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The determinant, characteristic polynomial and adjoint over an arbitrary commutative ring with unity can be computed by a 
circuit with size 0(n3.496) and depth 0(log2n). Furthermore, the circuits can be constructed uniformly (by a log space bounded 

Turing machine). 
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1. Introduction 

While it has been known since 1976 [5] that 
small size and depth circuits exist for computing 
the adjoint, the determinant, and the characteristic 
polynomials over fields that contain the integers, it 
has been an open question until recently whether a 
similar result holds for arbitrary commutative rings 
with unity. Borodin, Von zur Gathen and Hopcroft 
[3] showed that such a result was possible using 
the parallelization technique in [9] and by extend- 
ing the technique of Strassen fro eliminating divi- 
sion, but the method is not explicit. The size was 
O(ni5). 

The problem of reducing the size depended on 
finding an algorithm that computed these poly- 
nomials without first using divisions as those 
methods do. Csanky’s method seems to require a 
division by n! and therefore does not apply to 
finite fields. In this paper we present a method, 
based on Samuelson’s method [8,6], which uses no 
divisions. We then efficiently parallelize it to get 
our result. 

One of the extra advantages of our method is 
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that it relates the adjoint and the determinant in a 
very efficient way. We also present what appears 
to be the shortest and simplest proof of Samuel- 
son’s method yet. 

2. The model and definitions 

For arbitrary rings T, we will describe a circuit 
which computes polynomial in the ring T, and uses 
only constants from T. Except for the fast matrix 
multiplication [4] subcircuit, the only constants 
that we use are { - 1, 0, 1). 

Our model of computation is a straight line 

program model. Let X be a set of indeterminates. 
T[X] is a polynomial ring. A program over T[X] is 
a list of instructions {vi }F=, such that v, = vl 0 vi’ 
and ok{@, @}andv:,v:‘~{vi ,..., vc}UXUT. 
Size and depth are defined in the obvious manner. 

We will state some algebraic definition that we 
require. 

Let A be an n x n matrix, with R, S, M as 
1 x (n - l), (n - 1) x 1 and (n - 1) X (n - 1) sub- 
matrices. The relationship is given as follows: 
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Let 

R,=(ai.,+,,...,a,.,), 

S: = (a ,+I.,?...3 a,,, ). 

a . . . a I.” 
M,= I’ ‘. ; 

[, a . . . 
“.I a “.” I 

Let p(X), q(X) be characteristic polynomials of 
A and M: 

p(X)= &,X’=det(A-X*1), 
i=O 

n-l 

q(X)= c qn_,_IX1=det(M-X*I). 
1=0 

The determinant can be defined inductively by 
the method of cofactor expansion on rows or 
columns. We give an expansion by column j and 
one by row i: 

det(A) = i A,, @ det(A(i 
i=l 

l_i)H -l)‘+’ 

= 6 A,, @ det(A(i 
J=l 

l.i))( -l)‘+‘. 

where A(i 1 j) is the (n - 1) X (n - 1) matrix ob- 
tained from A by deleting the ith row and the jrh 
column. 

The classical adjoint is defined by 

adj(A),, = det(A(j 1 i))( -l)itJ. 

It follows that if det(A) f 0, then adj(A) is the 
unique matrix which satisfies 

adj(A) * A = A * adj(A) = I * det(A). 

We state four claims which are used in the main 
theorem, but are independently interesting. 

3. Main results 

Claim 1 

p(X) = (a,., - A) * det(M - X * I) 

+ R * adj(M - X * I) * S. 

Proof. We expand the det(A - X * I) by cofactor 
expansion on the first row, and then on the first 
column. 0 

Claim 2 

adj(M - X * I) = 

= - t (Mkm2*q0+ . . . +I*qkm2)* Xnmk, 

k=2 

Proof (Beame [2]). Multiply both sides by M - 
X * I. The left-hand side is equal to q(X) * I by 
definition. The right-hand side is equal to the left 
by the Caley-Hamilton theorem and by re- 
ordering of indices. 

=- c (Mkp'*qO+ ...+M*qk_2)*ymh 
k=2 

n-l 

+ c (ML-'*qO+ . ..+I*qk_.)* X”-’ 
k=l 

by reordering indices of the second term. 

= -&’ Mk-’ * qo+ . . + M * qkm2) * X”Pk 

+ 5 (Mk-’ *qO+ ‘.. +I*qk-r)* x” h 
k=l 

by subtracting the Caley-Hamilton theorem equa- 
tion (M”-‘*qo+ ... +I*q,_,=O) from the 
second term. 

= +q(X) * I. 

Since q(X) f 0, the claim is proved. q 

Substituting Claim 2 into Claim 1 we have 
Samuelson’s method of relating the characteristic 
polynomials of A and M: 

p(X) = (a,,,) * det(M - X * I) 

-R * kg2(Mk-2 
i 

*qo+ ..’ 

+I * qk_2)* X"-k *s. 
I 

(*> 
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Let SD(f(n), g(n)) notation stand for a circuit 
size of O(f(n)) and depth O(g(n)). For n, (Y, e, p > 0 
we would like to define n”, n’, ns, ns-’ as integers. 
Let this notation stand for the smallest integer 
greater than or equal to its real number value. 

More precisely, 

Claim 3. Let R, S, M be 1 x m, m X m and m X 1 

matrices for m < n. Let T = {R * M’ * S}y=O. Then 

T can be computed in SD(#+‘, log’n), where (Y is 
the exponent of n for the size of a circuit for 

multiplying two matrices using log n depth (cur- 
rently (Y < 2.496 [4]) and c is any positive real num- 

ber greater than 0. 

Bi.d = Bi-,i,(iJ)+l.J~rnin(i.,)+,. 

A lower triangular matrix has all elements above 
the central diagonal equal to zero: 

Bi,=O ifi<j. 

Claim 4. Let A, B be n X m and m X p lower 

triangular Toeplitz matrices. Then C = A * B is 

lower triangular and Toeplitz and can be computed 

in SD(n*, log n). 

Proof. For the proof, see [l]. 0 

Proof (using an idea suggested by S. Winograd). 
Define 

U = {R * Mi}rO and V= {Mi’no5 * S}:,,. 

We can compute any element of T (uniquely) as 
a dot product of vectors from U and V. This is 
because the exponent of k of the M term in any 
element from T can be (uniquely) expressed in the 
form k = i + j * n”.5, where i, j < n”.5. Thus all of T 
can be computed from U and V using n dot 
products of size n - 1. Since each dot product can 
be computed in SD(n, log n), T can be computed 
from U and V in SD(n*, log n). 

Actually, in rings with all the nth roots of unity 
where we can do the Fast Fourier Transform, we 
can multiply these Toeplitz matrices using the 
FFT in O(n log n) size and O(log n) depth circuits. 
But for the general case we need O(n*) size and 
the same depth. 

Theorem 5. For all e > 0, the coefficients of the 

characteristic polynomial can be computed in 

SD(nrr+‘+t, log*n). 

U and V are computed similarly so we will only 
present the computation for U. We claim by in- 
duction on p that Z, = {R * M’ }:Lo can be com- 
puted in SD(#+<, log*n) for p a constant. It is 
trivially true for ns - r equal to zero. If the hy- 
pothesis is true for ns-‘, then it is true for np as 
follows: 

Proof. Let C, be (n - t + 1) x (n - t) matrices that 
are lower triangular and Toeplitz defined as 

-1 ifi=l, 

C (1.1 = 
c1 1.1 ifi=2, 

-R,*Mip3 * S, ifi>2. 

Z, can be computed from Z,-, and Ys= 

{M J * na}r(=o. We do this by multiplying the matrix 
X,-,, whose rows are the vectors of Z,_,, by the 
nc matrices of Ya. This can be done in SD(n”+‘, 
log*n). Since Ya can be computed in SD(n”+‘, 
log*n) by using the parallel prefix algorithm [7], 
our induction hypothesis is proved. Since U = Z,,,, 
our claim is proved. q 

By (*) we have a linear relation between the 
coefficient of p(X) and the coefficients of q(X) 
which can be easily expressed as 

(PO? Ply...? P”)f=C1 * (qO...qn-J~ 

where ( . . . )’ is a transposed matrix. Applying this 
recursively, we get 

= BB ci. 
i=l 

We define an n X m Toeplitz matrix as an n X m The entries to the matrices {Ci} can be com- 

matrix such that each diagonal has a value to puted using n applications of Claim 3 in 

which all the elements in the diagonal are equal. SD(n”+‘+‘, log2 n). The characteristic coefficients 
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can be computed from {C, ) with a balanced bi- 
nary tree of matrix multiplies in SD(n3, log’n) 
using Claim 4. 0 

The adjoint of A can easily be computed from 
the characteristic polynomial of A and {A’ } in 

SD(n, log n) by Claim 2. {A’ } can be computed 
from A in SD(n”+‘, log’n) by the parallel prefix 

algorithm [7]. Thus the adjoint computation 
presented has the same complexity as the char- 
acteristic polynomial computation. The determi- 
nant can be computed from the characteristic 

polynomial by letting X be 0. 
At present (Y < 2.496. Since E can be chosen so 

that (Y + c < 2.496, the claim in the abstract is 

proved. 

4. Conclusions 

By reexamining Csanky’s paper [5] with the 
ideas of Claim 3 in mind, one can get a circuit in 
SD(n”C0.5 log n, log2n) [lo]. Can our technique be 
improved to get this size exponent? The problem 
with this is twofold. The product of the {C, } can 
be done in SD(n210g n, log2n) if we can use FFTs. 
But no way is known that is better than the way 
presented fro arbitrary rings. The other problem is 
that computing {M_l} for all i and j seems just as 
hard as computing it n times for one i and all j. 
This seems that it could be improved because the 
M,‘s are submatrices of each other. 

Does a more direct way exist for avoiding some 
of these problems? Can Samuelson’s method be 
modified to relate the characteristic polynomial of 
one matrix efficiently to the characteristic poly- 
nomial of a related matrix which is about one half 
the size? It is conjectured that there is a circuit for 
computing the characteristic polynomial over arbi- 
trary rings in SD(n”. log’n). 
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