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Rate this course!

Please log in to
https://evaluate.uwaterloo.ca/

Please provide us (and the school) with your evaluation and feedback on
the course!

@ This would really help me figuring out what worked and what didn't
for the course

@ And let the school know if | was a good boy this term!

@ Teaching this course is also a learning experience for me :)



@ Important Hyperbolic Polynomials and Complexity of Verifying
Hyperbolicity



Real-Stable Polynomials

o Let H™ C C™ be the complex upper-half region, where

H={zeC | Im(z) >0}
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Real-Stable Polynomials

o Let H™ C C™ be the complex upper-half region, where
H={zeC | Im(z) >0}

o A polynomial p(x) € R[x] is called real-stable iff it is the zero
polynomial or it has no zeros in the upper-half region of C™
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Real-Stable Polynomials

o Let H™ C C™ be the complex upper-half region, where
H={zeC | Im(z) >0}

o A polynomial p(x) € R[x] is called real-stable iff it is the zero
polynomial or it has no zeros in the upper-half region of C”

@ Examples:
@ Determinant of mixture of PSD matrices

p(x) = det(x1A; + -+ - + xnAm + B)

where A;'s are PSD and B is Hermitian.



Real-Stable Polynomials

Let H™ C C™ be the complex upper-half region, where

H={zeC | Im(z) >0}

A polynomial p(x) € R[x] is called real-stable iff it is the zero
polynomial or it has no zeros in the upper-half region of C™
@ Examples:

@ Determinant of mixture of PSD matrices

p(x) = det(x1A; + -+ - + xnAm + B)

where A;'s are PSD and B is Hermitian.

A polynomial p(x) € R[x] is real stable iff for all a,b € R™ with
b > 0, the univariate polynomial p(a + bt) only has real roots \
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Real Stability and Hyperbolicity

o Let p(x) € R[x] be a homogeneous polynomial. Then

p(x) is real-stable iff p(x) is hyperbolic w.r.t. e = (1,...

RT CAyi(p,e)
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Real Stability and Hyperbolicity

o Let p(x) € R[x] be a homogeneous polynomial. Then

p(x) is real-stable iff p(x) is hyperbolic w.r.t. e = (1,...

RT C Ayi(p,e)
@ Corollary of the lemma in previous slide.
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Real Stability and Hyperbolicity

o Let p(x) € R[x] be a homogeneous polynomial. Then
p(x) is real-stable iff p(x) is hyperbolic w.r.t. e = (1,...,1) and
RT C Ayi(p,e)
@ Corollary of the lemma in previous slide.

@ Up to a linear change of coordinates every hyperbolic polynomial can
be made real stable
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Real Stability and Hyperbolicity

Let p(x) € R[x] be a homogeneous polynomial. Then

p(x) is real-stable iff p(x) is hyperbolic w.r.t. e = (1,...,1) and
RT C Ayi(p,e)
Corollary of the lemma in previous slide.

Up to a linear change of coordinates every hyperbolic polynomial can
be made real stable

@ Real-stable polynomials have many nice properties, so approaching
hyperbolic questions via real stability can be quite useful



Matching Polynomials

e Given a graph G(V/, E) the (homogeneous multivariate) matching
polynomial
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Matching Polynomials

@ Given a graph G(V, E) the (homogeneous multivariate) matching
polynomial

pexw)y= > (DM T x- J] w?
MeM(G) ug¢ V(M) eeM

is hyperbolic w.r.t. e = (1y,0).

@ Hyperbolicity follows from the Heilmann-Lieb theorem.



Matching Polynomials

@ Given a graph G(V, E) the (homogeneous multivariate) matching
polynomial

pexw)y= > (DM T x- J] w?
MeM(G) ugV(M)  eeM
is hyperbolic w.r.t. e = (1y,0).
@ Hyperbolicity follows from the Heilmann-Lieb theorem.

@ Another way to see it is via stability-preserving maps (but also require
more background on stable polynomials)



Complexity of Verifying Hyperbolicity

@ So far we have seen nice polynomials which are hyperbolic, and
sometimes the proofs of hyperbolicity are non trivial



Complexity of Verifying Hyperbolicity

@ So far we have seen nice polynomials which are hyperbolic, and
sometimes the proofs of hyperbolicity are non trivial

@ Which raises the computational question: how hard can it be?
Pretty hard. (See [Saunderson 2019))



Complexity of Verifying Hyperbolicity

@ So far we have seen nice polynomials which are hyperbolic, and
sometimes the proofs of hyperbolicity are non trivial

@ Which raises the computational question: how hard can it be?
Pretty hard. (See [Saunderson 2019))
@ Let us consider cubic polynomials of the form:

p(x0,x) = xg — 3x0(x¢ + - - - + x2) +2q(x)
—_——

_ 1
for some g(x) € R[x]3 and e = (1,0). (3,
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Complexity of Verifying Hyperbolicity

@ So far we have seen nice polynomials which are hyperbolic, and
sometimes the proofs of hyperbolicity are non trivial

@ Which raises the computational question: how hard can it be?
Pretty hard. (See [Saunderson 2019))
@ Let us consider cubic polynomials of the form:

p(x0,x) = xg — 3x0(x¢ + - - - + x2) +2q(x)

for some g(x) € R[x]3 and e = (1,0).

@ One can prove that p is hyperbolic w.r.t. e iff

max g(x) <1

[Ix[[?=1



Complexity of Verifying Hyperbolicity
@ Let us consider cubic polynomials of the form:
p(x0,x) = xg — 3x0(x¢ + - - - + x2) +2q(x)

for some q(x) € R[x|3 and e = (1,0).
@ One can prove that p is hyperbolic w.r.t. e iff

max q(x) <1
[Ix[?=1



Complexity of Verifying Hyperbolicity
@ Let us consider cubic polynomials of the form:
p(x0,x) = xg — 3x0(x¢ + - - - + x2) +2q(x)

for some g(x) € R[x]|3 and e = (1,0).
@ One can prove that p is hyperbolic w.r.t. e iff

max q(x) <1
[Ix[?=1

@ By a theorem of Nesterov, if G(V, E) is a simple graph and

gc(x,y) = Z XiXjYi.j

{ij}€E

1
I lyl2=1 96(x.y) = V2/21: \/ L w(G)

where w(G) is the size of the largest clique in the graph G.

then



Complexity of Verifying Hyperbolicity

e Putting it all together, we have that

2k
PG k(x0,x,y) = —

x5 = xo([x[1 + ly1%) + g6 (x, y)

1 -

is hyperbolic with respect to e = (1, 0) iff w(G) < k.
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Complexity of Verifying Hyperbolicity

e Putting it all together, we have that

2k
-1

Pos(x0,x,y) = 77 -8 = xo(lxI2 + /) + g (x.y)

is hyperbolic with respect to e = (1, 0) iff w(G) < k.
@ This implies that verifying hyperbolicity is co-NP hard



Complexity of Verifying Hyperbolicity

e Putting it all together, we have that

2k
pe.(x0.x.y) = 75 ¢ = xo(llxl* + Iy1]*) + 46(x.)

is hyperbolic with respect to e = (1, 0) iff w(G) < k.
@ This implies that verifying hyperbolicity is co-NP hard
@ This result is only for cubics... how hard can this problem really be?



@ Spectrahedral Sets and Semidefinite Representations



Spectrahedra

To understand SDPs, we need to understand their feasible regions, which
are called spectrahedra and described as Linear Matrix Inequalities (LMls).



Spectrahedra

To understand SDPs, we need to understand their feasible regions, which
are called spectrahedra and described as Linear Matrix Inequalities (LMls).

Definition (Linear Matrix Inequalities)

A linear matrix inequality is an inequality of the form:

Ao + ZAIXI =0,
- =l L (swner ordex

where Ay, ..., A, are symmetric matrices.
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Spectrahedra

To understand SDPs, we need to understand their feasible regions, which
are called spectrahedra and described as Linear Matrix Inequalities (LMls).

Definition (Linear Matrix Inequalities)

A linear matrix inequality is an inequality of the form:

Ao + zn:AiXi = 0,
=il

where Ay, ..., A, are symmetric matrices.

Definition (Spectrahedron)

A spectrahedron is a set defined by finitely many LMls. In other words, it
can be defined as:

n
SZ{XGRH | ZA,‘X,'EB, A,-,BGS’"}
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Spectrahedra

To understand SDPs, we need to understand their feasible regions, which
are called spectrahedra and described as Linear Matrix Inequalities (LMls).
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Definition (Spectrahedron)

A spectrahedron is a set defined by finitely many LMls. In other words, it
can be defined as:

n
SZ{XGRH | ZA,‘X,'EB, A,'7B€Sm}
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Spectrahedra

To understand SDPs, we need to understand their feasible regions, which
are called spectrahedra and described as Linear Matrix Inequalities (LMls).
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Definition (Spectrahedron)

A spectrahedron is a set defined by finitely many LMls. In other words, it
can be defined as:

n
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Example of Spectrahedron L? ¢ SDP

Polyhedron:
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Example of Spectrahedron

Circle:

€ - % (x.g,)e '21
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Example of
Hyperbola:
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Example of Spectrahedron

Elliptic curve:
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Semidefinite Representations (Spectrahedral Shadows)

For both LPs and SDPs, it is enough to obtain a linear projection of
spectrahedron (or polyhedron, if in LP).
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Semidefinite Representations (Spectrahedral Shadows)

For both LPs and SDPs, it is enough to obtain a linear projection of
spectrahedron (or polyhedron, if in LP).

Definition (Projected Spectrahedron/Semidefinite Representation)

A set S € R" is a projected spectrahedron if it has the form:
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Semidefinite Representations (Spectrahedral Shadows)

For both LPs and SDPs, it is enough to obtain a linear projection of
spectrahedron (or polyhedron, if in LP).

Definition (Projected Spectrahedron/Semidefinite Representation)

A set S € R" is a projected spectrahedron if it has the form:

n t
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Example of Spectrahedral Shadow

Projection quadratic cone intersected with halfspace:

g - (x!(a)emt |3'2€,?\

3 x At [E1G BT &
22-X 2-3

Z<t

ael 2ty gt (T ene 790

’—v———-

(z29)
(imply Ht X >,o)


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira



Know “thet (ew 5‘/
ahbject

L
(- spP € {HP
cincle
=i (hypebbic pove=)

505 mif CT)(.
X xe_/\+(flé)

X0


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira



References |

ﬁ Blekherman, Grigoriy and Parrilo, Pablo and Thomas, Rekha (2012)

Convex Algebraic Geometry

ﬁ Saunderson, James (2019)
Certifying Polynomial Non-Negativity via Hyperbolic Optimization
SIAM Journal on Applied Algebra and Geometry 3.4 (2019): 661-690.



	Administrivia
	Important Hyperbolic Polynomials and Complexity of Verifying Hyperbolicity
	Spectrahedral Sets and Semidefinite Representations

