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Overview

o Part |
e Why Linear Programming?
o Structural Results on Linear Programming
e Duality Theory

@ Part Il
o Game Theory
o Learning Theory - Boosting

@ Conclusion

@ Acknowledgements

2/100



Mathematical Programming
Mathematical Programming deals with problems of the form
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Mathematical Programming
Mathematical Programming deals with problems of the form

minimize  f(x)

subject to  g1(x) <0

gm(x) <0
x eR"
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Mathematical Programming
Mathematical Programming deals with problems of the form
minimize  f(x)

subject to  g1(x) <0

gm(x) <0
x eR"

@ Very general family of problems.
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Mathematical Programming
Mathematical Programming deals with problems of the form

minimize  f(x)

subject to  g1(x) <0

gm(x) <0

x € R"
@ Very general family of problems.
@ Special case is when all functions f, g1, ..., gm are linear functions

(called Linear Programming - LP for short)
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Mathematical Programming
Mathematical Programming deals with problems of the form

minimize  f(x)

subject to  g1(x) <0

gm(x) <0

x € R"
@ Very general family of problems.
@ Special case is when all functions f, g1, ..., gm are linear functions

(called Linear Programming - LP for short)
@ Traces of idea of LP in works of Fourier [Fourier 1823, Fourier 1824]
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Mathematical Programming

Mathematical Programming deals with problems of the form

minimize  f(x)

subject to  g1(x) <0

gm(x) <0

x € R"
@ Very general family of problems.
@ Special case is when all functions f, g1, ..., gm are linear functions

(called Linear Programming - LP for short)
@ Traces of idea of LP in works of Fourier [Fourier 1823, Fourier 1824]

e Formally studied & importance of LP recognized in 1940's by
Dantzig, Kantorovich, Koopmans and von Neumann.
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What is a Linear Program?

A linear function f : R" — R is given by

f(x):cl-xl—{—...—i—c,,-x,,:ch
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What is a Linear Program?

A linear function f : R" — R is given by
f(x):cl-xl—l—...—i—c,,-x,,:ch
Linear Programming deals with problems of the form

minimize ¢’ x

h
subject to @x <0 A,. c ,R

e R" JM’/J
- N . ,"
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What is a Linear Program?
A linear function f : R" — R is given by

f(x):cl-xl—i—...—i—c,,-x,,:ch

Linear Programming deals with problems of the form

minimize ¢’

subject to I Ax <0

x €R"
mxXn
~ cn(,edms Hae M
A < R ( ;ﬂc%ajfjfl'%
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What is a Linear Program?
A linear function f : R" — R is given by

f(x):cl-xl—i—...—i—c,,-x,,:ch

Linear Programming deals with problems of the form

mnex 'CT' & minimize ¢’ x
subjectto Ax <0
xeR"

y
We can always represent LPs in standard form: myn

g pe R

minimize ¢’ x
subjectto Ax=0b be ’2

x>0
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Why should | care?

@ Linear Programs appear everywhere in life: many problems of interest
(resource allocation problems) can be modelled as linear program!
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Why should | care?

@ Linear Programs appear everywhere in life: many problems of interest
(resource allocation problems) can be modelled as linear program!

@ Stock portfolio optimization:

14/100



Why should | care?

@ Linear Programs appear everywhere in life: many problems of interest
(resource allocation problems) can be modelled as linear program!
@ Stock portfolio optimization:

e n companies, stock of company i costs ¢; € R
e company i has expected profit p; € R
e our budgetis B e R

(we allow Qrackiomal Ahaus )
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Why should | care?

@ Linear Programs appear everywhere in life: many problems of interest
(resource allocation problems) can be modelled as linear program!
@ Stock portfolio optimization:
e n companies, stock of company / costs ¢; € R
e company i has expected profit p; € R
e our budget is B R rWJfff {'UT""L
)

maximize |[p1-x1+ -4 pp- Xn

subject to /¢ - x1 + -+ 6 xp)< B M
)
x20 >cont o P

X & omgwnt {M‘odt ; thel Y
ot to he we
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Why should | care?

@ Linear Programs appear everywhere in life: many problems of interest
(resource allocation problems) can be modelled as linear program!

@ Stock portfolio optimization:

e n companies, stock of company i costs ¢; € R
e company i has expected profit p; € R
e our budget is B € R

maximize  p1-x1+ -+ pp - Xn
subjectto ¢ -x1+ -+ c-xp < B
x>0

@ Other problems, such as data fitting, linear classification can be
modelled as linear programs.

17/100



Important Questions

minimize c¢'x
subjectto Ax=0b
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Important Questions

minimize ¢’ x

subject to

© When is a Linear Program feasible?
o Is there a solution to the constraints at all?
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Important Questions

minimize ¢’ x
e ———

subject to IAX =b

x>0
e

© When is a Linear Program feasible?
o Is there a solution to the constraints at all?
@ When is a Linear Program bounded?

o Is there a minimum? Or is the minimum —oo?
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Important Questions

minimize ¢’ x

subjectto Ax=0b
x>0

© When is a Linear Program feasible?

e Is there a solution to the constraints at all?
@ When is a Linear Program bounded?

o Is there a minimum? Or is the minimum —o0?
© Can we characterize optimality?

e How can we know that we found a minimum solution?
e Do these solutions have nice description?
e Do the solutions have small bit complexity?
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Important Questions

minimize ¢’ x

subjectto Ax=0b
x>0

© When is a Linear Program feasible?
@ Is there a solution to the constraints at all?
@ When is a Linear Program bounded?
e Is there a minimum? Or is the minimum —o0?
© Can we characterize optimality?
e How can we know that we found a minimum solution?
e Do these solutions have nice description?
e Do the solutions have small bit complexity?
© How do we design efficient algorithms that find optimal solutions to
Linear Programs?
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Part |

o Structural Results on Linear Programming

Part 11

Conclusion

Acknowledgements
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Fundamental Theorem of Linear Inequalities

Theorem (Farkas (1894, 1898), Minkowski (1896))
Let a1,...,am,b € R", and t :=rank{ay,...,am, b}. Then either

© b is a non-negative linear combination of linearly independent vectors
from ai,...,am, or b= i@ & - 1 %m0y of, DO
there exists a hyperplane H := {x | c"x = 0} s.t.

o) yperp {x]c_x=0}

o CTb <0
e clai>0
o H contains t — 1 linearly independent vectors from ay, ..., an
b
N
0, H

e
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Fundamental Theorem of Linear Inequalities

Theorem (Farkas (1894, 1898), Minkowski (1896))
Let a1,...,am,b € R", and t :=rank{ay,...,am, b}. Then either

© b is a non-negative linear combination of linearly independent vectors

from a1, ..., am, or
Q there exists a hyperplane H := {x | c"x = 0} s.t.
e c'h<0
ecla>0
o H contains t — 1 linearly independent vectors from ay, ..., an

.

The hyperplane H above is known as the separating hyperplane.
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Farkas' Lemma A= (/\. A - An) A€ I?m

Lemma (Farkas Lemma)

Let A€ R™*" and b € R™. The following are equivalent: "
(1] There exists x € R" such that x > 0 and Ax = b (LP ‘#"' * )
(2] yTb > 0 for each y € R™ such that(yTA >0 7

@ TA)O AY b @=‘>@ (no-r@ = ns't@)
L \FA,, ..., An coumns f A
zZo @@ d),r’{:ﬂ;—uvo(a.monﬂl +Awm c( Dincan
=> qTb > © R %JHNA => $x>°
ad Z_Y Al = b (le b
f\gn-neaal'i“- combinafiom 4_ Al
— _—

neparating hzsr“fwl“\t Hy o4 )
.
'-}"aq ) @B
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Farkas' Lemma

Lemma (Farkas Lemma)

Let A€ R™*" and b € R™. The following are equivalent:
© There exists x € R" such that x > 0 and Ax = b
@ y'b>0 foreachy € R™ such that y" A >0

Equivalent formulation

Lemma (Farkas Lemma)

Let A€ R™*" and b € R™. Thenfexactly one of the following statements

hold:

@ There exists x € R" such that x > 0 and Ax = b
@ There exists y € R™ such that y'b >0 and y"A <0
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Part |

o Duality Theory

Part Il

Conclusion

Acknowledgements
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Linear Programming Duality

Consider our linear program:

minimize c¢'x

subject to Ax =
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Linear Programming Duality
Consider our linear program:
minimize ¢’ x
subjectto Ax=0b
x>0

@ From Farkas' lemma, we saw that Ax = b and x > 0 has a solution iff
yTh >0 for each y € R™ such that yT A > 0.
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Linear Programming Duality

Consider our linear program:

minimize ¢’ x

subjectto Ax=0b
x>0

@ From Farkas' lemma, we saw that Ax = b and x > 0 has a solution iff
yTh >0 for each y € R™ such that yT A > 0.

o If we look at what happens when we multiply y " A, note the following:

20

= yT_lg < cTx

a“‘ Ve _Pm(-'\m
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Linear Programming Duality

Consider our linear program:

T

minimize ¢’ x é j b

subjectto Ax=b TA <t
x>0 %

@ From Farkas' lemma, we saw that Ax = b and x > 0 has a solution iff
yTh >0 for each y € R™ such that yT A > 0.

o If we look at what happens when we multiply y " A, note the following:

lyTAgcTLy@<cx \*
:>yTb<c X -‘9’4 Cvusy ‘F“'
cnmkM
@ Thus, if yTA < cT, then we have that y b is a lower bound on the
solution to our linear program!
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Linear Programming Duality
Consider the following linear programs:

Primal LP Dual LP
baot K401 boundh
C T .o T om WPf
minimize c¢'x maximize y' b
subjectto Ax=b subjectto  yTA<c'
x>0 j !
111€0~ /aﬂayw"l
. T
%T bl mim ¢ X
T
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Linear Programming Duality
Consider the following linear programs:

Primal LP Dual LP
minimize ¢’ x maximize yTb
subjectto Ax=b subjectto  yTA<c'
x>0

@ From previous slide

yTA<c" = yThis a lower bound on value of Primal
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Linear Programming Duality
Consider the following linear programs:

Primal LP Dual LP
minimize ¢’ x maximize yTb
subjectto Ax=b subjectto  yTA<c'
x>0

@ From previous slide
yTA<c" = yThis a lower bound on value of Primal

@ Thus, the optimal (maximum) value of dual LP lower bounds the
optimal (minimum) value of the Primal LP!
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Linear Programming Duality
Consider the following linear programs:

Primal LP Dual LP

minimize ¢’ x maximize yTb

subject to @ subject to

@ From previous slide
yTA<c" = yThis a lower bound on value of Primal

@ Thus, the optimal (maximum) value of dual LP lower bounds the
optimal (minimum) value of the Primal LP!

Theorem (Weak Duality)

Let x be a feasible solution of the primal LP and y be a feasible solution
of the dual LP. Then =
yTh< chj

36 /100
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Remarks on Duality

Primal LP

minimize ¢’ x
subjectto Ax=b
x>0

Dual LP
maximize y'b
subjectto  yTA<c'

37/100



Remarks on Duality

Primal LP Dual LP
minimize ¢’ x maximize yTb
subjectto Ax=0b subjectto yTA<cT
x>0

e Optimal (maximum) value of dual LP lower bounds the optimal
(minimum) value of the Primal LP!
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Remarks on Duality

Primal LP Dual LP
* ' g
O( = minimize ¢’ x = maximize yTb
subjectto Ax=0b subjectto yTA<cT
x>0

e Optimal (maximum) value of dual LP lower bounds the optimal
(minimum) value of the Primal LP!
o If o™, 8" € R are the optimal values for primal and dual, respectively.

39/100
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Remarks on Duality

Primal LP Dual LP
minimize ¢’ x maximize yTb
subjectto Ax=0b subjectto yTA<cT
x>0

e Optimal (maximum) value of dual LP lower bounds the optimal
(minimum) value of the Primal LP!
o If o™, 8" € R are the optimal values for primal and dual, respectively.
o We showed that when both primal and dual are feasible, we have

max dual = 8* < a* = min of primal

40 /100



Remarks on Duality

Primal LP Dual LP

minimize ¢’ x maximize yTb
subjectto Ax=0b subject to \ yTA<cT {
x>0
e Optimal (maximum) value of dual LP lower bounds the optimal
(minimum) value of the Primal LP!

o If o™, 8" € R are the optimal values for primal and dual, respectively.
o We showed that when both primal and dual are feasible, we have

max dual = 8* < a* = min of primal

e if primal unbounded (a* = —o0) then dual infeasible (8* = —o0)
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Remarks on Duality

Primal LP Dual LP
minimize ¢’ x maximize yTb
subjectto Ax=0b subjectto yTA<cT
x>0

e Optimal (maximum) value of dual LP lower bounds the optimal
(minimum) value of the Primal LP!
o If o™, 8" € R are the optimal values for primal and dual, respectively.
o We showed that when both primal and dual are feasible, we have

max dual :?B* <a* % min of primal

e if primal unbounded (a* = —o0) then dual infeasible (8* = —o0)
o if dual unbounded (8* = c0) then primal infeasible (a* = o)
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Remarks on Duality
£ N

Primal LP

Dual LP

minimize ¢’ x maximize yTb
subjectto Ax=b

x>0

subjectto  yTA<c'

e Optimal (maximum) value of dual LP lower bounds the optimal
(minimum) value of the Primal LP!
o If o™, 8" € R are the optimal values for primal and dual, respectively.
o We showed that when both primal and dual are feasible, we have

max dual min of primal

e if primal unbounded (a* = —o0) then dual infeasible (8* = —o0)
o if dual unbounded (8* = c0) then primal infeasible (a* = o)

@ Practice problem: show that dual of the dual LP is the primal LP!
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Remarks on Duality

Primal LP Dual LP
minimize ¢’ x maximize yTb
subjectto Ax=0b subjectto yTA<cT
x>0

e Optimal (maximum) value of dual LP lower bounds the optimal
(minimum) value of the Primal LP!
o If o™, 8" € R are the optimal values for primal and dual, respectively.
o We showed that when both primal and dual are feasible, we have

max dual = 8* < a* = min of primal
e if primal unbounded (a* = —o0) then dual infeasible (8* = —o0)
o if dual unbounded (8* = c0) then primal infeasible (a* = o)

@ Practice problem: show that dual of the dual LP is the primal LP!

@ When is the above inequality tight?
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Strong Duality

Primal LP Dual LP
minimize ¢’ x maximize yTb
subjectto Ax=b subjectto  yTA<c'
x>0

e let o*, 3* € R be optimal values for primal and dual, respectively.
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Strong Duality

Primal LP Dual LP
minimize ¢’ x maximize yTb
subjectto Ax=b subjectto  yTA<c'
x>0

e let o*, 3* € R be optimal values for primal and dual, respectively.

Theorem (Strong Duality)
If primal LP or dual LP is feasible, then

max dual 3 o™ = Imin of primal.

o!@wwr e
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Proof of Strong Duality

Theorem (Strong Duality)
If primal LP or dual LP is feasible, then

max dual = 3* = o = min of primal.
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Proof of Strong Duality

Theorem (Strong Duality)
If primal LP or dual LP is feasible, then

max dual = 3* = o = min of primal.

@ Let x* be such that ¢"x* = a*. Can assume that o* # —oo.
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Proof of Strong Duality

Theorem (Strong Duality)

If primal LP or dual LP is feasible, then

max dual = 3* = o = min of primal.

@ Let x* be such that ¢"x* = a*. Can assume that o* # —oo.

A b
Q Let B= <—CT) and v(e) = <—a*+e> ¢ 20
/_V- ?
Flxn - («-%

m
rR O(¥’ ¢ < OCX_:— min 'PJ“.MQ‘O
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Proof of Strong Duality

Theorem (Strong Duality)
If primal LP or dual LP is feasible, then

max dual = 3* = o = min of primal.

@ Let x* be such that ¢"x* = a*. Can assume that o* # —oo.

_ A _ b AX -b X3 o0
Q Let B= <—CT) and v(e) = <—a* +€> iy P

© Apply Farkas’ lemma on~Bx =-v(0) and x > 0. This system has a
solution, so we get:

= 4Tb -—2u <o
e Th < €T =2 \5”’5?0[* Th <O -9
('\“ pO-'HItM-QM 4"{ =0 Wwe hevt N 50100

yA-2C's 0
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Proof of Strong Duality g . _% = gfi —> A8lu tiom

Theorem (Strong Duality)

If primal LP or dual LP is feasible, then %Zg > -6
== Vw&
max dual = 3* = o = min of primal. danall
G

@ Let x* be such that ¢"x* = a*. Can assume that o* # —oo.

A b Ax=b %0
Q Let B= <—CT) and v(e) = <—a* . e> X = o*- ¢

© Apply Farkas' lemma on Bx = v(0) and x > 0. This system has a
solution, so we get:

© Now, if € > 0, applying Farkas' lemma on system Bx = v(¢) and

x>0weget: Hx = VC;)?)VV-VJ no sdlutiom !
*_¢ g o = mn_PaimalLlL
L s e T e @t [TAsielond

=>0© (wh

. T
FMLM Lewm ' +hMC » (_a/& 10) Con onduMme
Th > (- £)) (by priis alids 2 T (NED.
@\@ —__5 g g'- .-4 s‘b d F 51/100
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Proof of Strong Duality

Theorem (Strong Duality)
If primal LP or dual LP is feasible, then

max dual = 3* = o = min of primal.

@ Let x* be such that ¢"x* = a*. Can assume that o* # —oo.

A b
Q Let B= <—CT) and v(e) = <—a* +€>

© Apply Farkas' lemma on Bx = v(0) and x > 0. This system has a
solution, so we get:

© Now, if € > 0, applying Farkas' lemma on system Bx = v(¢) and

x > 0 we get:
@ Thus, for any € > 0 there |sy€]R{’" such that yTA < ¢T and
A * T _ ~———
>ﬁ2y b > a* e. = ? ‘(

u
Maex ‘6 b 52 /100
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Affine form of Farkas’' Lemma

A consequence of LP duality is the following lemma:

Lemma (Affine Farkas' Lemma)

Let the system I |

have at least one solution, and suppose that inequality

preb =5 [z

holds whenever x satisfies Ax < b. Then, for somg §' < 6 t}e linear
inequality

[exerdd

is a non-negative linear combination of the inequalities of“Ax < b. l

——
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Affine form of Farkas' Lemma

A consequence of LP duality is the following lemma:

Lemma (Affine Farkas' Lemma)

Let the system
Ax < b

have at least one solution, and suppose that inequality
c™x<§

holds whenever x satisfies Ax < b. Then, for some §' < ¢ the linear
inequality
cTx<d

is a non-negative linear combination of the inequalities of Ax < b.

Practice problem: use LP duality and Farkas' lemma to prove this
lemmal
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Two-player games

Setup:
e Two players (Alice and Bob)
(finite) set of strategi
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Two-player games

Setup:
@ Two players (Alice and Bob)

@ Each player has a (finite) set of strategies Sa = {1,..., m} and
Sg=A{1,...,n}
o Payoff matrices A, B € R™*" for Alice and Bob, respectively
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Two-player games

Setup:
@ Two players (Alice and Bob)

@ Each player has a (finite) set of strategies Sa = {1,..., m} and
Sg=A{1,...,n}
o Payoff matrices A, B € R™*" for Alice and Bob, respectively

o If Alice plays i and Bob plays j, then
o Alice gets Aj;
o Bob gets Bj
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Two-player games

Setup:
@ Two players (Alice and Bob)
@ Each player has a (finite) set of strategies Sa = {1,..., m} and
Sg=A{1,...,n}
o Payoff matrices A, B € R™*" for Alice and Bob, respectively

o If Alice plays i and Bob plays j, then
o Alice gets Aj;
o Bob gets Bj

o Example: battle of the sexes game
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Two-player games

Setup:
@ Two players (Alice and Bob)
@ Each player has a (finite) set of strategies Sa = {1,..., m} and
Sg=A{1,...,n}
o Payoff matrices A, B € R™*" for Alice and Bob, respectively
o If Alice plays i and Bob plays j, then A \(-CQ

o Alice gets Aj;
o Bob gets Bj

o Example: battle of the sexes game J— @,
WIms- 0 2
Football | Opera
’\)sb Mon  [Foowall | (21) | (0.0)
0 Opera (0,0) (1,2)
z ) Table: Battle of the sexes payoff matrices
o 1
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Nash Equilibrium
Assuming players are rational, i.e. want to maximize their payoffs, we have:

Definition (Nash Equilibrium)

A strategy profile (i,/) is called a Nash equilibrium if the strategy played
by each player is optimal, given the strategy of the other player. That is:
i > Ayj forall k € Sp

9 ii P> /;g\foraIIEESB

(D) if Alce bnw b plyiy 1
Hum ahe hao 9 10cenh ¥ to 1Y

lw(jl
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Nash Equilibrium
Assuming players are rational, i.e. want to maximize their payoffs, we have:

Definition (Nash Equilibrium)

A strategy profile (i,/) is called a Nash equilibrium if the strategy played
by each player is optimal, given the strategy of the other player. That is:
(1] A,‘j > Akj for all k € Sp

Q@ Bj>Bjforall € Sp BQL
Al Footbll | Opera
1ee | Football | (1)) | BN ]| <—
Opera W ((17)

Table: Battle of the sexes pa;/?vn{trices

Nann egubbn
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Nash Equilibrium
Assuming players are rational, i.e. want to maximize their payoffs, we have:

Definition (Nash Equilibrium)

A strategy profile (i,/) is called a Nash equilibrium if the strategy played
by each player is optimal, given the strategy of the other player. That is:
o A,‘j > Akj for all k € Sp

Q B,'j > Bj, forall £ € Sg

Football | Opera
Football | (2,1) | (0,0) M
Opera (0,0) (1,2)

Table: Battle of the sexes payoff matrices

0L | ,
Silent | Snitch
A\u‘tt, Silent | (-1,-1) | (-10 0 € AJete /)-"n

—» [Snitch | (0,-10) || (-5.-5) \-é’

Table: Prisoner’s dilemma
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Mixed Strategies

Definition (Mixed Strategy)

A mixed strategy is a probability distribution over a set of pure strategies
S. If Alice's strategies are Sp = {1,..., n}, her mixed strategies are:

Ap:={xeR"| x>0and |x||s =1}

i
Sk = |
|

¥; e probehilidy
plozged
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Mixed Strategies

Definition (Mixed Strategy)

A mixed strategy is a probability distribution over a set of pure strategies
S. If Alice's strategies are Sp = {1,..., n}, her mixed strategies are:

Ap:={xeR"| x>0and |x||s =1}

@ Models situation where players choose their strategy “at random”
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Mixed Strategies

Definition (Mixed Strategy)

A mixed strategy is a probability distribution over a set of pure strategies
S. If Alice's strategies are Sp = {1,..., n}, her mixed strategies are:

Ap:={xeR"| x>0and |x||s =1}

@ Models situation where players choose their strategy “at random”

@ Payoffs for each player defined as expected gain. That is, ££7 y) is the
profile of mixed strategies used by Alice and Bob, we have: -
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Mixed Strategies

Definition (Mixed Strategy)

A mixed strategy is a probability distribution over a set of pure strategies
S. If Alice's strategies are Sp = {1,..., n}, her mixed strategies are:

Ap:={xeR"| x>0and |x||s =1}

@ Models situation where players choose their strategy “at random”

e Payoffs for each player defined as expected gain. That is, (x,y) is the
profile of mixed strategies used by AIiceﬂnd Bob, we have:

e

ay; <lTay/ .
@ (iJ)EESEXSA)%)PACB =l B)‘]
(Faeny 3z de)

n(.

-
(i,j)ESAXSB

67 /100


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira



Nash Equilibrium Mixed Strategies

Assuming players are rational, i.e. want to maximize their payoffs, we have:
Definition ((Mixed) Nash Equilibrium)

A strategy profile x € A,y € Ap is called a (mixed) Nash equilibrium if
the strategy played by each player is optimal, given the strategy of the

other player. That is:
Q [x" Ay h:fAy forallze Ay <

(2 -XT@Z xT@for all w e Ag
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Nash Equilibrium Mixed Strategies

Assuming players are rational, i.e. want to maximize their payoffs, we have:
Definition ((Mixed) Nash Equilibrium)

A strategy profile x € A,y € Ap is called a (mixed) Nash equilibrium if

the strategy played by each player is optimal, given the strategy of the
other player. That is:

@(TAy > zT Ay forall z€ Ay

@XTBy > xT Bw for all w € Ag ‘L GM“J
Ju ft | Jump=righ W-‘f
ﬂ“dlf( kick Teft ’((_1,1))t (1) B P"a’” of

— hiy ba BY
s | kick right (T‘——].T o) mﬁw.ahhhg
Table: Lenalty Kick

?IQW hey .' Moﬂ Jine
VWA E (("“9" )

¥9 de\"%“
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Nash Equilibrium Mixed Strategies
Assuming players are rational, i.e. want to maximize their payoffs, we have:
Definition ((Mixed) Nash Equilibrium)

A strategy profile x € A,y € Ap is called a (mixed) Nash equilibrium if

the strategy played by each player is optimal, given the strategy of the
other player. That is:

Q@ x"Ay > zTAy forall z€ Aph
Q XTBy > xTBw for all w € Ap

Jump left | Jump right
kick left (-1,1) (1,-1)
kick right (1,-1) (-1,1)

Table: Penalty Kick

S A+ 3=0
@ Zero-Sum Game: payoff matrices satisfy|/A = —B
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Nash Equilibrium Mixed Strategies
Assuming players are rational, i.e. want to maximize their payoffs, we have:
Definition ((Mixed) Nash Equilibrium)

A strategy profile x € A,y € Ap is called a (mixed) Nash equilibrium if

the strategy played by each player is optimal, given the strategy of the
other player. That is:

Q@ x"Ay > zTAy forall z€ Aph
Q XTBy > xTBw for all w € Ap

Jump left | Jump right
kick left (-1,1) (1,-1)
kick right (1,-1) (-1,1)

Table: Penalty Kick

@ Zero-Sum Game: payoff matrices satisfy A= —B
@ No pure Nash Equilibrium!
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Nash Equilibrium Mixed Strategies
Assuming players are rational, i.e. want to maximize their payoffs, we have:
Definition ((Mixed) Nash Equilibrium)

A strategy profile x € A,y € Ap is called a (mixed) Nash equilibrium if

the strategy played by each player is optimal, given the strategy of the
other player. That is:

Q@ x"Ay > zTAy forall z€ Aph
Q XTBy > xTBw for all w € Ap

Jump left | Jump right
kick left (-1,1) (1,-1)
kick right (1,-1) (-1,1)

Table: Penalty Kick

@ Zero-Sum Game: payoff matrices satisfy A= —B

@ No pure Nash Equilibrium! ’PM‘ITC& fﬂ"”l‘*‘

@ One mixed Nash equiIibrium:(x =y =(1/2, 1/2ﬂ
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Von Neumann's Minimax Theorem

In a zero-sum game, for any payoff matrix A € R™*":

max Jmin JxT Ay = min max x Ay
XEA Ay EAR] V_- yEAB XEA,

/v pavecn pogll, (Bob 2 ¥ ”””)

A lice xfﬂn X
WM#“ &b min'mi ko

me%,(,( Atice’s poyslf
Lys ;- Bob picked funst
RHS : Alict ' "
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Von Neumann's Minimax Theorem

In a zero-sum game, for any payoff matrix A € R™*":

max min x” Ay = min max x' Ay
XEAp yEAB YEAR XEAH

Al cen
For give @ MM

min x' Ay = min(x” A
yeAg Y= j€Se ( )i

b — fNﬁl /ﬂlm’tn
E:\c’h é(TA) J ()‘TA)
Vo - 2 Y, (K 22 9 (W), ()

Sy~ s
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Von Neumann's Minimax Theorem

In a zero-sum game, for any payoff matrix A € R™*":

/max min x' Ay =

min max x ' Ay
XEAp yEAB

yEAB XEA,

For given x € Ax:

min x' Ay = min(x” A
yeAg Y= j€Se ( )i

Left hand side can be written as
Alice A tach )
max @
st.  s<(x)A); forje Sg
: o
Z xi=1 & Ah'u‘"w Ofm
i€Sa y ?,13 b Q}\ ’\

x>0 75 /100
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Von Neumann’'s Minimax Theorem

In a zero-sum game, for any payoff matrix A € R™*":

max min x' Ay = min max x' Ay
XEAp yEAR YEAR XEAH

— 1

For given x € Ax: For given y € Ag:
T . T T
min x' Ay = min(x"' A); max x ' Ay = max(Ay);
yeAg Y jeSB( )i xEAL Y ieSA( y)i

Left hand side can be written as

max S
st. s<(x"A); forjcSg
Z xi=1
i€Sa
x>0 76 /100
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Von Neumann's Minimax Theorem

In a zero-sum game, for any payoff matrix A € R™*":

max min xTAyﬁ min max x ' Ay
XEAp yEAR yEAB XEA,

J
For given x € Ax: For given y € Ag:
min x" Ay = min(x" A ma A—maA
yEAR Y JESB( ) XEA):X Y X( y)
Left hand side can be written as Right hand side can be written as
max S min t
st. s<(x"A); forjcSg st.  t>(Ay); fori€ Sa
-1

i€Sa
x>0

77/100


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira


Rafael Oliveira



Von Neumann's Minimax Theorem

In a zero-sum game, for any payoff matrix A € R™*":

max min x” Ay = min max x' Ay
XEAp yEAB YEAR XEAH

LPa wm o~
T‘ll’ae ?n‘mﬁ‘ wol P&- .

Left hand side can be wgiten as ‘%Q?t hand side can be written as

)
st. s<(x"A); forjcSg st. t>(Ay); fori€ Sa

ZX,':]. Zyj:]-

iESA jeSB
x2>0 y=0
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Part [1

e Learning Theory - Boosting

Conclusion
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Learning Theory

Consider classification problem over X
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Learning Theory

Consider classification problem over X
@ Set of hypothesis # := {h: X — {0,1}}
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Learning Theory

Consider classification problem ove
@ Set of hypothesis # := {h: X — {0,1}}
e Each x € X has a correct value ¢(x) € {0,1}
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Learning Theory

Consider classification problem over X’:
@ Set of hypothesis # := {h: X — {0,1}}
e Each x € X has a correct value ¢(x) € {0,1}

@ Data is sampled from unknown distribution g

dl'/o fl ' bw/ '3'"
oWt hmpmh
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Learning Theory

Consider classification problem over X
@ Set of hypothesis # := {h: X — {0,1}}
e Each x € X has a correct value ¢(x) € {0,1}
@ Data is sampled from unknown distribution g € Ay
o Weak learning assumption:
For any distribution g € Ay, there is a hypothesis h € H which is

wrong less than half the time.
1—
Iy >0, Vg€ Ay, 3heH, Prlh(x) £ c(x)] < —L
Ny gy then
hsA{ Hu

mX
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Learning Theory

Consider classification pr :
@ Set of hypothesg H := {h: X — {0,1}}
e Each x € X has a correct value ¢(x) € {0,1}

@ Data is sampled from unknown distribution g € Ay
o Weak learning assumption:
For any distribution g € Ay, there is a hypothesis h € H which is
wrong less than half the time.
1—
By >0, Vg€ Ay, IneH,  Prih(x) # c(x)] < — i
x~q

@ Surprisingly, weak learning assumption implies something much
stronger: it is possible to combine classifiers in H to construct a
classifier that is always right (known as strong learning).
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Boosting on Huw b FJ‘MANQ

Theorem

Let H be a set of hys
there is distributig

L if Y pn-h(x) >1/2

p(X)= he?—t.-c) M'Sh"
0, otherwise
——

is always correct. That ism for all x e X

=
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Boosting

Theorem

Let H be a set of hypotheses satisfying weak learning assumption. Then
there is distribution p € Ay such that the weighed majority classifier

1, if Y pr-h(x) > 1/2

p(x) == heH
0, otherwise

is always correct. That is, cp(x) = c(

x) for all x € X

o Letf M € {—1,1}"*" lwhere

et

Mo — +1,) if classifier h; wrong on Xx;
J —1, otherwise
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Boosting

Theorem

Let H be a set of hypotheses satisfying weak learning assumption. Then
there is distribution p € Ay such that the weighed majority classifier

1, if Y pr-h(x) > 1/2

cp(x) = heM
0, otherwise

is always correct. That is, cp(x) = c(x) for all x € X

o Let M e {—1,1}™*" where m = |X| and n = |H]|.

WM’
e {+1, if classifier h; wrong on x; J i{ "J.
Y] -1, otherwise { )
: 0.¢ '\J
o Weak learning: QGAX (:) i ht
LHS: Talh) ‘6. et € e
WT"’“% 192'91 Ml) -2
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Boosting - Proof

Let M € {—1,1}m™*", Weak learning:
where m = |X| and n = |H|. _

1—~
_ > G Tnaytet) < 5
+1, if hj wrong on Xx; 1<i<n
Mj; = o

—1, otherwise
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Boosting - Proof

Let M € {—1,1}™*", Weak learning:
where m = |X| and n = |H|. —_—
_ > au Ohy ()l
M {+1, if h; wrong on Xx; 1<i<n
i = : -
—1, otherwise L - 1 ,'{ h\‘ WM;

o Note that My =2 0piq)tex) =1~ - | 'LhJ h;sha’

~— O

IqT’V’ej <=7 |= 'qTMpS - ‘X any
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Boosting - Proof

Let M € {—1,1}m™*", Weak learning:

where m = |X| and n = |H|. 1—~
| D G Onatetn) <
+1, if hj wrong on Xx; 1<i<n
Mj; = _ ==
—1, otherwise

@ Note that M;; =2 5hj(Xi)5£C(Xi) -1

g Mej < —y = {qTMp < —y f
for any p € Ay.

@ By minimax, we have:
max min ¢ Mp = min| max g’ Mp|<
qeEAyx pEAy [ISTAYY Ke1<VAY,
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Boosting - Proof

Let M € {—1,1}m™*",
where m = |X| and n = |H|.

+1, if hj wrong on Xx;

—1, otherwise

o Note that M =2 0p () c(x) —

g’ Mej < —

for any p € Ay.
@ By minimax, we have:

max min g’ Mp =
qEAx pEAY

Weak learning:

D G Ohy)te(n) <

1<i<n
I-¥
§, <

1 Z?') j who) =

= q' Mp< —%

e'Mp =¥

1—v
2

. T
min  max Mp < —
pEA3 qEA X d p="7

@ In particular, right hand side implies weighted classifier always correct.
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Boosting - Proof

Let M € {—1,1}m™*", Weak learning:

where m = |X| and n = |H|. 7
. Z 9 O (xi)#c(xi) < T
+1, if hj wrong on Xx; 1<i<n
Mj; = _
—1, otherwise

@ By minimax, we have: f—

max min q' Mp = min max q' Mp < —y
qEAx pEAy PEAy qEA Y

@ In particular, right hand side implies weighted classifier always correct.
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Conclusion

@ Mathematical programming - very general, and pervasive in
Algorithmic life
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Conclusion

Mathematical programming - very general, and pervasive in
Algorithmic life

o General mathematical programming very hard (how hard do you think
it is?)

Special cases have very striking applications!

Today: Linear Programming

Linear Programming and Duality - fundamental concepts, lots of
applications!
o Applications in Combinatorial Optimization (a lot of it happened here
at UW!)
o Applications in Game Theory (minimax theorem)
o Applications in Learning Theory (boosting)
e many more
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Acknowledgement

@ Lecture based largely on:

o Lectures 3-6 of Yarom Singer's Advanced Optimization class
o [Schrijver 1986, Chapter 7]

@ See Yarom's notes at https://people.seas.harvard.edu/
~yaron/AM221-S16/schedule.html
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