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A Lie-ttle bit of Lie Theory

@ A Lie group is a “continuous” group think of GLL(n)

o Lie Algebra describes the “infinitesimal action” of the group near the
identity

For GLL(n) its Lie Algebra is Mat(n)
For SL(n) its Lie Algebra is Mat(n) which are traceless

@ Exponential map gives us surjection (in our case)
exp : Mat(n) — GL(n)

@ Matrix exponential:

A2 A3
exp(A)—l+A+—+§+
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Conjugation Action - Manifold of Positive Definite Matrices

@ Let us consider the conjugation action
e G =GL(n), V = Mat(n)

(h, A) > hAh™! h
@ Our optimization problem: On
1
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@ Our function: 'QACh )

fa(h) = log (tr[iwAh_lh_TATﬁTD = log (tr[XAX—lAT]) = fo(X)
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@ Let us consider the conjugation action
e G =GL(n), V = Mat(n)

(h, A) — hAh!
@ Our optimization problem:
inf log||hAh~" 7
@ Our function:
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Conjugation Action - Manifold of Positive Definite Matrices

@ Let us consider the conjugation action
e G =GL(n), V = Mat(n)

(h, A) — hAh!
@ Our optimization problem:

inf log ||[hAR™L||?
jnf og || I3

Our function:

fa(h) = log (tr[hAh~1h~TATHT]) = log (tr[XAX 1AT]) = fa(X)

where X = hT h € PD(n)
Naturally we obtain f4 : PD(n) — R

What is so good about having a function from space of positive
definite matrices?



Manifold of Positive Definite Matrices

e PD(n) is Riemannian submanifold of Mat(n)
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@ tangent space given by Hermitian matrices Her(n)
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A, B € Her(n) (A, B) = tr[AB]
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e PD(n) is Riemannian submanifold of Mat(n)
@ real, smooth manifold
@ tangent space given by Hermitian matrices Her(n)
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Manifold of Positive Definite Matrices

e PD(n) is Riemannian submanifold of Mat(n)
@ real, smooth manifold
@ tangent space given by Hermitian matrices Her(n)
© positive definite inner product on tangent space

A, B € Her(n) (A, B) = tr[AB]
@ Geodesics given by
expa(Z) = A2 exp(Z)AY/?
@ To go from A to B we use geodesic:
A(t) = A1/2(A—1/2BA—1/2)tA1/2
@ Distance from A to B given by

5(A, B) = || log A — log B[



@ Crash Course on Geodesic Convex Optimization
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Convex Optimization Crash Course

d2
@ Function f : R — R convex iff Pf(t) >0 forallteR

Function f : R" — R convex iff the univariate function
ga(t) = f(at + b) is convex for every a,b € R”

Gradient of f : R” — R at a is the vector Vf(a) € R" such that:

(VF(a),b) = 0:f(a+b - t)]eo

Hessian of f : R" — R at a is the matrix V2f(a) € R"*" such that:

(c,V?f(a)-b) = 0s0;f(a+b-t+c-s)|si=0

Function f : R" — R convex iff V2f(a) = 0 for all a € R”
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Lipschitz, smooth and strong convex functions
@ Amap F:R" — R™ is L-Lipschitz if for all x,y € R"
[F(x) = F(y)ll2 < L-[x—=yl}2
@ Function f : R” — R [-smooth iff
Vf:R" - R"

is L-Lipschitz.
o Equivalently, Hessian of f : R" — R

V<L
@ Function f : R” — R u-strongly convex iff

V2=l



Gradient descent - smooth functions

@ Input: convex, L-smooth function f : R" — R, € > 0, initial point
acR”

@ Output: Find point b € R” such that |[Vf(b)|2 < e.



Gradient descent - smooth functions

@ Input: convex, L-smooth function f : R" — R, ¢ > 0, initial point
acR”

@ Output: Find point b € R” such that |[Vf(b)|2 < e.
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Gradient descent - smooth functions

@ Input: convex, L-smooth function f : R" — R, ¢ > 0, initial point
acR”

@ Output: Find point b € R” such that |[Vf(b)|2 < e.
2
e Start with your initial point x(9) = a and n < T

o Let V(W) := v (x(K).
While Hv(k |2 > ¢
o Let x(k+1) = x(k) - 7] vk

next W¥ b\t e kion 4 w-(g_a\(ﬂ\‘?
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Gradient descent - smooth functions
@ Input: convex, L-smooth function f : R" — R, € > 0, initial point
acR"
@ Output: Find point b € R” such that |[Vf(b)|2 < e.

2
e Start with your initial point x(9) = a and 7 < T

o Let V(W = vf(x(K).
While [V&)||o > ¢
o Let x(kt1) = x(k) _ 5. y(K)

© f is L-smooth then Taylor + mean-value theorem, there is z in line
from x to y such that:

fly) = f(x) + (VF(x),y —x) + 5 - {y = x, V2F(2)(y —x))

< F(x) +(VF(x),y —x) + 5 - Ix — y[3

N ~DNI =



Gradient descent - smooth functions
@ f is L-smooth:

Fy) < F(x) + (VFG)y —x) 5 x I3



Gradient descent - smooth functions
@ f is L-smooth:

Fy) < F(x) + (VFG)y —x) 5 x I3

Q letting y = x(k+1) .= x(k) — vk and x = x(K), we have:

A1) < F(x9) — (v, T8 1 2 v |3
— Fx) (1— >“V(k)Hz
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Gradient descent - smooth functions
@ f is L-smooth:

Fy) < F(x) + (VFG)y —x) 5 x I3
Q letting y = x(k+1) .= x(k) — vk and x = x(K), we have:
) < F(:R) — (9, 7)1 = g9 )3
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© Thus we have
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Gradient descent - smooth functions
@ f is L-smooth:

Fy) < F(x) + (VFG)y —x) 5 x I3

Q letting y = x(k+1) .= x(k) — vk and x = x(K), we have:
) < F(:R) — (9, 7)1 = g9 )3
— 1) g (1- )HVWW
© Thus we have

Q] pp—

(F(x9) — ()

(%) e 46

('l
Q@ Implies >2/_, [IV®)|13 upper bounded. Thus ||[V®)|, — 0 = {C )




Geodesic Convex Optimization Crash Course
@ Recall the exponential map at A € PD(n)
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Geodesic Convex Optimization Crash Course

@ Recall the exponential map at A € PD(n)
expa(H) = Al/2el AL/

e Function f : PD(n) — R g-convex iff the univariate function
8a(t) = f(exp(t - H))

is convex for every A € PD(n), H € Her(n)
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Geodesic Convex Optimization Crash Course
@ Recall the exponential map at A € PD(n)
expa(H) = AY/2eH A1/2
e Function f : PD(n) — R g-convex iff the univariate function
8A(t) = f(expa(t - H))

is convex for every A € PD(n), H € Her(n)
o Gradient of f : PD(n) — R at A is the vector Vf(A) € Her(n) such

that: —_——

(VI(A), H) = 0:f(expa(t - H))|t=o0
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Geodesic Convex Optimization Crash Course

@ Recall the exponential map at A € PD(n)
expa(H) = AY/2eH A1/2
e Function f : PD(n) — R g-convex iff the univariate function

8A(t) = f(expa(t - H))

is convex for every A € PD(n), H € Her(n)

o Gradient of f : PD(n) — R at A is the vector Vf(A) € Her(n) such
that:
<Vf(A), H> = 8tf(eXpA(t . H))|t:0

@ Hessian of f : PD(n) — R at A is the matrix
V2f(A) € Her(n) ® Her(n) such that:

(F,V2f(A) - H) = 050:f (expa(t - F + s - H))|s.t=0



Geodesic Convex Optimization Crash Course

@ Recall the exponential map at A € PD(n)
expa(H) = AY/2eH A1/2
e Function f : PD(n) — R g-convex iff the univariate function

8A(t) = f(expa(t - H))

is convex for every A € PD(n), H € Her(n)

o Gradient of f : PD(n) — R at A is the vector Vf(A) € Her(n) such
that:
<Vf(A), H> = 8tf(eXpA(t . H))|t:0

@ Hessian of f : PD(n) — R at A is the matrix
V2f(A) € Her(n) ® Her(n) such that:

(F,V2f(A) - H) = 050:f (expa(t - F + s - H))|s.t=0

e Function f : PD(n) — R g-convex iff V2f(A) = 0 for all A € PD(n)



Smooth and strong g-convex functions

e Function f : PD(n) — R L-smooth iff

V2F<L-1



Smooth and strong g-convex functions

e Function f : PD(n) — R L-smooth iff
V=L
e Function f : PD(n) — R p-strongly convex iff

V2=l



Gradient descent - geodesically smooth functions

e Input: g-convex, L-smooth function f : PD(n) — R, € > 0, initial
point A € PD(n)

@ Output: Find point B € PID(n) such that ||[Vf(B)|lg <e.



Gradient descent - geodesically smooth functions

e Input: g-convex, L-smooth function f : PD(n) — R, € > 0, initial
point A € PD(n)

@ Output: Find point B € PID(n) such that [|[Vf(B)|2 <e.

2
e Start with your initial point A©) = A and 1 < T



Gradient descent - geodesically smooth functions

Input: g-convex, L-smooth function f : PD(n) — R, € > 0, initial
point A € PD(n)

Output: Find point B € PD(n) such that ||Vf(B)|2 <e.

2
Start with your initial point A® = A and 5 < I

Let V(K .= vF(AK).
While Hv(k)”z > e
o Let A+ = exp (=7 - VK))

—_—

= x® - YLV( Ac..\
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Gradient descent - geodesically smooth functions

Input: g-convex, L-smooth function f : PD(n) — R, € > 0, initial
point A € PD(n)

Output: Find point B € PD(n) such that ||Vf(B)|]2 < e.

2
Start with your initial point A®) = A and n < I

Let V(K .= vF(AK).
While [V, > ¢
o Let Alk+1) — expam(—n - V(k))

@ Same analysis goes through.



@ Analysis of Scaling Problem for Conjugation Action



Conjugation Action

e G =GL(n), V = Mat(n) conjugation

Nullcone: Nilpotent Matrices



Conjugation Action

e G =GL(n), V = Mat(n) conjugation
Nullcone: Nilpotent Matrices

@ Conjugation action scaling problem:

o Input: A € Mat(n)
e Output: Is A nilpotent?

AG.’/\Q‘\'(“) , €%°

(f cxtnb) 4t
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Conjugation Action

e G =GL(n), V = Mat(n) conjugation
Nullcone: Nilpotent Matrices

@ Conjugation action scaling problem:

o Input: A € Mat(n)
e Output: Is A nilpotent?

@ Our function

fa(h) = log |[hAR Y| F = tr[ XAX 1A] = {ACX)
can be thought of as fa : PD(n) — R X = h+h



Conjugation Action

e G =GL(n), V = Mat(n) conjugation
Nullcone: Nilpotent Matrices

@ Conjugation action scaling problem:

o Input: A € Mat(n)
e Output: Is A nilpotent?

@ Our function
Az
fa(h) = log |hARL||F = tr[ XAX 1A]

can be thought of as fa : PD(n) — R
o infxcpp(n) fa(X) exists iff A not in nullcone!



Conjugation Action

G = GL(n), V = Mat(n) conjugation
Nullcone: Nilpotent Matrices

@ Conjugation action scaling problem:

o Input: A € Mat(n)
e Output: Is A nilpotent?

@ Our function
fa(h) = log |hARL||F = tr[ XAX 1A

can be thought of as fa : PD(n) — R
infxepn(n) fa(X) exists iff A not in nullcone!

Is this function convex? Smooth?



Equivariance & Gradient at each point
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Computing the Gradient v,4 =V @* CI)

<N, B = de 40 |0

exps(H)
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Proving g-convexity Fongumt Apaca
A~
e Given any direction H € Her(n), need to show

OB Fa(™)li=0 2 0
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Conjugation Action - what is gradient descent doing?
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Conjugation Action - Thoughts

Need to shsw {aat
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Conclusion

Today we learned the about scaling algorithms for non-commutative
groups

Geodesic Convexity

Gradient descent algorithm for g-convex problems

Still to see: how representation theory allows us to finish the analysis
of the nullcone problem for the conjugation action (weight norms and

weight margins) Xrbwiwm
whet g _ =—Which e should we choose? ~ L=aw>*H
4= c‘\’\'f)“)



