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How to prove lower bounds?

1 Computation Progresses Slowly: complexity of f + g or f × g
shouldn’t be so different from complexity of f , g

2 Complexity Measure: find complexity measure µ : F[x1, . . . , xn]→ N
which captures this slow progress

µ(xi ), µ(α) = O(1) for all variables and constants from F
µ is sub-additive and sub-multiplicative

µ(f + g) ≤ µ(f ) + µ(g)

µ(f · g) ≤ µ(f ) · µ(g)

µ is “easy” to compute or estimate

3 For instance S(f ) is a valid complexity measure, but we don’t know
how to estimate it, let alone compute it

4 Open problem: what is the complexity of computing S(f ), if I give f
in dense representation? (algebraic minimum circuit size problem)
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How have we usually proved lower bounds?
1 Define class of simple polynomials S
2 Normal form: every circuit from circuit class C can be expressed as

small sum of simple polynomials in S
3 Complexity Measure: find sub-additive complexity measure
µ : F[x1, . . . , xn]→ N which captures the simplicity of S

µ(f ) small for all polynomials in S
µ is sub-additive

µ(f + g) ≤ µ(f ) + µ(g)

µ is “easy” to compute or estimate

4 Hard polynomial: find polynomial p such that µ(p) is large

If µ(f ) ≤ U for all f ∈ S
By sub-additivity µ(q) ≤ s · U for any q ∈ C which can be written as

q =
s∑

i=1

fi , fi ∈ S

µ(p) ≥ L and p can be computed by size s in C ⇒ s · U ≥ L
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Lower bounds
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Why study constant depth circuits?
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Homogeneous depth-3 circuits

Simple polynomials: products of linear forms

d∏
i=1

(ai1x1 + · · ·+ ainxn)

Circuit class C

C(s, n, d) :=

f ∈ F[x1, . . . , xn]d | f =
s∑

i=1

d∏
j=1

`ij(x1, . . . , xn)


Complexity measure: dimension of space of all partial derivatives

µ(f ) = dim(∂∗f )

Examples:
µ(xi ) = 2 µ(x1 · x2 · · · xn) = 2n
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Property of partial derivatives

Given polynomials f , f1, . . . , fk ∈ F[x1, . . . , xn], α ∈ F∗ we have:

dim(∂∗(αf )) = dim(∂∗f )

dim

(
∂∗

(
k∑

i=1

fi

))
≤

k∑
i=1

dim (∂∗fi )

dim

(
∂∗

(
k∏

i=1

fi

))
≤

k∏
i=1

dim (∂∗fi )

24 / 43

Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira




Lower Bound

Theorem ([Nisan & Wigderson 1997])

Any depth-3 homogeneous circuit computing the elementary symmetric
polynomial En,2d must be of size ( n

4d

)d
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Our Circuit Class

Simple polynomials: powers of quadratics Qd , where
Q ∈ F[x1, . . . , xn]2

Sums of powers of quadratic polynomials:

C(n, d , s) =

{
f ∈ F[x1, . . . , xn]2d | f =

s∑
i=1

Qi (x1, . . . , xn)d

}

where Qi ∈ F[x1, . . . , xn]2
Complexity measure?

dimension of partial derivatives won’t work, as space of partial
derivatives of Qd could be as large as can be expected

Observation: k th order partial derivative of Qd is of the form Qd−kp,
where p ∈ F[x1, . . . , xn]k .
small order partial derivatives share large common factors
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Complexity Measure [Kayal 2012]

Let ∂k f be the set of all kth order partial derivatives of f

x≤` be the set of all monomials of degree ≤ `

The shifted partials measure of f , denoted

µk,`(f ) = dim(span(x≤` · ∂k f ))

Lemma (Simple polynomials have small measure)

If f = Qd where Q is a quadratic, then

µ(f ) ≤
(
n + k + `

n

)
which is the number of monomials of degree ≤ k + ` in n variables.

This measure has an algebro-geometric meaning (see Affine Hilbert
function of an ideal)
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Proof of Lemma
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Lower Bound

Theorem ([Kayal 2012])

The monomial x1x2 · · · xn has complexity 2Ω(n) in the model of sums of
powers of quadratics.

Lower bound µk`(x1 · · · xn) ≥
(n
k

)
·
(n−k+`

`

)
Parameters: ` = 2n, k = ε · n/2
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Lower Bound

Theorem ([Kayal 2012])

The monomial x1x2 · · · xn has complexity 2Ω(n) in the model of sums of
powers of quadratics.

Lower bound µk`(x1 · · · xn) ≥
(n
k

)
·
(n−k+`

`

)
Parameters: ` = 2n, k = ε · n/2
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Conclusion

Today we learned that constant depth circuits are essentially as
general as general algebraic circuits

Natural approaches to prove lower bounds on circuit classes

Use of partial derivatives as a complexity measure

Shifted partial derivatives
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