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Polynomial Evaluation

e Setting: ring R[x], can perform basic operations (+, x) over R
o Input: elements o, ag,...,a94 € R
@ Output: p(«), where

p(x) = ag + aix + - -- + agx? € R[x]

@ Naive algorithm:
o Compute o?,a3,...,a (d — 1 multiplications)
o Compute a;jo/ 2d-1 X (d multiplications)
o Add ajof d + (d additions)

Can we do better?


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira



Polynomial Evaluation

e Setting: ring R[x], can perform basic operations (+, x) over R
o Input: elements o, ag,...,a94 € R

Output: p(a), where

p(x) = ap + aix + - - - + agx? € R[]

@ Naive algorithm:
o Compute o?,a3,...,a (d — 1 multiplications)
o Compute a;jo/ (d multiplications)
o Add ajof (d additions)

Can we do better?
@ Horner's algorithm (a.k.a. Horner's rule):
o Write

e A~ A
p(x) = (- ((agx + ad—1) - X + ag—2) - x + ag—3) - x +---a1) - x + ao

PO = - 2x 4L = (Be-z)x t -
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Polynomial Evaluation

e Setting: ring R[x], can perform basic operations (+, x) over R
o Input: elements o, ag,...,a94 € R
@ Output: p(«), where

p(x) = ag + aix + - -- + agx? € R[x]

@ Naive algorithm:
o Compute o?,a3,...,a 2d-1 x (d — 1 multiplications)
o Compute ajo/ d * (d multiplications)
o Add ajo/ (d additions)

Can we do better?
@ Horner's algorithm (a.k.a. Horner's rule):

o Write d 4 d-t

Y ~~ O
p(x) = ("'((adx_tadfl)‘x'i‘ade) "X+ag-3)-x+---a1)

i
(o~ N
- X + ap
d-1 a-+ ?
o d.multiplications and € additions
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Polynomial Evaluation

e Setting: ring R[x], can perform basic operations (+, x) over R
o Input: elements o, ag,...,a94 € R

Output: p(a), where

p(x) = ag + aix + - -- + agx? € R[x]

@ Naive algorithm:
o Compute o?,a3,...,a (d — 1 multiplications)
o Compute a;jo/ (d multiplications)
o Add ajof (d additions)

Can we do better?
@ Horner's algorithm (a.k.a. Horner's rule):
o Write

p(x) = (- ((agx + ag—1) - X + ag—2) - x + ag—3) - x+---a1) - x + ao

e n multiplications and n additions

@ Ostrowski'1954: Is Horner's rule optimal for polynomial evaluation?



Different Cost Function

@ From previous lecture, multiplying integers may be harder than
adding integers (same problem for matrix rings)

@ Open problem: is integer addition easier than integer multiplication?

See resources and final project page of the course to find exciting new
developments on this question! In [Harvey, van der Hoeven 2019] the
authors find an O(nlog n) algorithm for multiplying two integers!

OPtn: in Yhin oPhmal o mulhplica b’

OPEN: what 1 ' c.ampkm'ka a(mp!*‘plﬂing
fao matncs (nen)  (06)  in w27
add  O(n*)
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Different Cost Function

@ From previous lecture, multiplying integers may be harder than
adding integers (same problem for matrix rings)

@ Open problem: is integer addition easier than integer multiplication?

See resources and final project page of the course to find exciting new
developments on this question! In [Harvey, van der Hoeven 2019] the
authors find an O(nlog n) algorithm for multiplying two integers!

@ Ostrowski's non-scalar complexity
@ Fis afield, R = Fla, ao, - . ., a4]
@ Scalar operations: addition of two elements from R, multiplication of
element from R by fixed constant from F (fixed by algorithm).
© Non-scalar operations: all other operations

@ Can one improve the non-scalar operations in polynomial evaluation?
e [Pan 1966] No! Horner's rule is optimal! }V@Bwu bsund

iﬁp“‘i.‘ X ) 00)")0““
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Evaluating a fixed polynomial

@ Not all polynomials are created equal.
o What if we want to evaluate a particular polynomial? Say we know
coefficients ag, a1,...,aq € F and

p(x) = ag + aix + - - - agx? € F[x]

Qo, - ) gy w Aolow
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Evaluating a fixed polynomial

@ Not all polynomials are created equal.
o What if we want to evaluate a particular polynomial? Say we know
coefficients ag, a1,...,aq € F and

p(x) = ap + aix + - - - agx? € F[x]

o Input: value e F {-b'm(/z d Mﬁr}b‘wﬁw

@ Output: evaluation p(«)

o [Paterson, Stockmeyer 1973]: p(«) can be evaluated with 2[v/d] — 1
non-scalar multiplications.
e partition p into v/d blocks of length v/d. Say m = [va] and
k=|d/m|+1.

P(X):m_l +1 “+@k-1)m ) x(k=m L
...+(m +...
- > —
Ja vnmm.v(/: *H m""m“’eﬂ

hm-1 >4 0, 0
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Evaluating a fixed polynomial

Not all polynomials are created equal.
What if we want to evaluate a particular polynomial? Say we know
coefficients ag, a1,...,aq € F and

p(x) = ag + aix + - - - agx? € F[x]

Input: value a € F
Output: evaluation p(«)
[Paterson, Stockmeyer 1973]: p(a) can be evaluated with 2[v/d] — 1
non-scalar multiplications.
e partition p into v/d blocks of length v/d. Say m = [\/n] and
k=|d/m]+1.
p(X) _ (akm—lxmil S a(k—l)m) . x(k=1)m N
RS (a2m71Xm_1 o dam) X+ (amilx”’—l + -+ ap)

o Compute «,0?,...,a™ using m — 1 non-scalar operations
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Evaluating a fixed polynomial

Not all polynomials are created equal.
What if we want to evaluate a particular polynomial? Say we know
coefficients ag, a1,...,aq € F and

p(x) = ag + aix + - - - agx? € F[x]

Input: value a € F
Output: evaluation p(«)

[Paterson, Stockmeyer 1973]: p(a) can be evaluated with 2[v/d] — 1
non-scalar multiplications.
e partition p into v/d blocks of length v/d. Say m = [\/n] and

k=|d/m|+1. ?“
p(X) = (akm—1Xm71 4+ 4 a(k—]_).m.) .X(kfl)m+
"'+(32m71X"’_1+~-~+a 'Xm""_(amflxm_l'i‘"'-i-ao)

. s .
o Compute «,0?,...,a™ using m — 1 non-scalar operations ‘Pl
ba‘@p o Compute f; = me,la’"_l +- 3f—1)m NO cost (scalar ops)
" YT~

f1colon
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Evaluating a fixed polynomial

Not all polynomials are created equal.
What if we want to evaluate a particular polynomial? Say we know
coefficients ag, a1,...,aq € F and

p(x) = ag + aix + - - - agx? € F[x]

Input: value a € F
Output: evaluation p(«)
[Paterson, Stockmeyer 1973]: p(a) can be evaluated with 2[v/d] — 1
non-scalar multiplications.
e partition p into /d blocks of length v/d. Say m = [/d] and
k=|d/m|+1.
p(X) _ (akm_lxmfl S a(k—l)m) . x(k=1)m N
RS (a2m71X’"—1 o dam) X+ (amilx”’—l + -+ ap)

o Compute o, 0?,...,a™ using m — 1 non-scalar operations
o Compute 3j = agm—10™ ' + - + a_1)m NO cost (scalar ops)
o ' kg qdm — -
%‘a\‘-? e Horner's rule on ZJ:O Bj-of . k — 1 non-scalar

(Y @
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Evaluating a fixed polynomial

Not all polynomials are created equal.
What if we want to evaluate a particular polynomial? Say we know
coefficients ag, a1,...,aq € F and

p(x) = ag + aix + - - - agx? € F[x]

Input: value a € F
Output: evaluation p(«)
[Paterson, Stockmeyer 1973]: p(a) can be evaluated with 2[v/d] — 1

non-scalar multiplications.
e partition p into v/d blocks of length v/d. Say m = [\/n] and
k=|d/m|+1.
_ m—1 (k—=1)m
p(x) = (akm—1x + o+ agk—1ym) X +oee
RS (azmilxm—l o dam) X+ (amilx”’—l + -+ ap)
Compute o, 0?,...,a™ using‘m — 1!non—sca|ar operations
Compute 3; = agm_10™ 1+ F a(k—1)m NO cost scalar ops)
Horner's rule on ZJ’.(:O B - am | k — 1\non-scalar

Baby-steps, giant-steps evaluation.

o®

o~
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@ In lecture 1 we saw how to multiply two polynomials of degree d in
time O(d?) (computational model # ring operations)
@ Can we do better?

o YES. Assume d = 2%, and P, Q € R[x] are of degree < d. Let
m=d/2.



Polynomial Multiplication

@ In lecture 1 we saw how to multiply two polynomials of degree d in
time O(d?) (computational model # ring operations)

e Can we do better?
o YES. Assume d = 2%, and P, Q € R[x] are of degree < d. Let

m=4d/2.
@ Rewrite:
P(x) = P1(x) - x™ + Po Q(x) = Q1(x) - x™ + Qo(x)
—r N
high degec Lo dogre

R)’Pl)QU /&l Mm‘m.@h 4d(w (m:_i
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Polynomial Multiplication

@ In lecture 1 we saw how to multiply two polynomials of degree d in
time O(d?) (computational model # ring operations)

e Can we do better?
o YES. Assume d = 2%, and P, Q € R[x] are of degree < d. Let
m=4d/2.

@ Rewrite:
P(x) = Pi(x) - x™ + Py Q(x) = Qi(x) - x™ + Qo(x)

e Now high M’am ‘Qﬂu is
) /—\..)\“ ™
P(X) ’ Q(X) = Plled + (PIQO + POQI)Xm + Py Qo


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira



Polynomial Multiplication

@ In lecture 1 we saw how to multiply two polynomials of degree d in
time O(d?) (computational model # ring operations)

Can we do better?
o YES. Assume d = 2%, and P, Q € R[x] are of degree < d. Let
m=4d/2.

Rewrite:

P(x) = Pi(x) - x™ + Py Q(x) = Qi(x) - x™ + Qo(x)
o Now

P(X) ’ Q(X) = Plled + (PIQO + POQI)Xm + Py Qo

Reduce multiplication of two polynomials of degree < d to 4
multiplications of polynomials of degree < d/2

S e ReCY
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Polynomial Multiplication

@ In lecture 1 we saw how to multiply two polynomials of degree d in
time O(d?) (computational model # ring operations)

Can we do better?
o YES. Assume d = 2%, and P, Q € R[x] are of degree < d. Let
m=d/2.

Rewrite:

P(x) = Pi(x) - x™ + Py Q(x) = Qi(x) - x™ + Qo(x)
o Now

P(X) ’ Q(X) = Plled + (PIQO + POQI)Xm + Py Qo

Reduce multiplication of two polynomials of degree < d to 4
multiplications of polynomials of degree < d/2

Following master's theorem, this does not help us...



Karatsuba & Ofman'’s trick (1965)

@ Can we reduce number of multiplications (perhaps at the cost of
doing more additions)?



Karatsuba & Ofman'’s trick (1965)
d: Zm

@ Can we reduce number of multiplications (perhaps at the cost of
doing more additions)?

e YES!

PQ Zxd 1’") (P1+ Po)(Q1 + Qo)x™ 1 —’x’_")

PR = A& xt (Rt R&)X"H R8s
(ﬂ{ﬂ,xa.i&o)

extna fow 1 PR, X"t ?Q\QJJ'XM
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Karatsuba & Ofman'’s trick (1965)

@ Can we reduce number of multiplications (perhaps at the cost of
doing more additions)?

e YES!

PQ = P1Qi(x? — x™) + (P1+ Po)(Q1 + Qo)x™ + PoQo(1 — x™)

— e

@ Remark: multiplication by power of x doesn’t count as
multiplication, as this only shifts the coefficients of the polynomial.
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Karatsuba & Ofman'’s trick (1965)

@ Can we reduce number of multiplications (perhaps at the cost of
doing more additions)?

o YES!
PQ = P1Qi(x? = x™) + (P1+ Po)(Q1 + Qo)x™ + PoQo(1 — x™)

@ Remark: multiplication by power of x doesn’t count as
multiplication, as this only shifts the coefficients of the polynomial.

@ Now we have reduced multiplication of two polynomials of degree
< d to 3 multiplications of polynomials of degree < d/2



Karatsuba & Ofman'’s trick (1965)

Can we reduce number of multiplications (perhaps at the cost of
doing more additions)?

e YES!

PQ = P1Qi(x? = x™) + (P1+ Po)(Q1 + Qo)x™ + PoQo(1 — x™)

Remark: multiplication by power of x doesn’t count as
multiplication, as this only shifts the coefficients of the polynomial.

Now we have reduced multiplication of two polynomials of degree
< d to 3 multiplications of polynomials of degree < d/2

By master’s theorem, we get that Karatsuba-Ofman method can be
done with O(d'°#23) = O(d'%%) ring operations.

?ﬂuimfﬁ qof‘)
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Complexity of Karatsuba-Ofman

o If T(2K) BT (2571) + ¢ - 2K then T(2K) < 3k —2¢ -2k for k > 1.

T6) tine to wikliy 2 poky b3 <
?‘,‘# in b& inolwetiem
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Complexity of Karatsuba-Ofman

o If T(2K) < T(2k71) + ¢ -2k then/T(2") <3k -2c- 2"/for k> 1.

3Iog2 d _ 2|og2 3logyd _ dlog2 3

T(2") = 3°- 22"
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@ Polynomial Interpolation



Polynomial Interpolation 2224

@ Problem: given d + 1 evaluations of a polynomial p(x) € F[x] of
degree < d, can we “reconstruct” the polynomial p (as list of
coefficients)?

@ Input: evaluations p(up),. .., p(ug) of polynomial p(x) of degree < d
@ Output: coefficients (po, p1, - - -, pd) of p(x)

nput (U, p)) | (wrp) . n2)

PG+ Porpxe -k pad”
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Polynomial Interpolation

e Problem: given d + 1 evaluations of a polynomial p(x) € F[x] of
degree < d, can we “reconstruct” the polynomial p (as list of
coefficients)?

@ Input: evaluations p(up),. .., p(ug) of polynomial p(x) of degree < d
@ Output: coefficients (po, p1, - - -, pd) of p(x)
@ Closely related to matrix-vector multiplication:

?C*)= P»-x° t Xt P

X
- et (F)
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Polynomial Interpolation

e Problem: given d + 1 evaluations of a polynomial p(x) € F[x] of
degree < d, can we “reconstruct” the polynomial p (as list of
coefficients)?

@ Input: evaluations p(up),. .., p(ug) of polynomial p(x) of degree < d
@ Output: coefficients (po, p1, - - -, pd) of p(x)
o Closely related to matrix-vector muItipIicatio;l]‘:I

u

Po p(uo)
V“"AG'::,‘ P.1 _ P(.Ul)
ps)  \plua)

° Interpolat|on amounts to mvertmg Vandermonde matrlx'

P pLe-)
V(=) = (M)
17(04\ M ?(““)
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Polynomial Interpolati(y’ Hinct

e Problem: given d + 1%?uations of a polynomial p(x) E!]F[x]‘ of
degree < d, can we “reconstruct” the polynomial p (as list o
coefficients)?

@ Input: evaluations p(up),. .., p(ug) of polynomial p(x) of degree < d
@ Output: coefficients (po, p1, - - -, pd) of p(x)
o Closely related to matrix-vector multiplication:

prove Vet ug N (o)
]T( ) 1 ... e

det (\l) Wit ! ug P p(u1)

tl)n one diatinct - u2 ug - ug) \pg p(uqg)

@ Interpolation amounts to inverting Vandermonde matrix!

@ Will use this idea later in course to obtain faster algorithm for
polynomial multiplication
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Polynomial Interpolation



Polynomial Multiplication Non-Scalar Setting

Let F be a field with > 2d + 1 elements. Polynomial multiplication over
F[x] in the non-scalar model of two polynomials of degree < d can be
done with 2d + 1 non-scalar multiplications.

Koxatuon-Ofwan  O(d" ) goations
(J(ln% ?amhm,é)
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Polynomial Multiplication Non-Scalar Setting

Let F be a field with > 2d + 1 elements. Polynomial multiplication over
F[x] in the non-scalar model of two polynomials of degree < d can be
done with 2d + 1 non-scalar multiplications.

@ Pick 2d + 1 distinct scalars ug, ..., upg € F
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Polynomial Multiplication Non-Scalar Setting

Let F be a field with > 2d + 1 elements. Polynomial multiplication over
F[x] in the non-scalar model of two polynomials of degree < d can be
done with 2d + 1 non-scalar multiplications.

@ Pick 2d + 1 distinct scalars ug, ..., upg € F
e Evaluate p(u;), q(u;). (no cost - only scalar multiplications)

fF(x): Pot pxt - +|’)4Kd
7 nolon (i)

u; A"JM
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Polynomial Multiplication Non-Scalar Setting

Let F be a field with > 2d + 1 elements. Polynomial multiplication over
F[x] in the non-scalar model of two polynomials of degree < d can be
done with 2d + 1 non-scalar multiplications.

@ Pick 2d + 1 distinct scalars ug, ..., upg € F
e Evaluate p(u;), q(u,-) (no cost - only scalar multiplications)
e Compute v; = p(u;i)q(u;) (2d + 1 non-scalar multiplications)

w) (?%

Oatnewnki'n medef : nom- Moﬁo« apuah'mn

441 ewduakm, ¢ @l .
duget <
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Polynomial Multiplication Non-Scalar Setting

Let F be a field with > 2d + 1 elements. Polynomial multiplication over
F[x] in the non-scalar model of two polynomials of degree < d can be
done with 2d + 1 non-scalar multiplications.

@ Pick 2d + 1 distinct scalars ug, ..., upg € F
e Evaluate p(u;), q(u;). (no cost - only scalar multiplications)
o Compute v; = p(u;)q(u;) (2d + 1 non-scalar multiplications)
@ Lagrange polynomial: (only scalar multiplications)
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Polynomial Multiplication Non-Scalar Setting

Let F be a field with > 2d + 1 elements. Polynomial multiplication over
F[x] in the non-scalar model of two polynomials of degree < d can be
done with 2d + 1 non-scalar multiplications.

@ Pick 2d + 1 distinct scalars ug, ..., upg € F

e Evaluate p(u;), q(u;). (no cost - only scalar multiplications)
(9 Compute ;i = p(u;j)q(uj) (2d + 1 non-scalar multiplications)

@ Lagrange polynomial: (only scalar multiplications)
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Polynomial multiplication
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@ Conclusion



Conclusion

In today's lecture, we learned

@ computational models for measuring complexity of multiplication,
evaluation and interpolation
@ ring operations
e non-scalar complexity
@ Algorithms for
e polynomial evaluation
e polynomial multiplication
e polynomial interpolation
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