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Rate this course!

Please log in to
https://evaluate.uwaterloo.ca/

Provide us (me and the school) with your evaluation and feedback on the
course!

@ This would really help me figuring out what worked and what didn't
for the course

@ And let the school (and santa) know if | was a good boy this term!

@ Teaching this course is also a learning experience for me :)



@ Hyperbolic Polynomials



Hyperbolic Polynomials

Let x = (x1,...,Xm) be a vector of variables and a = (a1,...,an) € R™
be a vector in R™.
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only has real zeros.




Hyperbolic Polynomials

Let x = (x1,...,Xm) be a vector of variables and a = (a1,...,an) € R™
be a vector in R™.

Definition (Hyperbolic Polynomials)

A homogeneous polynomial h(x) € R[x, ..., xm] is hyperbolic with respect
to a point e € R™ if

e h(e) >0,

o for each vector a € R, the univariate polynomial f(t) := h(te — a)
only has real zeros.

Example

| N\

@ h(x)=x1-x2--xp,e=(1,...,1)

e m= (";1), X symmetric n X n matrix, e = I,

h(X) = det(X)
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Other Families of Examples

e If a polynomial h(x) is hyperbolic with respect to e, then we know its
directional derivatives w.r.t. e are also hyperbolic w.r.t. e
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Other Families of Examples

e If a polynomial h(x) is hyperbolic with respect to e, then we know its
directional derivatives w.r.t. e are also hyperbolic w.r.t. e

@ With this observation, we get that the elementary symmetric
polynomials are also hyperbolic w.r.t. e =(1,1,...,1).
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Other Families of Examples

e If a polynomial h(x) is hyperbolic with respect to e, then we know its
directional derivatives w.r.t. e are also hyperbolic w.r.t. e

@ With this observation, we get that the elementary symmetric

polynomials are also hyperbolic w.r.t. e =(1,1,...,1).
@ The product of two hyperbolic polynomials w.r.t. e is also hyperbolic
w.r.t. e
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e If a polynomial h(x) is hyperbolic with respect to e, then we know its
directional derivatives w.r.t. e are also hyperbolic w.r.t. e

@ With this observation, we get that the elementary symmetric
polynomials are also hyperbolic w.r.t. e =(1,1,...,1).

@ The product of two hyperbolic polynomials w.r.t. e is also hyperbolic
w.r.t. e

@ The sum of two hyperbolic polynomials w.r.t. e is not necessarily
hyperbolic!



Other Families of Examples

e If a polynomial h(x) is hyperbolic with respect to e, then we know its
directional derivatives w.r.t. e are also hyperbolic w.r.t. e

@ With this observation, we get that the elementary symmetric
polynomials are also hyperbolic w.r.t. e =(1,1,...,1).

@ The product of two hyperbolic polynomials w.r.t. e is also hyperbolic
w.r.t. e

@ The sum of two hyperbolic polynomials w.r.t. e is not necessarily
hyperbolic!

@ The Lorenz polynomial
h(Xo,X]_,...,Xn) =Xy X — o — X,

is hyperbolic w.r.t. e =(1,0,...,0)
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Eigenvalues

@ Given a hyperbolic polynomial h(x) w.r.t. e and another point a, we
say that the roots of

p(Xe —a)

are the eigenvalues of a



Eigenvalues

@ Given a hyperbolic polynomial h(x) w.r.t. e and another point a, we
say that the roots of
p(Xe —a)
are the eigenvalues of a

@ This generalizes the definition of eigenvalues of symmetric matrices,
where in this case the hyperbolic polynomial is det(X) and e = /,.

xphr of dot(tT-A)
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Eigenvalues

@ Given a hyperbolic polynomial h(x) w.r.t. e and another point a, we
say that the roots of
p(Xe —a)
are the eigenvalues of a

@ This generalizes the definition of eigenvalues of symmetric matrices,
where in this case the hyperbolic polynomial is det(X) and e = /,.

o If h(x) has degree d, let's write the eigenvalues of a as

Ai(a) < Aofa) <--- < Aqa)

Some simple properties of the eigenvalues:

_ B s)\j(a)+t ifs>0

O )\(sa+te) = shp—j(@)+t, ifs<0 (‘t‘" A(&))
@ H(a) = he) TT, \(a) k(*‘ 3): he)- Tf i
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@ Hyperbolicity Cones



Hyperbolicity Cones

Definition (Hyperbolicity Cones)

Given h(x) € R[xi, ..., xm] hyperbolic with respect to e € R™, define its
hyperbolicity cone as the set

Ai(h,e) = {a € R™| all roots of h(te — a) are non-negative}
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Hyperbolicity Cones

Definition (Hyperbolicity Cones)

Given h(x) € R[xi, ..., xm] hyperbolic with respect to e € R™, define its
hyperbolicity cone as the set

Ai(h,e) = {a € R™| all roots of h(te — a) are non-negative}

Theorem ([Garding, 1959])

@ Ai(h,e) is a closed convex cone

o Equivalent definition of A\ (h,e): closure of connected component of
{a € R™ | h(a) # 0} that contains e.

\
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Hyperbolicity Cones

Definition (Hyperbolicity Cones)

Given h(x) € R[xi, ..., xm] hyperbolic with respect to e € R™, define its
hyperbolicity cone as the set

Ai(h,e) = {a € R™| all roots of h(te — a) are non-negative}

Theorem ([Garding, 1959])

@ Ai(h,e) is a closed convex cone

o Equivalent definition of A\ (h,e): closure of connected component of
{a € R™ | h(a) # 0} that contains e.

\

@ Origins in PDE in works of Petrovsky and Gérding.
e Convex structure can be used for optimization [Giiler, 1997]!

@ Recent applications in combinatorics and optimization [Gurvits, 2004].
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Hyperbolicity Cones are Connected

e We will prove that A (h,e) is the closure of connected component of
{a € R™ | h(a) # 0} that contains e. Let's define:

Aii(h,e) ={aeR™| all roots of h(te —a) are positive}
bg comh iy 9( e«ymvd«m Ao ot
inlovse G( A,
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Hyperbolicity Cones are Connected

o We will prove that Ay (h,e) is the closure of connected component of
{a € R™ | h(a) # 0} that contains e. Let's define:

Ait(h,e) ={a e R™| all roots of h(te — a) are positive}

@ Let S be the connected component of h(x) # 0 which contains e.
By continuity of eigenvalues,|S C Ay ¢
e
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Hyperbolicity Cones are Connected

o We will prove that Ay (h,e) is the closure of connected component of
{a € R™ | h(a) # 0} that contains e. Let's define:

Ait(h,e) ={a e R™| all roots of h(te — a) are positive}
@ Let S be the connected component of h(x) # 0 which contains e.
By continuity of eigenvalues, S C Ay

@ Now need to prove that Ay C S
© Let ac Ay and let £ be the line segment with endpoints a and e



Hyperbolicity Cones are Connected

e We will prove that A (h,e) is the closure of connected component of
{a € R™ | h(a) # 0} that contains e. Let's define:

Ayt (h,e) ={a e R™| all roots of h(te — a) are positive}
@ Let S be the connected component of h(x) # 0 which contains e.
By continuity of eigenvalues, S C Ay
@ Now need to prove that Ay C S

© Let ac A, and let ¢ be the line segment with endpoints a and e
@ By compactness of the line segment and a,e € A, thereis « € R

such thac forall y € £ h(te —y) > 0 when t > « .QM} ¢0"‘3»
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Hyperbolicity Cones are Connected

e We will prove that A (h,e) is the closure of connected component of
{a € R™ | h(a) # 0} that contains e. Let's define:

Aii(h,e) ={aeR™| all roots of h(te —a) are positive}
@ Let S be the connected component of h(x) # 0 which contains e.
By continuity of eigenvalues, S C Ay
@ Now need to prove that Ay C S
© Let ac A, and let ¢ be the line segment with endpoints a and e
@ By compactness of the line segment and a,e € A, thereis « € R
such that for all y € ¢ _
h(te —y) > 0 when t > « 0t «e
@ Now consider the path P; U P, U P where (&t té)r

h(er#)2°¢ Pi={a+te | 0<t<a} | ,\)'(i)*t 70

k@-} e(;-) e P,={(1-pla+pPet+ae | 0<p<1}
Py=fe+te | 0<t<a} )(ctt)>0
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Hyperbolicity Cones are Connected

o We will prove that Ay (h,e) is the closure of connected component of
{a € R™ | h(a) # 0} that contains e. Let's define:

Ait(h,e) ={a e R™| all roots of h(te — a) are positive}
@ Let S be the connected component of h(x) # 0 which contains e.
By continuity of eigenvalues, S C Ay
@ Now need to prove that Ay C S
© Let ac Ay and let £ be the line segment with endpoints a and e
@ By compactness of the line segment and a,e € A, thereis « € R
such that for ally € ¢
h(te —y) > 0 when t > «
© Now consider the path P; U P, U P3 where

Pr={a+te | 0<t<a}
P,={(1-B)a+pe+ae | 0<p<1}
P;={e+te | 0<t<a}
@ Since h remains strictly positive through this path, it is still in S



Hyperbolicity in A,*
o We'll prove: if b € Ay (h,e), then his also hyperbolic w.r.t. b.

Nii(h,e) =Ai4(h,b) by connected component definition

!Shortest path between two truths in the real domain passes through the complex
domain. - Hadamard



Hyperbolicity in A, !
o We'll prove: if b € Ay (h,e), then his also hyperbolic w.r.t. b.
Nii(h,e) =Ai4(h,b) by connected component definition

ObE/\++:>h(b)>O

h(g): h(E)ﬁX‘,‘(B) >0

!Shortest path between two truths in the real domain passes through the complex
domain. - Hadamard
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Hyperbolicity in A, !
o We'll prove: if b € Ay (h,e), then his also hyperbolic w.r.t. b.
Nii(h,e) =Ai4(h,b) by connected component definition
obeAip=hb)>0 yre: k(t} 5) swaf xpetd
o letacR™and a>0

For all s > 0 the roots of hs(t) := h(aie + sa — tb) have negative
imaginary part.

!Shortest path between two truths in the real domain passes through the complex
domain. - Hadamard
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Hyperbolicity in A, !
o We'll prove: if b € Ay (h,e), then his also hyperbolic w.r.t. b.
Nii(h,e) =Ai4(h,b) by connected component definition

) bE/\++:>h(b)>O
o letacR™and >0
For all s > 0 the roots of hs(t) := h(aie 4+ sa — tb) have negative
imaginary part.

© Trueif s=0,sincebe Ay
h(cie — tb) = h(e) - H( i — tAj(b))

L(tE-B) = hE)- ll(t A6))

}( (b) -"O(I ?m‘% c,%a’,\l'( )MN?”JU’
)\\(b)

!Shortest path between two truths in the real domain passes through the complex
domain. - Hadamard
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Hyperbolicity in A, !
o We'll prove: if b € Ay (h,e), then his also hyperbolic w.r.t. b.
Nii(h,e) =Ai4(h,b) by connected component definition

ebeAiy = hb)>0
o letacR™and a>0

For all s > 0 the roots of W) have negative

imaginary part.
Q Trueif s=0,sincebe A,y
h(avie — tb) = h(e) - [ [(ai — tA;(b))
J
@ |If for some s > 0 a root of hs(t) has non-negative imaginary part, by
continuity of roots w.r.t. s, we would have 0 < s’ < s such that hy (t)

has a real root t*. .
nm- N;}clm

1Shortest path between two truths in the real domain passes through the complex
domain. - Hadamard
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Hyperbolicity in A, !
o We'll prove: if b € Ay (h,e), then his also hyperbolic w.r.t. b.

Nii(h,e) =Ai4(h,b) by connected component definition

ebeAiy = hb)>0
o letaceR"and o >0
For all s > 0 the roots of hs(t) := h(aie + sa — tb) have negative
imaginary part.
Q Trueif s=0,sincebe A, I

] h(aie  tb) = h(e) - [J(ai - t)\j(b))]

@ |If for some s > 0 a root of hs(t) has non-negative imaginary part, by
continuity of roots w.r.t. s, we would have 0 < s’ < s such that hy (t)
has a real root t*.

© Thus, s’ is a root of h(aie + s'a — t*b), which contradicts
hyperbolicity of h w.r.t. e.

!Shortest path between two truths in the real domain passes through the complex
domain. - Hadamard
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Hyperbolicity in A,

o We'll prove: if b € Ay (h,e), then his also hyperbolic w.r.t. b.
o letacR™and >0

For all s > 0 the roots of hs(t) := h(aie — sa — tb) have negative
imaginary part.



Hyperbolicity in A

o We'll prove: if b € Ay (h,e), then his also hyperbolic w.r.t. b.
o LetacR”and a >0
For all s > 0 the roots of hs(t) := h(«ie { sa — tb) have negative
imaginary part.
o If we let & — 0, continuity of roots w.r.t. « implies that all roots of
h(t) := h(sa — tb) have non-positive imaginary part.

N - - 31 )
Dim (o bao- th) 2 h(a - th

nc%’hn na-n - F)I
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Hyperbolicity in A,

o We'll prove: if b € Ay (h,e), then his also hyperbolic w.r.t. b.
o letacR™and >0

For all s > 0 the roots of hs(t) := h(aie — sa — tb) have negative
imaginary part.

o If we let & — 0, continuity of roots w.r.t. « implies that all roots of
h(t) := h(sa — tb) have non-positive imaginary part.

@ h(t) := h(sa — tb) is a real univariate polynomial, so complex roots
have to appear in complex conjugate pairs. Thus all roots must be

real.
Since a was arbitrary, this proves K«%qy

n be&- w1
o hgpahoe w2
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Hyperbolicity Cones are Convex

o Take a,b € A, (h,e) and a, 8 > 0. We want to show that
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Hyperbolicity Cones are Convex

o Take a,b € A, (h,e) and a, 8 > 0. We want to show that

oza—l-/Bb S /\++

@ Previous result allows us to assume that b = e, as

Ay (h,e) =Ny (h,b)
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Hyperbolicity Cones are Convex

o Take a,b € A, (h,e) and a, 8 > 0. We want to show that

——
@ Previous result allows us to assume that b = e, as

/\++(h7 e) = A++(h7 b)

@ But the eigenvalues of L e
h(te — (ca + Blf))
are exactly
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Hyperbolicity Cones are Algebraic Interiors

@ A set C C R™ is an algebraic interior if there is a polynomial
p(x) € R[x] such that C is the closure of a connected component of

{acR™ | p(a) >0}

p is called a defining polynomial of C



Hyperbolicity Cones are Algebraic Interiors

@ A set C C R™ is an algebraic interior if there is a polynomial
p(x) € R[x] such that C is the closure of a connected component of

{acR™ | p(a) >0}

p is called a defining polynomial of C
@ In general p could vanish at some points in the interior of C

& p(x,y) =y* = x*(x = 1)
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Hyperbolicity Cones are Algebraic Interiors

@ A set C C R™ is an algebraic interior if there is a polynomial
p(x) € R[x] such that C is the closure of a connected component of

facR™ | p(a)>0}
p is called a defining polynomial of C
@ In general p could vanish at some points in the interior of C
p(x,y) = y* = x*(x = 1)

@ The proof of connectedness proved:

Ai(g,e) is closure of connected component of {a € R™ | h(a) # 0}
that contains e. h (_5) >0

e We also saw that b€ A, = h(b) >0
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@ A set C C R™ is an algebraic interior if there is a polynomial
p(x) € R[x] such that C is the closure of a connected component of

{acR™ [ p(a) >0}

p is called a defining polynomial of C
@ In general p could vanish at some points in the interior of C

p(x.y) = y* = x*(x — 1)
@ The proof of connectedness proved:
Ai(g,e) is closure of connected component of {a € R™ | h(a) # 0}
that contains e.
e We also saw that b€ A, = h(b) >0
@ Thus, we have Ay (h,e) is a (really nice) algebraic interior (in
hyperbolic case h does not vanish in the interior) rigidly convex



Hyperbolicity Cones are Algebraic Interiors

@ A set C C R™ is an algebraic interior if there is a polynomial
p(x) € R[x] such that C is the closure of a connected component of

{acR™ [ p(a) >0}

p is called a defining polynomial of C
@ In general p could vanish at some points in the interior of C

p(x.y) = y* = x*(x — 1)
@ The proof of connectedness proved:
Ai(g,e) is closure of connected component of {a € R™ | h(a) # 0}
that contains e.
e We also saw that b€ A, = h(b) >0
@ Thus, we have Ay (h,e) is a (really nice) algebraic interior (in
hyperbolic case h does not vanish in the interior) rigidly convex

o If C is an algebraic interior, then a minimal degree polynomial defining
C is unique (up to units) minimal defining polynomial of C



How do the zeros of hyperbolic polynomials look?

d= 2k

r d = 2k+l

\
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\ '\wo‘g,;d
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Minimal Defining Polynomials

o A set C C R™ is an algebraic interior if there is a polynomial
p(x) € R[x] such that C is the closure of a connected component of

{acR™ [ p(a) >0}

p is called a defining polynomial of C
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o A set C C R™ is an algebraic interior if there is a polynomial
p(x) € R[x] such that C is the closure of a connected component of
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p is called a defining polynomial of C

o If C is an algebraic interior, then a minimal degree polynomial defining
C is unique (up to units) minimal defining polynomial of C



Minimal Defining Polynomials

o A set C C R™ is an algebraic interior if there is a polynomial
p(x) € R[x] such that C is the closure of a connected component of

{acR™ [ p(a) >0}

p is called a defining polynomial of C

o If C is an algebraic interior, then a minimal degree polynomial defining
C is unique (up to units) minimal defining polynomial of C

o If p is the minimal defining polynomial of C, any other defining
polynomial g of C must be a multiple of p in the following way:

where h is strictly positive on a dense connected subset of C



Algebraic Interiors are Semialgebraic Sets

@ A semialgebraic set is a set defined by finitely many polynomial
inequalities.
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Algebraic Interiors are Semialgebraic Sets

@ A semialgebraic set is a set defined by finitely many polynomial
inequalities.

@ Algebraic interiors are semialgebraic sets, since they are closure of
connected component of a semialgebraic set

@ In particular, we know that hyperbolicity cones are semialgebraic,
since

Ai(he):={aeR™ | Epq(A1(a),- .., Adeg(n)(a)) > 0 Vd € [deg(h)]}
A @) S ha(3),-Aa(® Yo &S L (As ») 30
S v O

P


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira



@ Important Hyperbolic Polynomials



Real-Stable Polynomials

o Let H™ C C™ be the complex upper-half region, where

H={zeC | Im(z) >0}
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o Let H™ C C™ be the complex upper-half region, where
H={zeC | Im(z) >0}

o A polynomial p(x) € R[x] is called real-stable iff it is the zero
polynomial or it has no zeros in the upper-half region of C”

@ Examples:
@ Determinant of mixture of PSD matrices

p(x) = det(x1A; + -+ - + xnAm + B)

where A;'s are PSD and B is Hermitian.



Real-Stable Polynomials

Let H™ C C™ be the complex upper-half region, where

H={zeC | Im(z) >0}

A polynomial p(x) € R[x] is called real-stable iff it is the zero
polynomial or it has no zeros in the upper-half region of C”

@ Examples:
@ Determinant of mixture of PSD matrices

p(x) = det(x1A; + -+ - + xnAm + B)

where A;'s are PSD and B is Hermitian.

A polynomial p(x) € R[x] is real stable iff for all a,b € R™ with
b > 0, the univariate polynomial p(a + bt) only has real roots



Real Stability and Hyperbolicity

o Let p(x) € R[x] be a homogeneous polynomial. Then

p(x) is real-stable iff p(x) is hyperbolic w.r.t. e = (1,...

RT C Ayi(p,e)

,1) and



Real Stability and Hyperbolicity

o Let p(x) € R[x] be a homogeneous polynomial. Then

p(x) is real-stable iff p(x) is hyperbolic w.r.t. e = (1,...

RT C Ayi(p,e)
@ Corollary of the lemma in previous slide.

,1) and



Real Stability and Hyperbolicity

o Let p(x) € R[x] be a homogeneous polynomial. Then
p(x) is real-stable iff p(x) is hyperbolic w.r.t. e = (1,...,1) and
RT C Ayi(p,e)
@ Corollary of the lemma in previous slide.

@ Up to a linear change of coordinates every hyperbolic polynomial can
be made real stable



Real Stability and Hyperbolicity

Let p(x) € R[x] be a homogeneous polynomial. Then

p(x) is real-stable iff p(x) is hyperbolic w.r.t. e = (1,...,1) and
RT C Ayi(p,e)
Corollary of the lemma in previous slide.

Up to a linear change of coordinates every hyperbolic polynomial can
be made real stable

@ Real-stable polynomials have many nice properties, so approaching
hyperbolic questions via real stability can be quite useful



Matching Polynomials

e Given a graph G(V, E) the (homogeneous multivariate) matching
polynomial

pe(x,w) = Z (=1)M H xu-l_IWe2

MeM(G) ugV (M) eeM

is hyperbolic w.r.t. e = (1y,0).



Conclusion

@ Hyperbolic polynomials
@ Hyperbolicity cones are convex algebraic interiors

@ Relationship to real-stability
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