
CS485/685
Lecture 7: Jan 26, 2016

Classification with Mixture of 
Gaussians

[B] Sections 4.2, [M] Section 4.2
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Linear Models

• Probabilistic Generative Models

Regression Classification
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Probabilistic Generative Model

• : prior probability of class 
• : class conditional distribution of 

• Classification: compute posterior  according 
to Bayes’ theorem

Pr ܥ ࢞ ൌ
Pr ࢞ ܥ Pr ܥ

∑ Pr ࢞ ܥ Pr ஼ܥ
ൌ ݎܲ݇ ࢞ ܥ Pr	ሺܥሻ
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Assumptions

• In classification, the number of classes is finite, so a 
natural prior  is the multinomial

௞ ௞

• When  ௗ, then it is often OK to assume that 
is Gaussian.

• Furthermore, assume that the same covariance 
matrix  is used for each class.

௞
ିଵଶ ࢑ࣆି࢞ ೅઱షభ ࢑ࣆି࢞
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Posterior Distribution

௞
గೖ௘

షభమ ࢞ష࢑ࣆ
೅઱షభ ࢞ష࢑ࣆ

∑ గೖ௘
షభమ ࢞ష࢑ࣆ

೅઱షభ ࢞ష࢑ࣆ
ೖ

గೖ௘
షభమ ࢞೅઱షభ࢞షమࣆೖ

೅઱షభೣశࣆೖ
೅઱షభࣆೖ

∑ గೖ௘
షభమ ࢞೅઱షభ࢞షమࣆೖ

೅઱షభ࢞శࣆೖ
೅઱షభ࢛ೖ

ೖ
Consider two classes  ௞ and  ௝

ଵ

ଵା
ഏೕ೐

ೕࣆ
೅઱షభ࢞షభమࣆೕ

೅઱షభࣆೕ

ഏೖ೐
ೖࣆ
೅઱షభ࢞షభమࣆೖ

೅઱షభࣆೖ
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Posterior Distribution
ଵ

ଵା௘
ష ೖࣆ

೅షࣆೕ
೅ ઱షభ࢞శభమࣆೖ

೅઱షభࣆೖష
భ
మࣆೕ
೅઱షభࣆೕషౢ౤

ഏೖ
ഏೕ

ଵ

ଵା௘ష ࢝೅࢞శೢబ

where  ିଵ
௞ ௝

and  ଴
ଵ
ଶ ௞

் ିଵ
௞

ଵ
ଶ ௝

் ିଵ
௝

గೖ
గೕ
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Logistic Sigmoid

• Let  ଵ
ଵା௘షೌ

• Then  ௞
்

଴

• Picture:

Logistic sigmoid
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Logistic Sigmoid

class conditionals posterior
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Prediction

௞ ௞

ଵ
்

଴

ଶ

Class boundary:  ௞
்

ଵ

ଵା௘ష ࢝ೖ
೅ഥ࢞

௞
்

linear separator
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Multi‐class problems

• When there are several classes, then posterior 
is a softmax (generalization of the sigmoid)

• Softmax:  ௞
௘೑ೖ ࢞

∑ ௘೑ೕ ࢞
ೕ

• Consider Gaussian conditional distributions

௞
௞ ௞

௝ ௝௝
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Softmax

గೖ௘
షభమ ࢞షࣆೖ

೅઱షభ ࢞ష࢑ࣆ

∑ గೕ௘
షభమ ࢞షࣆೕ

೅
઱షభ ࢞షࣆೕ

ೕ

గೖ௘
షభమ షమࣆೖ

೅઱షభ࢞శࣆೖ
೅઱షభࣆೖ

∑ గೕ௘
షభమ షమࣆೕ

೅઱షభ࢞శࣆೕ
೅઱షభࣆೕ

ೕ

௘ࣆೖ
೅઱షభ࢞షభమࣆೖ

೅઱షభ࢛ೖశౢ౤ ഏೖ

∑ ௘ࣆೕ
೅઱షభ࢞షభమ࢛ೕ

೅઱షభࣆೕశౢ౤ ഏೕ
ೕ

௘࢝ೖ
೅ഥ࢞

∑ ௘࢝ೕ
೅ഥ࢞

ೕ

softmax

CS485/685 (c) 2016 P. Poupart 11



Softmax

class conditionals posterior
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Parameter Estimation

• Where do  ௞ and  ௞ come from?
• Parameters:  ,  ૚,  ૛, 

– ଵ ,                 ଵ
ିభమ ૚ࣆି࢞

೅઱షభ భࣆି࢞

– ଶ ଶ
ିభమ ૛ࣆି࢞

೅઱షభ మࣆି࢞

• Estimate parameters by
– Maximum likelihood
– Maximum a posteriori
– Bayesian learning
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Maximum Likelihood Solution
• Likelihood:
L ,܆ ܡ ൌ Pr ,ࢄ ࢟ ,ߨ ,ଵࣆ ,ଶࣆ ઱ ൌ

ෑ ܰߨ ࢞௡ ,ଵࣆ ઱ ௬೙ 1 െ ߨ ܰ ࢞௡ ,ଶࣆ ઱ ଵି௬೙

௡

• ML hypothesis:
൏ ,∗ߨ ,∗ଵࣆ ∗ଶࣆ , ઱∗ ൐	ൌ
మ,઱ࣆ,మࣆ,గݔܽ݉݃ݎܽ 	∑ ௡ݕ ln ߨ െ ଵ

ଶ
࢞௡ െ ଵࣆ ்઱ିଵ ࢞௡ െ ଵ௡ࣆ

൅ 1 െ ௡ݕ ln 1 െ ߨ െ ଵ
ଶ
࢞௡ െ ଶࣆ ்઱ିଵ ࢞௡ െ ଶࣆ

௡ݕ ∈ ሼ0,1ሽ
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Maximum Likelihood Solution

• Set derivative to 0
డ ୪୬ ௅ ࢟,ࢄ

డగ

௡
ଵ
గ ௡

ଵ
ଵିగ௡

௡ ௡௡

௡ ௡௡ ௡௡௡

௡௡
∑ ௬೙೙
ே
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Maximum Likelihood Solution

ଵ

௡
ିଵ

௡ ଵ௡

௡ ௡௡ ௡ ଵ௡

௡ ௡ ଵ ௡௡
∑ ௬೙࢞೙೙

ேభ ଵ Similarly: ∑ ሺଵି௬೙ሻ࢞೙೙
ேమ ଶ
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Maximum Likelihood

డ ୪୬ ௅ ࢟,ࢄ
డ઱

ேభ
ே ଵ

ேమ
ே ଶ

where  ଵ
ଵ
ேభ ௡ ଵ ௡ ଵ

்
௡∈௖భ

ଶ
ଵ
ேమ ௡ ଶ ௡ ଶ

்
௡∈௖మ
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