Unit 2:
Linear Algebra

Solving systems of linear equations -- the how and
why.
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LA-01: Google Page Rank
Goal: To introduce what Google page rank is, and one way to compute it.

Meet Randy, the random web surfer. =
His job is to visit web page after web page... "

just surf the web.
Each time he clicks to a new web page, he looks at the links on the
page, and chooses one randomly (hence his name).

If we give Randy enough time, he will eventually visit all the pages
on the web... more than once if we let him continue.

But he will not visit all the pages with equal frequency. For
example, he will probably load the UWaterloo CS home page
more often than the web page "Enjoyable Dental Procedures".
The dental page might only be linked to from Prof. Orchard's
home page, but the UW CS web page is linked to by many pages.

Consider this tiny web, where arrows indicate outgoing links:
Intuitively, it seems that

Randy will visit (3) more

"/\(f often than (1.

Code for Randy

%% Random walk
Init; % Set up a graph adjacency matrix in G
N = size(G,1); % number of nodes
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visits = zeros(N,1); % counts number of visits

numSteps = 10000; % number of steps to take
j = ceil(rand * N); % start at a randomly-choosen node

for t = 1:numSteps
visits(j) = visits(j) + 1; % increment counter for node j
outLinks = find(G(:,j)==1); % list outgoing links for node j
numOutLinks = length(outLinks);

j = outLinks( ceil(rand*numOutLinks) ); % choose one randomly
end

plot(1:N, visits);

One way to measure the value or importance of a web page is
what fraction of the time a random surfer will spend there.
Notice that it is better to be linked to by other important web
pages since Randy will visit those more often, and hence visit
your page that much more frequently.

Try removing the link from 3-»7, and replace it with (= 7.

®

The importance of

@ decreases .

Problem: Terminal Pages
What if Randy reaches a page that has no outgoing links?

® ®
CD:@? So 0\
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Randy gets stuck and the random walk does not give a good
ranking of web page importance.

Solution: Teleportation
When a web page has no out links, jump to another web
page that is chosen randomly.

Problem: The above issue is actually more insidious.
Consider...

(1)

‘O This is a terminal branch, and

(2 can be very difficult to detect.
Solution: Random teleportation

At each page, we jump to a random web page with
probability (l - ).

'’ \u\\\ "‘o\\bv AN ow\' ’\‘H\K w;y‘\ \oroka\b}‘;lﬁ Oﬁ

Mathematical Formulation of Random Surfer Ranking

RxR
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i
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Then P"S is the probability of following a link to node  given
that you are at node J :

P, = ?,(\\ D ((condiHione) prdo-bi || )—\Q

> 038 o isig
t 0 7
@;@ g.!i\of

Instead of following a single surfer, we can track the progress of
an infinite number of surfers (sorry Randy) using the matrix P.

QS' SAT ,\\\ SN Smr—pﬂj Séw”'\‘ ‘9\— @---

. k=0 | o o)
Px=Jo o4 £\"
Pr=pe)=To 4 4 +1"
P =[0 2 3 7).
Lok 3 clicks ok Me su

ﬁpvj (%‘1.3'7;) will be
& wnede 3

= 21x\
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Notice that “P“'x\\\z lIxl}, . All the surfers are accounted for. This is
because each column of P redistributes all the surfers. Note also
that all entries of P are non-negative. Each column of P isa
probability distribution, and hence each column adds to 1.

R
ZPU:\

(=

Terminal Nodes: Consider
H—0Q o
l
0
®<0 0

The column corresponding to a terminal node does not
add to 1; it adds to O.

’P,A:P[c>| 003’? 9[00:,\, _%]T
?1')( = (03'& O .34] =p W\S $57- =
> -

Ph=lo o3 41 = 332 wh
Pr= - 2 g00017 b

eFe-©0
o+ O e-0
G O Co

The matrix equivalent of the teleportation effect can be
included...

P=Pyled
JYARAN

11 4 = | noM‘J has no  otlinks
o e

In our example,
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In our example,

(6 0 00 (600 4] (o o0 o &7
I 0 o 4L 9 4+ L
= 0 30 0 | = | T X

‘ 1 0| 4+ = |

6ot 00 0 0 0 % 03-_2?

03 Tof [P°0 ] [0 4

To address the issue of terminal branches, we add a
background randomness.

3

%

3

*

-
M= P x(1-)pee
N
This guarantees that no surfer gets stuck in a subnet of the
web.

3
(v ‘;"
%

S S5
2 -5- 2

M is called a Markov Transition Matrix.

Linear Alaebra Page 7



LA-02: Markov Transition Matrices
Goal: To learn what a Markov Transition Matrix is, and what its properties are.

Markov Transition Matrices

bl A wdik @ is a Mok mdbix i
0L Qe ard Z2 Q5 | (sum den o)
C\{”\Z)) N\ (f,.,w\ '\'\,( Pv‘eviovd \CAM"{) is a p\av-kov hv\"wx.

Defn A veckw 9 ' = P\ra&a\a\‘\;h veckor  +F
O.L,c[,;é l and Z‘(}. = |

Multiplying a Markov matrix by a probability vector yields another
probability vector.

Consider \o ,\’\

’t‘i‘f
-ZP; = Z{N\'X‘]l y

*ZZV\U'XJ L/'JJ i
’Z Ky ZM’A

Nk

\\

’Zx3= [ psoa ek veder.
)

Page Rank

l at A" lha avaliia vartar indicatina tha valiia ArimnAartancra Af
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Page Rank
Let " be a value vector indicating the value, or importance, of
each page on the web. Without loss of generality (WLOG), we

scale it so that n
Z[ PJ( =1

Thus, you can also think of it as a distribution of random surfers
on the web.
If we allow the surfers one more click, then we get

n

P*\:M‘o“ @

We are looking for a steady-state solution... a fixed-point
solution of (D

|“2, P:MP

This is actually an eigenvalue problem,
P:M\o iy V4 (I*M)P::Q

Eigenvalues & Eigenvectors
The eigenvectors, /X , of a square matrix ® satisfy

Qx =\
for some scalar A\e € . This A is called an eigenvalue.
To find eigenvalues, we can form the charactersitic polynomial.

Qx =Nx
- (\-Qx =0 @
Any nontrivial (ie. not entirely zero) % that satisfies () is an

eigenvector. For there to be a nontrivial solution, the matrix \I-®
has to be singular.
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cigerivecLor. ror uiere Lo pe d rnoriLnividi SOIULIorn, e imidurix Al =)
has to be singular.

= A&A’()\I -Q):O

The determinant is a polynomial in A called the characteristic
polynomial. The roots of the char. poly. are the eigenvalues. The X
that solves (NI - Q@)x=0 is the corresponding eigenvector.

In our case, we are looking for an eigenvetor corresponding to an
eigenvalue of 1,

It is not feasible to use standard ~
algebraic methods to solve

Init;

D = diag(1./sum(G));
P=G*D;
Instead, watch this... ——> N = size(P,1);

x =ones(N,1) / N; % uniform distribution

Recall... forn=1:20
x=P*x;

@ plot(x);

/ /Cf\@/ o
T@ /?// l—/(j{)f L :n:jd ff;
@(—-@*ﬁ/ |
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LA-03: Google Page Rank 2
Goal: To develop the theory behind why the random surfer algorithm works.

Recall:

e We can encode the behaviour of a cohort of random surfers in
the Markov matrix
 If p is a probability vector representing the distribution of

surfers (or the value of each web page), then no matter what the
initial p is, it seems that

M M“P —> sl«xj“ SM-&

e, i F P“-;}\,f:; M"‘P
=> M\o.oz Pw (r* S o 'p\x{o\ Pz{w\* o_p ‘;’L—Q

W\Kpp\fﬂ N\)
How can we know for sure that this is the case?

T Bvery Moo wedrix Q hes 1 as an ehev\m
";;, Tn wahvix @ Nas fe sane {\Jev\w\uu as @ |
smce Yoy hae Mo Sanma chova derighic \ob\j Awmia|
Ly =Ll - \]T -

FTe=¢ = 1 is on evawt for @

N )\$ l V¢ on Q'VO\\V\Q -‘Lr Q‘ -

Comment: OK, so now we know that there is a solution to Mp =p.
But how do we explain convergence?
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Nohce  Mned-
f'\p’ = N&X + ZNC—:'X;

(M) = C'Kl\'i)\c'&

ach A NN B N\, >0 he A#|
This s brecanse ()\1‘4| e A# 1.

’Dw
w>x (M> P = =p-

L
Interpretation:

No matter what the initial distribution, simple iteration
converges to the steady-state. Moreover, the rate of
convergence depends on the second-largest eigenvalue; if \,
is close to 1, then convergence is slow. This is because the
convergence results from waiting for the other eigen-
components {X.., . Ae$ to decay down close to zero.

Implementation
To find the Page Rank "importance" score for each web page, we
can start with some probability vector p’ and iterate,

M“vo° ~ Pm ‘F,r S\A#'\cie'\*\j IGTJ& n

Recall:

M= O(P' 4 (\-o()—\l-i ee"
oo ged) s (Dot
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_ ! _ T
M= «P + (! q)Jﬁee

- o(pr ked ) x (F4

>0 Mp=of(P+ fed)pr () ey

o~ \/,
'\ P i a = | @
Scalar , O(R)

b compre
= «Ppt Feldy) + e

Since P is sparse, it can be stored and applied in OR).
Thus, Mp takes O(R) #lops.
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LA-04: Triangular Systems
Goal: To learn how to efficiently solve triangular linear systems.

Solving Triangular Systems
A triangular matrix has zeros either above the diagonal, or below

the diagonal.

3 a 0 0 0

29 . \ T . c 9 0| .

3 ol-\ s |$ . XQ'FO IS,.-
00 0 9 h i)

0o O
(Y 16 . .-
o

Triangular matrices occur in certain matrix factorizations, and are
a useful type of matrix.

o o —

Solving Upper-Triangular Systems: Back Substitution

U’K = A \ 'S U\pp&r-b M i X

[‘U\\\ Wi - Ui Ylm1 ‘\(2\1
O WU - ~- Uz K1 Z1
r < $ 5 '
l U\N«\,M u"-\,N
L0 - - 0 Wy L/K“___ jg“
Start with the last row
o
Unu Xy = 2, =D X, ===
W, x

Now it's easy to solve for X,_, in the second-last row.
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UN-\)M-\ IXN—| + \AN",N XM - ZN'\

2»-\ - MM‘\,M /XN
u”'\,hh\

=P /)(N'\ =

The i-th row...

U i+ ui,m K 7+ Uin Ky = 2,

> X, = Zi~ (W,mx\#\ -4 U 'XN)
\A’\(

N
/X" — 2, —‘ﬂ%‘ u'.l X
Ui

Back Substitution Algorithm (a.k.a. Back Solve)
(see page 101 in the course notes)

Complexity
For each (, the j-loop performs 2(N-) flops (floating-point

operations). Together with = U g Flops = 2(N-) 4

Sum over \

N N
QTOXY‘“\ P\b\p&, = Z(Z(U‘B V) T 22‘“’2\ H
=1 =
N
= 2NN ~2:2\k
=
\
= 2&14_)\] »\%;,N-é—y\ﬂ
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Forward Substitution

Lok =2 L is NxN

Iowe\f—a
L
,Q,“ O ---- Yﬁ(] %\ Frow\ \ Yo,
/QJ/\ X’LL O ~-- T &1

N
g
R
|

P

QN\ QNL - QN‘IJ

13(\\ .y

\
b tha¥et - + 4 X +Jz;1 Xi=2

=P %(\ — 7—;( - (JL\\/X\'\’ _’/4’}“1{’\,}({'\ _
L
1=\
5 2 ki X
K =
As

Linear Algebra Page 18



Gaussian Elimination
To solve a system of linear equations

Ax=b . [ | 2 X, 3
A -2 3| |%] = \
3 -1 4 (%) [\

one canh use Gaussian elimination.
1) Form the augmented matrix.

v 2%
- -7 3| |
>-7 Hllo
2) Perform linear row operations to get an upper-A form
I R % LLo2 [P
6:0|0 - 5|15 |07 5] N [=w-ejo (=5
®-30 |0 - ~2\-14] ©@-1g0 o S2|-u4] Lo o [12

3) You might have been taught to follow this with more row
operations to get a diagonal matrix.

... =P | ® 0\3 g)\\/\\-’im (S [’ﬁ}
o \ ol %—

o o \\¢

A better way is to use back substitution after step 2.

Solve
U 2|« 3
0o | =5 K2 = 'q]
0 o | |[R, (4
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LA-05: Gaussian Elimination
Goal: To review how row operations can be used to reduce and solve a linear system.

LU Factorization
Any square matrix A can be factored into a product of an upper-
triangular and lower-triangular matrices such that

LV =PA

P is a permutation matrix used to swap rows.
LU factorization is essentially the same as Gaussian elimination.

p'wo* new P'NA' <\av-wg’
<\ en-end- ~ \ 'T
. & _ z >

k - - ®-30 I R N
2 2 | 050 5

N

In this case, there is no way to use the pivot element to get rid of
the 5. So, swap rows 2 and 3.

3 Lo ollz % -
o s “4i=]o o (|]lo 2 \
o o | o | Oflo s 4

\/\/\/

p—wuv&r‘\\""\

v T %

We will go over the details later, but for now I'll simply state that
LU factorization takes (N®) flops.

Applications of LU Factorization
a) Solving Ax=b

Ax=b = PAx=Ph ”PL%:PL
Zz
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Two steps to compute X
1) Solve L2 =Pk for =2 (NY)

2) Solve Ux=2 [L, (Nl)

Gaussian elimination =U_U factorization/+ forward sub,
‘j back sub

4
o) o)~

i

b) Solving AX=R

Suppose X and B each have M columns.

A[,X‘\.\. %«): (\o.\..- bM]

1) Factor: LU=PA O(N?)
2) Solve:  LUx,= pp,

' U(Nl) {Ac\'\
LU’XM: P\DM

Take-home message: Do the expensive LU factorization once,
and use it for each of the M systems.

Gaussian Elimination (GE)

2x L <wa\a\4

141\/\(\ ”r*%ﬁ(b’—“’(a‘ CD

Q"L\IY.] Mz‘;,')(a/: \OL @

A QA a
R
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A — Qu . A
- Ay @ (({z\ an O\“>X %—(0\“' —f\—qw Xz
\/\/\/ (1) —11:1_
O 22 = ‘DL~ A ‘0\
] ) W
In matrix form: | g, q,, Y,\q]? b, by
Gy Azn JQ b,
e
{a Doy Vel e
_ M 2l
@ o ® =D 0 Q(.;_\,}JJ Q<'1 L;)
For general N , the big picture of GE
1<?<><?<>‘ K X XX X XX X X X x X
XX KK 0 K XX 0 X ¥ X 0 % X
kxxf_jové\f.x—'bDO{x"aaon:
(@)
A A A A
GE Version 1:
fori=1:N-1
eliminate xi from rows i+1 to N
end
At the i-th stage of GE...
X X X X %) K K XK XK
P;Zv .~ 0 Q“ X X 0 au K X
° 0 x ¥ | 7 ~._lo o X
X — Xl (Y~
‘;::“,,_-”oahi*xj ® L 6 &6 XK
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vyo - - __

o 1 N

GE Version 2:
fori=1:N-1
for k = i+1:N

mult = aw/ai
row(k) = row(k) - mult*row(i)

end
end

To update the entire row k. °

—

6___., OO\":‘ &.Q\\é\_,_a [DIV‘A"V'O\-J \l,

| 0~ -0 A A — current vow k

?

69'\. 6:N
forj=i+1:N

ak = ax - mult*a;
end (Noke! a, =0 by desi gn)

Final GE Algorithm:
fori=1:N-1

for k = i+1:N
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mult = aki/an

forj=i+1:N
a = ay - mult*a;
end
ai=0
end

end

Notes: 1) The lower-triangular partis all O.
2) We may use those elements to store the multipliers.
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LA-06: LU Factorization
Goal: To find out how to compute LU factorization.

LU Factorization Algorithm
Consider the first step of GE,

0y
()]
rﬂ\\ -~ 0(\\\; Ay o C{m
—_ \
= ! o/ N O v
- \ ‘

Matrix interpretation:
row operations 4=P> matrix multiplication

le MC\)AV: A(,\)

w2

In general, at the k-th step...

I\J\CM A(k-\) - A(\e\

where

M('L) _
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The effect of left-multiplying Aa"') by M® is to eliminate %, from
rows k+\ to N .

At the final step: AWM ¢ apper=A 0///42
Recall that M‘“A“"):Am

For k=\ = MOA = AD
M Q,\c\\ A\ = N pD A

(

J\‘\(’H\’“ /\,\6\) A: A(Nﬂ) -;:;U
o AR Y,

Amazing Facts

1) If R and ¢ are lower-a and unit diagonal, then s i¢ BC.
2) If Bis lower-a and unit diagonal, then s. ¢ R~

fgj ‘Q\C/x_ (’\3) M(U-\) . M(\) (< low{f" N U\h.")"‘ahés.
Bj ‘@\c)r L’?f)) EM(AM), __N\m - (Lo =D w\(X%\‘«J.
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A =l
Bj ‘@\t)‘— L’213) EM(U - ".}"\C 3 & ler =D ww(\~~0\\""}.
D(‘Ftty\t L‘.-_:; [M(N") L M(\)]

Theorem: A=1LV
L i< lowser=25 A tAV\;A- (Aiajov\a\\
UV 1s Qpp‘(r‘- A

Properties of Mt
1) =

Q\,\m) - =

"
2 L=| pod J\,\m]"\: () - JV\‘“"W\
| N 6 1 che i d
- QN L s e b
-5\“;; > | <l of @(L\)”\ |
= w\v\\\-\\\o\t g N

Linear Algebra Page 27



<. | o |\l 0 O | o o |
AL ojlo | 6|=|g | ©

/3 0 l\ 0O Y | ﬂ Y \J

e e |31 ]L 15| o shaght e

,"\ovc pvﬁuso\\3J wr\\rt LJk AS

L= <\> ::tt k:""”N
m.», \{' 7NN
Elﬁaw\yo\»é‘- ~
A: 9 - 3 Zz- >
4 L -s| 0|0 4
1Y (L @-%@_O 1 7
N
v e e 2 3
MR o 4 |
3 4 B-%@ |6 0 2
Cheo

Linear Algebra Page 28



LA-07: Pivoting
Goal: To stabilize LU factorization using row pivoting.

Stability of LU Factorization
In LU factorization, a problem arises when we have:

(k-
(1) azeropivot  1.=2. A, =0

—;me\\»‘vp\iers %t‘i AV \AV\O\»Q’FQY\CJ

(k-
(2) o ~o
=>w\.)\\,\_'.\°\i€v'$ be cow—e \a\\rg,(_,

=DC0\\CU\\°\\'"0V‘.S E&cow\Q w\AmL\{

Pivoting

-

(k) \bw“ ‘ Bnd Largest o
A = O af"‘ \/\I\a\Jv\'A""}\Q~

L e

Find W~AX \ (0| _ \ (k-\)
Lzien | N \V 5"

Swap rows k¥and k,and continue.
N . (,\Q"\\ ':é‘
ote: AVt 0
A -
(f).ﬂ,\,qrwf%_) ijo.(h ) = Z} \VL [Qéd LN

9’>A (S Singway
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As mentioned earlier, these row-swapping operations can be
represented by matrix multiplication by a permutation matrix, P.
eg. to swap rows ( & J , simply swap rows ¢ &J in the identity
matrix.
| 6 00 | 6 0o
o \ i 0 /a o 0 \ o '_:,P
¢ oo |3 ® o | o
G 0 o \ @ &S 6 0o o |
Let's put it all together.
T Lo
ol L4
2 v g
Swrayp
l WA,
r 6 \ ©
o [
Lk \ \b" P = 0 0
\ \ o 0 |\
T Ly
/'W
bae LG (Qbﬁ }_ 6 O
N = 0
@500 -3 S| LI L
. — - Z
3-% 0 LO L Z‘\\l A
S 6 | ©
b L)
) I Luf\ [ NN
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