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Classification with Mixture of
Gaussians
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Linear Models

 Probabilistic Generative Models

Regression Classification



Probabilistic Generative Model

* Pr(C): prior probability of class C
* Pr(x|C): class conditional distribution of x

* Classification: compute posterior Pr(C|x) according

to Bayes’ theorem
Pr(x|C) Pr(C)

>.c Pr(x|C) Pr(C)
= kPr(x|C)Pr(C)

Pr(C|x) =



Assumptions

* |n classification, the number of classes is finite, so a
natural prior Pr(C) is the multinomial

PF(C — Ck) = Ty,

e When x € R?, then it is often OK to assume that
Pr(x|C) is Gaussian.

 Furthermore, assume that the same covariance

matrix X is used for each class.

Pr(x|c,) o e—%(x—uk)TZ‘l(x—uk)



Posterior Distribution
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Posterior Distribution
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Logistic Sigmoid

1
¢ Let T(a) ==

> Logistic sigmoid

e Then Pr(cg|x) = a(w'x + wy)
* Picture:



Logistic Sigmoid

class conditionals posterior
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Prediction

best class = argmax; Pr(ci|x)

ey owrx+wy) =0.5
Co otherwise

Class boundary: o(w;x) = 0.5

== = 0.5
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Multi-class problems

 When there are several classes, then posterior
is a softmax (generalization of the sigmoid)

efk(x)
Z] ef](x)

» Softmax: Pr(ci|x) =

 Consider Gaussian conditional distributions
Pr(cy) Pr(x|cy)

Pr(clx) = Y Pr(c;) Pr(x|c;)




Softmax
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Softmax
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Parameter Estimation

* Where do Pr(c) and Pr(x|c;) come from?

* Parameters: T, W1, Uy, X

1 —
— Pr(cy) = m, Pr(x|c;) « e 2*7H 1727 )

1 _
—Pr(c,) =1—m,  Pr(x|cy) « e 2 H2) 2T ()

e Estimate parameters by
— Maximum likelihood
— Maximum a posteriori
— Bayesian learning



Maximum Likelihood Solution

* Likelihood:
L(X, Y) — PI'(X, ylﬂ: Hi, ﬂZJZ) —

[ [mn Genlies, DT = N Gt 1tz 227

n

yn € {0,1}

* ML hypothesis:
< U, Uy X > =

) ) _
argmaxn,uz,uz,z Zn Yn [ln m— E (xn R ﬂl)TZ 1(xn o ﬂl)_

+(1 = yn) [ln(l =) = 2 (X — )27 (% — Hz):




Maximum Likelihood Solution

e Set derivativeto O

dlnL(X)y)
0 =
o
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Maximum Likelihood Solution

0=0InL(X,y)/ou,
= 0= Y yn[-Z7 (xp — uy)]
= XnYnXn = 2inYnlla
= 2in YnXn = N1y,

dXn(1—yn)xn _
N, = U
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Maximum Likelihood

dlnL(X,y)
0X
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