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THE STRUCTURE OF POLYNOMIAL IDEALS AND GROBNER
BASES*
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Abstract. This paper introduces the cone decomposition of a polynomial ideal. It is shown
that every ideal has a cone decomposition of a standard form. Using only this and combinatorial
methods, the following sharpened bound for the degree of polynomials in a Grobner basis can be
produced. Let K[zi,---,zn] be a ring of multivariate polynomials with coefficients in a field K,
and let F' be a subset of this ring such that d is the maximum total degree of any polynomial in F.
Then for any admissible ordering, the total degree of polynomials in a Grobner basis for the ideal

generated by F is bounded by 2((d?/2) + d)zn_l.
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1. Introduction. Many problems of symbolic computation can ultimately be
reduced to determining if a given polynomial p is contained in the ideal generated by
a set of polynomials F. Grobner bases are special bases for polynomial ideals with
several important computational properties including the ability to rapidly determine
ideal membership. The term Grébner basis was coined by Buchberger, who earlier
had pioneered the idea in his thesis. Grobner bases differ only slightly from the
standard bases defined by Hironaka, and many of these concepts can be traced back
to the H-bases of Macaulay.

The increasing interest in Grobner bases as a computational tool is in large part
due to the algorithm provided by Buchberger whereby for any set of polynomials F,
it is possible to construct a Grobner basis for the ideal generated by F'.

Although modified versions of Buchberger’s algorithm have shown success in prac-
tice (including some commercial systems), the complexity of the algorithm has not
been well understood. Giusti [6] has shown a Grobner basis construction that always
produces a Grébner basis containing only polynomials of the lowest possible degree.
A first step in understanding the complexity of the algorithm then is to bound the
degree of polynomials that occur in a minimal Grobner basis.

It has been widely known (thanks to [8] and [10]) that in the worst case the
degree of polynomials in a Grobner basis is at least double exponential in the number
of indeterminates in the polynomial ring. This lower bound precludes the existence of
an upper bound that would show the Grobner basis algorithm to be tractable, but it
does not answer the following question: “How large can the polynomials in a Grébner
basis be?”

The direction for producing an upper bound was provided by Bayer [1]. Bayer’s
thesis, together with the results of [6] and [10], shows that the degree bound of ele-
ments in a Grobner basis is bounded by (2d)2n+2)"""

The steps in producing this former bound may be summarized as follows:

(1) Begin with a basis F for I C K[z1,--+,zy], with d the maximum degree of
polynomials in F'.

(2) If the ideal I is affine, introduce a new variable 2,41 to homogenize the ideal
Ito MI.
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(3) Place "I into generic coordinates [1]. Here it must be assumed that K is of
characteristic zero.

(4) In generic coordinates the degree of polynomials required in a Grébner basis
with respect to reverse lexicographic ordering is bounded by (2d)2"_1 ([6]).

(5) The degree bound in generic coordinates also serves as a bound on the regu-
larity of "I ([6]). (An ideal has regularity m if for every degree m polynomial p, the
ideal (I,p) has a different Hilbert polynomial than I.) Since *I has n + 1 variables,
the regularity m of "I is bounded by (2d)2".

(6) A polynomial ideal over n variables with regularity m has its Macaulay
constant (b; as used in this paper) bounded by (m + 2n + 2)2**+2" ([10]). The
Macaulay constant of "I is therefore bounded by D = ((2d)%" + 2n + 2)2n+2)"
~ (2d)(2'n,-§-2)""'1 .

(7) For any admissible ordering, the degree of polynomials in a Grobner basis for
hI is bounded by the maximum of m and b; ([1]). The degree of these polynomials
is therefore bounded by the value D given above.

(8) Specializing "I back to I by setting x,41 = 1 produces a Grobner for I whose
polynomials also satisfy this same degree bound.

A first remark concerning this procedure is that bounding the regularity of *T is
an unnecessary detour. Reference [6] shows that in generic coordinates with respect
to reverse lexicographic ordering a Grobner basis G can contain a polynomial g with
Hterm(g) € PP[zy,---,x;] only if for every degree z such that d < z < deg(g), G
contains a polynomial gq with deg(gq) = d and Hterm(gy) € PP[zy,---,z;]. This
condition is nearly equivalent to what is defined in this thesis as a standard cone
decomposition, and in fact the standard cone decomposition was developed as a way
to mimic this behavior. Directly from Giusti’s decomposition, the Hilbert polynomials
of I and K[X]/I can be written in the forms needed to produce the bound on the
Macaulay constant given in Chapter 3.

Furthermore, the methods for obtaining the old bound use fairly specialized
branches of commutative algebra and algebraic geometry. Expertise in these areas
is not common among computer scientists. Since there are a growing number of com-
puter scientists who will want to use Grébner bases, there is a need for a self-contained
treatment. The methods of algebraic geometry are concise and elegant, but there is
often much more insight gained by using brute force.

A major result of this current study was to obtain a new upper bound for Grobner
basis degree. If F' is a set of n variable polynomials of degree at most d, then we prove
that a reduced Grébner basis for the ideal generated by F' has degree at most

d2
2(?+d)

I believe that the method of obtaining this bound is perhaps of greater impor-
tance than the bound itself. The method, which involves decomposing the ideal into
disjoint cones, avoids the need to change to generic coordinates. This greatly sim-
plifies the description of the proof and eliminates the requirement that the field K
have characteristic zero. Moreover, it sheds much light onto the structure of an ideal
I and the quotient ring K[X]/I, and it is expected that further applications for cone
decompositions could be found.

2n——1

2. Background. The material in this section is presented primarily for the pur-
pose of establishing notations and terminology. For a more thorough introduction to
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Grobner basis, the reader is directed to [2], [3], [4], or [9]. The notations for homo-
geneity and Hilbert functions are borrowed primarily from [12] and [11], and a more
detailed summary of all this information can be found in [5].

2.1. Admissible orderings and Grobner bases.
DEFINITION. A total ordering > on the power products PP[X) = PP[zy, -, z,]
A
of the ring A is called an admsissible ordering if the following axioms hold:
(1) For all power products a, b, c € PP[X], a>b = ca>cb.
A A

(2) For all variables z;, z;>1.
A

Closely related to the concept of admissible orderings is that of head terms.
The >-greatest power product contained in a monomial of a polynomial A is called
A

the head term of h with respect to > and is denoted by Hterm4(h). For an ideal I,
A

Head 4 (I) is used to denote the ideal generated by the set {Htermu(h) : h € I}.
DEFINITION. Let G be a basis for the ideal I and let > be an admissible ordering.

A
G is called a Grébner basis of I (with respect to >) if Head4(I) is generated by the
A

set {Hterm(g) : g € G}.
Let F be a set of polynomials and > a fixed admissible ordering. A polynomial

A
h is said to be F-reducible, if there exists f € F, and monomial ¢ € A such that
Htermy(cf) is a monomial of h. The polynomial g = h — cf is then called a reduct

of h, and this relationship is denoted as h £ g. The transitive closure h —F;» g of the
reduction operation is defined to mean that there exists a sequence of polynomials

p1,- -+, Pk such that p; = h, pr, = ¢, and for all i < k, p; —F->p,~+1. Finally, g is called
an F-normal form of h if

(1) h i» g, and
(2) g is not F-reducible.

The following conditions are all equivalent (e.g., [3], [9]):
(1) G is a Grobner basis for I with respect to > .
A

(2) G C I and for every h € I there exists a g € G such that Hterm4(g) divides
Htermy4 (h).

(3) For all h € A, 0 is a G-normal form of h if and only if h € I.

(4) G is a basis for I and every h € A has a unique G-normal form that may be
denoted as nfg(h).

One of the most important features of Grobner bases is the existence of unique
normal forms. The following lemma shows that these normal forms provide a system
of representatives for the residue class ring A/I.

LEMMA 2.1. Let G be a Gréobner basis for I with respect to the admissible ordering
i. Then the following properties hold for all s,t € A:

(1) s—nfg(s) € I.

(2) s—tel <= nfg(s)=nfg(t).

(3) nfg(s+t) = nfg(s)+ nfg(t).

In a slight abuse of notation, N; will be used to denote the set of normal forms

N = {nfg(a) : aGA},

where G is an arbitrary fixed Grébner basis for I.
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2.2. Direct decompositions. Let T be a subset of the polynomial ring A, and
let Si,---,Sm, be a (possibly infinite) family of subsets of T. The sets S; are said
to be a direct decomposition of T if every p € T can be uniquely expressed in the
form p = }_!_, pi, where p; € S; and r is finite. The fact that the S; form a direct
decomposition of T is expressed using the notation

T =851859-&Sn.

The following two important properties of direct decompositions can be easily veri-
fied.

(1) Let Sy,---, Sk be a direct decomposition for T', and let Ry, - -, Ry, be a direct
decomposition for S;. Then Sy,---, Sk, R1, -+, R is a direct decomposition for T'.

(2) Let P={hf : h € T} for some polynomial f, and let Sy,---, Sk be a direct
decomposition of T'. Then the sets @; = {hf : h € S;} form a direct decomposition
of P.

Example 1. For any ideal I C A, I and N; form a direct decomposition of .A.

Proof. Let G be the Grobner basis of I used to form N;y = nfg(.A4). Since G is a
Graobner basis, each polynomial h has a unique G-normal form, and the decomposition
h = nfg(h) + (h — nfg(h)) is unique. O

DEFINITION. Let I be any ideal of A, and h € A. The ideal quotient operation
I:hisdefinedby I:h = {f € A: fh €I}. Note that it trivially follows that
(I:g9):h = I:(gh).

Example 2. For an ideal J C A and f € A, let

I = (Jaf), L=J:fy
S = {af : a€ Np};

then I=J&®S.

Proof. Let G be the Grobner basis for L used to form Np and S = fNi. The
sets J and S are clearly subsets of I, so it need only be shown that each h € I can be
uniquely expressed as h = hy + hg. It will first be shown that such a decomposition
exists, and then that the decomposition is unique.

Every polynomial A € I can be written as h = ay + ayf with ay € J. It is now
claimed that a decomposition of h exists with hy = h—nfg(as)f and hs = nfg(ay)f.
Since the sum of these two polynomials is trivially h, it must only be shown that
hy € J. This follows directly from the definitions of the sets involved:

af —nfg(af) € L,
(af —nfg(ag))f € J,
hy =aj+ (a; —nfgaf))f € J.

Now consider any two decompositions of h:
h = a1 +nfg(b)fr = az+nfc(b)f:,
where ay,a3 € J.

(nfg(b1) — nfg(b2))fr = az—a; € J,
nfg(b;) — nfg(b2) € L,
nfg(bl) —nfg(bg) =0.
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Therefore the decomposition is unique. O

Applying this technique recursively, we obtain the following decomposition of an
ideal.

Ezample 3. Let F = {f1,---, fr} be a basis for an ideal I. Let S; be the principal
ideal (f1), and for each ¢ = 2,---,7, let

L, = (fla"'?fi—l):fia and
S; {hfi : hGNLi} .

I

Then, I=51®---& S,.

In summary, for any ideal I, the ring .4 can be decomposed into I and Nj.
Furthermore, I itself can be decomposed into sets of the form S; = {hf; : h € Ni,},
which in turn could be further decomposed if we could decompose Nr,. Sets of the
form Ny need to be studied more closely.

2.3. Homogeneity. Let f be a polynomial in 4; then f can be written as a finite
sum f = fx+ fx—1+ -+ fo, where each f, is either zero, or a sum of monomials each
of which has total degree z. In such a decomposition of f, each nonzero f, is called
the homogeneous component of f of degree z. The nonzero homogeneous component
fr of greatest total degree is called the initial form of f and is denoted by in(f). A
polynomial f is called a homogeneous polynomial if f consists of at most one nonzero
homogeneous component.

DEFINITION. A set S C A is called homogeneous if it satisfies the following two
properties:

(1) f € S implies that each homogeneous component of f is also in S.

(2) fis a K-module.

A homogeneous set S that is an ideal of A is called simply a homogeneous ideal.
A direct decomposition Sy,---, S, of a homogeneous set T is called a homogeneous
direct decomposition if each S; is homogeneous.

For a homogeneous set T', the subset of degree z homogeneous polynomials will
be denoted by T,, i.e.,

T, = {f €T : fis homogeneous of degree z} .

If T is closed under addition, then the collection of sets {Tp,T1,- -} trivially form a
homogeneous direct decomposition of T'.

For p a polynomial in the affine ring A = K[z1,- - -, z,], let p be written as a sum
of monomials p = p; + - - - + pm. The homogenization function ”p is a mapping from
the affine ring A to the projective ring K[zy,- -, Zy;y] where y is a new variable and
the mapping is defined as

m
hp = Z piydes®)—deg(pi)

i=1

Throughout this paper, y will be used to denote the extra variable, which is intro-
duced by homogenization. "4 will denote the projective ring "4 = K 1,y zns 9],
which results from the introduction of y.

To return from "A to the original ring, use the natural homomorphism ®p defined
by partially evaluating p at y = 1. For example, h(w‘{ +z2) = z} + 72%, and
o(z3y + 3r123) = 22 + 3z 23
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2.4. Hilbert functions. The Hilbert function of a homogeneous set T is de-
noted by ¢r(2) and is defined as follows:

o7(2) = the dimension of T, as a vector space over K.

Equivalently, let i be any fixed admissible ordering. The Hilbert function may be

defined to be the number of degree z power products that occur as the head monomial
of a polynomial of T'. That is,

or(2) = |{p € PP[X] : p € Heads(T})}| .

The definitions of homogeneous direct decompositions and Hilbert functions lead im-
mediately to Lemma 2.2.

LEMMA 2.2. Let Sy,-:-,S, be a homogeneous direct decomposition of T'; then
er(2) = Yo ¢s.(2).

Let I C ™A be a homogeneous ideal. If N is any homogeneous set of representa-
tives for the quotient ring %A/I, then I @ N is a homogeneous direct decomposition
for the entire ring ®A. Therefore the Hilbert function of N (and hence ®A/I) satisfies
the relation

Phg,(2) = on(z) = ony(e) = pi(z) -

In particular, since I is a homogeneous ideal, a homogeneous system of representatives
for the ring ®A/I can be constructed as

Ny = {nfg(a) tae€ h.A},

where G is any Grobner basis for 1.
It is a classic result that for any ideal I, at sufficiently large z, the Hilbert functions
vr(z) and ¢4, A/ I(z) become polynomials in z. These polynomials will be denoted

using the notation $;(z) and P hA/I(z).

3. Cone decompositions of the polynomial ring. The main goal in finding
a direct decomposition for an ideal I is to partition I into subsets whose Hilbert
function can easily be described. In particular, the types of elements desired are sets
of the form {ah : a € K[u]}, where h is a homogeneous polynomial and u is a subset
of X = {1, --,Zn}

DEFINITION. For h a homogeneous polynomial and u C X, the set {ah : a € K[u]}
is called a cone and is denoted by C(h,u).

Some insight into the behavior of cones can be gained from considering mono-
mial ideals with n = 2. This case can be well understood because the cones may
be depicted graphically. However, since many interesting phenomena occur only at
the higher dimensions this simple case can at times be misleading. For example, in
two dimensions all Borel-fixed ideals are lexicographic. Furthermore, there are many
features of general polynomial ideals that do not appear in the monomial case. This
problem is not so important here though, because the cone decomposition will be
applied mainly to monomial ideals.

The graphical representation in two dimensions is illustrated in Fig. 1. The power
products are represented in a triangular grid with 1 at the bottom. Powers of z run
along the left side of the grid, and powers of y to the right. To reach the vertex
associated with a given power product z%y® count a places upward to the left and then
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FIG. 1. The power-products of K|z, y].
FI1G. 2. Ezamples of cones.
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b places upward to the right. Figure 2 illustrates that cones may then be represented
in the diagram by encircling the power products which the cones contain.

For a cone C(h,u), the Hilbert function of C(h,u) is dependent only on deg(h)
and |u|]. Counting the number of power products in Head(C(h,u)), we find that if
u =0, then

Pcmo(z) = { (1) : i 322831
and for |u| > 0,
0, z < deg(h),
Po(hu)(2) = { ( Z- deglfjl"_ +1'“| -1 ) 2 > deg(h).
DEFINITION. Let hq,---, h, be homogeneous polynomials of A, and let uy,-- -, ur

be subsets of X. A finite set P = {(h1,u1),- -, (hr,ur)} is a cone decomposition of
T C A if the cones C(h;,u;) form a direct decomposition of T

The cones (h;,u;) € P that have u; = () form a finite part of T and do not
contribute to the Hilbert polynomial of T. The remaining cones, for which u; # 0
form a direct decomposition of a set that is equivalent to T at large degrees. This
portion of the cone decomposition will be denoted as

Pt = {(h,u) € P : u#0}.

A cone decomposition P for T is said to be k-standard ( k an integer) if the
following two conditions hold:

(1) There is no pair (h,u) € P* with deg(h) < k.

(2) For every (g,v) € Pt and degree d such that k < d < deg(g), P contains a
pair (h,u) with deg(h) = d and |u| > |v|.

Note that if P* is the empty set, then P is k-standard for all natural numbers k.
On the other hand, if P is nonempty, the only possible value for k is min{deg(h) :
(h,u) € P}

The following list contains an assortment of easily verifiable properties of cone
decompositions and k-standard cone decompositions.

(1) 0 is a 0-standard cone decomposition for §.

(2) {(h,u)} is a deg(h)-standard cone decomposition of C(h,u).

(3) {(1,X)} is a 0-standard cone decomposition of A.

(4) Let S; and Sz be a direct decomposition of T, and let P; and P, be cone
decompositions of S; and Ss, respectively. Then Py U P, is a cone decomposition of
T.

(5) Let S; and S be a direct decomposition of T, and let P; and P, be k-standard
cone decompositions of S; and Ss, respectively. Then P = P, U P, is a k-standard
cone decomposition of T'.

(6) If P = {(h1,u1), -, {hs,us)} is a k-standard cone decomposition for T,
then for any homogeneous polynomial ¢, the set P’ = {(chi,u1), -, (chs,us)} is a
(k + deg(c))-standard cone decomposition for {ch : h € T}.

There is one special cone decomposition that provides a useful function for ma-
nipulations.

DEFINITION. Let u = {z;,, -+, z;,,} € X. Then define the set E(h,u) as

E(h’u) = {(h,@)}U{<$j¢h,{17ji,'“,$jm}) : i=1v"'am} .
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It is easy to verify that E(h,u) is a (deg(h) + 1)-standard cone decomposition of
C(h,u).

LEMMA 3.1. Let P be a k-standard cone decomposition for T. Then, for any
d > k, there exists a d-standard cone decomposition Py for the set T'.

Proof. If PT = {, then the result holds trivially, so assume that P* is nonempty.
It suffices to show that (k + 1)-standard cone decomposition exists for T. Let R =
{{h,u) € P : deg(h) = k}, and S = P — R. The original set P was k-standard, so
after removing the cones in R, the remaining set S is (k + 1) standard.

Since R contains only pairs (h, u) for which deg(h) = k, R is trivially k-standard.
The set spanned by the cones in R also has a (k + 1)-standard cone decomposition,
namely,

R = U E(Mhnu).
(h,u)er

Finally, Pry; = R'U S is a (k + 1)-standard cone decomposition for 7. O

COROLLARY 3.2. Let Sy,---,S, be a direct decomposition of T', where for each
S; there exists a k;-standard cone decomposition P;. Then there exists a k-standard
cone decomposition P of T with k = max{ky,---,kr}.

4. Splitting a system of representatives. In this section it will be shown
that for any homogeneous ideal I, it is possible to construct a 0-standard cone de-
composition for N;. Recall that once the ordering i and a Grobner basis G for I
are fixed, then Ny and Nyeaq,(g) have a termwise agreement as sets. Thus, only
monomial ideals need be considered.

Let I be an ideal of 4 generated by the set of monomials F = {fy,---, fr}. For a
given variable z;, there is a direct decomposition of I consisting of Iy and I, where

Iy = INK[X - {z;}]
and,
I = IN(z;) ={zjh : h€ Aand zjh €I} .

Clearly, Iy is an ideal of K[X — {z;}] generated by F' N K[X — {z;}]. It is also easy
to verify that I is an ideal of A generated by the set G = {g1,- -, gr}, where

o = { zjfi, fi € K|X —{=z;}],

fi otherwise.

Comparing the ideal I; defined above with the quotient I : z;, shows that I, =
{zjh : h €I : x;}. Furthermore, this leads to the fact that I : z; is generated by
H = {hy,---, h,} where

| _ fis i EK[X—{:BJ'}]’
hi = 2579 = { :v;lfi otherwise.
This method of forming a basis for I : z; is restated as an algorithm in Fig. 3.
DEFINITION. Let P U Q be a cone decomposition of ' C A, and let I be an ideal
of A. Then P and Q are said to split T relative to I if (h,u) € P implies C(h,u) C I
(i.e., h € I), and {h,u) € Q implies C(h,u) NI = {0}. We may easily verify that P is
a cone decomposition of T'N I. Furthermore, the following lemma shows that under
proper restrictions @ is a cone decomposition for TN Nj.
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QUOTIENT_BASIS(F', z;)

Input : F a monomial basis for I C A
z; € X a variable
Output : F’ a monomial basis for I:z;.
F' =9
For f; € F
if f; € K[X — {z;}] then F' := F'U{f;}
else F' := F'U{x;lfi}

return (F')
End.

FIG. 3. The algorithm for forming a basis for I : x;.

LEMMA 4.1. Let P = {{g1,u1), ", {gr,ur)} and Q = {{h1,v1),- -, (hs,vs)} split
T relative to a monomial ideal I, where for each (h;,v;) € Q, h; is a monomial. Then
Q is a cone decomposition for T N Nj.

Proof. If I is a monomial ideal, then regardless of admissible ordering i and

Grobner basis G,
f € N < each monomial of f is not in I.
Furthermore, if h; is a monomial then
f € C(hs,v;) <= each monomial of f is in C(h;,v;).
By the definition of a splitting set of cones, C(h;,v;) NI = {0}, so
f € C(h;,v;) <= no monomial of f is in I.
Let f €e TN N;. f € T implies that f can be written uniquely as

f=fm+tfp++fp+fo+ -+ fq, .

The partial sum f = fp, + fp, +--++ fp, is in I and therefore is a sum of monomials
in I. Since no such monomials appear in the cones C(h;,v;), all monomials of fz
must also appear in f. But f € Ny and can include no monomial of I. Hence, f5 =0
and f can be written uniquely as f = fg, +---+ fo,. O

As an example, consider the monomial ideal I = (z*y,zy%,1%). This ideal has a
cone decomposition given by the set

{C(z*y,{z}), C(z*y? {z}), Clzy® {z,¥}), C(¥°, {y})} .

This particular cone decomposition is illustrated in Fig. 4. Viewing this figure should
make it clear that this cone decomposition is not unique.

For example, the cones C(xy®, {z,y}) and C(y°, {y}) can be equivalently replaced
by C(zy% {z}), C(zy*, {z}), and C(y°, {z,y}).

Now, let T be the ideal generated by z2. Then T NI has a cone decomposition
described by the set

P = {(z*y,{z}), (=*? {z}), (=% {=,9})} -
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C(zy®, {z,y})

FIG. 4. The cone decomposition of I = (z*y, zy3,y®).

This cone decomposition is illustrated in Fig. 5.

But splitting I requires not only a cone decomposition P for the ideal, but also
a cone decomposition @ for T N Ny. In this example, Fig. 6 shows that () may be
chosen as the set of cones described by

Q = {(z* {z}), (24, 0), (z°4*, 0), (%9, 0), (z°¢*, 0)} .

From the definition of what is meant by a cone decomposition P U Q splitting a
set relative to an ideal I, it is immediate that a cone C(h,u) can belong to such a
decomposition only if either C(h,u) C I or C(h,u) NI = (. The following lemma
shows that if the ideal I is a monomial ideal and h is also a monomial, then this
condition can be effectively determined. This will provide an algorithm to split the
ring A relative to a monomial ideal I.

LEMMA 4.2. Let I be a monomial ideal, h € PP[X], u C X, and let F be a power
product basis for I : h. Then,

(1) C(h,u) CI if and only if L€ F.

(2) C(h,u)NI =0 if and only if F N PP[u] = 0.

Proof. (1) 1€ F <= 1l€l:h < hel < Ch,X)CI

(2) (=) Assume C(h,u) NI = 0. Then for g € PP[u],

hg € C(h,u) = hg¢l
= g¢&I:h
= g¢gF.
(2) («<=) Assume FNPP[u] = 0. Then for g € PP[u], g cannot bein I : h

since otherwise F' would have to contain a divisor of ¢ and this divisor would also be
in PP[u]. So

g&I:h = hggl.
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C(=*y®,{=,y})

FIG. 5. The cone decomposition of (z2) N 1.

By the definition of C(h,u), every polynomial contained in this cone is of the form
hg with g € PP[u] and hence not in the ideal I. O

Figure 7 provides an algorithm SPLIT for splitting a cone C(h, u) with respect to
a monomial ideal I.

LEMMA 4.3. The algorithm SPLIT terminates.

Proof. For a set of arguments h,u, and F, define the rank of the arguments as
lul + 3" scrdeg(f). It is now claimed that if SPLIT is invoked with arguments of
rank r, then the two recursive calls (if reached) have arguments of rank < r — 1.
For the first call, this is trivial. For the second call, it must be shown that there is
some f; € F such that f; & PP[X — {z;}]. But, this must be true since otherwise
FNK[sU{z;}] =0, contradicting the choice of s, and hence z;.

If r = 0, then F must either be {1}, or . In either case, the recursion stops.
Therefore the depth of recursion is at most r, and hence the algorithm terminates. 0O

LEMMA 4.4. The algorithm SPLIT is correct.

Proof. The previous lemma assures the termination of the algorithm, so the
correctness of the algorithm can be proven using induction on the depth of recursion.

The basis case in which no recursive calls are made occurs if 1 € F or FNPP[u] =
0. In both of these cases, Lemma 4.2 shows that the trivial decomposition (P, Q)
satisfies the definition for splitting C(h, u) relative to I.

Otherwise, the cone C(h,u) is decomposed into

C(h,u) = C(h,u—{z;}) ® C(z;h,u) .

Since F' is a power product basis for I : h, the function QUOTIENT_BASIS produces
a power product basis F’ for the ideal I : zjh. Inductively, the algorithm SPLIT
returns

(1) (Po,Qo), which splits C(h,u — {z;}) relative to I, and

(2) (P1,Q1), which splits C(z;h, u) relative to I.
These two decompositions are then joined to produce the desired decomposition of
C(h,u). O
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C(z®y?,0)

@ ° *#— C(zy?,0)

C(z%y,0)

C(z3y,0)
C(z?, {z})

FI1G. 6. The cone decomposition of (z2) N Ny.

In the SPLIT algorithm, the choice of s C u such that FNPP[s] = @ as a mazimal
subset is not a necessary condition for the correctness of the algorithm in producing a
splitting decomposition. However, it will soon be shown that the set @ returned by this
algorithm has the additional property of being deg(h)-standard. To prove that this
is indeed true, we begin with a simple lemma regarding the condition F NPP[s] = 0.

LEMMA 4.5. Let h, u, I, and F be as in algorithm SPLIT. Then for any v C X,

C(h,v) CC(h,u)NN; < vCuand FNPPv]=0.

Proof. (=) C(h,v) C C(h,u) clearly implies v C u. To see that F N PP[v] = 0,
let f be any nonzero element of K([v]. Then hf € C(h,v) C Ny. But I N Ny = {0}
and neither A nor f is zero, so hf € I. Then,

hfgl = f¢gl:h
= fgF.

(=) v C u implies C(h,v) C C(h,u), so it only remains to be shown that
C(h,v) € Ni. To prove this, it is sufficient to show that no monomial of C(h,v)
belongs to I. Each monomial of C'(h,v) is of the form hf with f a monomial of K[v].
Then,

FNPPu]=0 = f&I:h
= hfgl. 0

LEMMA 4.6. Let h, u, I, and F be valid input for algorithm SPLIT, and let
(P,Q) denote the sets returned by SPLIT(h,u,F). Then for any power product g,
C(g,v) C C(h,u) N Ny implies that Q contains a pair (h, s) with |s| > |v|.

Proof. Using the previous lemma,

C(g,v) CC(hyu) NNy = C(h,v) CC(h,u) N Ny
= v Cuand FNPP[] =0.



Downloaded 05/29/23 to 129.97.170.182 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

IDEALS AND GROBNER BASES 763

SPLIT(h,u,F)
Input : h € PP[X]

uC X is a set of variables

F a power product basis for I:h
Output : (P,Q) which split C(h,u) relative to I.

If 1€ F then return (P = {(h,u)},Q=0)
If FNPP[u] =0 then return (P =10,Q = {(h,u)})
Otherwise
Choose s C u a maximal subset such that FNPP[s]=0
Choose z; €u—s [If s=u this point would not be reached.]

(Po,Qo) := SPLIT(h,u— {z;}, F)

F' := QUOTIENT BASIS(F, z;)

(P1,Q1) := SPLIT(zjh,u, F')

return (P=FUP, Q=QoUQ1)
End.

FI1G. 7. The algorithm for splitting C(h,u) relative to I.

We proceed inductively on |u|—|v|. If v = u, then the algorithm returns @ = {(h, u)},
satisfying the lemma. Otherwise, the choice of s as a mazimal subset such that
F NPP[s] = 0 implies that |s| > |v|. The previous lemma can now be applied in the
opposite direction to get

C(h,s) € C(h,u—{z;}) NNy .

Using the induction hypothesis, the set o formed by the recursive call
SPLIT(h,u — {z;}, F) contains a pair (h,w) with |w| > |s| > |v|. The lemma then
follows from the fact that Qo is a subset of Q. O

A basis R = {f1,, fx} for an ideal I is called a reduced basis if each f; satisfies
fi € (R—{fi}).- On the other hand, suppose that F' is not a reduced basis, and that
fi € (F—{f:}). Then, F —{f;} is also a basis for I. Successively removing redundant
generators produces a subset of F' that is a reduced basis for I.

LEMMA 4.7. Let R be a reduced power product basis for a monomial ideal I,
and let P = {{h1,u1), -+, {(hr,u,)} be any cone decomposition of I where the h;’s are
power products. Then, for each f € R, there is a pair (f,u) € P.

Proof. Let f be any element of R. Since f € I, there is some (h,u) € P such
that f € C(h,u). But, now h is also in I, so h = bg for some g € R. But f € C(h,u),
so f can be written as f = ah = abg. Since R is reduced, we have ab = 1,
and f=h. O

LEMMA 4.8. Let F be a power product basis for I # A, (P,Q) = SPLIT(1,X,F),
and let R C F be a reduced basis for I. Then for every f € R, @ contains a pair
(h,u) with deg(h) = deg(f) — 1.

Proof. Let f be any element of R. By the preceding lemma there is a pair
(f,v) € P. Consider how this pair got into P. Since deg(f) > 0, there must have
been a recursive call SPLIT(f,v, F’), where F’ is a basis for I : f. This invocation of
SPLIT must have been the child of either

(1) SPLIT(z}'f,v,F"), or
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(2) SPLIT(f,vU {z;}, F").
Using the first possibility as a basis case, inductively, we may step backward through
the computation of SPLIT(1,X,F) to find an invocation SPLIT(:vJ'.‘1 f,v', F") with
v Do

The cone C (x;’l f,v") could not have been a subset of I, since then a recursive
call would not have been generated. Therefore, if

(P',Q') = SPLIT(z;'f,v',F"),

then @’ is nonempty. But then Lemma 4.6 assures that @’ contains a pair of the form
(a:;'l f,8). Since deg(:::j"1 f) = deg(f) — 1, the existence of this pair in Q' C Q satisfies
the lemma. O

COROLLARY 4.9. Let F be a power product basis for I, and let (P,Q) =
SPLIT(1, X, F). Then if d = 1+ max{deg(h) : (h,u) € Q}, I can be generated by the
set {f € F : deg(f) <d}.

LEMMA 4.10. Let (P,Q) = SPLIT(h,u,F). Q is a deg(h)-standard cone de-
composition.

Proof. If Q is either @ or {(h,u)}, then the lemma follows trivially. Otherwise,
assume inductively (on the number of recursions) that Qo and @ satisfy the lemma.
That is Qo and @, are, respectively, deg(h)-standard and (deg(h) + 1)-standard.

To show that @ is a deg(h)-standard cone decomposition, it must be shown that
for any (g,v) € Q and degree d such that deg(h) < d < deg(g), there is a pair
(p,t) € Q with deg(p) = d and [t| > |v]. Since @ = Qo U @1, there are two cases to
consider.

(1) {(g,v) € Qo. Since Qo is itself a deg(h)-standard cone decomposition, Qo
contains all the pairs needed to satisfy the condition for (g, v), and Qg is a subset of
Q.

(2) (g9,v) € Q. Since Q; is a (deg(h) + 1)-standard cone decomposition, @1
contains the pairs needed to satisfy the condition for (g, v) for deg(h)+1 < d < deg(g).
For d = deg(h), Lemma 4.6 assures that ) contains the needed pair. 0O

The remarks at the beginning of this section allow these results to be extended
beyond monomial ideals.

THEOREM 4.11. Let G be a Grébner basis for I with respect to i. Let (P,Q) =

SPLIT(1, X, Hterm(G)). Then Q is a 0-standard cone decomposition of Ny = nfg(A).
Furthermore, if d = 1 + max{degh : (h,u) € Q}, then G' = {g € G : deg(g) < d} is
also a Grobner basis for I with respect to i.

Proof. Hterm4(G) is a basis for ing (). Therefore the SPLIT algorithm returns a

0-standard cone decomposition for Nin, @ = N1
By Corollary 4.9, the set

{h € Hterm4(G) : deg(h) < d} C Htermu(G')

is a basis for ing(I), and hence G’ is a Grobner basis for I. O

5. Splitting a homogeneous ideal. So far we have seen that for any ideal I,
there exists a 0-standard cone decomposition of N;y. But what about I itself? The
construction SPLIT provides a cone decomposition of I that is only valid for monomial
ideals, and even this does not produce a standard cone decomposition. The answer is
found in the following lemma.
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LeMMA 5.1. Let F = {f1, -+, fr} be a homogeneous basis for an ideal I; then
there exists a k-standard cone decomposition P for I with

k = max{deg(f;) : i=1---7}.

Proof. Let S1 = (f1), and for i = 2---7 let J; = (f1, -+, fi—1), Li = Ji : f;
and S; = {c¢fi : ¢ € Ni,}. The sets Sy,--+,S, form a direct decomposition of
I. S; is a principal ideal that has the deg(fi)-standard cone decomposition P; =
{{(f1,X)}. Using the construction provided by SPLIT, we form a 0-standard cone
decomposition @; for each Np,. If Q; = {(h1,u1), -, {hs,us)}, then it follows that
P, = {{frh1,u1), -, {frhs, us)} is a deg(f;)-standard cone decomposition for S;.

It then follows from Corollary 3.2 that there exists a k-standard cone decompo-
sition P for I. O

For I # {0}, it will be preferable to use a slightly modified version of this result.
When the sets P; are united to form P, do not include P; in the union. This produces
the following modified result.

COROLLARY 5.2. Let F = {f1,---,fr} be a homogeneous basis for an ideal I
with r > 0, and let S1,---,8S, be as above. Then there exists a direct decomposition
of I consisting of the primary ideal S1 = (f1), and a k-standard cone decomposition
P for So® S3®---® S, with

k = max{deg(f;) : i=1---7}.

6. The exact cone decomposition.

DEFINITION. For T C K[X], Q is called an ezact cone decomposition of T if Q is
a k-standard cone decomposition of T' for some k, and additionally for every degree
d, Q% contains at most one pair (h,u) with deg(h) = d.

If Q% is nonempty, then there is a unique value of k for which Q is k-standard.
Let @g denote this value of k. In the case that Q" is empty, let @y = 0. Both of
these cases can be captured with the single definition: @, is the least value of k such
that @ is k-standard. However, this unified definition fails to emphasize the fact that
in the more important case (Q+ # @) the value of k is unique.

Fori=0,---,n+1, let

b; = min{d > dq : (h,u) € Q and |u| > i = deg(h) <d} .

It is a simple consequence of this definition that the b;’s satisfy bg > by > -+ > bp41 =
ag. Furthermore,

- { 1+ max{deg(h) : (h,u) € Q*}, Q #0,
= o, Qt=0.

LEMMA 6.1. Let Q be an exact cone decomposition, and let by, - -+, by 11 be defined
as above. Then for each i = 1,---,n and degree d such that b;+1 < d < b;, there is
exactly one pair (h,u) € QT such that deg(h) = d and in that pair |u| = i.

Proof. If Q% is empty, then by = by = - = b,y ; = 0 and the lemma follows
vacuously. Otherwise, for each i = 1,---,n, the definition of b; requires that b; — 1
be the largest degree such that @ contains a pair (g,v) with |v| > i. Since Q is
bn+1-standard, each degree d = by41,---,b; — 1 must have a pair (hg,uq) € Q with
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deg(hg) = d and |ug| > |v| > 3. Since @ is an exact cone decomposition (hq,ug) is
the only pair (h,u) € Q* with deg(h) = d.

Now if b; = b;+1 the range d = b;y;1,--+,b; — 1 is vacuous. Otherwise, for each d
in this range |ug| = ¢ since |uq| > ¢ would contradict the definition of b;4;. 0O

The following trivial lemma provides a tool by which any standard cone decom-
position may be transformed into an exact cone decomposition.

LEMMA 6.2. Let Q be a k-standard cone decomposition of T, and let (f,s),
(g,v) € Q such that deg(f) = deg(g), and |v| > |s| > 0. Then for any z; € s,

Q = @Q-{(f,NU{{fs—{z;}), (z;f,5)}

is also a k-standard cone decomposition of T'.

Proof. It must be shown that for every pair (£, w) € Q' and degreed = k, - - -, deg(¥)
there is a pair (h,u) € Q" with deg(h) = d and |u| > |w|. For ({,w) e @NQ’, Q' in-
herits all the required pairs from Q. For the two new pairs, the presence of {g,v) € Q’
is sufficient to show that @’ must again contain the required pairs. 0O

This lemma provides a tool to shift pairs away from degrees occupied by other
pairs.

One new term will be introduced only for the purposes of proving the correctness
of the following algorithm. A k-standard cone decomposition P is called m-ezact if for
each degree d there is at most one pair (h,u) € P such that deg(h) = d and |u| > m.
With this definition, a cone decomposition is exact if and only if it is 0-exact. It also
follows vacuously that any cone decomposition is n-exact. Consider the algorithm of
Fig. 8.

SHIFT(Q, k, m)

Input : Q@ a k-standard m-exact cone decomposition for T
Output : @' a k-standard (m — 1)-exact cone decomposition for T'.
QT = Q

If {(h,u) €Q : |u| >m} =0 then return(Q’).
c = |{{hu) €Q : |u| >m}|.
For d:=k to k+c—1 do
B = {(h,u) € Q" : deg(h) =d and |u| > m}
While |B| > 1 loop
Choose (h,u) € B with |u|=m
Choose z; € u
B := B—{<h‘7u>}
Q = (@ = {(hu)}) U{(hu—{z;}), (oh,u)}
End While loop
End For d loop
return(Q’)
End.

FIG. 8. The algorithm for shifting pairs in a standard cone decomposition.

LEMMA 6.3. The algorithm SHIFT is correct.

Proof. If @Q is a k-standard partition, then it follows from the previous lemma
that the set Q' will also be k-standard. Furthermore, the action of the algorithm
assures that for each degree d < k + ¢, @' will contain at most one pair (h,u) with
deg(h) = d and |u] > m. But what about degrees > k + ¢? Checking the line at
which @' is modified will show that throughout the execution of this algorithm the
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size of the set {(h,u) € Q' : |u| > m} remains invariantly ¢. Now since @’ is k-
standard, a pair {g,v) € @' with |v| > m requires that @’ contain a pair (hg, uq) with
|ug| > m and deg(hg) = d, for every degree d = k,---,deg(g). The ¢ pairs in the
set {(h,u) € Q" : |u| > m} must then include the deg(g) — k + 1 pairs of the form
(hd,uq). Therefore, deg(g) <c+k—1. 0O

Now, the SHIFT algorithm can be used to produce an exact cone decomposition
using the algorithm in Fig. 9. Note that the action of the EXACT and SHIFT algorithms

EXACT(Q, k)
Input : @ a k-standard cone decomposition for T
Output : @' an exact cone decomposition for T.
Qn = @

For m:=n down to 1 do
Qm—1 := SHIFT(Qu,k,m)
End For m loop
return(Qg)
End.

FI1G. 9. The algorithm for producing an exact partition.

assures that if @’ is the exact cone decomposition produced by EXACT(Q, k), then the
Macaulay constant by for Q' satisfies

bo > 1+ max{deg(h) : (h,u) € Q}.

7. Exact cone decomposition and Hilbert function. For any cone decom-
position P of a set T, the Hilbert function of T can be described by summing the
Hilbert functions of the cones in P:

er(z) = Y. pomw(?) -
(h,u)ep

For degrees z greater than or equal to
7 = max{deg(h) : (h,u) € P}

each of the cones has a Hilbert function described by the binomial coefficient

_ _  z—deg(h)+|u| -1
(pC(h,u) - |ul -1 ’
and so
- z—deg(h) + |u| -1
= X (),
(h,u)ep+
But, if P is exact, then the constants by, - -, b, describe all of the cones in P, so
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Furthermore, the constant bg is defined to be the same as the constant 2’ given above,
so the Hilbert function attains this polynomial form for degrees z > by.
Using the combinatorial identity

b;—1
’Z (z—d+j——1) _ (z—bj+1+j)_(z—-bj+j)
s J-1 J J ’
=0j+1

the Hilbert function of T' can be written in the form:

[(z”“”) (%)
n+1+n>_(z—b11+1)

nil z2=bjt1+] _ z2—=bj1+j+1
J j+1

_ z=bpprtn\_,_(2-b _nz_:l z=bjy1+J
n 1 f Jj+1

i=

_ Z2=bpy1+n _l_nz—:l z—bjs1+7
- n j+1 )

=0

wr(z) =

- uM:

Replacing the summation variable with ¢ = j + 1, this can be restated as

(+) pr(z) = (z"”gl*">_1—i(z"’ij"‘1).

i=1

In the classic paper [7], Macaulay first proved that for sufficiently high degree
z, the Hilbert function of a polynomial quotient ring always attains the form of a
polynomial such as the one given in (*). For this reason the constants bg,- -, by+1
will be referred to as the Macaulay constants of T'. The formulation given above has
the added benefit of the additional constant by, which provides a bound on the point
at which the Hilbert function @1 (2) attains its polynomial form ,(z) as given in ().

For z in the range b; < z < by, the Hilbert functions of the cones in Pt attain
the polynomial forms used in calculating @ (2). For z in this range however, there
are also some cones C(h,#)— € P — P*, which contribute to the Hilbert function of
T. Therefore, for z > b; the following form of the Hilbert function is valid:

er(2) = Pr(z) + Y, eomn(?)
(h,D)ep
= Pr(2) + |[{(h,0) € P : deg(h) =2}|.

LEMMA 7.1. Let P be any exact cone decomposition for a set T. Once the
constant b, 1 = Qg is fized, the constants bg, by, -+, b, are uniquely determined.
Proof. The Hilbert polynomial of T can be written in the form

-2

Pr(2) = an-12""t+an22" 4+ +arz+ao .
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Assume inductively that the constants b;,1,- -, bs+1 have been uniquely determined
such that Hilbert function given by () agrees with the coefficients a,—1,---,a;. The
binomial coefficient
z—b;+i—-1
i

is a degree ¢ monic polynomial in 2. So, the coefficients b;_1,---,b; do not effect the
coefficient of 2/~ in the Hilbert polynomial (*). Therefore, matching the coefficient
a;—1 requires a unique choice for b;.
We may then also uniquely determine bqy as
bo = min{d > b1 : V,5407(2) = or(2)} . n|
LEMMA 7.2. Let I be a homogeneous ideal, then the Hilbert function of Ny is
described by a unique set of Macaulay constants bg > by > -++ > by41 = 0. Further-
more, for any admissible ordering i the degree of polynomials in a reduced Grobner

basis for I with respect te > is bounded by by.
A

Proof. Since Nj has a 0-standard cone decomposition, it is possible to find an
exact cone decomposition for Ny with b,+1 = 0. Once b, is fixed as zero, the other
Macaulay constants are uniquely determined.

Let G be a Grobner basis for I w.r.t. i. The set Ny admits a 0-standard cone

decomposition @, which may be found using the algorithm SPLIT(1, X, Hterm4(G)).
Let d = 1+max{deg(h) : (h,u) € Q}. Theorem 4.11 assures that {g € G : deg(g) < d}
is also a Grobner basis for I. The construction using algorithm EXACT then shows that
the unique Macaulay constant by is > d, and hence is also a bound on the degree of
polynomials required in the Grébner basis. 0O

8. A bound for Grébner basis degree. Let F = {f1,---, f-} be a homoge-
neous basis for an ideal I. Assume without loss of generality that f; has the largest
degree deg(f1) = d. In the previous section, it has been shown that for any ideal I,
there exists an exact partition @ for N; in which the constant @g is zero. Further-
more, if the Macaulay constants associated with @ are by > by > -+ > bpy1 = 0, then
for degrees z > by, the Hilbert function of Ny attains the polynomial form

on(2) = (z:")_l_zn:(z—b,-;-i—l )

=1

It also has been shown that I itself has a direct decomposition consisting of the
principal ideal (f;) and an exact partition P with @p = d. Let ag > a; > -+ >
@n+1 = d be the Macaulay constants for the portion of I partitioned by P. Then, for
degrees z > ag the Hilbert function of I is equal to the polynomial

_f z=d+n-1 z—d+n N[ z—ai+i—1
o = (7)) ()

Now since I and N form a direct decomposition of K[X], the sum of their Hilbert
functions must be equal to the Hilbert function of K[X], which is

exp () = ( z+n—1 ) .

n—1
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Therefore, for z > max{ag,bo},
z+n-—1 z—d+n-1 z—d+n
= +
n—1 n—1 n
(1) +<z:")—2
_Z[(z—a,+z 1)+(z—b,~2—z’—1)]'

The backwards difference operator V is defined for any function F'(2) by VF(z) =
F(z) — F(z = 1), and V/F(z) = V(VI~1F(z)). Using the identity

(f)-(emr) = (i)
v(z:’“)=(z:le>~

It then follows inductively that
n - n—j
If F1(z) = Fy(2) for z > k, then clearly VFi(2) = VF3(z) for z > k+ 1. For

each j in the range j = 0,---,n — 1, apply the operator V7 to (1). ! This yields the
following set of equations for j =1,---,n — 1, which are valid for large enough z:

z+n—j-—-1 z—d+n—-j—-1 z—d+n-j
. = . + .
n—j—1 n—j—1 n—7j
+( z+n)_~2
n

B

i=j+1

we have

Each side of these equations is a polynomial in z, so they must agree for each power
of z. In particular, they must have the same constant term. Note that the constant

term of ( =tk ) is given by

k
<O+k)= (n ’ k20,
n (—1)"<"‘1'k), k<O.
n

Taking the constant terms of the previous set of equations, we obtain

t= (L (0T

_1_i§1(—1)“"[( .y )+(in3 >] '

1 The technique of using the backwards difference operator has been used in a slightly different
manner in [10].
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At j = n — 1, this is simply
1—(d11 )—1+an+bn=1.

So an + b, = d. Together with the conditions a,, > d and b, > 0, this implies that
a, = d. When we substitute these values, the series of equations becomes

d—1 = a b
2—1"—1—1( - )—1— —1i‘f[(.".)+(.".)]=1.
(-1) n—j—1 zg‘l( ) 1= 1—

Let c;+1 denote the sum a;11 + bj41. Solving for this expression yields
: d—1 n-l o a b,
. = —_1)—d ~1)¢J i i
o = e (45 )+ B[ )+ ()]

At this point, we may note that the sum on the right is vacuous for j = n — 2 and
conclude that ¢,—1 =2+ 2(d — 1) = 2d. And since

ai4+1 bit1 Ci+1
g ()= () = ()
is true for all ¢, for j = n — 3 we have

Cp—2 < 2—2(‘1;1 )+(22d) = d*+2d.

The remaining equations (j < n — 3), all contain the expression

2+ (~1)"7 [2( ni;il >— < nft-nj_l—l >_ ( n'linJTl—l )] '

The magnitude of this combination is bounded by
Cn—1
n—j—1)"
so the inequalities above may be replaced with the weaker inequalities:
c = a b
) n—1 _1Y)i—j i i
G S (n—j—l )+.Z‘ b [(i—j )*(i—j )] '
i=j+2

The term in the sum for i = j + 3 has a negative sign, and hence this term may be
discarded. Giving all the remaining terms a positive sign produces the following still
weaker inequalities :

< (L )+ (% )+ ()] +§4[( 25 )+ ()]

n—1
Ci+2 Ci
()2 (%)
i=j+4

IA
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Or, upon repairing the subscripts by the change j — j — 1:

n—1
) Cj+1 Ci
¢ = ( 2 )+ 2 (i—j+1)’

i=j+3

These inequalities may now be solved inductively to provide a bound on the magnitude
of Cj.
LEMMA 8.1. For j < n—2, the value of c; satisfies the inequality c; < D;, where

d2
Dj = 2(2 +d)

Proof. 1t was already determined that c,_s < d? + 2d, satisfying this claim. Now,
assume inductively that ¢; has the indicated bound for j < i <n — 2.

For i > j+3 the inequality 2¢=7~! > i —j+1 can be used to see that (2"~*~1)(i—
j+1) <2m=7=2, Therefore,

Zn——j—l

. i=j+1 pimi i3
. l?z < 'Dq,' S .Dz‘ —_— DJ+1_..._2_.__. .
i—j+1 (t—j+1) (i—j3+1) (G—g+1)

And so,

“('J
IN IA
SR
~No
NI s
i
N——
I +
I3 300
iS . :
VS
-
~.
I I
<. = O
+°  *
[u—y
—
N——"

D} = Dit1 9i~i

S Jj+ ‘7 Z D]+1 ] + 1)
i=j+3

D 1 n—1 21’ 3
< J+l o
- 2 i+l 5 izj;S (t—g+1)

D2
< ]+1 — .
) b; 0

From this, we may conclude that the Macaulay constants a; and b; are each less
than D; = 2((d2 /2) +d)2"*. But what about the constants ag and by that did not
appear explicitly in the Hllbert function? For z in the range max{a;,b;} < z <
max{ao, bo}, use the equality

wr1(2) + on; (2) = pxx)(2)
to obtain the relation

@1(2) + [{(h,0) € P : deg(h) = z}|)
+(@r, (2) + [{(h,0) € Q : deg(h) =2}]) = wxix)(2).
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At this point, we may note that the relationship %;(2) + @, (2) = ¢k[x](2), which
was claimed valid for z > max{ao, bo} actually holds for z > max{ay, b;}. Therefore,
for z in the range max{a1,b1} < z < max{ao, bo}, it must be the case that

({(h,0) € P : deg(h) = z}|) + ([{(h,0) € Q : deg(h) =2}|) = O.

This implies that PUQ contains no pair (h, #) with deg(h) > max{a1,b1}. Therefore,
the constant D, is also a bound on the value of by. Using this bound within Lemma
7.2 provides the proof of the following theorem.

THEOREM 8.2. Let I be an ideal of K[X] = K|z, -+, z,] generated by a set of
homogeneous polynomials F. Let d = max{deg(f) : f € F}. Then for any admissible
ordering i, the degree of polynomials required in a Grobner basis for I with respect

to > is bounded by 2((d?/2) + d)2" .
A
For I an affine ideal, we can homogenize a basis F' for I using one additional
variable z,+1. Therefore, for any set of polynomials F' we have Corollary 8.3.
COROLLARY 8.3. Let F C K[X], I the ideal generated by F, and let d be the
mazimum degree of any f € F. Then for any admissible ordering >, the degree
A

of polynomials required in a Grébner basis for I with respect to > is bounded by
A

2((d?/2) +d)?" .
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