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Why Factor Multivariate Polynomials?

@ One of the fundamental algebraic operations
@ Widely used in algebraic computation:

e Primary decomposition of ideals
e Decoding certain algebraic codes
e Hardness vs Randomness tradeoffs



Why Factor Multivariate Polynomials?

@ One of the fundamental algebraic operations
@ Widely used in algebraic computation:

e Primary decomposition of ideals
e Decoding certain algebraic codes
e Hardness vs Randomness tradeoffs

o Today: factoring bivariate polynomials
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@ Given ring R[y], where R is UFD, would like to reduce factoring in
R[y] to factoring in R

“if we could factor in R then we can factor in R[y]"
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Main Idea

@ Given ring R[y], where R is UFD, would like to reduce factoring in
R[y] to factoring in R

“if we could factor in R then we can factor in R[y]"

@ Surely cannot do this in general, as factoring in R could be harder
than factoring R[y]!

For instance, R = Z.
e Today: if R = S[x] then we can lift factoring over R to factoring over
Rlyl(= Slx, y])!

If we can factor univariate polynomials, then we can also factor
bivariate ones!
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Main Idea

@ Given ring R[y], where R is UFD, would like to reduce factoring in
R[y] to factoring in R

“if we could factor in R then we can factor in R[y]"

@ Surely cannot do this in general, as factoring in R could be harder
than factoring R[y]!

For instance, R = Z.
e Today: if R = S[x] then we can lift factoring over R to factoring over
Rlyl(= Slx, y])!

If we can factor univariate polynomials, then we can also factor
bivariate ones!

@ Technical tool: Hensel lifting!
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@ We know how to factor over F[x]



|dea: High Level

Say we are in the ring R = F[x, y] and we want to factor f(x, y)
We know how to factor over F[x]

Factor f(x,a) :E_(f) + h(x)

Lift this factorization to one of the form g(x,y) - h(x, y)

o
o
@ Try to substitute random value for y, say «
o
o
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|dea: High Level

Say we are in the ring R = F[x, y] and we want to factor f(x, y)
We know how to factor over F[x]

Try to substitute random value for y, say «

Factor f(x,a) = g(x) - h(x)

Lift this factorization to one of the form g(x,y) - h(x, y)

Example:
F(x,y) =y + (x = I)x(x + 1)

((7,3) uceduei b le
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|dea: High Level

Say we are in the ring R = F[x, y] and we want to factor f(x, y)
We know how to factor over F[x]

Try to substitute random value for y, say «

Factor f(x,a) = g(x) - h(x)

Lift this factorization to one of the form g(x,y) - h(x, y)

Example:
F(x,y) =y + (x = I)x(x + 1)

Can any value of o € F work?



|dea: High Level

@ Say we are in the ring R = F[x, y] and we want to factor f(x, y)
@ We know how to factor over F[x]
@ Try to substitute random value for y, say «
e Factor f(x, ) = g(x) - h(x)
e Lift this factorization to one of the form g(x,y) - h(x,y)
o Example:
f(x,y) = y? + (x = Ix(x +1)
@ Can any value of a € F work?

@ No. a = 0 gives us a reducible univariate polynomial

{00 = (1 )2 (*11)
9% hix)
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@ Say we are in the ring R = F[x, y] and we want to factor f(x, y)
@ We know how to factor over F[x]
@ Try to substitute random value for y, say «
e Factor f(x, ) = g(x) - h(x)
e Lift this factorization to one of the form g(x,y) - h(x,y)
o Example:
f(x,y) = y? + (x = Ix(x +1)
@ Can any value of a € F work?

@ No. a = 0 gives us a reducible univariate polynomial

Will a random value work? Yes!



|dea: High Level

@ Say we are in the ring R = F[x, y] and we want to factor f(x, y)
@ We know how to factor over F[x]
@ Try to substitute random value for y, say «
e Factor f(x, ) = g(x) - h(x)
e Lift this factorization to one of the form g(x,y) - h(x,y)
o Example:
F(x,y) =y + (x = I)x(x + 1)
@ Can any value of a € F work?
@ No. a = 0 gives us a reducible univariate polynomial
o Will a random value work? Yes!
@ Suppose we pick an « (good or bad), now what?



|dea: High Level

@ Try to substitute random value for y, say «
e Factor f(x, ) = g(x) - h(x)
o Lift this factorization to one of the form g(x,y) - h(x,y)
@ Example:
fx,y) = y? + (x = Ix(x +1)

@ Suppose we picked o« = 0, can we still get some information?



|dea: High Level

@ Try to substitute random value for y, say «

Factor f(x,a) = g(x) - h(x)

Lift this factorization to one of the form g(x,y) - h(x,y)
@ Example:

F(x,y) = y? + (x = I)x(x +1)
Suppose we picked o = 0, can we still get some information?
f(x,0) = (x — )x(x+1)



|dea: High Level

@ Try to substitute random value for y, say «

Factor f(x,a) = g(x) - h(x)

Lift this factorization to one of the form g(x,y) - h(x,y)
@ Example:

F(x,y) = y? + (x = I)x(x +1)
Suppose we picked o = 0, can we still get some information?
f(x,0) = (x — )x(x+1)
Same as

f(x,y) =+(x—1)x(x+1) mod y

mod (’3)
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|dea: High Level

@ Try to substitute random value for y, say «

Factor f(x,a) = g(x) - h(x)

Lift this factorization to one of the form g(x,y) - h(x,y)
@ Example:

fx,y) =y*+ (x = I)x(x + 1)

Suppose we picked o = 0, can we still get some information?

o f(x,0) = (x—1)x(x+1)
@ Same as

f(x,y) =+(x —1)x(x+1) mod y
@ Using Hensel lifting, we can get

f(x,y) = g(x,y)h(x,y) mod y?

where Wmod y and h(x,y) = £x? { x mod y

/_\/—\
cevintent wm .(Dcmrhhe"‘ mooluls (‘6)
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|dea: High Level

Try to substitute random value for y, say «
Factor f(x,a) = g(x) - h(x)
Lift this factorization to one of the form g(x,y) - h(x,y)

e 6 o ¢

Example:
F(x,y) = y? + (x = I)x(x +1)
Suppose we picked o = 0, can we still get some information?
o f(x,0) = (x—1)x(x+1)
@ Same as

f(x,y)=—(x—1)x(x+1) mod y

@ Using Hensel lifting, we can get

f(x,y) = g(x,y)h(x,y) mod y?

where g(x,y) = x — 1 mod y and h(x,y) = —x°

— x mod y
@ Doing this many times will give us information whether our base

factorization was good or not



Strategy

@ On input f(x,y) € F[x, y]

@ Do some preprocessing to know that we have a “nice polynomial”

@ the restriction of f should be square free

4(1,04) = PG Pl 'P;(x)

71 —_
will be 1wee e ble
able 1o dintinct
tak <

o be 207 ‘/
{00 = /M«CW: £ (x; 4et)

é{(?l. 0) i €@ 1.7
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Strategy

@ On input f(x,y) € F[x, y]
@ Do some preprocessing to know that we have a “nice polynomial”
@ the restriction of f should be square free

@ Factor
f(x,y) =g(x,y) - h(x,y) mod y

using the univariate factoring algorithm
,g(x.o) = %Cfﬂ) - h(x:9)
wivatiake ‘”(‘onem 2
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Strategy

On input f(x,y) € F[x, y]
Do some preprocessing to know that we have a “nice polynomial”
@ the restriction of f should be square free

Factor

f(x,y) = g(x,y) - h(x,y) mod y
using the univariate factoring algorithm

Lift factorization above to

f(x,y) = gx(x,y) - he(x,y) mod yzk

for some value of k C»eaﬂy eﬂ@“g}\)
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Strategy

On input f(x,y) € F[x, y]
Do some preprocessing to know that we have a “nice polynomial”

@ the restriction of f should be square free

Factor

f(x,y) =g(x,y) - h(x,y) mod y
using the univariate factoring algorithm

Lift factorization above to

k
f(x,y) = gk(x,y) - hi(x,y) mod y?

for some value of k
e From factorization above, extract factors of f(x, y)

Just like in the univariate case!



@ Hensel Lifting



Hensel Lifting - General Setting

@ Let R be aring, | C R ideal, and we have
f=gh mod/
where there are a, b € R such that
ag+bh=1 mod |/
“pseudo-GCD"

//%cd<%)h) = med I “
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Hensel Lifting - General Setting
@ Let R be a ring, | C R ideal, and we have
f=gh mod/
where there are a, b € R such that
ag+bh=1 mod |/

“pseudo-GCD"

@ In our setting, R = F[x,y], | = (y), f is our input polynomial and
g, h € F[x, y] is the coprime factorization.

{(X,o)'z' %(Xw) hﬂ)ﬂo) med ((3) Damait
\

coprime = RESLERS
a (o) + bh(xo) =L.
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Hensel Lifting - General Setting

@ Let R be a ring, | C R ideal, and we have
f=gh mod/
where there are a, b € R such that
ag+bh=1 mod |/

“pseudo-GCD"

@ In our setting, R = F[x,y], | = (y), f is our input polynomial and
g, h € F[x, y] is the coprime factorization.
o If f, g, h satisfy the conditions above, then there exist g*, i* € R such

that
: ﬁ,cm.‘ i
f =g"h* mod /2(1 aft { e
Gnintmey { g =g mod|

l’dﬂﬂ“m‘\'\b&i\‘a‘. h* = hmod /
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Hensel Lifting - Full Statement

@ Let R be aring, I C R ideal, and we have f = gh mod [ where there
are a,b € R such that ag + bh=1 mod /.
Then, there are g*, h* such that
f=g*h* mod I
g =gmod]/
h* = hmod /



Hensel Lifting - Full Statement

@ Let R be aring, | C R ideal, and we have f = gh mod | where there
are a,b € R such that ag + bh=1 mod /.
Then, there are g*, h* such that

f=g*h* mod I

g =gmod|/
h* = hmod /
© There are a*, b* such that me ®A

o ilerate
‘HAQ !l{"'{

a*g* + b*h* =1 mod /2
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Hensel Lifting - Full Statement

@ Let R be aring, | C R ideal, and we have f = gh mod | where there
are a,b € R such that ag + bh=1 mod /.
Then, there are g*, h* such that

f=g*h* mod I

g =gmod|/
h* = hmod /

© There are a*, b* such that “-OZQ-LC
a'g* 4+ b*h* =1 mod I?

: @ given a, b, g, h, one can easily compute a*, b*, g*, h*

Compt o frmallyy {“:c\'wi :
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Hensel Lifting - Full Statement

@ Let R be aring, | C R ideal, and we have f = gh mod | where there
are a,b € R such that ag + bh=1 mod /.
Then, there are g*, h* such that
Kk 2
1:: g h" mod / (‘)
g =gmod/
h* = hmod /

© There are a*, b* such that
a*g* +b*h* =1 mod /2

@ given a, b, g, h, one can easily compute a*, b*, g*, h*
@ solution g*, h* is unique. That is, any other solution g’, i is such that
—_
&~ h* = H(1+u) mod /2
”u‘a o {&Uﬂ s . , 2
Jawms g =g'(1—u) mod |

for some u € /.
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Hensel Lifting - Proof
o Let m=f—gh. Thus, me |l ‘{Egh madI
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Hensel Lifting - Proof

o let m=f —gh. Thus, me |/
@ Set

l computing g* and h*
g =g+bm
h* = h+am

o,%+b

h=4 mdl
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Hensel Lifting - Proof

o Let m= f — gh. Thus/m ¢ /i

@ Set computing g* and h*
g =g+ bm
h* = h+am
zimd

o Notice that: O md T

7‘%’\)-‘-‘-
f—g"‘h*=f—gh—m(bh—|—ag)le%2

=f—gh— mmod /?

=0 mod /?
%" h¥ - (%+ bm)(h fam) = gh n m(atarbh)+ abm®

m.(bhfﬂ?)) = m med r*
lin =m*i*°°\
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Hensel Lifting - Proof

o let m=f —gh. Thus, me |/
@ Set computing g* and h*

g =g+bm
h*=h+am

o Notice that: (E g*ht m Ii

f—g*h* = f — gh— m(bh + ag) + abm?
=f—gh— mmod /?

=0 mod /?
o Let g =ag*+ bh* — 1. !qel l computing a* and b*
Fll‘ll.\" ?«M a* _a]__q)
q: o b* = b(1 - q)

b= o atj‘ rbh"-| = Q9+bh-4 2 |-1=0 ec I
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Hensel Lifting - Proof

o letg=ag*"+bh*—1. g€l computing a* and b*
a*=a(l—gq)
b* = b(1 — q)
%
q. el> q:_‘ el

O-g* £ bh" = 4+q_
(-9) (o-g* +bH) =(14q)(l-o,): f-g* st med L
&§+KW
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Hensel Lifting - Proof

o letg=ag*"+bh*—1. g€l computing a* and b*
a*=a(l—gq)
b* = b(1 — q)

@ Note that

a*g"+ b*h* —1=ag"+ bh* —1— q(ag™ + bh™)
=qg(1—ag* +bh*)=—-g*>€I?



Hensel Lifting - Proof

o letg=ag*"+bh*—1. g€l computing a* and b*
a*=a(l—gq)
b* = b(1 — q)

@ Note that

a‘g*+ b*h* —1=ag" + bh* —1—qg(ag™ + bh™)
=qg(1—ag* +bh*)=—-g*>€I?

@ Uniqueness of solution:
Let g’, i’ be another solution to the lifting problem.

gi=g —g" and hi=h —h*
- -—

both in /. %'z- %xi 3 med L
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Uniqueness of Solution

o Let g’, i be another solution to the lifting problem.
eg =g —g* and hy =H — h* bothin |



Uniqueness of Solution

o Let g’, i be another solution to the lifting problem.
°og=¢g-g"

and hy = h — h* bothin /
o fromf — g’k =0=f—g*h* mod I?
g"h* = g'h" mod I?

e I
E(g*+g1)(h*+h1):g*h*+g*h1 —|—g1h*+ 1
=g*h* +g*h1 + g1h* mod I?

8|h' = (%*f%.) (h*{-hu): 8‘\‘;‘1 _’%kh‘ 4%';!! ’_3‘“‘
0= (ght’r%.h* mod T

v -(- *,'I* l
%*h. = -h*-%l medI-L;) %bx‘” =(b )9

m]

=
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Uniqueness of Solution
o Let g’, i be another solution to the lifting problem.
eg =g —g* and hy =H — h* bothin |
o from f — g’k =0=f — g*h* mod /?
g*h* = g'h mod I?
=(g"+a)(h" +m)=g"h" +g"m +&h" + g
=g*h* +g*hy + g1h* mod I
e Using a*g* + b*h* =1 mod /?
b*g*hy = —g1b*h* mod I?
= gi1(a*g" — 1) mod /2
= g1 =g%(a*g1 — b*hy) mod /I?
=g =g*(1+a"g —b*h) mod /2



Uniqueness of Solution
o Let g’, i be another solution to the lifting problem.
eg =g —g* and hy =H — h* bothin |
o from f — g’k =0=f — g*h* mod /?
g*h* = g'h mod I?
=(g"+a)(h" +m)=g"h" +g"m +&h" + g
=g*h* +g*hy + g1h* mod I
e Using a*g* + b*h* =1 mod /?
b*g*hy = —g1b*h* mod I?
= gi1(a*g" — 1) mod /2
= g1 =g%(a*g1 — b*hy) mod /I?
=g =g*(1+a"g —b*h) mod /2

@ Set u=a*gy — b*h;. Thus u € /. Analogous for h



Example

o f(x,y) = y?+ (x — 1)x(x + 1) over Zs|x, y]



Examp|e

o f(x,y) = y?+ (x — 1)x(x + 1) over Zs|x, y]
o Flx.y) = (x = Dx(x+ 1) mod (y)

g=x—1 and h=x(x+1)

tzhz x-
}L—x Xtz
X

Z (1) - (20 =2

1 3-(xl+ )() - 3(112)0,_‘)\:5_)

b a
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Example

y? + (x — D)x(x + 1) over Zs[x, y]
(x —1x(x+1) mod (y)

e f(x,y)
o f(x,y)

g=x—1 and h=x(x+1)

@ a=3(x+2),b=3



Example
o f(x,y) = y2 + (x — 1)x(x + 1) over Zs[x, y]
o f(x,y)=(x—1)x(x+1) mod (y)
g=x—1 and h=x(x+1)

@ a=3(x+2),b=3
L m:f—gh:y2

g =(x—1)+by?> and h*=x(x+1)+ay?

(l-l)‘l' 3(.81' x® X 3(m)¢31
(g. h* = @-0)0)(nr) f[&M")}‘{" ”Jq()
i
= 4+ tf("-) = | mod D(“Q
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Example

e f(x,y)
f(x,y)

y? 4 (x — 1)x(x + 1) over Zs[x, y]
(x =1)x(x +1) mod (y)

g=x—1 and h=x(x+1)

a=3(x+2),b=3
m=f—gh=y?

g"=(x—1)+by? and h* =x(x+1)+ay?

qg=ag*+ bh* —1 and

a*=a(l—gq) and b"=b(1-q)
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Main Algorithm

o Input: f € F[x, y], where [ is a field, where deg,(f),deg, (f) < d
@ Output: if f factors, output nontrivial factor of . Else, output f.



Main Algorithm

o Input: f € F[x, y], where [ is a field, where deg,(f),deg, (f) < d
@ Output: if f factors, output nontrivial factor of . Else, output f.
e Pick a € F such that disc,(f)(a) # 0 and set

f(x,y) < f(x,y + )
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Main Algorithm

Input: f € F[x, y], where F is a field, where deg, (f),deg, (f) < d
Output: if f factors, output nontrivial factor of f. Else, output f.
Pick o € IF such that disc,(f)(«) # 0 and set

f(x,y) < f(x,y + )

Factor fo(x) := f(x,0) as fo(x) = go(x) - ho(x) where
@ go is irreducible
@ g and hy do not have a common factor.s 00801- Loho ={
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Main Algorithm

Input: f € F[x, y], where F is a field, where deg, (f),deg, (f) < d
Output: if f factors, output nontrivial factor of f. Else, output f.
Pick o € IF such that disc,(f)(«) # 0 and set

f(x,y) < f(x,y + )
e Factor fy(x) := f(x,0) as fo(x) = go(x) - ho(x) where

@ g is irreducible W}

@ gy and hg do not have a common factor.

Apply Hensel lifting for k > 2log d + 2 times and find / €774} h

F(x,y) = gk(x,) - hi(x,y) mod (y2°)

Qs az%dn > 4.d°
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Main Algorithm

Input: f € F[x, y], where F is a field, where deg, (f),deg, (f) < d
Output: if f factors, output nontrivial factor of f. Else, output f.
Pick o € IF such that disc,(f)(«) # 0 and set

f(x,y) < f(x,y + )

e Factor fy(x) := f(x,0) as fo(x) = go(x) - ho(x) where
Q g is irreducible
@ gy and hg do not have a common factor.

Apply Hensel lifting for k > 2log d + 2 times and find

F(x,y) = gk(x,¥) - hi(x,y) mod (y2°)

Solve linear system and find G, L € F[x, y| with deg,(G) < deg,(f),
deg,(G) < deg,(f) and . —

G=gc-L mod(yzk) and G#0
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Main Algorithm

Input: f € F[x, y], where F is a field, where deg, (f),deg, (f) < d
Output: if f factors, output nontrivial factor of f. Else, output f.
Pick o € IF such that disc,(f)(«) # 0 and set

f(x,y) < f(x,y + )

e Factor fy(x) := f(x,0) as fo(x) = go(x) - ho(x) where
Q g is irreducible
@ gy and hg do not have a common factor.

Apply Hensel lifting for k > 2log d + 2 times and find

F(x,y) = gk(x,¥) - hi(x,y) mod (y2°)

Solve linear system and find G, L € F[x, y] with deg,(G) < deg,(f),
deg,(G) < deg,(f) and

G=gc-L mod (yzk) and G#0
Output ged(G, f)
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Analysis

o Pick a € Fat random"and set
f(x,y) < f(x,y + @)

@ Why would a random shift work with high probability?
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Analysis

@ Pick oo € IF at random and set
f(x,y) < f(x,y + @)

@ Why would a random shift work with high probability?
o If
Q |F| > 4d°,
Q f(x,y) is square-free,
then there is « € F such that f(x, ) does not have repeated factors
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Analysis

e Factor fy(x) := f(x,0) as fy(x) = go(x) - ho(x) where
@ g is irreducible
@ g0 and hg do not have a common factor.

@ Why can we do this?

ney ()0 £0 =5 {olx) dewan't hae
dline, ({)( ﬁepukd Yoce

(o(x) = P (x) P;(K) =" Pa (x)
%f— he

| edue bl


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira



Analysis

e Factor fy(x) := f(x,0) as fy(x) = go(x) - ho(x) where
© g is irreducible
@ go and hg do not have a common factor.

@ Why can we do this?

o After we shifted y <— y + «, we know that f(x,0) does not have
square factors
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e Factor fy(x) := f(x,0) as fy(x) = go(x) - ho(x) where
© g is irreducible
@ go and hg do not have a common factor.

@ Why can we do this?

o After we shifted y <— y + «, we know that f(x,0) does not have
square factors

e Take any irreducible factor of f(x,0)



Analysis

e Factor fy(x) := f(x,0) as fy(x) = go(x) - ho(x) where
© g is irreducible
@ go and hg do not have a common factor.

Why can we do this?

After we shifted y <— y + a, we know that f(x,0) does not have
square factors

Take any irreducible factor of f(x,0)

Because F[x] is an Euclidean Domain, we can also find ag, by such
that

aog + bohg =1
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Analysis

@ Apply Hensel lifting for kK > 2log d + 2 times and find

f(x,y) = gk(x,y) - hg(x,y) mod (y2k)



Analysis

@ Apply Hensel lifting for kK > 2log d + 2 times and find
F(x,y) = gk(x,y) - he(x,y) mod (y*')
@ Can do this since we have
f(x,y) = go(x) - ho(x) mod (y)

and
aogo + bogo =1



Analysis

@ Solve linear system and find G, L € F[x, y] with deg, (G) < deg,(f),
deg,(G) < deg,(f) and

G=gi-L mod(yzk) and G #0
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@ Intuition: by finding G, we are finding the factor of f which is
divisible by gp modulo (y)
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@ Solve linear system and find G, L € F[x, y] with deg, (G) < deg,(f),
deg,(G) < deg,(f) and

G=gi-L mod(y2k) and G #0

@ Intuition: by finding G, we are finding the factor of f which is
divisible by gp modulo (y)
o If f(x,y) = g(x,y) - h(x,y), such that g(x,y) = go - o mod (y), we
know such a G must exist
O f—gh=0mod (y*)



Analysis

@ Solve linear system and find G, L € F[x, y] with deg, (G) < deg,(f),
deg,(G) < deg,(f) and

G=gi-L mod(yzk) and G #0

@ Intuition: by finding G, we are finding the factor of f which is
divisible by gp modulo (y)
o If f(x,y) = g(x,y) - h(x,y), such that g(x,y) = go - o mod (y), we
know such a G must exist N
(] f—ghEOmod(y2k) @‘m {{o
Q g, /o coprime

g=golomod (y) = g =gl mod (y*)

J
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Analysis
@ Solve linear system and find G, L € F[x, y] with deg, (G) < deg,(f),
deg,(G) < deg,(f) and
G=gx-L mod (y2k) and G #0

@ Intuition: by finding G, we are finding the factor of f which is
divisible by gp modulo (y)
o If f(x,y) = g(x,y) - h(x,y), such that g(x,y) = go - o mod (y), we
know such a G must exist
O f—gh=0mod (y*)
Q g, /o coprime

k
g = golo mod (y) = g = gkl mod (y*)
© Now we have two solutions:
f—gihk=f—gh=f— g lxhmod (y2)

and we know gx = gop mod (y) and £xh = hg mod (y)
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Analysis

o If f(x,y) =g(x,y) - h(x,y), such that g(x, y) = go - o mod (y), we
know such a G must exist

Q 7 —gh=0mod (y2), and go, £y coprime

‘ g = golo mod (y) = gE;ﬁ’;k-Ek mod (") ]
]
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Analysis
o If f(x,y) =g(x,y) - h(x,y), such that g(x, y) = go - o mod (y), we
know such a G must exist

Q 7 —gh=0mod (y2), and go, £y coprime

g=golomod (y) = g =&l mod (y*)

@ By induction and uniqueness of Hensel Lifting, can make

~ k
&k = gk mod (y*)

Gu= 8z mt(y) =2
) ptn a2
(= gm=gn w0 Lo
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Analysis

o If f(x,y) = g(x,y) - h(x,y), such that g(x,y) = go - o mod (y), we
know such a G must exist
Q 7 —gh=0mod (y2), and go, £y coprime

g = golo mod (y) = g =8k ¥k mod (yzk)

@ By induction and uniqueness of Hensel Lifting, can make

, & = g« mod (y*) {

© Thus, the system

ka mod (y*) and G #0 |

will have a solution such that
e {{
deg, (G) < deg, (), degy(G) < degy(f)

G:4 L= By fo Wil 410
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Analysis
o If f(x,y) = g(x,y) - h(x,y), such that g(x,y) = go - o mod (y), we

know such a G must exist
Q 7 —gh=0mod (y2), and go, £y coprime

g=golomod (y) = g = gl mod (y*)
@ By induction and uniqueness of Hensel Lifting, can make
& = g« mod (y%)
© Thus, the system
G=gk-L mod (yzk) and G#0
will have a solution such that
deg, (G) < deg,(f), deg,(G) < deg,(f)

@ If it does not, then we can return that f is irreducible!



Analysis

@ Now we need to prove that ged(G, f) is non-trivial, where
deg, (G) < deg,(f), degy(G) < degy(f) and

G=gi-L mod(yzk) and G #0



Analysis

@ Now we need to prove that ged(G, f) is non-trivial, where
deg, (G) < deg,(f), degy(G) < degy(f) and

G=gc-L mod(yzk) and G#0

@ Note that Res,(f, G) is a polynomial in F[y] of degree <Zd? < 2k, by
our choice of k.

Resy(f, G) = u(x,y) - f +v(x,y)-G

m.
)
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Analysis ?@,l({,é)=0 & cacd((,@) nminiviod

@ Now we need to prove that gcd(G, f) is non-trivial, where
deg, (G) < deg,(f), degy(G) < degy(f) and

G=g-L mod(yzk) and G#0

@ Note that Res,(f, G) is a polynomial in F[y] of degree <Zd? < 2k, by
our choice of k.

Resy(f, G) = u(x,y) - f+vxy) G md('é
Modulo y?*, we have d/oﬂs(lt) < 2
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Conclusion

@ Today we learned to factor bivariate polynomials
o Widely used in practice
o Decoding Reed-Solomon Codes (next lecture)
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