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The matrix normal model, that is, the family of Gaussian matrix-variate
distributions whose covariance matrices are the Kronecker product of two
lower-dimensional factors, is frequently used to model matrix-variate data.
The tensor normal model generalizes this family to Kronecker products of
three or more factors. We study the estimation of the Kronecker factors of the
covariance matrix in the matrix and tensor normal models.

For the above models, we show that the maximum likelihood estimator
(MLE) achieves nearly optimal nonasymptotic sample complexity and nearly
tight error rates in the Fisher–Rao and Thompson metrics. In contrast to prior
work, our results do not rely on the factors being well conditioned or sparse,
nor do we need to assume an accurate enough initial guess. For the matrix nor-
mal model, all our bounds are minimax optimal up to logarithmic factors, and
for the tensor normal model our bounds for the largest factor and for overall
covariance matrix are minimax optimal up to constant factors provided there
are enough samples for any estimator to obtain constant Frobenius error. In
the same regimes as our sample complexity bounds, we show that the flip-
flop algorithm, a practical and widely used iterative procedure to compute
the MLE, converges linearly with high probability.

Our main technical insight is that, given enough samples, the negative
log-likelihood function is strongly geodesically convex in the geometry on
positive-definite matrices induced by the Fisher information metric. This
strong convexity is determined by the expansion of certain random quantum
channels.

1. Introduction. Covariance matrix estimation is an important task in statistics, machine
learning and the empirical sciences. We consider covariance estimation for centered matrix-
variate and tensor-variate Gaussian data, that is, when individual data points are matrices
or tensors. Matrix and tensor-variate data arise naturally in numerous applications, such as
gene microarrays, clinical trials, spatiotemporal data, signal processing and brain imaging
(see [4, 16, 17, 22] and references therein). A significant challenge in this setting is that
the dimensionality of these problems is much higher than the number of samples, making
estimation information theoretically impossible without structural assumptions.

To remedy this issue, matrix-variate data is commonly assumed to follow the matrix nor-
mal distribution [9, 16, 22]. Here, the matrix follows a multivariate Gaussian distribution
and the covariance between any two entries in the matrix is a product of an interrow fac-
tor and an intercolumn factor. In spatiotemporal statistics, this is referred to as a separable
covariance structure [16]. Formally, if a matrix normal random variable X takes values in
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the space of d1 × d2 matrices, then its covariance matrix Σ is a d1d2 × d1d2 matrix that is
the Kronecker product Σ1 ⊗ Σ2 of two positive-semidefinite matrices Σ1 and Σ2 of dimen-
sions d1 × d1 and d2 × d2, respectively. This naturally extends to the tensor normal model,
where X is a k-dimensional array, with covariance matrix equal to the Kronecker product of k

many positive semidefinite matrices Σ1, . . . ,Σk . Hence, a centered tensor normal distribution
is denoted by 𝒩 (0,Σ1 ⊗ · · · ⊗ Σk). In this work, we study the estimation of the covariance
factors Σ1, . . . ,Σk or (equivalently) the precision factors Θ1 := Σ−1

1 , . . . ,Θk := Σ−1
k from

n samples of 𝒩 (0,Σ1 ⊗ · · · ⊗ Σk). We emphasize that the goal is to estimate each of the
factors, rather than estimating the overall product Θ = Θ1 ⊗· · ·⊗Θk or Σ := Σ1 ⊗· · ·⊗Σk

by an arbitrary precision or covariance matrix (that may not be of tensor product form).
This problem falls into the field of estimation theory: for a family 𝒫 := {pΘ}Θ∈ℙ of distri-

butions with parameter space ℙ, given samples from an unknown distribution X1, . . . ,Xn ∼
pΘ, compute an estimate Θ̂ ≈ Θ of the true parameter value. The quality of our estimate de-
pends on some error measure, chosen based on the downstream application of the estimation
problem. Our parameter space ℙ is the set of Kronecker products of k precision matrices,
each of dimension di , which will be taken from the space of positive definite matrices (de-
noted PD(di)).

The error measures in our work will be given by the Fisher–Rao and Thompson metrics.
These are the relevant error metrics for statistical applications, as they are intimately tied to
error measures for the corresponding distributions, such as total variation and relative entropy.
Further theoretical justification is given by Chentsov’s theorem ([8], Theorem 3), which states
that for smooth parameter manifolds, the Fisher information metric1 is the unique Rieman-
nian metric that preserves all relevant information with respect to parameter estimation. We
refer the reader to [10], Section A, in the Supplementary Material for further details on these
metrics, as well as their connection to other natural metrics used for the matrix and tensor
normal models.

DEFINITION 1.1 (Fisher–Rao and Thompson distances). The Fisher–Rao distance for
centered Gaussians parameterized by their precision matrices is given by

dFR(ˆ︁Θ,Θ) = 1√
2

⃦⃦
log

(︁
Θ−1/2ˆ︁ΘΘ−1/2)︁⃦⃦

F .(1.1)

The Thompson distance is given by

dop(ˆ︁Θ,Θ) := ⃦⃦
log

(︁
Θ−1/2ˆ︁ΘΘ−1/2)︁⃦⃦

op.(1.2)

We have the following simple relation between the two metrics that follows directly from
the same relation between the operator and Frobenius norms.

FACT 1.2. For A, B positive definite matrices of dimension d , that is, A,B ∈ PD(d), the
Fisher–Rao and Thompson metrics are related by

dop(A,B) ≤ √
2 · dFR(A,B) ≤ √

d · dop(A,B).

Now that we are equipped with our error measures, we can formally ask the foundational
questions on the parameter estimation problem for the tensor normal model.2 We begin with
the sample complexity questions.

1The Fisher–Rao distance is the distance function arising from the Fisher information metric.
2Since the matrix normal model is a special case of the tensor normal model (when k = 2), we will refer to our

model as the tensor normal model whenever we treat the general case.
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PROBLEM 1.3 (Sample complexity upper bound). Let ε > 0 be an error parameter and
δ ∈ (0,1) be a failure parameter. Given sample access to an unknown tensor normal distribu-
tion 𝒩 (0,Θ−1

1 ⊗ · · · ⊗ Θ−1
k ), how many samples n(ε, δ) are sufficient for the existence of

estimator ˆ︁Θa satisfying, with probability 1 − δ,

dFR(ˆ︁Θa,Θa) ≤ ε for all a ∈ [k]?

In practical settings often the number of samples n is fixed, so many results in the literature
give bounds on the error ε and failure probability δ for fixed value of n. The first consideration
for such a result is its sample threshold: this is the number of samples n0 that is required in
order for the proposed estimator to give any nontrivial guarantees, that is, better than an
arbitrary guess in ℙ. The second consideration is the error rate achieved by the proposed
estimator, that is, how fast the error decreases as the number of samples grows.

Problem 1.3 is only concerned with upper bounds on the number of samples needed to
obtain good enough estimates for the true precision factors. It is natural to ask what is the
optimal upper bound on the number of samples, that is, the minimum number of samples
required to estimate the precision factors. This leads us to the following problem.

PROBLEM 1.4 (Sample complexity lower bound). Let ε > 0 be an error parameter and
δ ∈ (0,1) be a failure parameter. How many samples from a distribution 𝒩 (0,Θ−1

1 ⊗ · · · ⊗
Θ−1

k ) are necessary for existence of estimator ˆ︁Θa such that, with probability 1 − δ

dFR(ˆ︁Θa,Θa) ≤ ε for all a ∈ [k]?

REMARK 1.5. The above notion of sample complexity lower bound can be used to
derive a minimax lower bound as follows: if n ≥ n(ε, δ) samples are required to achieve
dFR(Θ̂a,Θa) ≤ ε error with probability at least 1 − δ, then given n < n(ε, δ) samples,

inf
Θ̂

sup
Θ∈ℙ

𝔼

[︂
max
i∈[k] dFR(ˆ︁Θa,Θa)

]︂
≥ δ · ε,

where inf is over all possible estimators Θ̂, the sup is over the parameter space ℙ, and the
expectation is over the distribution corresponding to parameter Θ.

A complete solution to the sample complexity problem requires one to prove tight upper
and lower bounds on the number of samples to estimate the factors of the covariance matrix
for a given error and probability guarantee.

The above questions are concerned with the mathematical existence of an estimator with
a prescribed number of samples, which accurately estimates the true precision factors. How-
ever, a more relevant question for practical purposes is whether the estimator proposed for
Problem 1.3 can be computed efficiently. More succinctly, one can ask whether there is a
gap between statistical estimation versus computational estimation. This is captured by the
following computational variant of Problem 1.3.

PROBLEM 1.6. Let ε > 0 be an error parameter and δ ∈ (0,1) be a failure parameter.
Given sample access to an unknown tensor normal distribution 𝒩 (0,Θ−1

1 ⊗· · ·⊗Θ−1
k ), how

many samples from the above distribution are sufficient for there to exist estimators ˆ︁Θa that
are efficiently computable and satisfy, with probability 1 − δ,

dFR(ˆ︁Θa,Θa) ≤ ε for all a ∈ [k]?
Moreover, give an algorithm to compute this estimator, which runs in polynomial time and
achieves the above error bounds and success probability.
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This work fully addresses the three problems above for the matrix and tensor normal mod-
els.

Our solution to Problem 1.3 comes from the analysis of the most natural candidate: the
maximum likelihood estimator (MLE). Informally, we give the following sample complexity
bounds for this estimator.

THEOREM (Sample complexity, tensor normal model). Let 𝒩 (0,Θ−1
1 ⊗ · · · ⊗ Θ−1

k ) be
a tensor normal distribution with k ≥ 2, where each Θi is a positive definite matrix of dimen-
sion di , and let D := ∏︁k

i=1 di . Given a number of samples n respecting the sample threshold

n ≳ k2d3
max

D
, the MLE achieves minimax optimal error rate in Fisher–Rao distance

dFR(Θ̂,Θ)≲
√︄

kd2
max

n
, dFR(Θ̂a,Θa) ≲

√︄
kdad2

max

nD

with high probability. Further, for the matrix normal model (i.e., k = 2), the sample threshold

is improved to n≳ d2
max log2 dmin

D
, and the error can be bounded in the Thompson metric as

dop(Θ̂a,Θa) ≲

√︄
d2
a log2 dmin

nD
.

Our estimation guarantees are distribution independent, in particular the above bounds
hold regardless of condition number or sparsity or other properties of the true precision ma-
trix. This means that they apply to the most general model where the precision factors are
allowed to be arbitrary positive definite matrices with no restrictions.

By Fact 1.2, the dop bound for the matrix normal model recovers the dFR error rate for
the tensor normal bound up to logarithmic factors; furthermore, it implies strong estimation
guarantees in the operator norm, which are useful in spectral applications (see [3]).

The above guarantees are tight compared to classical lower bounds (see Proposition 4.1),
matching the sample complexity lower bounds even for the simpler k = 1 setting. The dFR
error rate for the full precision matrix as well as the largest tensor factor are tight up to
the factor

√
k. And the sample threshold matches the lower bound for estimating the largest

tensor factor up to a single dmax factor. In the k = 2 matrix normal model, the error rate
is tight in the more refined dop metric, matching the classical lower bound for estimating a
single tensor up to log factors. The sample threshold matches the classical lower bound up to
log factors.

We solve Problem 1.4 by extending the lower bound for the unstructured Gaussian estima-
tion problem to the matrix and tensor normal model. While the above results are near-optimal
for estimation of the largest tensor factor (via the classical lower bound), one could hope for
better results for the smaller tensor factors,3 as they intuitively receive more information from
each tensor data. Our next contribution is a stronger sample complexity lower bound, which
shows this is not the case.

THEOREM 1.7 (Lower bound for matrix normal models). Let ˆ︁Θ1 be any estimator for Θ1
given n samples X1, . . . ,Xn ∼ 𝒩 (0,Θ−1

1 ⊗ Θ−1
2 ). For d1 ≤ d2, there exist Θ1 ∈ PD(d1)

and Θ2 ∈ PD(d2) such that

dFR(ˆ︁Θ1,Θ1) ≳
√︄

d2
1

n · min{nd1, d2} , dop(ˆ︁Θ1,Θ1) ≳
√︄

d1

n · min{nd1, d2}
with constant probability.

3In certain applications, such as brain fMRI, one is interested only in the smaller factor, whereas the larger
factor is treated as a nuisance parameter.
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When nd1 ≪ d2, our lower bound is significantly stronger than the classical lower bound

for estimating Θ1 assuming Θ2 is known, namely
√︂

d2
1/nd2 for dFR and

√
d1/nd2 for dop.

Our result generalizes naturally to the tensor normal model, as we discuss further in Section 4.
This implies that the matrix and tensor estimation problems are strictly harder than separate
instances of the classical Gaussian estimation problem. We are also able to show that a simple
modification of the MLE obtains a matching upper bound for the matrix normal model.

Lastly, our solution to Problem 1.6 comes from analyzing the flip-flop algorithm to com-
pute the MLE. This is the first rigorous convergence analysis of the flip-flop algorithm, which
was proposed in the independent works [4, 9, 16] and is widely used in practice.

THEOREM (Computational estimation, informal). With high probability, the MLE can
be computed efficiently. Namely, the flip-flop algorithm enjoys exponential convergence rate
log(1/δ) to achieve a δ approximation to the MLE.

For a full comparison and relation between our results above and previous works, we refer
the reader to [10], Section B, in the Supplementary Material.

Technical contributions and overview. We now discuss the main conceptual ideas and prin-
ciples behind our results. In the matrix and tensor normal models (i.e., k ≥ 2 case), the MLE
is a solution to an explicit optimization problem over the space of tensor products of posi-
tive definite matrices, which we denote by ℙ. When we endow the parameter space ℙ with
a natural Riemannian metric induced by the Fisher information, the negative log-likelihood
becomes a geodesically convex function of the parameter space (first observed in [23]). In
this work, we use geodesic convexity of the negative log-likelihood function to show that the
MLE for the tensor normal model indeed recovers all the benefits of the unstructured Gaus-
sian setting (k = 1). Our strategy, as we outline in Section 2.2, proceeds as follows: provided
one is given enough samples, we prove that the negative log-likelihood function is strongly
geodesically convex, and the gradient at the true precision matrix is small. With these two
facts, we are able to conclude our bounds via a generalization of the usual argument that
with a strongly convex function, any point with a small enough gradient (in our case the true
precision matrix) is close to the optimizer (the MLE).

The global geodesic perspective is also key when analyzing algorithms to compute the
MLE. Inspired by recent research in computer science [5–7, 12], we view the flip-flop al-
gorithm as a natural geodesic extension of the block-coordinate geodesic gradient descent
method, which is a standard convex optimization method. Once we establish strong geodesic
convexity of the negative log-likelihood function, we can show that the iterates of the flip-flop
algorithm converge exponentially quickly to the MLE once the gradient of our current guess
is sufficiently small. Our proof generalizes to any descent method with reasonable guarantees.

This geodesic geometry perspective induces a natural error metric under which our anal-
ysis becomes linearly invariant, and this allows us to prove sample complexity and error
bounds that are independent of condition number. Furthermore, by using global geodesic
convexity of the negative log-likelihood function, we are able to decouple our analysis of
the estimator from our algorithm to compute the MLE and, therefore, we are able to remove
the initial guess assumption from our error bounds. The bounds we achieve are tight in gen-
eral, as we show in Section 4, and our bounds even improve upon the previous results in
the sparse setting as soon as the condition number or initialization error becomes moder-
ately large (square root of the maximum dimension of the Kronecker factors). For detailed
comparison of our bounds with prior work, we point the reader to [10], Section B, in the
Supplementary Material.

We believe that the strength of the derived bounds, along with the principled analysis
of a very simple and practical algorithm, make strong arguments in favor of the geodesic
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perspective for understanding the tensor normal model. We now present the formal definitions
of our problems and state our main results.

1.1. Formal definitions and our results. We write Mat(d) for the space of real d × d

matrices and PD(d) for the convex cone of d × d real symmetric positive definite matrices;
GL(d) denotes the group of real invertible d × d matrices. We write ⪰ for the Löwner order.

For matrices A and B , ∥A∥op denotes the operator norm, ∥A∥F = (TrAT A)
1
2 the Frobe-

nius norm and ⟨A,B⟩ = TrAT B the Hilbert–Schmidt inner product. We say A is a trace-
less matrix if TrA = 0. We denote by κ(A) = ∥A∥op∥A−1∥op the condition number of A.
For functions f,g : S → ℝ on any set S, we say f = O(g) if there is a constant C > 0
such that f (x) ≤ Cg(x) for all x ∈ S, and similarly f = Ω(g) if there is a constant c > 0
such that f (x) ≥ cg(x) for all x ∈ S. If f = O(g) and g = O(f ), we write f = Θ(g). In
case C, c depend on another parameter λ, we write Oλ and Ωλ, respectively. We abbrevi-
ate [k] = {1, . . . , k} for k ∈ ℕ. All other notation is introduced in the remainder of the text as
needed.

We can now formally define the tensor normal model, of which the matrix normal model
is a particular case.

DEFINITION 1.8. For dimensions d1, . . . , dk ∈ ℕ, the tensor normal model is the family
of centered multivariate Gaussian distributions with covariance matrix given by a Kronecker
product Σ = Σ1 ⊗ · · · ⊗ Σk of positive definite matrices, with Σa ∈ PD(da), a ∈ [k], that is,
the distributions 𝒩 (0,Σ1 ⊗ · · · ⊗ Σk). For k = 2, this is known as the matrix normal model.

Note that each Σa is a da × da matrix and Σ is a D × D-matrix, where D = d1 · · ·dk .
Our goal is to estimate k Kronecker factors ˆ︁Σ1, . . . , ˆ︁Σk such that ˆ︁Σa ≈ Σa for each a ∈ [k]
given access to n i.i.d. random samples x1, . . . , xn ∈ ℝ

D drawn from the model. A weaker
requirement is to only approximate the full covariance, that is, ˆ︁Σ1 ⊗ · · · ⊗ ˆ︁Σk ≈ Σ.

One may also think of each random sample xj as taking values in the set of d1 × · · · × dk

arrays of real numbers. There are k natural ways to “flatten” xj to a matrix: for example,
we may think of it as a matrix with d1 rows and D/d1 columns, where a column is in-
dexed by a tuple (i2 ∈ [d2], . . . , ik ∈ [dk]) and given by the vector in ℝ

d1 with ist
1 entry equal

to (xj )i1,...,ik . In the tensor normal model, the d2d3 · · ·dk many columns are each distributed
as a Gaussian random vector with covariance proportional to Σ1. In an analogous way, we
may flatten it to a d2 ×d1d3 · · ·dk matrix, and so on. As such, the columns of the ath flattening
can be used to estimate Σa up to a scalar. However, doing so naïvely (e.g., using the sample
covariance matrix of the columns) can result in an estimator with very high variance. This
is because the columns of the flattenings are not independent. In fact, they may be so highly
correlated that they effectively constitute only one random sample rather than d2 · · ·dk many.
The MLE attempts to decorrelate the columns to obtain rates such as those one would obtain
if the columns were independent.

The MLE is easier to describe in terms of the precision matrices, which we now define.

DEFINITION 1.9 (Precision matrices). For a D × D-covariance matrix Σ arising in the
tensor normal model, we refer to Θ = Σ−1 as the precision matrix. We also define the Kro-
necker factor precision matrices Θ1, . . . ,Θk as the unique positive-definite matrices such
that Θ = Θ1 ⊗ · · · ⊗ Θk and (detΘa)

1/da is the same for each a ∈ [k]. In other words, we
choose Θa = λΘ′

a where detΘ′
a = 1 and λ > 0 is a constant (not depending on a ∈ [k]). We

make this choice because the Kronecker factors of Θ are determined only up to a scalar.
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Let ℙ denote the parameter space of all precision matrices Θ for the tensor normal model
with fixed dimensions d1, . . . , dk , that is,

ℙ = {︁
Θ = Θ1 ⊗ · · · ⊗ Θk : Θa ∈ PD(da)

}︁
.

Given a tuple x of samples x1, . . . , xn ∈ ℝ
D , the following function fx : ℙ → ℝ is propor-

tional to the negative log-likelihood:

fx(Θ) = 1

nD

n∑︂
i=1

xT
i Θxi − 1

D
log detΘ.(1.3)

The maximum likelihood estimator (MLE) for Θ is then defined asˆ︁Θ := arg min
Θ∈ℙ

fx(Θ)(1.4)

whenever the minimizer exists and is unique. We write ˆ︁Θ = ˆ︁Θ(x) when we want to empha-
size the dependence of the MLE on the samples x, and we say (ˆ︁Θ1, . . . , ˆ︁Θk) is an MLE
for (Θ1, . . . ,Θk) if

⨂︁k
a=1

ˆ︁Θa = ˆ︁Θ. Note that ℙ is not a convex domain under the Euclidean
geometry on the D × D matrices.

To state our results, and throughout this paper, we write dmin = min1≤a≤k da , dmax =
max1≤a≤k da , and D = ∏︁k

i=1 da . Recall that we identify factors Θ1, . . . ,Θk from Θ using

the convention detΘ1/d1
1 = · · · = detΘ1/dk

k , and likewise for the MLE ˆ︁Θ.

1.2. Results on sample complexity and error bounds. We begin with our result on the
sample complexity for the tensor normal model.

THEOREM 1.10 (Tensor normal model sample complexity upper bounds). There are uni-
versal constants C,c1, c2 > 0 such that the following holds. Suppose that t ≥ 1 and

(1.5) n ≥ Ck2 d3
max

D
t2.

Then, with probability at least 1 − ke−c1t
2dmax − k2(

√
nD

kdmax
)−c2dmin , the MLE ˆ︁Θ for n indepen-

dent samples of the tensor normal model with precision matrix Θ is unique and satisfies

dFR(ˆ︁Θ,Θ) = O

(︃√
k dmax√

n
t

)︃
and dFR(ˆ︁Θa,Θa) = O

(︃√
kda dmax√

nD
t

)︃
for all a ∈ [k].

Our error guarantees are tight for both the full precision matrix and the largest factor,
as they match the lower bound for the simpler Gaussian estimation problem described in
Proposition 4.1 up to the factor

√
k. Also note that the parameter t allows a trade-off between

error guarantees and probabilistic guarantees. In particular, choosing t2 ≈ logn guarantees
vanishing failure probability as n → ∞.

For the matrix normal model k = 2, we obtain a stronger result:4 first, we improve the
sample threshold by a polynomial factor; second, we are able to bound the error rate for the
individual factors in the tighter Thompson metric; and finally we improve the dependence
on the failure probability from polynomial to exponential. Recall that we identify Θ1, Θ2

from Θ using the convention detΘ1/d1
1 = detΘ1/d2

2 .

4The key technical tool we use for our matrix normal model result is a sophisticated analysis of operator scaling
from [14]. In order to lift this to the tensor normal model, we would need a similar analysis of the tensor scaling
problem. This is significantly more difficult, as is discussed in more detail in, for example, [5].
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THEOREM 1.11 (Matrix normal model sample complexity upper bounds). There are uni-
versal constants c,C > 0 with the following property. Suppose t ≥ 1 and

n ≥ C
dmax

dmin
max

{︁
logdmax, t

2 log2 dmin
}︁
.

Then the MLE ˆ︁Θ = ˆ︁Θ1 ⊗ ˆ︁Θ2 for n independent samples from the matrix normal model with
precision matrix Θ = Θ1 ⊗ Θ2 satisfies

dop(ˆ︁Θ1,Θ1) = O

(︃
t

√︄
d1

nd2
logdmin

)︃
and dop(ˆ︁Θ2,Θ2) = O

(︃
t

√︄
d2

nd1
logdmin

)︃

with probability at least 1 − e−cdmint
2
.

We again note that the parameter t allows for a trade-off between error and probabilistic
guarantees, so in particular we can achieve vanishing failure probability as n → ∞ by choos-
ing, for example, t2 ≈ logn. Further, we emphasize that the above error guarantees are tight
for both tensor factors, matching the classical Gaussian lower bound in Proposition 4.1 for
each individual tensor factor up to logdmin factors.

Recalling Fact 1.2, we see that this stronger dop guarantee recovers the optimal dFR error
rate for the tensor normal model up to logdmin factors. Further, the sample threshold is also
tight up to logdmin factors, matching the known lower bound for Gaussian estimation. Finally,
the guarantee in the Thompson metric gives much stronger accuracy for spectral applications
such as PCA (see, e.g., [3]).

In applications such as brain fMRI, one is interested only in Θ1, and Θ2 is treated as a nui-
sance parameter. If the nuisance parameter Θ2 were known, we could compute (I ⊗Θ

1/2
2 )X,

which is distributed as nd2 independent samples from a Gaussian with precision matrix Θ1.
In this case, one can estimate Θ1 in operator norm with an RMSE rate of O(

√
d1/nd2) no

matter how large d2 is. One could hope that this rate holds for Θ1 even when Θ2 is not known.
In Section 4, we show a new lower bound for the matrix normal model that implies this better
rate cannot hold. Thus, for d2 > nd1, it is impossible to estimate Θ1 as well as one could if
Θ2 were known. Note that in this regime there is no hope of recovering Θ2 even if Θ1 is
known. As the random variable Yi obtained by ignoring all but d ′

2 ≈ nd1 columns of each
Xi is distributed according to the matrix normal model with covariance matrix Σ1 ⊗ Σ′

2 for
some Σ′

2 ∈ PD(d ′
2), the MLE for Y obtains a matching upper bound.

COROLLARY 1.12 (Estimating only Θ1). There is a universal constant C > 0 with
the following property. Let Θ1 ∈ PD(d1), Θ2 ∈ PD(d2), X be distributed according to
𝒩 (0,Θ−1

1 ⊗ Θ−1
2 ), and suppose that 1 < d1 ≤ d2 and t ≥ 1. Let Y = (Y1, . . . , Yn) be the

random variable obtained by removing all but

d ′
2 = min

{︃
d2,

nd1

C max{logn, t2 log2 d1}
}︃

columns of Xi for each i ∈ [n]. Then the MLE ˆ︁Θ = ˆ︁Θ1 ⊗ ˆ︁Θ2 for Y satisfies

dop(ˆ︁Θ1,Θ1) = O

(︃
t

√︄
d1

nd ′
2

logd1

)︃
,

with probability 1 − e−Ω(d1t
2). This rate is tight up to factors of logd1 and t2 log2 d1.
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TABLE 1
Worst-case sample requirements and error rates of estimators

Work Setting Sample threshold Error rate (above sample threshold)

[21], Theorem 3 general,
k = 2

max{1, κ2

d
}κ2 min{κ, d}d logd

∥Θ̂(3)−Θ∥F∥Θa∥op
≲ κ2

√︃
d2 logd

n

[21], Theorem 4 s ≲ d,
k = 2

max{1, κ2

d
}κ2 min{κ, d} logd

∥Θ̂−Θ∥F∥Θ∥op
≲ κ2

√︂
d logd

n

[25], Theorem 3.1 k = 2,
s ≤ d2

max
{︃

1, κ2

d

}︃
κ2 min{κ, d} (s+1) logd

d

∥Θ̂−Θ∥op
∥Θ∥op

≲ κ2
√︂

(s+1) logd
n

[15] k ≥ 2
s ≤ d2

k2(min{κ, d})k−1 max{1, κ2

d
}κ2 (s+d) logd

dk−1
∥Θ̂a−Θa∥F∥Θa∥F

≲ κ

√︃
d(s+d) logd

ndk

Theorem 1.11 general,
k = 2

log2 d dop(Θ̂a,Θa) ≲
√︃

log2 d
n

Theorem 1.10 general,
k ≥ 3

k2d3

dk dFR(Θ̂a,Θa) ≲
√︃

kd3

ndk

Table 1 provides a high-level comparison of the above results and previous works. For
clarity, we consider the simplified setting where all dimensions of the Kronecker factors
are equal to d , all precision matrices are sparse with row sparsity r (which implies total
sparsity s ≤ rd), and all condition numbers of precision factors are upper bounded by κ .
A detailed comparison with all relevant parameters can be found in [10], Tables B.3 and B.4.

As can be seen from the table, our sample threshold and error rates are independent of
condition number factors, and our error measures dFR and dop are tighter than those used in
previous works, as can be seen in [10], Remark A.4, and [10], Proposition A.8. While prior
works are able to give improved guarantees for sparse inputs, we note that they also have
polynomial dependence on condition number. This becomes significant even for moderate
values of condition number (e.g., κ = d2), and so our estimator gives improved guarantees in
the most general setting.

The table above has simplified and crude upper bounds. These can be improved by con-
sidering more precise quantities of each covariance. We give more detailed bounds in the
Supplementary Material and omit the exact results, which the reader can find in the cited
works directly.

1.3. Results on the flip-flop algorithm for MLE estimation. The MLEs for the matrix and
tensor normal models can be computed by a natural iterative procedure that is known as the
flip-flop algorithm. In Algorithm 1 below, we describe it for the matrix normal model (k = 2),
where the samples xi can be viewed as d1 × d2 matrices Xi . The general flip-flop algorithm
is described in Algorithm 2 in Section 5.

We can motivate the flip-flop algorithm by noting that if in the first step we already have
Θ2 = Θ2 (the true precision factor), then 1

nd2

∑︁n
i=1 XiΘ2X

T
i is simply a sum of outer prod-

ucts of nd2 many independent random vectors with covariance Σ1 = Θ−1
1 ; as such the inverse

of the sample covariance would be a good estimator for Θ1. As we do not know Θ2, the flip-
flop algorithm instead uses Θ2 as our current best guess, with the hope that each iteration will
improve the next guess.

For the general tensor normal model (Algorithm 2), in each step the flip-flop algorithm
chooses one of the dimensions a ∈ [k] and uses the ath flattening of the samples xi (which
are just Xi and XT

i in the matrix case) to update Θa .
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Input: Samples X = (X1, . . . ,Xn), where Xi ∈ℝ
d1×d2 , initial guess ˜︁Θ ∈ ℙ. Parameters T ∈ℕ and δ > 0.

Output: An estimate Θ = Θ1 ⊗ Θ2 ∈ ℙ of the MLE.
Algorithm:

1. Set Θ1 = ˜︁Θ1 and Θ2 = ˜︁Θ2.

2. For t = 1, . . . , T , repeat the following:

• If t is odd, set a = 1 and Υ = 1
nd2

∑︁n
i=1 XiΘ2XT

i . If t is even, set a = 2 and Υ = 1
nd1

∑︁n
i=1 XT

i Θ1Xi .

• If t > 1 and ∥∇afx(Θ)∥F ≤ δ, return Θ

• Update Θa ← Υ−1

ALGORITHM 1. Flip-flop algorithm for the matrix normal model.

The advantage of flip-flop over other estimators are twofold: it directly converges to the
MLE, as opposed to regularization approaches that trade-off accuracy for speed; and it has
small iteration complexity. Each iteration of flip-flop is extremely fast to compute (one matrix
inversion), whereas (most) other works have expensive complexity per iteration (solving a
convex program). See details in [10], Section B.5.

Our next results show that the flip-flop algorithm can efficiently compute the MLE when
the hypotheses of Theorem 1.10 or Theorem 1.11 hold. We state our result for the tensor
normal model and then give an improved version for the matrix normal model.

THEOREM 1.13 (Tensor normal flip-flop). There are universal constants C,c, c1, c2 > 0
such that the following holds. Suppose x = (x1, . . . , xn) are n ≥ Ck2d3

max/D independent
samples from 𝒩 (0,Θ−1), where Θ = Θ1 ⊗ · · · ⊗ Θk . Then, with probability at least

1 − k e
−c1

nD

k2d2
max − k2

(︃ √
nD

kdmax

)︃−c2dmin

,

the MLE ˆ︁Θ exists, and for any 0 < δ < c√
(k+1)dmax

, the number of iterations T needed for

Algorithm 2 to output Θ with dFR(Θa, ˆ︁Θa) ≤ √
2da · δ for all a ∈ [k], is:

1. when the initial guess is ˜︁Θ with ∇0fx(˜︁Θ) = 0,

T = O

(︃
k2dmax · dop(˜︁Θ, ˆ︁Θ) + k log

1

δ

)︃
2. when the initial guess is ˜︁Θ with ∇0fx(˜︁Θ) = 0 and dop(˜︁Θ, ˆ︁Θ) = O( 1

kdmax
),

T = O

(︃
k log

(︃√
kdmax · dop(˜︁Θ, ˆ︁Θ)

δ

)︃)︃
= O

(︃
k log

1

δ

)︃
3. without any initial guess (and starting from 1

fx(ID)
· ID),

T = O

(︃
k2dmax

(︁
1 + logκ(Θ)

)︁ + k log
1

δ

)︃
THEOREM 1.14 (Matrix normal flip-flop). There are universal constants C,c, c1 > 0

such that the following holds. Let 1 < d1, d2. Suppose x1, . . . , xn ∈ℝ
d1d2 are

n ≥ C
dmax

dmin
max

{︁
logdmax, log2 dmin

}︁
independent samples from 𝒩 (0, (Θ1 ⊗ Θ2)

−1). With probability at least 1 −
exp(− c1·nd2

min
dmax log2 dmin

), the MLE ˆ︁Θ exists, and for every 0 < δ < c√
dmax

, the number of iterations
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TABLE 2
Performance of estimators without any assumptions, from initial guess ˜︁Θ

Work Setting Main subroutine

[21], Theorem 3 k = 2, general matrix inversion
[21], Theorem 4 k = 2, sa ≲ da convex program
[25], Theorem 3.1 k = 2, general sa convex program
[25], Theorem 3.3 k = 2, rs,a ≲

√
da linear program

[24] k ≥ 4, general rs,a truncated gradient descent
[15] k ≥ 2, general sa convex program
Theorems 1.13 and 1.14 k ≥ 2 matrix inversion

T needed for Algorithms 1 and 2 to output Θ with dFR(Θa, ˆ︁Θa) = O(
√

daδ) for a ∈ {1,2},
is:

1. when the initial guess is ˜︁Θ with ∇0fx(˜︁Θ) = 0,

T = O

(︃
dmax · dop(˜︁Θ, ˆ︁Θ) + log

1

δ

)︃
2. when the initial guess is ˜︁Θ with ∇0fx(˜︁Θ) = 0 and dop(˜︁Θ, ˆ︁Θ) = O( 1

dmax
),

T = O

(︃
log

(︃√
dmax · dop(˜︁Θ, ˆ︁Θ)

δ

)︃)︃
= O

(︃
log

1

δ

)︃
3. without any initial guess (and starting from 1

fx(ID)
· ID),

T = O

(︃
dmax

(︁
1 + logκ(Θ1 ⊗ Θ2)

)︁ + log
1

δ

)︃
Plugging in the error rates for the MLE from Theorems 1.10 and 1.11 into Theorems 1.13

and 1.14 (with t = 1) shows that the output of the flip-flop algorithm with O(k2dmax(1 +
logκ(Θ))+k log(n)) iterations is an efficiently computable estimator with the same statistical
guarantees as we have shown for the MLE.

Table 2 summarizes the iteration complexity of previous works and of the above theorems,
in the most general setting where one is not given any assumptions about the initial guess. We
give a detailed comparison of performance in [10], Section B. Note that, while the number
of iterations of the flip-flop algorithm is larger than in previous works, each iteration is much
faster in our case (matrix inversion) than in previous works (which need to solve a convex
program). This justifies the better performance of flip-flop in practical settings.

A key contribution of this work is that our estimator, the MLE, is well-defined indepen-
dent of any additional information. In particular, we have decoupled our sample complexity
analysis from the algorithmic analysis of our estimator. Thus, our initial guess assumption
only affects the runtime of the algorithm, and not the sample complexity.

In the above, we see that the iteration complexity of the flip-flop algorithm depends on the
condition number of the precision matrix, when we do not have any assumption on the initial
guess (case 3 in Theorems 1.13 and 1.14). However, if we assume that we have an initial
guess which is “close to the true precision matrix” (case 2) we show that Algorithms 1 and 2
achieve much faster convergence to the MLE. Note that we state in the above theorems that
the initial guess is close enough to the MLE, but in the sample regimes of the above theorems,
Theorems 1.10 and 1.11 tell us that the MLE is very close to the true precision matrix. This
allows us to do a full comparison between the performance of flip-flop and other proposed
estimators in several previously considered settings. For details, see [10], Section B.5.
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2. Geodesic convexity, sample complexity and error bounds. We now explain how
we use geodesic convexity, following a strategy similar to [11], to prove Theorem 1.10. The
detailed proofs of all results in this section can be found in [10], Section D.

2.1. Geodesic convexity. The negative log-likelihood for the tensor normal model, that
is, equation (1.4), is an optimization problem over the parameter space ℙ, which is a subset of
the space PD(D) of positive-definite real symmetric D × D matrices. As we have discussed
in the previous section, we will consider the Riemannian metric on PD(D) that arises from
the Fisher information metric on centered Gaussians parametrized by their covariance matri-
ces [20].5 When we endow PD(D) with this metric, we see that the geodesics starting at a
point Θ ∈ PD(D) are of the form t ↦→ Θ1/2eHtΘ1/2 for t ∈ ℝ and a symmetric matrix H .
Moreover, if A is an invertible matrix, the transformation Θ ↦→ AΘAT is an isometry with
respect to this metric, that is, it preserves the geodesic distance. This invariance is natural and
desirable, as changing a pair of precision matrices in this way does not change the statistical
relationship between the corresponding Gaussians; in particular the total variation distance,
Fisher–Rao distance, and Kullback–Leibler divergence are unchanged.

Another very useful property is that our domain ℙ is a totally geodesic submanifold of
PD(D): for any two points A,B ∈ ℙ, the entire geodesic between A and B remains in our
domain ℙ. Thus, the negative log-likelihood is truly an optimization problem over the Rie-
mannian manifold ℙ under the Fisher information metric.

As ℙ is a totally geodesic submanifold of PD(D), the invariance properties described above
for PD(D) are directly inherited by ℙ. The manifold ℙ carries a natural action by the group

𝔾 = {︁
A = A1 ⊗ · · · ⊗ Ak : Aa ∈ GL(da)

}︁
.

Namely, if Θ ∈ ℙ and A ∈ 𝔾 then AΘAT ∈ ℙ. Thus, as discussed above, the map Θ ↦→
AΘAT is an isometry of the Riemannian manifold ℙ, thereby preserving statistical relation-
ship between the corresponding Gaussians.

As observed by [23], the negative log-likelihood function (equation (1.4)) is convex when
restricted to geodesics of the Fisher information metric. In other words, the negative log-
likelihood is geodesically convex on our manifold ℙ. To see this fact, we will now formally
describe the structure of the manifold ℙ and define geodesic convexity.

In the manifold ℙ, the tangent space at any point Θ ∈ ℙ is given by

𝔭 :=
{︄

k∑︂
i=1

Id1 ⊗ · · · ⊗ Idi−1 ⊗ log(Γi) ⊗ Idi+1 ⊗ · · · Idk

⃓⃓⃓⃓
Θ1/2ΓΘ1/2 ∈ ℙ

}︄

which can be identified with the real vector space

ℍ = {︁
(H0;H1, . . . ,Hk) : H0 ∈ ℝ,Ha a symmetric traceless da × da matrix ∀a ∈ [k]}︁,

equipped with the following inner product and norm:

⟨H,K⟩ := H0K0 +
k∑︂

a=1

TrHT
a Ka, ∥H∥F := ⟨H,H ⟩1/2.

The direction (1;0, . . . ,0) changes Θ by an overall scalar, and tangent directions sup-
ported only in the ath component for a ∈ [k] only change Θa (subject to its determinant stay-
ing fixed). In order to make this inner product agree with the natural Frobenius inner product
on the tangent space 𝔭, we parametrize the exponential map as in the following definition.

5This is the same as the metric arising from the Hessian of the log-determinant [2], Chapter 6.
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DEFINITION 2.1 (Exponential map and geodesics). The exponential map expΘ : ℍ → ℙ

at Θ = Θ1 ⊗ · · · ⊗ Θk ∈ ℙ is defined by

expΘ(H) = eH0 · (︁Θ1/2
1 e

√
d1H1Θ

1/2
1

)︁ ⊗ · · · ⊗ (︁
Θ

1/2
k e

√
dkHkΘ

1/2
k

)︁
.

By definition, the geodesics through Θ are the curves t ↦→ expΘ(tH) for t ∈ ℝ and H ∈ ℍ.
Up to reparameterization, there is a unique geodesic between any two points of ℙ.

The geodesics on ℙ defined above are simply the geodesics of the Fisher information
metric on PD(D), reparametrized in terms of the identification of the tangent space ℍ given
above.

We take the convention that the geodesics have unit speed if ∥H∥2
F = 1. The geodesic

distance d(Θ,Θ′) between two points Θ and Θ′ = expΘ(H) is therefore equal to ∥H∥F that
can also be computed as D−1/2∥logΘ−1/2Θ′Θ−1/2∥F , which we will take to be our notion
of geodesic distance. To summarize, we have the following.

DEFINITION 2.2 (Geodesic distance and balls). The geodesic distance d(Θ,Θ′) between
two points Θ and Θ′ of ℙ is given by

d
(︁
Θ,Θ′)︁ := 1√

D

⃦⃦
logΘ−1/2Θ′Θ−1/2⃦⃦

F =
√︄

2

D
· dFR

(︁
Θ,Θ′)︁,(2.1)

where log denotes the matrix logarithm and dFR is the Fisher–Rao distance defined in equa-
tion (1.1).

The closed (geodesic) ball of radius r > 0 about Θ is defined as

Br(Θ) = {︁
expΘ(H) : H ∈ ℍ,∥H∥F ≤ r

}︁
,

The manifold PD(D), and hence ℙ, is a Hadamard manifold, that is, a complete, simply
connected Riemannian manifold of nonpositive sectional curvature [1]. Thus, geodesic balls
are geodesically convex subsets of ℙ, that is, if γ (t) is a geodesic such that γ (0), γ (1) ∈
Br(Θ) then γ (t) ∈ Br(Θ) for all t ∈ [0,1].

The definition of geodesics yields the following notion of geodesic convexity of functions.

DEFINITION 2.3 (Geodesic convexity). Given a geodesically convex domain Γ ⊆ ℙ, a
function f is (strictly) geodesically convex on Γ if, and only if, the function t ↦→ f (γ (t)) is
(strictly) convex on [0,1] for any geodesic γ (t) with γ (0), γ (1) ∈ Γ.

The function f is λ-strongly geodesically convex if t ↦→ f (γ (t)) is λ-strongly convex
along every unit-speed geodesic γ with endpoints in Γ.

For a twice differentiable function f : ℙ → ℝ, we say that it is λ-strong geodesically con-
vex at Θ if ∂2

t=0f (expΘ(tH)) ≥ λ∥H∥2
F for all H ∈ ℍ, and we say it is λ-strong geodesically

convex on Γ if it is λ-strong geodesically convex for every Θ ∈ Γ.

EXAMPLE 2.4. It is instructive to consider the case k = 1, or ℙ = PD(D). The geodesics
through Θ are the curves t ↦→ √

Θe
√

D·Ht
√

Θ where H ∈ ℍ. As an example of a geodesically
convex function, consider the likelihood for the precision matrix of a Gaussian with data
x1, . . . , xn. Let ρ := 1

nD

∑︁
i xix

T
i denote the matrix of “second sample moments” of the data.

Then we can rewrite the objective function (1.3) as

fx(Θ) = Trρ Θ − 1

D
log detΘ.
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We claim that fx(Θ) is always geodesically convex, and in fact strictly geodesically convex
whenever ρ is invertible. Indeed,

∂2
t=0fx

(︁√
Θe

√
D·tH√

Θ
)︁ = D · Tr

√
Θρ

√
ΘH 2 ≥ 0

with strict inequality whenever ρ is invertible (and H nonzero).

The computation in the example easily generalizes to the tensor normal model, which
allows us to prove geodesic convexity of the negative log-likelihood function in our setting.

We now formally define the Riemannian gradient and Hessian.

DEFINITION 2.5 (Gradient and Hessian). Let f : ℙ→ ℝ be a differentiable function and
Θ ∈ ℙ. The (Riemannian) gradient ∇f (Θ) is the unique element in ℍ such that

⟨∇f (Θ),H ⟩ = ∂t=0f
(︁
expΘ(tH)

)︁ ∀H ∈ ℍ.

If f is twice-differentiable, the (Riemannian) Hessian ∇2f (Θ) is the unique linear operator
on ℍ such that

⟨H,∇2f (Θ)K⟩ = ∂s=0∂t=0f
(︁
expΘ(sH + tK)

)︁ ∀H,K ∈ ℍ.

We abbreviate ∇f = ∇f (ID) and ∇2f = ∇2f (ID) for the gradient and Hessian, respec-
tively, at the identity matrix, and we write ∇af and ∇2

abf for the components. As block
matrices,

∇f =

⎡⎢⎢⎢⎣
∇0f

∇1f
...

∇kf

⎤⎥⎥⎥⎦ , ∇2f =

⎡⎢⎢⎢⎢⎣
∇2

00f ∇2
01f . . . ∇2

0kf

∇2
10f ∇2

11f . . . ∇2
1kf

...
...

. . .
...

∇2
k0f ∇2

k1f . . . ∇2
kkf

⎤⎥⎥⎥⎥⎦ .

Here, ∇0f ∈ ℝ and each ∇af (Θ) is a da × da traceless symmetric matrix. Similarly,
for a, b ∈ [k] (i.e., for the blocks of the submatrix to the lower-right of the lines) the com-
ponents ∇2

abf (Θ) of the Hessian are linear operators from the space of traceless symmetric
db × db matrices to the space of traceless symmetric da × da matrices, while ∇a0f is a linear
operator from ℝ to the space of traceless symmetric da × da matrices (hence can itself be
viewed as such a matrix), ∇0af is the adjoint of this linear operator, and ∇2

00f (Θ) is a real
number.

We note that the Hessian is symmetric with respect to the inner product ⟨·, ·⟩ on ℍ. Just
like in the Euclidean case, the Hessian is convenient to characterize strong convexity. Indeed,
⟨H,∇2f (Θ)H ⟩ = ∂2

t=0f (expΘ(tH)) for all H ∈ ℍ. Thus, f is geodesically convex if and
only if the Hessian is positive semidefinite, that is, ∇2f (Θ) ⪰ 0. Similarly, f is λ-strongly
geodesically convex if and only if ∇2f (Θ) ⪰ λIℍ, that is, the Hessian is positive definite
with eigenvalues larger than or equal to λ.

2.2. Proof outline. With the above definitions, we are able to state a proof plan for The-
orem 1.10. Proofs of all claims not proved in this subsection can be found in the Supplemen-
tary Material [10]. The proof is a Riemannian version of the standard approach using strong
convexity, and it goes by the following steps:

1. Reduce to identity: We can obtain n independent samples from 𝒩 (0,Θ−1) as
x′
i = Θ−1/2xi , where x1, . . . , xn are distributed as n independent samples from 𝒩 (0, ID).

By equivariance of the likelihood function, the MLE ˆ︁Θ(x′) for the former is exactly
Θ1/2ˆ︁Θ(x)Θ1/2. By invariance of the Fisher–Rao metric, dFR(ˆ︁Θ(x′),Θ) = dFR(ˆ︁Θ(x), ID);
the same is true for dop. This shows that to prove Theorem 1.10 it is enough to consider the
case that Θ = ID , that is, the standard Gaussian.
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2. Bound the gradient: Show that the gradient ∇fx(ID) is small with high probability.
3. Strong convexity: with high probability, fx is Ω(1)-strongly geodesically convex near I .

These together imply the desired sample complexity bounds—as in the Euclidean case,
strong convexity in a suitably large ball about a point with small gradient implies the opti-
mizer cannot be far. Since in step 2 we show that the gradient at the true covariance is small,
our approach will prove that the optimizer (i.e., the MLE) is not far from the true covariance.

We begin by formally stating the fact given in step 1, as we will use it in later sections.

FACT 2.6. Let x := (x1, . . . , xn) be a tuple of n independent samples of 𝒩 (0, ID), and
x′
i := Θ−1/2xi be the corresponding samples of 𝒩 (0,Θ−1), with x′ := (x′

1, . . . , x
′
n). If ˆ︁Θ(x),ˆ︁Θ(x′) are the MLE’s for the samples x, x′, respectively, then ˆ︁Θ(x′) = Θ1/2ˆ︁Θ(x)Θ1/2.

Thus, dFR(ˆ︁Θ(x′),Θ) = dFR(ˆ︁Θ(x), ID) and dop(ˆ︁Θ(x′),Θ) = dop(ˆ︁Θ(x), ID).

The following lemma shows that strong convexity in a ball about a point where the gradient
is sufficiently small implies the optimizer cannot be far. This lemma thus ensures that if we
prove steps 2 and 3, then Theorem 1.10 follows.

LEMMA 2.7. Let f : ℙ → ℝ be geodesically convex and twice differentiable. Let Θ ∈ ℙ

be such that ∥∇f (Θ)∥F ≤ δ, and f is λ-strongly geodesically convex in a ball Br(Θ) of ra-
dius r > 2δ

λ
. Then the sublevel set {Υ ∈ ℙ : f (Υ) ≤ f (Θ)} is contained in the ball B2δ/λ(Θ),

f has a unique minimizer ˆ︁Θ, where ˆ︁Θ ∈ Bδ/λ(Θ), and f (ˆ︁Θ) ≥ f (Θ) − δ2

2λ
.

Hence, we now need to carry out steps 2 and 3 in the plan above.

2.3. Bounding the gradient. Proceeding as step 2 of the plan from Section 2.2, we now
compute the gradient of the objective function and bound it using matrix concentration re-
sults.

To calculate the gradient, we need a definition from linear algebra. Recall that our data
comes as an n-tuple x = (x1, . . . , xn) of k-tensors. As in Example 2.4, let ρ := 1

nD

∑︁
i xix

T
i

denote the “second sample moments,” and rewrite the objective function (1.3) as

fx(Θ) = Trρ Θ − 1

D
log detΘ.(2.2)

We may also consider the “second sample moments” of a subset of the coordinates J ⊆ [k].
For this, the following definition is useful.

DEFINITION 2.8 (Partial trace). Let ρ be an operator on ℝ
d1 ⊗ · · · ⊗ ℝ

dk , and J ⊆ [k]
an ordered subset. Define the partial trace ρ(J ) as the dJ × dJ -matrix, where dJ = ∏︁

a∈J da ,
that satisfies the property that

Trρ(J )H = Trρ H(J)(2.3)

for any dJ × dJ matrix H , where H(J) denotes the operator on ℝ
d1 ⊗ · · · ⊗ ℝ

dk that acts
as H on the tensor factors labeled by J (in the order determined by J ) and as the identity
on the rest. This property uniquely determines ρ(J ). We write ρ(a) and ρ(ab) if J = {a}
and J = {a, b}, respectively.

If ρ is positive (semi)definite then so is ρ(J ). Moreover, Trρ = Trρ(J ) and (ρ(J ))(K) =
ρ(K) for K ⊆ J . Concretely, the partial trace ρ(J ) can be computed analogously to the dis-
cussion in Section 1.1: “flatten” the data x by regarding it as a dJ × NJ matrix x(J ), where
NJ = nD

dJ
; then ρ(J ) = 1

nD
x(J )(x(J ))T . The gradient can be readily computed in terms of

partial traces.
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LEMMA 2.9 (Gradient). Let ρ = 1
nD

∑︁n
i=1 xix

T
i . Then the components of the gradi-

ent ∇fx at the identity are given by

∇afx = √︁
da

(︃
ρ(a) − Trρ

da

Ida

)︃
for a ∈ [k],(2.4)

∇0fx = Trρ − 1.(2.5)

REMARK 2.10 (Gradient at other points from equivariance). In the previous lemma, we
only computed the gradient at the identity. However, this is without loss of generality, since
from the calculations above one easily obtains ∇fx(Θ) = ∇fΘ1/2x(I ). That is, the gradi-
ent ∇fx(Θ) is given by Eqs. (2.4) and (2.5) with ρ replaced by Θ1/2ρ Θ1/2.

Having calculated the gradient of the objective function, we are ready to state our bounds
on the norm of the gradient, as outlined in step 2 of Section 2.2.

PROPOSITION 2.11 (Gradient bound). Let x = (x1, . . . , xn) consist of independent stan-

dard Gaussian random variables in ℝ
D . Suppose that 0 < ε < 1 and n ≥ d2

max
Dε2 . Then the

following occurs with probability at least 1 − 2(k + 1)e−ε2nD/(8dmax):

∥∇afx∥op ≤ 9ε√
da

for all a ∈ [k],

|∇0fx | ≤ ε.

As a consequence, ∥∇fx∥2
F ≤ (1 + 81k)ε2 ≤ 82kε2.

2.4. Strong convexity from expansion. In this section, we establish our strong convex-
ity result, step 3 of the plan from Section 2.2, in Proposition 2.18. The proposition states
that, with high probability, fx is strongly convex near the identity. We will prove it by first
establishing strong convexity at the identity using quantum expansion techniques (Propo-
sition 2.17), and then (in the Supplementary Material) we bound how the Hessian changes
away from the identity; see [10], Lemma D.3. We then combine these results to prove Propo-
sition 2.18.

Similar to our gradient calculations, we compute the components of the Hessian in terms
of partial traces, but now we also need to consider two coordinates at a time.

LEMMA 2.12 (Hessian). Let ρ = 1
nD

∑︁n
i=1 xix

T
i . Then the components of the Hes-

sian ∇2fx at the identity are given by

⟨H,
(︁∇2

aafx

)︁
H ⟩ = da Trρ(a)H 2,

⟨H,
(︁∇2

abfx

)︁
K⟩ = √︁

dadb Trρ(ab)(H ⊗ K)

for all a ≠ b ∈ [k] and traceless symmetric da × da matrices H , db × db matrices K and

∇2
0afx ˆ︁=√︁

da

(︃
ρ(a) − Trρ

da

Ida

)︃ˆ︁= ∇2
a0fx

(︁∀a ∈ [k])︁,
∇2

00fx = Trρ.

Here, we use the conventions from Definition 2.5. In particular, we identify ∇2
a0fx , which

is a linear operator from ℝ to the traceless symmetric matrices, with a traceless symmetric
matrix, and similarly for its adjoint ∇2

0afx . The notation ˆ︁= reminds us of these identifications.
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REMARK 2.13 (Hessian at other points from equivariance). Analogously to Remark 2.10,
we can compute the Hessian at other points using ∇2fx(Θ) = ∇2fΘ1/2x . That is, the Hes-
sian ∇2fx(Θ) is given by Lemma 2.12 with ρ replaced by Θ1/2ρ Θ1/2.

The most interesting part of the Hessian are the off-diagonal components for a ≠ b ∈ [k],
which up to a multiplicative factor

√
dadb can be seen as the restrictions of the linear maps

Φ(ab) : Mat(db) → Mat(da) given by ⟨H,Φ(ab)(K)⟩ = Trρ(ab)(H ⊗ K)(2.6)

to the traceless symmetric matrices. Equation (2.6) is a special case of a completely positive
map, which is a linear map of the form

ΦA : Mat(db) → Mat(da), ΦA(Z) =
N∑︂

i=1

AiZAT
i(2.7)

for da × db matrices A1, . . . ,AN . Completely positive maps are quantum analogues of non-
negative matrices. To see that Φ(ab) is completely positive, note that since ρ(ab) is positive
semidefinite, it can be written in the form

∑︁N
i=1 vec(Ai)vec(Ai)

T ; then Φ(ab) = ΦA follows.
The matrices A1, . . . ,AN are known as Kraus operators. Equation (2.7) can also be written
as

vec
(︁
ΦA(Z)

)︁ =
N∑︂

i=1

(Ai ⊗ Ai)vec(Z).(2.8)

Let Φ∗ : Mat(da) → Mat(db) be the adjoint of a completely positive map Φ with respect
to the Hilbert–Schmidt inner product; this is again a completely positive map, with Kraus
operators AT

1 , . . . ,AT
N . In our proof of strong convexity, we will show that strong convexity

follows if the completely positive maps Φ(ab) are good quantum expanders. Quantum ex-
pansion is a quantum analogue of expansion of a nonnegative matrix viewed as a bipartite
graph.

DEFINITION 2.14 (Quantum expansion). Let Φ : Mat(db) → Mat(da) be a completely
positive map. Say Φ is ε-doubly balanced if⃦⃦⃦⃦

Φ(Idb
)

TrΦ(Idb
)

− Ida

da

⃦⃦⃦⃦
op

≤ ε

da

and
⃦⃦⃦⃦

Φ∗(Ida )

TrΦ∗(Ida )
− Idb

db

⃦⃦⃦⃦
op

≤ ε

db

.(2.9)

The map Φ is an (ε, η)-quantum expander if Φ is ε-doubly balanced and

∥Φ∥0 := max
H∈Mat(da)

traceless symmetric

max
K∈Mat(db)

traceless symmetric

⟨H,Φ(K)⟩
∥H∥F ∥K∥F

≤ η
TrΦ(Idb

)√
dadb

.(2.10)

A (0, η)-quantum expander is called a η-quantum expander.

Quantum expanders originate in quantum information theory and quantum computa-
tion [13]. There one typically takes da = db and ε = 0, so that equation (2.10) simplifies
to ∥Φ∥0 ≤ η. Here, we follow the definitions of [11, 14], who recognized the connection
between quantum expansion and spectral gaps of the Hessian for operator scaling.6 The fol-
lowing lemma allows us to translate quantum expansion properties into strong convexity.

6Definition 2.14 is invariant under rescaling Φ ↦→ cΦ for c > 0. We note that some of the above can be slightly
simplified if one opts for a nonscale invariant definition.
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LEMMA 2.15 (Strong convexity from expansion). If the completely positive maps Φ(ab)

defined in equation (2.6) are (ε, η)-quantum expanders for every a ≠ b ∈ [k], then⃦⃦⃦⃦∇2fx

Trρ
− Iℍ

⃦⃦⃦⃦
op

≤ (k − 1)η + (
√

k + 1)ε.

Assuming k ≥ 3, the right-hand side is at most k(η + ε).

We are concerned with Φ(ab) that arise from random Gaussians. Just like random graphs
give rise to good expanders, random completely positive maps (choosing Kraus operators at
random from well-behaved distributions) yield good quantum expanders. When the Kraus
operators are standard Gaussians, we have the following result by [18, 19].7

THEOREM 2.16 (Pisier). Let A1, . . . ,AN be independent da × db random matrices with
independent standard Gaussian entries. Then, for every t ≥ 2, with probability at least 1 −
t−Ω(da+db), the completely positive map ΦA, defined as in equation (2.7), satisfies

∥ΦA∥0 ≤ O
(︁
t2

√
N(da + db)

)︁
.

PROOF. Observe that

∥ΦA∥0 = max
H traceless symmetric

∥H∥F =1

⃦⃦
Φ(H)

⃦⃦
F ≤ max

H∈Mat(db)∥H∥F =1

⃦⃦
Φ

(︁
Π(H)

)︁⃦⃦
F = ∥Φ ◦ Π∥op.

Here, we identify Mat(db) ∼= ℝ
db ⊗ℝ

db , so Π identifies with the orthogonal projection onto
the traceless matrices, and we used that ∥Π(H)∥F ≤ ∥H∥F , since Π is an orthogonal projec-
tion. Using equation (2.8), the result now follows from [10], Theorem C.1, with n = da and
m = db. □

When the samples x = (x1, . . . , xn) are independent standard Gaussians in ℝ
D , the ran-

dom completely positive maps Φ(ab) have the same distribution as 1
nD

ΦA, where the Kraus
operators A1, . . . ,AN are da × db matrices with independent standard Gaussian entries
and N = nD

dadb
. Accordingly, strong convexity at the identity follows quite easily from Theo-

rem 2.16 once doubly balancedness can be controlled. For the latter, observe that⃦⃦⃦⃦
Φ(ab)(Idb

)

TrΦ(ab)(Idb
)

− Ida

da

⃦⃦⃦⃦
op

= 1

Trρ

⃦⃦⃦⃦
ρ(a) − Trρ

da

Ida

⃦⃦⃦⃦
op

= 1

1 + ∇0fx

1√
da

∥∇afx∥op,

by Lemma 2.9, and similarly for the adjoint. Therefore, the completely positive maps Φ(ab)

are ε-doubly balanced if and only if, for all a ∈ [k],√︁
da∥∇afx∥op ≤ ε Trρ = (1 + ∇0fx)ε,(2.11)

hence double balancedness can be controlled using the gradient bounds in Proposition 2.11.
Using Theorem 2.16, we can prove the following strong convexity result at the identity.

PROPOSITION 2.17 (Strong convexity at identity). There is a universal constant C > 0
such that the following holds. Let x = (x1, . . . , xn) be independent standard Gaussian random

variables in ℝ
D , where n ≥ Ck

d2
max
D

. Then, with probability at least 1 − k2(
√

nD
kdmax

)−Ω(dmin),⃦⃦∇2fx − Iℍ
⃦⃦

op ≤ 1

4
;

in particular, fx is 3
4 -strongly convex at the identity.

7Pisier’s technical result is slightly different. We state and prove our variant of Pisier’s theorem in [10], Theo-
rem C.1, in the Supplementary Material.
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We also prove a robustness result for the Hessian ([10], Lemma D.3), which implies that
when our function is strongly convex at the identity then it is also strongly convex in an
operator norm (Thompson metric—the dop defined in Definition 1.1) ball about the identity.
Accordingly, we obtain the following proposition.

PROPOSITION 2.18 (Strong convexity near identity). There are constants C,c > 0 such
that the following holds. Let x = (x1, . . . , xn) be independent standard Gaussian random

variables in ℝ
D , where n ≥ Ck

d2
max
D

. Then, with probability at least 1− k2(
√

nD
kdmax

)−Ω(dmin), the

function fx is 1
2 -strongly convex at any point Θ ∈ ℙ such that dop(Θ, ID) ≤ c.

While Proposition 2.18 uses dop to quantify closeness, we can easily translate it into a
statement in terms of the geodesic distance. Namely, under the same hypotheses fx is 1

2 -
strongly convex on the geodesic ball Br(ID) of radius r = c/

√
(k + 1)dmax, where c > 0 is

the universal constant from Proposition 2.18. This follows from the following lemma.

LEMMA 2.19. For any Θ ∈ ℙ, we have dop(Θ, ID) ≤ √
(k + 1)dmax · d(Θ, ID).

2.5. Tensor normal model: Sample complexity and error bounds. We have all ingredients
to prove Theorem 1.10 according to the plan in Section 2.2. Since the objective is strongly
convex and its gradient is small with high probability, Lemma 2.7 implies the next result,
which bounds the geodesic distance between the MLE and the true precision matrix.

PROOF OF THEOREM 1.10. By Fact 2.6, we may prove the theorem assuming Θ = ID .
Assuming this, we now show that the minimizer of fx is unique and is close to Θ = ID with

high probability. Recall from equation (1.5) that n ≥ Ck2 d3
max
D

t2.
Let c > 0 be the constant from Proposition 2.18. Consider the two events:

1. ∥∇fx∥F ≤ δ := √
82k dmax√

nD
t .

2. fx is λ-strongly convex over Br(ID), where λ = 1
2 and r := c√

(k+1)dmax
.

By our choice of parameters, where C is a large enough constant, we have

δ√
82k

< 1, n ≥ d2
max

D( δ√
82k

)2
, n ≥ Ck

d2
max

D
and r >

2δ

λ
.

Thus, Proposition 2.11, with ε = δ√
82k

, applies and it shows that the first event holds up to
a failure probability of at most

2(k + 1)e
−( δ√

82k
)2 nD

8dmax = ke−Ω(t2dmax).

Moreover, Proposition 2.18 and Lemma 2.19 also apply, showing that the second event holds
up to a failure probability of at most

k2
(︃ √

nD

kdmax

)︃−Ω(dmin)

.

By the above and the union bound, both events hold simultaneously with the claimed success
probability. Thus, as the above two events hold, Lemma 2.7 applies (with our choice of δ

and λ) and shows that the MLE ˆ︁Θ exists, is unique, and satisfies d(ˆ︁Θ,Θ) ≤ δ
λ

= 2δ.
Since d(ˆ︁Θa,Θa) ≤ d(ˆ︁Θ,Θ), by the relationship between geodesic distance and Fisher–

Rao distance, we get

dFR(ˆ︁Θ,Θ) =
√︄

D

2
· d(ˆ︁Θ,Θ) and dFR(ˆ︁Θa,Θa) ≤

√︄
da

2
· d(ˆ︁Θa,Θa) ≤

√︄
da

2
· d(ˆ︁Θ,Θ),

which imply the desired distance bounds. □
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3. Matrix normal model: Improved sample complexity and error bounds. We can
prove a stronger result for the matrix normal model (k = 2). Theorem 1.11 improves over
Theorem 1.10 in the following aspects:

1. it works over a better (i.e., smaller) sample threshold,
2. we obtain tight error bounds for the individual factors in spectral distance dop,
3. the failure probability is inverse exponential in the number of samples.

Recall that when k = 2, the samples can be viewed as d1 × d2-matrices, denoted by Xi .
From the samples, we construct the completely positive map ΦX : Mat(d2) → Mat(d1) de-
fined as ΦX(Z) := ∑︁n

i=1 XiZXT
i . The above improvements come from working directly with

quantum expansion, via the spectral gap of the completely positive map ΦX , instead of trans-
lating it into strong convexity.

One of our main technical results is the following theorem, which shows that the expansion
parameter of the map can be made constant with exponentially small failure probability.

THEOREM 3.1 (Improved expansion). There are universal constants C > 0 and η ∈
(0,1) such that the following holds. For d1 ≤ d2, d2 > 1, let X = (X1, . . . ,Xn) be random
d1 ×d2 matrices with independent standard Gaussian entries, where n ≥ C d2

d1
max{logd2, t

2}
and t ≥ 1. Then ΦX is a (t

√︂
d2
nd1

, η)-quantum expander with probability at least 1−e−Ω(d2t
2).

We prove Theorem 3.1 in [10], Section C.2, by the use of Cheeger’s inequality. Our tech-
niques are similar to the ones used in [11].8

To obtain our error bounds, we combine the above result on the quantum expansion with
the work of [14], which gives us bounds in operator norm on how far the MLE is from our
true precision matrices as a function of the expansion.

The above takes care of aspect 1 (estimating in operator norm with a reduced sample
threshold) and aspect 3 (inverse exponential failure probability), as well as tight error bounds
on the larger Kronecker factor of the precision matrix. Now, we need to work a bit more
to get tight bounds on the smaller factor of the precision matrix. To get a better control on
the smaller factor, the idea is to apply one step of the flip-flop algorithm to “renormalize” the
samples such that the second (larger-dimensional) partial trace is proportional to Id2 . This has
the effect of making the second component of the gradient ∇fx equal to zero. In [10], Propo-
sition E.6, we show that, even after the first step of flip-flop, the first component still enjoys
the same concentration exploited in Proposition 2.11—thus, the total gradient has become
smaller, but only the second component of the MLE estimate has changed. Thus, intuitively,
the total change in the first component will be small. Combining [10], Proposition E.6, with
[10], Lemma E.9, which shows robustness of quantum expansion, we are able to control the
quantum expansion of the new completely positive map. Hence, we are again in position to
employ [10], Corollary E.4, to get tight error bounds for the smaller Kronecker factor.

The detailed proof of Theorem 1.11 and the necessary claims are given in [10], Section E.

4. Lower bounds. In this section, we prove new lower bounds for estimating precision
matrices in the matrix and tensor normal models. Proofs of all claims not proved in this
section can be found in the Supplementary Material [10], Section F. We begin by stating a
well-known lower bound for estimating unstructured precision matrices (the case k = 1).

8Theorem 3.1 also improves our result on strong convexity (Propositions 2.17 and 2.18) for k = 2. Indeed, for

k = 2, using Theorem 3.1 in place of Theorem 2.16 improves the failure probability to 1−e−Ω(d2t
2). However, we

cannot use this to improve our results for k ≥ 3 because Theorem 3.1 is not capable of proving subconstant quan-
tum expansion. We need quantum expansion less than 1/(k − 1) to obtain a nontrivial result from Lemma 2.15.
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PROPOSITION 4.1 (Lower bound for unstructured Gaussians). There is c > 0 such that
the following holds. Let ˆ︁Θ be any estimator for Θ ∈ PD(d) from a tuple X of n samples from
𝒩 (0,Θ−1). Let B ⊂ PD(d) be the operator norm ball about Id of radius 1/2. Then:

1. Let δ2 = c min{1, d2

n
}. Then supΘ∈B Pr[dFR(ˆ︁Θ,Θ) ≥ δ] ≥ 1

2 .
2. Let δ2 = c min{1, d

n
}. Then supΘ∈B Pr[dop(ˆ︁Θ,Θ) ≥ δ] ≥ 1

2 .

As a consequence (see Remark 1.5), we have

sup
Θ∈B

𝔼
[︁
dFR(ˆ︁Θ,Θ)2]︁ = Ω

(︃
min

{︃
d2

n
,1

}︃)︃
and sup

Θ∈B

𝔼
[︁
dop(ˆ︁Θ,Θ)2]︁ = Ω

(︃
min

{︃
d

n
,1

}︃)︃
.

Having the lower bound above in mind, we now discuss what is needed to prove a lower
bound for the matrix normal model. In this section, we assume, without loss of generality,
that d2 ≥ d1 ≥ 1 and we are given samples X1, . . . ,Xn ∈ ℝ

d1×d2 distributed according to
vec(X) ∼ N(0,Θ−1

1 ⊗ Θ−1
2 ). If Θ1 was known, we could compute Y := Θ

1/2
1 X, which “de-

correlates” the rows of X and, therefore, we could treat the rows of Y as nd1 independent
samples from N(0,Θ−1

2 ). If nd1 ≤ cd2 for some small enough c > 0 (i.e., n < cd2/d1), the
above k = 1 lower bound would imply that we cannot estimate Θ2 to constant accuracy in
the operator norm even if we had complete knowledge of Θ1.

Since d2 ≥ d1, we could hope for better results for estimating Θ1, since we intuitively
have more samples for this mode. Namely, assume we knew Θ2 and pre-process Y := XΘ

1/2
2

to “decorrelate” the columns of X, which means we could treat the columns of Y as nd2
independent samples from N(0,Θ−1

1 ). In this case, we could estimate Θ1 in operator norm
with RMSE rate of O(

√
d1/nd2). One could hope that this rate holds for Θ1 even when Θ2

is not known. Here, we show that, to the contrary, the rate for Θ1 cannot be better than
O(

√
d1/nmin(nd1, d2)). Thus, for n ≪ d2/d1, it is impossible to estimate Θ1 as well as one

could if Θ2 were known.

THEOREM 4.2 (Lower bound for matrix normal models). There is c > 0 such that the
following holds. Let d1 ≤ d2, Θ1 ∈ PD(D1), Θ2 ∈ PD(d2) and ˆ︁Θ1 be any estimator for Θ1
from a tuple X of n samples of 𝒩 (0,Θ−1

1 ⊗ Θ−1
2 ). Let B ⊂ PD(d1) denote the ball about Id1

of radius 1/2 in the operator norm. Then:

1. Let δ2 = c min{1,
d2

1
nmin{nd1,d2} }. Then sup Θ1∈B

Θ2∈PD(d2)

Pr[dFR(ˆ︁Θ1,Θ1) ≥ δ] ≥ 1
2 .

2. Let δ2 = c min{1, d1
nmin{nd1,d2} }. Then sup Θ1∈B

Θ2∈PD(d2)

Pr[dop(ˆ︁Θ1,Θ1) ≥ δ] ≥ 1
2 .

As a consequence, we have

sup
Θ1∈B,Θ2∈PD(d2)

𝔼
[︁
dFR(ˆ︁Θ1,Θ1)

2]︁ = Ω

(︃
min

{︃
d2

1

nmin{nd1, d2} ,1
}︃)︃

and

sup
Θ1∈B,Θ2∈PD(d2)

𝔼
[︁
dop(ˆ︁Θ1,Θ1)

2]︁ = Ω

(︃
min

{︃
d1

nmin{nd1, d2} ,1
}︃)︃

.

Intuitively, the above theorem holds because we can choose Σ2 to zero out all but nd1
columns of each Xi , which allows access to at most n · nd1 samples from a Gaussian with
precision Θ1. However, this does not quite work because Σ2 would not be invertible and
hence the precision matrix Θ2 would not exist. We must instead choose Σ2 to be approxi-
mately equal to a random projection of rank nd1. This allows us to deduce the same lower
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bounds for estimating Θ1 as the Gaussian case with at most nmin{d2, nd1} independent sam-
ples.

One might ask why the rank of the random projection cannot be taken to be even less
than nd1, yielding an even stronger bound. If the rank is less than nd1, then the support
of Σ2 can be estimated. This would allow one to approximately diagonalize Σ2 so that the n

samples can be treated as nd2 independent samples in ℝ
d1 , yielding the rate

√
d1/nd2 for Θ1

in the operator norm using, for example, Tyler’s M-estimator [11]. We now state the main
tool in establishing the lower bound.

LEMMA 4.3. Let X denote a tuple of n samples from 𝒩 (0,Θ−1
1 ⊗ Θ−1

2 ) and let ˆ︁Θ1(X)

be any estimator for Θ1. Let Y be a tuple of nmin{nd1, d2} samples from 𝒩 (0,Θ−1
1 ). For

every δ > 0, there is a distribution on Θ2 and an estimator Θ̃(Y ) such that the distribution
of ˆ︁Θ1(X) and the distribution of Θ̃(Y ) differ by at most δ in total variation distance.

We will use this lemma to show Theorem 4.2 in the contrapositive: if there was a good
estimator for the matrix normal model, then we could use this to produce a good estima-
tor for Gaussian estimation. Namely, given Gaussian samples Y ∼ N(0,Θ−1

1 ), we could
simulate samples X ∼ N(0,Θ−1

1 ⊗ Θ−1
2 ) from the matrix normal model by considering

Xi := (Yi,1 · · ·Yi,d2)
√

Θ2, that is, grouping d2 columns into a matrix and applying
√

Θ2 on
the right. Then by the above lemma, if Θ̂1(X) is a good estimator of Θ1, then Θ̃(Y ) is also a
good estimator for Θ1. We now give the formal proof of Theorem 4.2.

PROOF OF THEOREM 4.2. To show claim 1, let δ2 ≤ c min{1,
d2

1
nmin{nd1,d2} }. Let Θ2 be

distributed as in Lemma 4.3 so that, as guaranteed by Lemma 4.3 for nmin{nd1, d2} samples
Y ∼ N(0,Θ−1

1 ) there is an estimator Θ̃(Y ) satisfying DTV(ˆ︁Θ1(X), Θ̃(Y )) ≤ δ0. Here, X is
distributed according to the matrix normal model X ∼ N(0,Θ−1

1 ⊗ Θ−1
2 ). Proposition 4.1

implies

sup
Θ1∈B

Pr
Y

[︁
dFR

(︁
Θ̃(Y ),Θ1

)︁ ≥ δ
]︁ ≥ 1

2
.

Clearly, we have

sup
Θ1∈B,

Θ2∈PD(d2)

Pr
X

[︁
dFR

(︁ˆ︁Θ1(X),Θ1
)︁ ≥ δ

]︁ ≥ sup
Θ1∈B

Pr
Θ2,X

[︁
dFR

(︁ˆ︁Θ1(X),Θ1
)︁ ≥ δ

]︁
.

On the other hand, since the distributions of Θ̂1(X) and Θ̃(Y ) differ by at most δ0 in total
variation distance, this implies

sup
Θ1∈B

Pr
Θ2,X

[︁
dFR

(︁ˆ︁Θ1(X),Θ1
)︁ ≥ δ

]︁ ≥ sup
Θ1∈B

Pr
Y

[︁
dFR

(︁
Θ̃(Y ),Θ1

)︁ ≥ δ
]︁ − δ0

≥ 1

2
− δ0.

Allowing δ0 → 0 implies claim 1. To prove claim 2, replace dFR by dop in the above. □

We remark that the proof of Theorem 4.2 uses no properties about dFR or dop. Therefore,
the above proof implies that any lower bound for estimating a Gaussian with nmin{nd1, d2}
samples transfers similar to the matrix normal model. The above strategy can clearly be lifted
to the tensor normal model by considering more components.
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THEOREM 4.4 (Lower bound for tensor normal models). There is c > 0 such that the
following holds. Let Θ1 ∈ PD(d1), Θa ∈ PD(da) for a ∈ [k] and ˆ︁Θ1 be any estimator for Θ1
from a tuple X of n samples of 𝒩 (0,

⨂︁
a∈[k] Θ−1

a ). Let B ⊂ PD(d1) denote the ball about Id1

of radius 1/2 in the operator norm. Then:

1. Let δ2 = c min{1,
d2

1
nmin{nd1,D/d1} }. Then sup Θ1∈B

Θa∈PD(da),1≠a∈[k]
Pr[dFR(ˆ︁Θ1,Θ1) ≥ δ] ≥ 1

2 .

2. Let δ2 = c min{1, d1
nmin{nd1,D/d1} }. Then sup Θ1∈B

Θa∈PD(da),1≠a∈[k]
Pr[dop(ˆ︁Θ1,Θ1) ≥ δ] ≥ 1

2 .

As a consequence, we have

sup
Θ1∈B,Θa∈PD(da),1≠a∈[k]

𝔼
[︁
dFR(ˆ︁Θ1,Θ1)

2]︁ = Ω

(︃
min

{︃
d2

1

nmin{nd1,D/d1} ,1
}︃)︃

and

sup
Θ1∈B,Θa∈PD(da),1≠a∈[k]

𝔼
[︁
dop(ˆ︁Θ1,Θ1)

2]︁ = Ω

(︃
min

{︃
d1

nmin{nd1,D/d1} ,1
}︃)︃

.

5. Iteration complexity of the flip-flop algorithm. We now prove Theorems 1.13
and 1.14, which state fast convergence of the flip-flop algorithm to the MLE with high prob-
ability. Detailed proofs of our main technical result, Theorem 5.2, along with the claims
needed to prove it, can be found in [10], Section G, in the Supplementary Material.

We state the flip-flop algorithm for the general tensor normal model in Algorithm 2. It
generalizes Algorithm 1 presented earlier in Section 1.3 for the matrix normal.

REMARK 5.1 (Matrix flip-flop from tensor flip-flop). To see how Algorithm 1 arises from
Algorithm 2, note that if we update Θa in the t th iteration, then the corresponding gradient
component vanishes in the subsequent iteration. Since for the matrix normal model there
are only two gradient components to consider, this means that the algorithm will necessarily
alternate between updating Θ1 and Θ2. In other words, for the matrix normal model the
algorithm truly “flip-flops” between the two coordinates. Moreover, [10], Lemma G.1, shows
that Trρt = 1 from the second iteration of Algorithm 2 onwards. Therefore, Algorithm 1
agrees with Algorithm 2 except that in the first iteration we skip the stopping condition and
always update Θ1. This will not impact the analysis, as one can see in [10], Lemma G.5.

Input: Samples x = (x1, . . . , xn), where each xi ∈ ℝD = ℝd1 ⊗ · · · ⊗ ℝdk . Parameters T ∈ ℕ and δ > 0.
Initial guess ˜︁Θ ∈ ℙ satisfying Tr[ρ˜︁Θ] = 1.

Output: An estimate Θ = Θ1 ⊗ · · · ⊗ Θk ∈ ℙ of the MLE.
Algorithm:

1. Set Θa = ˜︁Θa for each a ∈ [k].

2. For t = 1, . . . , T , repeat the following:

• Compute ρt = 1
nD

· Θ1/2
(
∑︁n

i=1 xix
T
i )Θ

1/2, where Θ = Θ1 ⊗ · · · ⊗ Θk .

• Compute each component of the gradient using the formula ∇afx(Θ) = √
da(ρ

(a)
t − Tr(ρt )

Ida
da

),
where ρ

(a)
t denotes the partial trace (Definition 2.8), and find the index a ∈ [k] for which ∥∇afx(Θ)∥F

is largest.

• If ∥∇afx(Θ)∥F ≤ δ, return Θ

• Update Θa ← 1
da

Θ
1/2
a (ρ

(a)
t )−1Θ

1/2
a .

ALGORITHM 2. Flip-flop algorithm for the tensor normal model (k ≥ 2).
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The key insight is that given appropriate initial conditions on the samples (which we later
show to hold under the same sample requirements as for our results on the MLE), the flip-flop
algorithm will converge quickly to the MLE. Namely, we show that the MLE is in a constant
size operator norm ball around the true precision matrix, where the negative log-likelihood
function fx is strongly geodesically convex. This implies that fx is strongly geodesically
convex in a small geodesic ball around the MLE. Hence, any point with sufficiently small
gradient of fx is contained in a sublevel set on which fx is strongly geodesically convex
([10], Lemma G.2). Such a point is found in polynomially many iterations of the flip-flop
algorithm ([10], Lemma G.5). Then strong convexity implies that a δ-minimizer is found in
O(log(1/δ)) further iterations ([10], Lemma G.3). Thus, we obtain the main technical result
of this section.

THEOREM 5.2 (Convergence from initial conditions). Let Θ ∈ ℙ be our true precision
matrix, x1, . . . , xn ∈ ℝ

D our samples, λ > 0 and 0 < ζ ≤ min{1,16
√

(k + 1)(k − 1)/λ} such
that:

1. fx is λ-strongly geodesically convex at any Θ′ ∈ ℙ such that dop(Θ
′,Θ) ≤ ζ .

2. |∇0fx(Θ)| ≤ 1/2.
3. The MLE ˆ︁Θ exists and satisfies dop(ˆ︁Θ,Θ) ≤ ζ/2.

Then, for every 0 < δ < λζ/16
√

(k + 1)dmax, the number of iterations T needed for Algo-

rithm 2 to output Θ with dFR(Θa, ˆ︁Θa) ≤
√︂

da

2 · δ
λ

for all a ∈ [k] is:

1. when the initial guess is ˜︁Θ with ∇0fx(˜︁Θ) = 0,

T = O

(︃
k2dmax

ζ 2λ2 · dop(˜︁Θ, ˆ︁Θ) + k

λ
log

(︃
λζ

δ · √kdmax

)︃)︃
2. if the initial guess ˜︁Θ satisfies ∇0fx(˜︁Θ) = 0 and dop(˜︁Θ, ˆ︁Θ) ≤ λζ

100dmax
√

k(k+1)
, then

T = O

(︃
k

λ
log

(︃√
kdmax · dop(˜︁Θ, ˆ︁Θ)

δ

)︃)︃
= O

(︃
k log

1

δ

)︃
3. with initial guess 1

fx(ID)
· ID ,

T = O

(︃
k2dmax

ζ 2λ2 · logκ(Θ) + k

λ
log

(︃
λζ

δ · √kdmax

)︃)︃

With Theorem 5.2 at hand, fast convergence of the flip-flop algorithm for both the matrix
and tensor normal models follow simply by proving that the initial conditions above will
be satisfied with high probability, given a high enough number of samples. More precisely,
we show that the sample complexity results of Section 2 already imply the conditions of
Theorem 5.2, thereby proving Theorems 1.13 and 1.14.

PROOF OF THEOREM 1.13. For λ = 1
2 , 0 < ζ < 1 a sufficiently small universal constant,

and r = ζ√
(k+1)dmax

, consider the following events (i.e., the conditions of Theorem 5.2):

1. fx is λ-strongly geodesically convex at any Θ′ ∈ ℙ such that dop(Θ
′,Θ) ≤ ζ . In partic-

ular, fx is λ-strongly geodesically convex on the geodesic ball Br(Θ).
2. ∥∇fx(Θ)∥F < rλ

2 . In particular, |∇0fx(Θ)| < 1
2 .

3. The MLE ˆ︁Θ exists and satisfies d(ˆ︁Θ,Θ) ≤ r/2. In particular, dop(ˆ︁Θ,Θ) ≤ ζ/2.
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We first bound the success probability of these events similar to the proof of Theorem 1.10.
For this, we may assume without loss of generality that Θ = ID by Remarks 2.10 and 2.13.
Then the first event holds with probability at least 1 − k2(

√
nD

kdmax
)−Ω(dmin) by Proposition 2.18

and Lemma 2.19, provided we choose C large enough and ζ small enough universal con-
stants. For the second event, we apply Proposition 2.11 with

ε = 1

10
√

k

rλ

2
= ζ

40
√

k(k + 1)dmax
,

which satisfies ε < 1 and n ≥ d2
max

Dε2 provided we choose ζ sufficiently small and C sufficiently
large universal constants. With these choices, the second event holds with probability at least

1 − 2(k + 1)e
−ε2 nD

8dmax = 1 − k e
−Ω( nD

k2d2
max

)
.

Thus, the two events hold simultaneously with the desired success probability by the union
bound. Moreover, by Lemma 2.7, the events 1 and 2 together also imply event 3. The above
shows that the conditions of Theorem 5.2 are satisfied. Thus, the iteration complexity of
Algorithm 2 follows from Theorem 5.2. □

PROOF OF THEOREM 1.14. Consider the events below for constants λ, ζ ∈ (0,1):

1. fx is λ-strongly geodesically convex at any Θ′ ∈ ℙ such that dop(Θ
′,Θ) ≤ ζ .

2. |∇0fx(Θ)| ≤ 1/2.
3. The MLE ˆ︁Θ exists and satisfies dop(ˆ︁Θ,Θ) ≤ ζ/2.

To bound the success probability of these events, we may assume without loss of generality
that Θ = ID by Remarks 2.10 and 2.13. We will also assume that d1 ≤ d2.

If λ ∈ (0,1) is a suitable universal constant, C is a large enough universal constant, and ζ

is a small enough universal constant, by [10], Corollary E.5, with t2 = nd1/d2, the first event
holds with probability at least 1−e−Ω(nd1) ≥ 1−e−Ω(nd2

1 /d2 log2 d1) in view of our assumption
on n.

The second event holds with probability at least 1 − e−Ω(nD) by [10], Proposition D.2.
Finally, by Theorem 1.11 with t2 = nd1/d2 log2 d1 (which can be made larger than 1 by
our assumption on n assuming C is large enough), the third event holds with probability at
least 1 − e−Ω(nd2

1 /d2 log2 d1).
Event 3 follows from Theorem 1.11 via the fact that dop(ˆ︁Θ1 ⊗ ˆ︁Θ2,Θ1 ⊗ Θ2) ≤

dop(ˆ︁Θ1,Θ1) + dop(ˆ︁Θ2,Θ2). Thus, with probability at least 1 − e−Ω(nd2
1 /d2 log2 d1) all three

events hold simultaneously, by the union bound, meaning the conditions of Theorem 5.2 are
satisfied. Thus, the iteration complexity of Algorithms 1 and 2 follows from Theorem 5.2.

□

6. Conclusion and open problems. In this work, we almost optimally address the fun-
damental question of parameter estimation for the matrix and tensor normal models, as well
as the question of efficient computation of this estimator. Contrary to the state of the art for
unstructured covariance estimation (i.e., k = 1), all previous existing results (in their sample
complexity bounds as well as the error rates and guarantees of their estimators) depended on
the condition number of the true covariance matrices and on a sufficiently accurate starting
guess and, therefore, had suboptimal guarantees in the general case. By proving strong con-
vexity in the geometry induced by the Fisher information metric, we remedy these issues and
obtain nearly optimal estimates (without dependence on condition number) in the strongest
possible metrics, namely the Fisher–Rao and Thompson distances. As a consequence, we
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also control other equivariant statistical distances such as relative entropy and total variation
distance.

In particular, we showed that the maximum likelihood estimator (MLE) for the covariance
matrix in the matrix normal model has optimal sample complexity up to logarithmic factors
in the dimensions. We showed that the MLE for tensor normal models with a constant num-
ber of tensor factors has optimal sample complexity in the regime where it is information-
theoretically possible to recover the covariance matrix to within a constant Frobenius error.
Whenever the number of samples is large enough for either of the aforementioned statisti-
cal results to hold, we show that the flip-flop algorithm converges to the MLE exponentially
quickly. Hence, the output of the flip-flop algorithm with O(dmax(1 + logκ(Θ)) + logn) it-
erations (see the discussion after Theorem 1.14) is an efficiently computable estimator with
statistical guarantees comparable to those we show for the MLE.

Our main open question is whether the sample threshold requirement n = Ω(k2d3
max/D)

for Theorem 1.10 can be weakened to n = Ω(k2d2
max/D) for k ≥ 3. Equivalently, do the

guarantees of Theorem 1.10 hold even when one cannot hope to estimate the Kronecker
factors to constant Frobenius error, but only to constant operator norm error? In the case k = 1
(i.e., unstructured covariance estimation) the weaker assumption is well known to suffice, and
for k = 2 the same follows (up to logarithmic factors) by our Theorem 1.11. Filling in this
gap will place the tensor normal model on the same sound theoretical footing as unstructured
covariance estimation.
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claims mentioned above and a full discussion and comparison between this work and previ-
ous works can be found in [10].

REFERENCES
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