
Lecture 5a: Trust Regions, Proximal Policies
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David R. Cheriton School of Computer Science

Complementary readings: 
Schulman, Levine, Moritz, Jordan, Abbeel (2015) Trust Region Policy Optimization, ICML.
Schulman, Wolski, Dhariwal, Radford, Klimov (2017) Proximal Policy Optimization, arXiv.
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Gradient Policy Optimization

§ REINFORCE algorithm

§ Advantage Actor Critic (A2C)

§ Deterministic Policy Gradient (DPG)

§ Trust Region Policy Optimization (TRPO)

§ Proximal Policy Optimization (PPO)
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Recall Policy Gradient
Gradient update: 𝜃 ← 𝜃 + 𝛼	𝛾!𝐴(𝑠! , 𝑎!)𝛻 log 𝜋" 𝑎! 𝑠!

𝛼 is difficult to set
§ Small 𝛼: slow 

but reliable convergence

§ Big 𝛼: fast 
but unreliable
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Trust Region Method

§ We often optimize a surrogate 
objective (approximation of 𝑉)

§ Surrogate objective may be trustable 
(close to 𝑉) only in a small region

§ Limit search to small 
trust region

Choi, Choi (2005)

surrogate fn

𝑽	
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Trust Region for Policies
§ Let 𝜃 be the parameters for policy 𝜋"(𝑎|𝑠)

§ We can define a region around 𝜃:	 {𝜃#|	𝐷(𝜃, 𝜃#) < 𝛿}
                               or around 𝜋":  {𝜃#|	𝐷(𝜋" , 𝜋"!) < 𝛿}
                                     where 𝐷 is a distance measure

§ 𝑉 often varies more smoothly with 𝜋" 	than 𝜃
 small change in 𝜋!	        small change in 𝑉 
 

 small change in 𝜃	        large change in 𝑉

§ Hence, define policy trust regions

usually

more often
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Kullback-Leibler Divergence

Intuition: expectation of the logarithm difference between 𝑝 and 𝑞

KL-Divergence is a common distance 
measure for distributions:
 𝐷$% 𝑝, 𝑞 = ∑& 𝑝 𝑥 log ' &

( &
 

KL-Divergence for policies at a state 𝑠:
  𝐷$% 𝜋"(⋅ |𝑠), 𝜋)"(⋅ |𝑠) = ∑* 𝜋"(𝑎|𝑠) log

+" 𝑎 𝑠
+#"(*|.)
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Trust Region Policy Optimization

§ Consider an initial state distribution 𝑝 𝑠0 	

§ Update step:    𝜃 ← argmax
)"

𝐸.$~' 𝑉
+#" 𝑠0 − 𝑉+" 𝑠0

                               subject to max
2
	𝐷$% 𝜋"(⋅ |𝑠), 𝜋)"(⋅ |𝑠) ≤ 𝛿
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§ Since the objective is not directly computable, let’s approximate it:

argmax
"!

	𝐸#"~% 𝑉
&#$ 𝑠' − 𝑉&$ 𝑠' ≈ argmax

"!
𝐸#~($,	+~&$

𝜋"! 𝑎 𝑠
𝜋! 𝑎 𝑠

𝐴! 𝑠, 𝑎

        where 𝜇!(s) is the stationary state distribution for 𝜋

§ Let’s also relax the bound on the max KL-divergence 
to a bound on the expected KL-divergence

                                    max
,
	𝐷-. 𝜋!(⋅ |𝑠), 𝜋"!(⋅ |𝑠) ≤ 𝛿     

      is relaxed to  𝐸,~($ 𝐷-. 𝜋! ⋅ 𝑠 , 𝜋"! ⋅ 𝑠 ≤ 𝛿
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Derivation
argmax

"!
𝐸#~($,	+~&$

&#$ 𝑎 𝑠
&$ 𝑎 𝑠

𝐴! 𝑠, 𝑎  = argmax
"!

∑# 𝜇!(𝑠)∑+𝜋!(𝑎|𝑠)
&#$ 𝑎 𝑠
&$ 𝑎 𝑠

𝐴! 𝑠, 𝑎

                                                                 = argmax
"!

∑# 𝜇!(𝑠)∑+𝜋"!(𝑎|𝑠) 𝐴! 𝑠, 𝑎

                                                                 ≈ argmax
"!

∑# 𝜇"!(𝑠)∑+𝜋"! 𝑎 𝑠 𝐴!(𝑠, 𝑎)

                                                                 = argmax
"!

∑#∑/0'1 𝛾/𝑃"!(𝑠/ = 𝑠)∑+𝜋"! 𝑎 𝑠 𝐴!(𝑠, 𝑎)

                                                                 = argmax
"!

𝐸#",#%,…~3#$	,	+",+%,…~&#$ ∑/0'
1 𝛾/𝐴! 𝑠/, 𝑎/  

since 𝜇!" ≈ 𝜇"

since 𝜇!" 𝑠 ∝ ∑#$%& 𝛾#𝑃!" 𝑠# = 𝑠
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Derivation (continued)

  = argmax
"!

𝐸#",#%,…~3#$	,	+",+%,…~&#$ ∑/0'
1 𝛾/𝐴! 𝑠/, 𝑎/  

 = argmax
"!

	𝐸#",#%,…~3#$	,	+",+%,…~&#$ ∑/0'
1 𝛾/(𝑟 𝑠/ + 𝛾𝑉&$ 𝑠/45 − 𝑉&$ 𝑠/ )

	= argmax
"!

	𝐸#",#%,…~3#$	,	+",+%,…~&#$ ∑/0'
1 𝛾/𝑟 𝑠/ − 𝑉&$ 𝑠'  

 = argmax
"!

	𝐸#",#%,…~3#$	,	+",+%,…~&#$ 𝑉
&#$ 𝑠' − 𝑉&$ 𝑠'

	= argmax
"!

	 𝐸#"~3 𝑉
&#$ 𝑠' − 𝑉&$(𝑠')  

since	𝐴# 𝑠, 𝑎 = 𝐸$!~&($!|$,*)[𝑟 𝑠 + 𝛾𝑉," 𝑠- − 𝑉," 𝑠 ]
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Initialize 𝜋" to anything
Loop forever (for each episode)
    Sample 𝑠%	and set 𝑛 ← 0
    Repeat 𝑁 times
        Sample 𝑎#	~	𝜋" 𝑎 𝑠#
        Execute 𝑎#, observe 𝑠#'(, 𝑟# 
        𝛿 ← 𝑟# + 𝛾max)!"#

𝑄*(𝑠#'(, 𝑎#'() − 𝑄*(𝑠#, 𝑎#)

        𝐴 𝑠#, 𝑎# ← 𝑟# + 𝛾max)!"#
𝑄*(𝑠#'(, 𝑎#'() − ∑)𝜋" 𝑎 𝑠# 𝑄*(𝑠# , 𝑎)

        Update 𝑄: 𝑤 ← 𝑤 + 𝛼*	𝛿 𝛻*𝑄*(𝑠#, 𝑎#)
        𝑛 ← 𝑛 + 1

    Update 𝜋: 𝜃 ← argmax
!"

(
+
∑#$%+,( -$% 𝑎# 𝑠#

-% 𝑎# 𝑠#
𝐴" 𝑠#, 𝑎#

                subject to (
+
∑#$%+,(𝐷./ 𝜋" ⋅ 𝑠# , 𝜋!" ⋅ 𝑠# ≤ 𝛿

linear approximation
quadratic 
approximation

Trust Region Policy Optimization (TRPO)
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Constrained Optimization
§ TRPO is conceptually and computationally challenging in large part 

because of the constraint in the optimization.
max
,
	𝐷-. 𝜋!(⋅ |𝑠), 𝜋"!(⋅ |𝑠) ≤ 𝛿

§ What is the effect of the constraint?
§ Recall KL-Divergence: 
             𝐷-. 𝜋!(⋅ |𝑠), 𝜋"!(⋅ |𝑠) = ∑+𝜋!(𝑎|𝑠) log

&$ 𝑎 𝑠
&#$ 𝑎 𝑠

 

             We are effectively constraining the ratio &$ 𝑎 𝑠&#$ 𝑎 𝑠
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Simpler Objective

Let’s design a simpler objective that directly constrains !!" 𝑎 𝑠
!" 𝑎 𝑠

argmax
!"

𝐸#~%.,	(~).min

𝜋!" 𝑎 𝑠
𝜋" 𝑎 𝑠

𝐴" 𝑠, 𝑎 ,

𝑐𝑙𝑖𝑝
𝜋!" 𝑎 𝑠
𝜋" 𝑎 𝑠

, 1 − 𝜖, 1 + 𝜖 𝐴" 𝑠, 𝑎

                             where 𝑐𝑙𝑖𝑝 𝑥, 1 − 𝜖, 1 + 𝜖 = 8
1 − 𝜖	 𝑖𝑓	𝑥 < 1 − 𝜖	
𝑥	 𝑖𝑓	1 − 𝜖 ≤ 𝑥 ≤ 1 + 𝜖
1 + 𝜖	 𝑖𝑓	𝑥 > 1 + 𝜖	
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Initialize 𝜋" to anything
Loop forever (for each episode)
    Sample 𝑠%	and set 𝑛 ← 0
    Repeat 𝑁 times
        Sample 𝑎#	~	𝜋" 𝑎 𝑠#
        Execute 𝑎#, observe 𝑠#'(, 𝑟# 
        𝛿 ← 𝑟# + 𝛾max)!"#

𝑄*(𝑠#'(, 𝑎#'() − 𝑄*(𝑠#, 𝑎#)

        𝐴 𝑠#, 𝑎# ← 𝑟# + 𝛾max)!"#
𝑄*(𝑠#'(, 𝑎#'() − ∑)𝜋" 𝑎 𝑠# 𝑄*(𝑠# , 𝑎)

        Update 𝑄: 𝑤 ← 𝑤 + 𝛼*	𝛿 𝛻*𝑄*(𝑠#, 𝑎#)
        𝑛 ← 𝑛 + 1
    Update 𝜋: 

    𝜃 ← argmax
!"

(
+
∑#$%+,(min

-$% 𝑎# 𝑠#
-% 𝑎# 𝑠#

𝐴 𝑠#, 𝑎# ,

𝑐𝑙𝑖𝑝
-$% 𝑎# 𝑠#
-% 𝑎# 𝑠#

, 1 − 𝜖, 1 + 𝜖 𝐴 𝑠#, 𝑎#

optimize by stochastic gradient descent

Proximal Policy Optimization (PPO)
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Initialize 𝜋" and 𝑉* to anything
Loop forever (for each episode)
        Generate episode 𝑠%, 𝑎%, 𝑟%, 𝑠(, 𝑎(, 𝑟(, … , 𝑠+,(, 𝑎+,(, 𝑟+,( with 𝜋"       
        Loop for each step of the episode 𝑛 = 0, 1, … , 𝑁 − 1
                𝐺# ← ∑0$%+,(,# 𝛾0 𝑟#'0
 𝛿 ← 𝐺# − 𝑉* 𝑠#
                Update value function: 𝑤 ← 𝑤 + 𝛼*	𝛿𝛻*𝑉*(𝑠#)
                𝐴 𝑠#, 𝑎# ← 𝛿
        Update 𝜋: 

        𝜃 ← argmax
!"

(
+
∑#$%+,(min

-$% 𝑎# 𝑠#
-% 𝑎# 𝑠#

𝐴 𝑠#, 𝑎# ,

𝑐𝑙𝑖𝑝
-$% 𝑎# 𝑠#
-% 𝑎# 𝑠#

, 1 − 𝜖, 1 + 𝜖 𝐴 𝑠#, 𝑎#

optimize by stochastic gradient descent

Proximal Policy Optimization (PPO)
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PPO version 
based on 
Reinforce with 
a Baseline



Application: Large Language Models (LLMs)
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Self-Supervised Learning in LLMs

Encoder and Decoder Transformer

Credit: Vaswani et al., 2017Credit: Zhang et al., 2020
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GPT Models

InstructGPT 
(GPT-3)

January 27, 2022

Reinforcement 
Learning from 

human feedback

Ouyang et al. (2022) 
Training language 
models to follow 

instructions
with human feedback

ChatGPT 
(GPT-3.5)

November 30, 2022

Multi-turn 
conversations

No techreport

GPT-4
March 14, 2023

Multi-modal
(text and 
images)

GPT-4 Technical 
Report (2023)

GPT Omni
GPT-4o

May 13, 2024

End-to-end 
Multi-modal 

(text, audio and 
images)

https://openai.com/i
ndex/hello-gpt-4o/
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Learning from Human Feedback
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Response Ranking
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Reward Model
Stiennon, Ouyang, Wu, Ziegler, Lowe Voss, Radford, Amodei, Christiano 
(2020) Learning to summarize from human feedback, NeurIPS.

§ 𝒔: user prompt

§ 𝒂: system response

§ Reward function: 𝒓𝜽 𝒔, 𝒂 = 𝑟𝑒𝑎𝑙	𝑛𝑢𝑚𝑏𝑒𝑟
§ Consider several possible responses 𝑎5 ≽ 𝑎H ≽ ⋯ ≽ 𝑎I ranked by annotator

§ Training reward function to be consistent with the ranking:

                𝐿𝑜𝑠𝑠 𝜃 = − 5
I
H
𝐸 #,+!,+" ∈K+L+#ML log 𝜎 𝑟! 𝑠, 𝑎N − 𝑟! 𝑠, 𝑎O
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Ouyang, Wu, Jiang, Wainwright, et al. (2022) Training language 
models to follow instructions with human feedback, NeurIPS.

§ Pretrain language model (GPT-3)
§ Fine-Tune GPT-3 by RL to obtain InstructGPT

§ Policy (language model): 𝜋# 𝑠 = 𝑎
§ Optimize 𝜋# 𝑠  by policy gradient (PPO)

max
#

𝐸$∈&'('$)( 𝐸'~+*('|$)[𝑟/ 𝑠, 𝑎 ] − 𝛽	𝐾𝐿 𝜋# ⋅ |𝑠 𝜋0)1 ⋅ |𝑠

Reinforcement Learning
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Ouyang, Wu, Jiang, Wainwright, et al. (2022) Training language models to follow 
instructions with human feedback, NeurIPS.

InstructGPT Results
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