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Outline

§ Constrained Reinforcement Learning
§ Ensure safety in RL

§ Incorporate constrained objectives

§ Algorithms
§ PPO-Penalty

§ PPO-Lagrange
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Motivation

§ Constraints
§ Prevent catastrophic events
§ Ensure safety
§ Take into multiple objectives with bounds

§ Examples:
§ Autonomous driving: minimize arrival time such that 𝑃 𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛 ≤ 𝛽	
§ Routing: maximize throughput such that 𝑙𝑎𝑡𝑒𝑛𝑐𝑦 ≤ 𝛽
§ Robotics: minimize path length subject to

environment obstacles/boundaries
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Constrained Reinforcement Learning

Agent

Environment

State
Reward

Action

Goal: Learn to choose actions that maximize rewards
             subject to bounds on costs

Cost2
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Cost1

Costn

…



§ Definition
§ States: 𝑠 ∈ 𝑆
§ Actions: 𝑎 ∈ 𝐴
§ Rewards: 𝑟 ∈ ℝ
§ Costs: 𝑐(") ∈ ℝ
§ Transition model: Pr(𝑠$|𝑠$%&, 𝑎$%&)
§ Reward model: Pr(𝑟$|𝑠$, 𝑎$)
§ Cost model: Pr(𝑐$

(")|𝑎$%&, 𝑠$)
§ Discount factor: 0 ≤ 𝛾 ≤ 1.  (discounted: 𝛾 < 1,     undiscounted: 𝛾 = 1)
§ Horizon (i.e., # of time steps): ℎ   (Finite horizon: ℎ ∈ ℕ,     infinite horizon: ℎ = ∞)

§ Goal: 𝜋∗ = 𝑎𝑟𝑔𝑚𝑎𝑥"𝐸" ∑#$%& 𝛾#𝑟#
           such that E" ∑#$%& 𝛾#𝑐#

(() ≤ 𝛽(∀𝑖

unknown model

Constrained RL

CS885 Winter 2025 - Lecture 10 - Pascal Poupart PAGE  5



Constraint Types
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Deterministic Probabilistic Expected
Instantaneous 𝑐! ≤ 𝛽	∀𝑡 𝑃" 𝑐! ≤ 𝛽 ≥ 1 − 𝜖	∀𝑡 𝐸"[𝑐!] ≤ 𝛽	∀𝑡
Cumulative /

!

𝛾!𝑐! ≤ 𝛽 𝑃" /
!

𝛾!𝑐! ≤ 𝛽 ≥ 1 − 𝜖 𝐸" /
!

𝛾!𝑐! ≤ 𝛽



Algorithms for Expected Constraints

§ Penalty methods
§ Lagrangian relaxation
§ Lyapunov methods
§ State augmentation
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Penalty Methods

§ Constrained MDP
                          𝜋∗ = 𝑎𝑟𝑔𝑚𝑎𝑥2𝐸2 ∑3456 𝛾3𝑟3

                          such that E2 ∑3456 𝛾3𝑐3
(8) ≤ 𝛽8∀𝑖

§ Penalized MDP

                          𝜋∗ = 𝑎𝑟𝑔𝑚𝑎𝑥2𝐸2 ∑3456 𝛾3𝑟3 	+∑8 λ8	𝑝𝑒𝑛𝑎𝑙𝑡𝑦 𝐸2 ∑3456 𝛾3𝑐3
8 − 𝛽8

§ Barrier: 𝑝𝑒𝑛𝑎𝑙𝑡𝑦 𝑥 = log(−𝑥)
§ ReLU: 𝑝𝑒𝑛𝑎𝑙𝑡𝑦 𝑥 = 𝑅𝑒𝐿𝑈 𝑥 = max(𝑥, 0)
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PPO with ReLU penalty

Alternate between: 

       𝜃 ← argmax
:

𝐸;~='()* ,	?~2'()* min

2' 𝑎 𝑠
2'()* 𝑎 𝑠

𝐺8 − 𝑉9 𝑠 ,

𝑐𝑙𝑖𝑝 2' 𝑎 𝑠
2'()* 𝑎 𝑠

, 1 − 𝜖, 1 + 𝜖 𝐺* − 𝑉+ 𝑠

        𝜃 ← 𝜃 − ∑8 𝛼8∇:𝑅𝑒𝐿𝑈(𝐸@~2' 𝐺A,5
8 − 𝛽)

Where: ∇:𝑅𝑒𝐿𝑈(𝐸2' 𝐺A,5
8 − 𝛽) = 𝐼 𝐸2' 𝐺A,5

8 − 𝛽 ∇:𝐸2'[𝐺A,5
(8)]

                                                          = 𝐼 𝐸2' 𝐺A,5
8 − 𝛽 𝐸2' ∑B𝐺A,B

8 ∇: log 𝜋: 𝐴B 𝑆B
                                                          ≈ 𝐼 𝐺A,5

8 − 𝛽 ∑B𝐺A,B
(8)∇: log 𝜋:(𝑎B|𝑠B)
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Initialize 𝜋# and 𝑉$ to anything
Loop forever 
        Loop for each episode
                Generate episode 𝑠%, 𝑎%, 𝑟%, 𝑠&, 𝑎&, 𝑟&, … , 𝑠'(&, 𝑎'(&, 𝑟'(& with 𝜋#       
                Loop for each step 𝑛 = 0, 1, … , 𝑁 − 1	of the episode
                       𝐺),+ ← ∑!,%'(&(+ 𝛾! 𝑟+-!
                    Add 𝑠+, 𝑎+, 𝐺),+, log 𝜋# 𝑎+, 𝑠+  to replay buffer
       Loop for each training epoch
               Sample a minibatch of experiences 𝑠+, 𝑎+, 𝐺),+, 𝜋#!"# 𝑎+, 𝑠+
                     𝑤 ← 𝑤 + 𝛼$ 𝐺),+ − 𝑉$ 𝑠+ 𝛻$𝑉$ 𝑠+

                     𝐿../ = min "$ 𝑎+ 𝑠+
"$!"# 𝑎+ 𝑠+

𝐺),+ − 𝑉$ 𝑠+ , 𝑐𝑙𝑖𝑝 "$ 𝑎+ 𝑠+
"$!"# 𝑎+ 𝑠+

, 1 − 𝜖, 1 + 𝜖 𝐺),+ − 𝑉$ 𝑠+
                        𝜃 ← 𝜃 +	 𝛼∇#𝐿../

PPO with a Replay Buffer
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Initialize 𝜋# and 𝑉$ to anything
Loop forever 
        Loop for each episode
                Generate episode 𝑠%, 𝑎%, 𝑟%, 𝑠&, 𝑎&, 𝑟&, … , 𝑠'(&, 𝑎'(&, 𝑟'(& with 𝜋#       
                Loop for each step 𝑛 = 0, 1, … , 𝑁 − 1	of the episode
                       𝐺),+ ← ∑!,%'(&(+ 𝛾! 𝑟+-!
                    𝐺0,+

(2) ← ∑!,%'(&(+ 𝛾! 𝑐+-!
(2) 	∀𝑖

                    Add 𝑠+, 𝑎+, 𝐺),+, log 𝜋# 𝑎+, 𝑠+  to replay buffer
       Loop for each training epoch
               Sample a minibatch of experiences 𝑠+, 𝑎+, 𝐺),+, 𝜋#!"# 𝑎+, 𝑠+
                     𝑤 ← 𝑤 + 𝛼$ 𝐺),+ − 𝑉$ 𝑠+ 𝛻$𝑉$ 𝑠+

                     𝐿../ = min "$ 𝑎+ 𝑠+
"$!"# 𝑎+ 𝑠+

𝐺),+ − 𝑉$ 𝑠+ , 𝑐𝑙𝑖𝑝 "$ 𝑎+ 𝑠+
"$!"# 𝑎+ 𝑠+

, 1 − 𝜖, 1 + 𝜖 𝐺),+ − 𝑉$ 𝑠+  

                        𝜃 ← 𝜃 +	 𝛼∇#𝐿../
                 Loop over collected episodes
                        𝜃 ← 𝜃 − ∑2 𝛼2 	𝐼 𝐺0,%

2 − 𝛽2 ∑+,%'(&𝐺0,+
(2) ∇#log 𝜋(𝑎+|𝑠+)

PPO-Penalty
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Lagrangian Relaxation

§ Constrained MDP
                 𝜋∗ = 𝑎𝑟𝑔𝑚𝑎𝑥"𝐸" ∑#$%& 𝛾#𝑟#

                 such that E" ∑#$%& 𝛾#𝑐#
(() ≤ 𝛽(∀𝑖

§ Lagrangian relaxed MDP

min
b+c5	∀8

max
2

𝐸2 X
345

6

𝛾3𝑟3 	+X
8

λ8 𝐸2 X
345

6

𝛾3𝑐3
8 − 𝛽8
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Initialize 𝜋!, 𝑉" and 𝑉#(")
(%) 	∀𝑖 to anything; initialize 𝜆% ← 1	∀𝑖

Loop forever
        Loop for each episode
                Generate episode 𝑠', 𝑎', 𝑟', 𝑠(, 𝑎(, 𝑟(, … , 𝑠)*(, 𝑎)*(, 𝑟)*( with 𝜋!       
                Loop for each step of the episode 𝑛 = 0, 1, … ,𝑁 − 1
                        𝐺+,- ← ∑./')*(*- 𝛾. 𝑟-0., 	 𝐺1,-

(%) ← ∑./')*(*- 𝛾. 𝑐-0.
(%) 	∀𝑖

                      Add 𝑠-, 𝑎-, 𝐺+,-, 𝐺1,-
(%)∀𝑖, 𝜋! 𝑎-, 𝑠-  to replay buffer

                𝜆% ← 𝜆% + 𝛼2" 𝐺1,'
% − 𝛽% 	∀𝑖

       Loop for each training epoch
              For	each 𝑠-, 𝑎-, 𝐺+,-, 𝐺1,-

(%)∀𝑖, 𝜋!$%& 𝑎-, 𝑠- 	in	minibatch	sampled	from	replay	buffer

                        𝑤 ← 𝑤 + 𝛼" 𝐺+,- − 𝑉" 𝑠- 𝛻"𝑉" 𝑠- ,	 𝜙(%) ← 𝜙(%) + 𝛼# " 𝐺1,-
% − 𝑉# "

% 𝛻# " 𝑉# "
% 𝑠- 	∀𝑖

                        𝐿334 = min 5' 𝑎- 𝑠-
5'$%& 𝑎- 𝑠-

𝐺+,- − 𝑉" 𝑠- , 𝑐𝑙𝑖𝑝 5' 𝑎- 𝑠-
5'$%& 𝑎- 𝑠-

, 1 − 𝜖, 1 + 𝜖 𝐺+,- − 𝑉" 𝑠-

																											𝐿678
(%) = 5' 𝑎- 𝑠-

5'$%& 𝑎- 𝑠-
𝐺1,-
(%) − 𝑉# "

%

                        𝜃 ← 𝜃 + 𝛼!∇! 𝐿334 − ∑% 𝑠𝑜𝑓𝑡𝑝𝑙𝑢𝑠 𝜆% 𝐿678
(%)

PPO-Lagrange
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Experiments
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Figure from “Benchmarking Safe Exploration in Deep Reinforcement Learning”, arxiv


