3 Ø* =  {1}
P4 {1}+ = {1} S4 {1}* =  {1}
P5 X+X = XX+ S5 X*X =  XX*

Monotonicity

P6 X   Y implies X +  Y + S6 X   Y implies X*  Y*  

no claim of independence P4 follows P2 and P3, S4 from S2 and S3 and P5  from P1 and S5 
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 Definition and properties of Reversal

    1ρ = 1,   (xa)ρ = axρ,     a ϵ A,  x ϵ A*,        Xρ = {xρ | x ϵ X},  X  A*

R1 (X U Y)ρ = Xρ U Yρ

R2 (X ∩ Y)ρ = Xρ ∩ Yρ

R3      (⌐X)ρ = ⌐(Xρ)

R4    (XY)ρ = YρXρ  

R5 (X+)ρ = (Xρ)+

R6 (X*)ρ = (Xρ)*

R7 (Xρ)ρ = X
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 Definition of Regular Languages, RR

Letter languages:  LL = {{a} | a ϵ A}    
A nonempty finite alphabet A is assumed to be given.

1. LL  Í RR

2.    If X and Y are in RR,  then so are  X U Y, ¬X, XY,  and X*

3. Nothing else is in RR, unless it is followed from a finite number of application of 1. and 2.
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 A characterization of Regular Languages, (Left) Quotients

  Definition:  The quotient of X by w, w\X = {y|wy ϵ X },    X   A*,  w ϵ A*
Division of X by w on the left.

 The δ operator to check the presence of the empty word in a language.

δ(X) = {1} if 1 ϵ X,  otherwise  δ(X) = Ø,             in short        δ(X) = {1} ∩ X

 Properties of quotients resulting from divisions by a letter a,  a, b ϵ A, a ≠ b,  X, Y   A*

 (a) a\Ø =  a\{1} = a\{b} = Ø,   a\{a} = {1},  a\A* = A*

 (b) a\(X U Y) = (a\X) U (a\Y)

 (c) a\(⌐X)  =  ⌐(a\X)
 
 (d) a\(XY)  =  (a\X)Y U δ(X)(a\Y)

 (e) a\(X*)   =  (a\X)X*

 (f)    1\X    =  X

(g) for words of length > 1,  (wa)\X = a\(w\X)
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Regular Expressions over A, EEA

1.   Ø, 1, I and each a ϵ A is a regular expression. 
2. If F and G are regular expressions then so are  (F U G),  ⌐F,  (FG)  and F*

Other Boolean operators may also be included: (F ∩ G), (F – G), (F ∆ G ).

The language denoted by a regular expression is defined recursively by the mapping

L: EEA → P(A*)

1.  L(Ø) = Ø,  L(1) = {1},  L(I) = A*, L(a) = {a} for each a ϵ A

2.  L(F U G) = L(F) U L(G),    L(⌐F) = ⌐L(F),  L(FG) = L(F)L(G)  and  L(F*) = (L(F))*

    Equivalence of Regular Expressions

Two regular expressions, F and G, are equivalent if they denote the same language.

F ≡ G  iff  L(F) = L(G) 
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 Derivatives of Regular Expressions

Computation of δ(L(E)) for a given regular expression E.

Recall the definition of δ for languages
δ(X) = {1} if 1 ϵ X,  otherwise  δ(X) = Ø,             in short        δ(X) = {1} ∩ X

For regular expressions we define δ : EEA →  EEØ 

1. δ(Ø) = Ø,      δ(1) = 1,      δ(I) = 1,     δ(a) = Ø   for all   a ϵ A

2.  δ(F U G) = δ(F) U δ(G),   δ(⌐F) =1-δ(F),  δ(FG) = δ(F)δ(G) = δ(F) ∩ δ(G),    δ(F*) = 1

Note: L(δ(E)) =  δ(L(E))

The derivative of a regular expression E with respect to a letter a ϵ A, Ea

     a, b ϵ A,       a ≠ b,          F, G  ϵ  EEA

1. Øa = 1a = ba = Ø,                 aa = 1,                   Ia = I

2. (F U G)a = Fa U Ga,      (⌐F)a  =  ⌐Fa,      (FG)a  =  FaG U δ(F)Ga,      (F*)a  =  FaF*  
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 The derivative of a regular expression E with respect to a word w ϵ A*

If w = 1 then E1 = E,  if w ϵ A  then the definition of the derivative is already covered,
finally if w ϵ  A+A then w = xa where x ϵ A+  then the derivative Ew is defined as follows:

Ew = Exa = (Ex)a

Since A* = {1} U A U A+A  the definition is complete for all words in A*.

 Because of the recursive correspondence between derivatives and quotients

 L(Ew) = w\L(E)
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 Each regular language has a finite number of (left) quotients

The similarity equivalence

Regular expressions X, Y are similar, X ~ Y, iff Y is obtainable from X by the following rules:

      FØ ≡ ØF ≡ Ø,  F U Ø ≡ F,      F1 ≡ 1F ≡ F,    F U F ≡ F, 
 F U G ≡ G U F,      (E U F) U G ≡ E U (F U G),   where E, F, G ϵ EEA

     Observe the finite form of derivatives

    For all w ϵ A*   (FG)w  ~  FwG  U G1 U G2 ...  U Gn, where each Gi is a derivative of G.
  (F*)w  ~  (F1 U F2 ...  U Fn)F*,     where each Fi is a derivative of F.

Δ(E) = the number of dissimilar derivatives of E

1.    Δ(Ø) = Δ(I) = 1,   Δ(1) = 2,     Δ(a) = 3  for each  a ϵ A*

2.    Δ(F U G)  ≤  Δ(F)Δ(G),        Δ(⌐F) = Δ(F),           Δ(FG)  ≤  Δ(F)2Δ(G),         Δ(F*)  ≤  2Δ(F)

By induction, we see that E has a finite no. of dissimilar derivatives,
 

since  X ~ Y  implies  L(X) = L(Y),  L(E) has a finite no. of quotients.  
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An example of finding all dissimilar derivatives of  E = a(aI)  ∩  ⌐ (Ia), where L(I) = {a, b}*

We use the lexical tree of L(I) with nodes Ew, w ϵ L(I), where the spelling of w is the path to Ew.

We cut off all branches emanating from Ewx if Ewx has already been encountered, x ϵ {a, b}.
The finiteness of  the no. of dissimilar derivatives guarantees finite termination.

E1 = E = a(aI)  ∩  ⌐ (Ia)

                                                                     /a                                                  \b

  Ea = aI ∩  ⌐ (Ia U 1)     Eb = Ø ∩  ⌐ (Ia)
                           
                      /a                                          \b                                                            /a                               \b
  

    Eaa = I ∩ ⌐ (Ia U 1)     Eab = Ø ∩ ⌐ (Ia) = Eb             Eba = Ø ∩  ⌐ (Ia U 1)          Ebb = Ø ∩ ⌐ (Ia) = Eb

                     /a                          \b                                                                      /a                           \b

 Eaaa = I ∩ ⌐ (Ia U 1) = Eaa  Eaab = I ∩ ⌐ (Ia)            Ebaa = Ø ∩ ⌐ (Ia U 1) = Eba       Ebab = Ø ∩ ⌐ (Ia U 1) = Eb

                                                     /a                           \b

Eaaba = I ∩ ⌐ (Ia U 1 ) = Eaa Eaabb = I ∩ ⌐ (Ia ) = Eaab
 

 We obtain the following set of dissimilar derivatives: {E1, Ea, Eb, Eaa, Eba, Eaab}

 Note:  Eb ≡ Eba ≡  Ø, but they are dissimilar.
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 Derivative Equations

For a given alphabet A = {a, b, ... , z} a language X   A* 
is a linear combination of its letter quotients and δ(X) as follows.

X = {a}(a\X) U{b}(b\X) U  ...  U {z}(z\X) U δ(X)

and each quotient w\X in turn is a linear combination of its letter quotients and δ(w\X) 

w\X = {a}(wa\X) U{b}(wb\X) U  ...  U {z}(wz\X) U δ(w\X)

If X is regular, X = L(E), then the finite set of dissimilar derivatives of E, Δ(E),
                 Δ(E) = {E, F, . . . , Q}, satisfies a finite system of linear equations.

E = aEa U bEb U ... U zEz  U δ(E),   where Ea,  Eb, ... , Ez ϵ Δ(E)
F =  aFa U bFb U ... U zFz  U δ(F),   where Fa,   Fb, ... , Fz ϵ Δ(E) 
:::::::::::::::::::::::::::::::::::::::::::::::::
Q = aQa U bQb U ... U zQz U δ(Q),   where Qa,  Qb, ... , Qz ϵ Δ(E)

For E = a(aI)  ∩  ⌐ (Ia),  we have   Δ(E) = {E, Ea, Eb, Eaa, Eaab}
  E      =  aEa    U  bEb
  Ea    =  aEaa  U  bEb

  Eb    =  aEb    U  bEb

  Eaa   =  aEaa  U  bEaab

  Eaab =  aEaa  U  bEaab  U 1
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 Arden's Theorem:

Let X, Z    A* and  Y   A+, then the language equation X = YX U Z 
has a unique solution  X = Y*Z

Let A be an alphabet A = {a, b, ... , z} and 
let Δ = {E, F, . . . , Q} be a finite set of unknown languages over A, 
then the following finite system of linear equations has a unique solution vector
of regular languages (E, F, . . . , Q) which can be obtained by Arden's Theorem and 
successive elimination of the unknowns.

E = aEa U bEb U ... U zEz  U δ(E),   where Ea,  Eb, ... , Ez ϵ Δ
F =  aFa U bFb U ... U zFz  U δ(F),   where Fa,   Fb, ... , Fz ϵ Δ 
:::::::::::::::::::::::::::::::::::::::::::::::::
Q = aQa U bQb U ... U zQz U δ(Q),   where Qa,  Qb, ... , Qz ϵ Δ

Example:
For A = {a, b}  Δ = {E, Ea, Eb, Eaa, Eaab} 
           and linear system                               a solution in terms of regular expressions is given below

  E      =  aEa    U  bEb E      = aa(a U bb*a)*bb* 
  Ea    =  aEaa  U  bEb Ea    =  a(a U bb*a)*bb*
  Eb    =  aEb    U  bEb Eb    =  Ø  

  Eaa   =  aEaa  U  bEaab Eaa   = (a U bb*a)*bb*

  Eaab =  aEaa  U  bEaab  U 1 Eaab = b*a(a U bb*a)*bb* U b*
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Important Consequences:

 A language is regular iff it has a finite number of (left) quotients.

A language X is regular iff for some positive expression E, X = L(E),
where  positive expressions are regular expressions without any Boolean operators except U.

For regular expressions E, F

E ≡ Ø   iff no quotient of L(E) contains 1

E ≡ I    iff all quotient of L(E) contain 1

E  F   iff     E ∩ ⌐F ≡ Ø    iff    F U ⌐E ≡ I  

        E ≡ F   iff      E Δ F  ≡ Ø

Effective testing for equivalence and containment of regular expressions
   is performed by testing of appropriate derivatives for the presence or absence of 1.
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