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Relax... & Round!

In our quest to get efficient (exact or approximate) algorithms for
problems of interest, the following strategy is very useful:

'Even more general mathematical program, so long as derive SDP. fromit.
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Relax... & Round!

In our quest to get efficient (exact or approximate) algorithms for
problems of interest, the following strategy is very useful:
@ Formulate optimization problem as QP!
@ Derive SDP from the QP by going to higher dimensions and imposing
PSD constraint
This is called an SDP relaxation.

'Even more general mathematical program, so long as derive SDP. fromit.
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Relax... & Round!

In our quest to get efficient (exact or approximate) algorithms for
problems of interest, the following strategy is very useful:
@ Formulate optimization problem as QP!
@ Derive SDP from the QP by going to higher dimensions and imposing
PSD constraint
This is called an SDP relaxation.
© We are still maximizing the same objective function, but over a
(potentially) larger set of solutions.

OPT(SDP) > OPT(QP)

{'; pur &P in wsximitahom
Px,alo(»m
Decamn P 1o oV & Jwrgu olowain

'Even more general mathematical program, so long as derive SDP. fromit.
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Relax... & Round!

In our quest to get efficient (exact or approximate) algorithms for
problems of interest, the following strategy is very useful:
@ Formulate optimization problem as QP!
@ Derive SDP from the QP by going to higher dimensions and imposing
PSD constraint
This is called an SDP relaxation.
© We are still maximizing the same objective function, but over a
(potentially) larger set of solutions.

OPT(SDP) > OPT(QP)
© Solve SDP (approximately) optimally using efficient algorithm.

'Even more general mathematical program, so long as derive SDP. from it.
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Relax... & Round!

In our quest to get efficient (exact or approximate) algorithms for
problems of interest, the following strategy is very useful:
@ Formulate optimization problem as QP!
@ Derive SDP from the QP by going to higher dimensions and imposing
PSD constraint
This is called an SDP relaxation.
© We are still maximizing the same objective function, but over a
(potentially) larger set of solutions.

OPT(SDP) > OPT(QP)

© Solve SDP (approximately) optimally using efficient algorithm.
@ If solution to SDP is integral and one-dimensional, then it is a solution
to QP and we are done

'Even more general mathematical program, so long as derive SDP. from it.
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Relax... & Round!

In our quest to get efficient (exact or approximate) algorithms for
problems of interest, the following strategy is very useful:
@ Formulate optimization problem as QP!
@ Derive SDP from the QP by going to higher dimensions and imposing
PSD constraint
This is called an SDP relaxation.
© We are still maximizing the same objective function, but over a
(potentially) larger set of solutions.
OPT(SDP) > OPT(QP)
© Solve SDP (approximately) optimally using efficient algorithm.
@ If solution to SDP is integral and one-dimensional, then it is a solution
to QP and we are done
@ |If solution has higher dimension, then we have to devise rounding

procedure that transforms
high dimensional solutions — integral & 1D solutions

rounded SDP solution value > ¢ - OPT(QP)

'Even more general mathematical program, so long as derive SDP. from it.
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Max-Cut

Maximum Cut (Max-Cut):
G(V, E) graph.

Cut § C V and size of cut is

[|E(S,S)\}: {(u,v) €E | ueS,v&S}.

( Goal: find cut of maximum size.
\Y)

¥ edy> oot Hu cut
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Example - Weighted Variant

Maximum Cut (Max-Cut):
G(V, E,w) weighted graph. > g we =1

Cut S C V and weight of cut is the sum of weights of edges crossing cut.
Goal: find cut of maximum weight.
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Max-Cut
G(V, E,w) weighted graph. > pwe =1

Quadratic Program:

. 1
maX|m|ze[ 5 Wuy (1 - xuxv) # Ha
{u,v}€E

cat

subject to x2 =1 forve V

Alel el e uy o€ {

2 I{ Xu¥ Ay
4_ ANy = {0 o Huwwink
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SDP Relaxation [Delorme, Poljak 1993]
G(V, E,w) weighted graph, |V| =nand )

ecE We = 1

Semidefinite Program:
maximize Z l S Wyt (1 — yTyv>
{uv}eE 2 ’ ’
subject to ||y, |3 =1 for v e V
Y € RY forveV

| l
d (99 Ya
A, €R — gvem Y ‘?l I> X ot
L/ bt Ps)
’Xu1 I\ “'511"1 =4 YTY = X X nxn
T Kiy= 440 o0
et S

v owhe of o akaddl we Bl
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@ Max-Cut SDP Rounding
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SDP Relaxation [Delorme, Poljak 1993]
G(V, E,w) weighted graph, |V| =nand )

ecE We = 1

Semidefinite Program:
maximize E l-W -(1—y1y>
2 u,v u v

subject to |||y, |3 =1 for v e V

v, €RY forveV

\ :
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What is this SDP doing?

o

3
Figure 10.1: Vectors 4, embedded onto a unit sphere in R
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What is this SDP doing?

%
%2
?73 g
Figure 10.1: Vectors 4, embedded onto a unit sphere in R A
T - 4~
o Let yuy =y, yv = cos(yu, yv)

- 11 =0
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What is this SDP doing? €€ C ne smld &> Sorge Gndng

0>y &) Coin v
7 0:T & |caine = -1

3
Figure 10.1: Vectors 4, embedded onto a unit sphere in R

o Let v,y =y yv = cos(yu, yv)
o for any edge, want ,, =~ —1, as this maximizes our weight

o C“-\- 12 etad’% /- all verhiean 4§

o heng
ol wficy

inS o
1 M
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What is this SDP doing? SDP un Punhies

u aipasd vet hew
v & which have
am edge oA
hl\s h we.‘5 ht
bt feen Hom

—

Y2
3
Figure 10.1: Vectors 4, embedded onto a unit sphere in R

o Let Yu,v = yJ_}/v = COS(Yu,yV)

o for any edge, want ,, =~ —1, as this maximizes our weight

@ Geometrically, want vertices from our max-cut S to be as far away
from the complement S as possible
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What is this SDP doing?

—

Y2
Y3

Figure 10.1: Vectors 4, embedded onto a unit sphere in R

Let yuv = yL;r}/v = cos(yu, yv)

for any edge, want ,, &= —1, as this maximizes our weight
Geometrically, want vertices from our max-cut S to be as far away
from the complement S as possible

o If all y,'s are in a one-dimensional space, then we get original
quadratic program

OPT(SDP) > Weight of Maximum-Cut
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Example

Let's consider G = K3 with equal weights on edges.
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Example

Let's consider G = K3 with equal weights on edges.

e Embed y1, yo, y3 € R? 120 degrees apart in unit circle

Yl
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Example

Let's consider G = K3 with equal weights on edges.
e Embed y1, yo, y3 € R? 120 degrees apart in unit circle
o We get:
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Example
5 Cxut

Let's/consider G = K3 with equal weights on edges.
o|Embed y1, yo, y3 € R? 120 degrees apart in unit circle

o We get:

(9)OPTspp(Ks) = 3/4 ¢
(9) OPTraxccue(K3) = 2/3 T :
[ (-entys) ) + (- elgp)) !
e 44 (00 ) )

5; undt afbu in f{; i
a oy () 2 Q) o0

Otigy & L.3 7 ¥

=/
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Example

Let's consider G = K3 with equal weights on edges.
e Embed y1, yo, y3 € R? 120 degrees apart in unit circle
o We get:
e OPTspp(K3) =3/4
@ OPTmax-cut(K3) = 2/3
@ So we get approximation 8/9 (better than the LP relaxation)
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Example

Let's consider G = K3 with equal weights on edges.
e Embed y1, yo, y3 € R? 120 degrees apart in unit circle
o We get:
OPTspp(K3) =3/4
@ OPTmax-cut(K3) = 2/3
@ So we get approximation 8/9 (better than the LP relaxation)
°

Practice problem: try this with Cs.
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Max-Cut - Rounding

O Let z, € R" be an optimal solution to our SDP
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Max-Cut - Rounding

O Let z, € R" be an optimal solution to our SDP

@ How do we convert it into a cut? { I é’ € E
L 1,34
2
3

i“*lLR‘&‘(‘:) Wy, > Wy,
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Max-Cut - Rounding

O Let z, € R" be an optimal solution to our SDP
@ How do we convert it into a cut?

© Need to “pick sides” .
one #ide

13
oHun
nioki
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Max-Cut - Rounding

O Let z, € R" be an optimal solution to our SDP

@ How do we convert it into a cut?

© Need to “pick sides”

© [Goemans, Williamson 1994]: Choose a random hyperplane though

origin!
hc(’?- Hod SD? apoekd o Ost o{ eddge with
(:M‘kih’r\) h.‘&h “""a“*

ord Nol o hondm hapuplnu W A
Gadch = 300& cut
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Max-Cut - Rounding

Q@ Let z, € R” be an optimal solution to our SDP

@ How do we convert it into a cut?

© Need to “pick sides”

© [Goemans, Williamson 1994]: Choose a random hyperplane though
origin!

© Choose normal vector g € R” from a Gaussian distribution.

@ Set x, = sign(g ' z,) as our solution
H = {xeﬂl“ ‘<§"‘> :OS

(1.%770 yimed vec bt

w3249
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Max-Cut - Rounding

Q@ Let z, € R” be an optimal solution to our SDP

@ How do we convert it into a cut?

© Need to “pick sides”

© [Goemans, Williamson 1994]: Choose a random hyperplane though
origin!

© Choose normal vector g € R” from a Gaussian distribution.

@ Set x, = sign(g ' z,) as our solution

Figure 10.2: Vectors being separated by a hyperplane with normal g.
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Facts we need

@ We can pick a random hyperplane through origin in polynomial time.

sample vector g = (g1, ..., 8&n) by drawing g; € N(0,1)
-
Ny mel
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Facts we need

@ We can pick a random hyperplane through origin in polynomial time.
sample vector g = (g1, ..., 8&n) by drawing g; € N(0,1)

e If g’ is the projection of g onto a two dimensional plane, then
g'/llg’ |2 is uniformly distributed over the unit circle in this plane.
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Analysis of Rounding

@ Probability that edge {u, v} crosses the cut is same as probability
that z,, z, fall in different sides of hyperplane

Pr[{u, v} crosses cut | = Pr[g splits z,, z,]

R

(M u

W N

d.-%w,\’r

nome 2104 pidks
of wf
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Analysis of Rounding

@ Probability that edge {u, v} crosses the cut is same as probability
that z,, z, fall in different sides of hyperplane

Pr[{u, v} crosses cut | = Pr[g splits z,, z,]

@ Looking at the problem in the plane:
R2 . va.‘;bm e
( Choont in ondlom
by feel 2

Figure 10.3: The plane of two vectors being cut by the hyperplane

Yo
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Analysis of Rounding (6 = 24ty (= ARENE co9)

@ Probability that edge {u, v} crosses the cut is same as prgbability
that z,, z, fall in different sides of hyperplane

Pr[{u, v} crosses cut | = Pr[g splits z,, z,]

@ Looking at the problem in the plane: ol € Co,ﬂ)
R2 p ? fore mhi B
hyquaple-

G

Figure 10.3: The plane of two vectors being cut by the hyperplane
. _ . o %M 1 %I’
@ Probability of splitting z,, z,: Rani whiCh 24

cos_l(zJ-zV) _ Cos_l(’yuv)

0
1 old pm:;u hapa‘)\»:L
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Pr[{u, v} crosses cut] =
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Analysis of Rounding

@ Expected value of cut:

-1
cos ™ H(yuy
E[value of cut] = E Wy, - %

{u,v}eE —~
s Q
weight Pl tovt e
of edy cut edy

U|"

/_\/Q
PE_[vdw of “f"}
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Analysis of Rounding

@ Expected value of cut:

-1
E[value of cut] = Z Woy - cos™* (uv)
{u,v}€E T
@ Recall that
OPTSDP: Z l.Wuv‘(l_ZTZV>: Z 1'Wuv'(]-—’)’uv)
2 ’ u 2 )
{u,v}€E {uvlcE
P
’ ‘{%“ (uev
(7 O apkmm
oo(nh'r\
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Analysis of Rounding

@ Expected value of cut:

E[value of cut] = Z Wy,v
{u,v}eE

@ Recall that

o B o - )
{u,v}eE {uv}e

o If we find « such that

-1
COS_W 2 %(1 - fYUV)’ fOr a” f)/uv < [_1, 1]
m

Then we have an a-approximation algorithm!

= ﬁ:[\’"‘“‘(‘é’“ “‘*’] - OPTSDP <~
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Analysis of Rounding
@ Expected value of cut:

cos™* (Yuv)
s

E[value of cut] = Z Wy, -
{u,v}eE

@ Recall that

1 1
OPTSDP: Z E’Wu,v‘<1_zl;rzv): Z E‘Wu,v'(l_')’uv)

{u,v}€E {u,v}€E
o If we find « such that

-1
L(%N) > g(1 - 7uv)7 for all ~y,, € [_17 1]
T 2
Then we have an a-approximation algorithm!
e For x € [-1,1], we have
-1
1—
cos (%) 5 gg7g. =X
T N
proof by elementary calculus. o=
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Conclusion of rounding algorithm
with ool ‘Pmbn?n'l."}; we Qb a cut
with (0.841-6) . OPT

(:(]aﬁﬂ chn<P|i‘;a this ‘)ﬂalk‘t’beflf))
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Putting Everything Together

@ Formulate Max-Cut problem as Quadratic Programming
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@ Formulate Max-Cut problem as Quadratic Programming

@ Derive SDP from the quadratic program SDP relaxation
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Putting Everything Together

@ Formulate Max-Cut problem as Quadratic Programming
@ Derive SDP from the quadratic program SDP relaxation

© We are still maximizing the same objective function (weight of cut),
but over a (potentially) larger (higher-dimensional) set of solutions.

OPT(SDP) > OPT(Max-Cut)
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Putting Everything Together

@ Formulate Max-Cut problem as Quadratic Programming
@ Derive SDP from the quadratic program SDP relaxation

© We are still maximizing the same objective function (weight of cut),
but over a (potentially) larger (higher-dimensional) set of solutions.

OPT(SDP) > OPT (Max-Cut)
@ Solve SDP optimally using efficient algorithm.
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Putting Everything Together

@ Formulate Max-Cut problem as Quadratic Programming
@ Derive SDP from the quadratic program SDP relaxation

© We are still maximizing the same objective function (weight of cut),
but over a (potentially) larger (higher-dimensional) set of solutions.

OPT(SDP) > OPT(Max-Cut)

@ Solve SDP optimally using efficient algorithm.
@ If solution to SDP is integral and one dimensional, then it is a solution
to Max-Cut and we are done
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Putting Everything Together

@ Formulate Max-Cut problem as Quadratic Programming
@ Derive SDP from the quadratic program SDP relaxation

© We are still maximizing the same objective function (weight of cut),
but over a (potentially) larger (higher-dimensional) set of solutions.

OPT(SDP) > OPT (Max-Cut)
@ Solve SDP optimally using efficient algorithm.
@ If solution to SDP is integral and one dimensional, then it is a solution

to Max-Cut and we are done
@ If have higher dimensional solutions, rounding procedure

Random Hyperplane Cut algorithm, wifhhighi ghgabilisg we get

E[cost(rounded solution)] > 0.878-OPT(SDP) > 0.878-OPT (Max-Cut)
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Remarks

© SDPs are very powerful for solving (approximating) many hard
problems

49 /56


https://www.cs.cmu.edu/~anupamg/adv-approx/lecture24.pdf
https://arxiv.org/abs/1711.11581

Remarks

@ SDPs are very powerful for solving (approximating) many hard
problems

@ Recent and exciting work, driven by Unique Games Conjecture
(UGC), shows that if UGC is true, then all these approximation
algorithms are tight!

https://www.cs.cmu.edu/~anupamg/adv-approx/lecture24.pdf
in ()oq,h' aln 0O6C =) Connet ob tein
betn Hoom

50 /56


https://www.cs.cmu.edu/~anupamg/adv-approx/lecture24.pdf
https://arxiv.org/abs/1711.11581
Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira



Remarks

© SDPs are very powerful for solving (approximating) many hard
problems

@ Recent and exciting work, driven by Unique Games Conjecture
(UGC), shows that if UGC is true, then all these approximation
algorithms are tight!

https://www.cs.cmu.edu/~anupamg/adv-approx/lecture24.pdf

© Other applications in robust statistics, via the SDP & Sum-of-Squares
connection

https://arxiv.org/abs/1711.11581
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Remarks

© SDPs are very powerful for solving (approximating) many hard
problems

@ Recent and exciting work, driven by Unique Games Conjecture
(UGC), shows that if UGC is true, then all these approximation
algorithms are tight!

https://www.cs.cmu.edu/~anupamg/adv-approx/lecture24.pdf

© Other applications in robust statistics, via the SDP & Sum-of-Squares
connection

https://arxiv.org/abs/1711.11581

@ Connections to automated theorem proving
https://eccc.weizmann.ac.il /report/2019/106/
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Remarks

© SDPs are very powerful for solving (approximating) many hard
problems

@ Recent and exciting work, driven by Unique Games Conjecture
(UGC), shows that if UGC is true, then all these approximation
algorithms are tight!

https://www.cs.cmu.edu/~anupamg/adv-approx/lecture24.pdf

© Other applications in robust statistics, via the SDP & Sum-of-Squares
connection

https://arxiv.org/abs/1711.11581

@ Connections to automated theorem proving
https://eccc.weizmann.ac.il /report/2019/106/

All of these are amazing final project topics!
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Conclusion

Mathematical programming - very general, and pervasive in
(combinatorial) algorithmic life

Mathematical Programming hard in general

Sometimes can get SDP rounding!
Solve SDP and round the solution

o Deterministic rounding when solutions are nice
e Randomized rounding when things a bit more complicated
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@ Lecture based largely on:
o Lecture 14 of Anupam Gupta and Ryan O’'Donnell’'s Optimization class
https://www.cs.cmu.edu/~anupamg/adv-approx/
o Chapter 6 of book [Williamson, Shmoys 2010]
@ See their notes at
https://www.cs.cmu.edu/~anupamg/adv-approx/lecturel4.pdf
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