Lecture 6: Classification with

Mixtures of Gaussians
CS480/680 Intro to Machine Learning

Pascal Poupart
David R. Cheriton School of Computer Science
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Linear Models

= Probabilistic Generative Models

Regression Classification

A

B :
C
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Probabilistic Generative Model

= Pr(C): prior probability of class C

= Pr(x|C): class conditional distribution of x

= Classification: compute posterior Pr(C|x) according to Bayes’ theorem
Pr(x|C) Pr(C)
>.c Pr(x|C) Pr(C)

xIC)Pr(C)
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Assumptions

= In classification, the number of classes is finite, so a natural prior
Pr(C) is the multinomial

PT(C — Ck) = Ty,

» When x € R?, then it is often OK to assume that Pr(x|C) is Gaussian.

= Furthermore, assume that the same covariance matrix X is used for
each class.

Pr(x| Ck) X e —%(x—ﬂk)TZ_l(x—ﬂk)
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Posterior Distribution

e ) = (x-m)

Pr(c,|x) =

S e () 21 (xmmy)

1 _ - —
— T _ — —
S ﬂke_im_zﬂgz 1x+u£2 1uk)

Consider two classes ¢, and ¢;

1 Ty—1,,.
B S

mje

1+

—-1,_= -1
nke”kz X Zﬂkz P
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Posterior Distribution

1

(T =Ny =141, Ty—1,, 1 Ty—1, . 157k
(”k uj)z X+5UE L1y ZujZ 1 lnnj

1+e
1

where w = X7 (u;, — ;)

1 Tao 1 Tae
and w, :—Eu};Z L +Eu]T-Z 1uj+an—’;
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Logistic Sigmoid

1
1+e~4

= Leto(a) =

» Then Pr(c,|x) = c(Wlx + wy)

> Logistic sigmoid

. Picture:G,fQ) U —-— — = ==

aS
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Logistic Sigmoid

class conditionals posterior
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Prediction

best class = argmax;, Pr(ci|x)
{cl owlx +wy) = 0.5

Cy otherwise

Class boundary: a(w;x) = 0.5

= ! = 0.5
1+e_(w’11;§)
= wix =0

-~ linear separator
2 WATERLOO

CS480/680 Winter 2023 - Lecture 6 - Pascal Poupart PAGE 9



Multi-class Problems

= Consider Gaussian conditional distributions with identical
Pr(cg) Pr(Xx|cy)

5 Pr(c;) Pr(x|c;)
e 30 271 e

5 mje3ey) 2 (e

1(—2u£2_1x+u£2_1uk)

Pr(c,|x) =

e 2
Ly S Te—1,,,Ty—1,.
ZjTCje 2( ZMJZ x+[,¢]22 u])
Te—1, 1 Ts—1 T_
- MTZ_lx—lyTZ_lu-Hnn - wlz —
Zje J 2] J J Zje J

where w£ = (_%”£2—1ﬂk + Inmy, ”£2—1)
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Softmax
= When there are several classes, the posterior is a softmax (sigmoid generalization)
C e L Fr@
» Softmax distribution: Pr(cg|x) = — ';,(x)
Zj e’ J

= Argmax distribution:
1 itk = argmax; f;i(x)
0 otherwise

Pr(cklx)

. baselkX)
base—oo Zj base’J

efk(x)

(softmax approximation)
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Softmax

class conditionals posterior

w UNIVERSITY OF
CS480/680 Winter 2023 - Lecture 6 - Pascal Poupart PAGE 12 @ WATE RLOO



Parameter Estimation

= Where do Pr(c;) and Pr(x|c;) come from?

= Parameters: m, uq, iy, X
—~(x—p) "= (x—py)
Pr(c;) = m, Pr(x|cy) = kye 2 1

1 -
Pr(c,) =1 —1m, Pr(x|cy) = kg e 2¥#2) E7 (x-12)
where ky is the normalization constant that depends on X

= Estimate parameters by

= Maximum likelihood
= Maximum a posteriori
= Bayesian learning
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Maximum Likelihood Solution

= Likelihood: / n € O

L(X' Y) = PI'(X, _'Y|T[, l'llr ﬂZiz) — Hn[nN(xnlul,Z)]y"[(l o T[)N(xnlﬂz, 2)]1—3711

= ML hypothesis:

*k *k k k 1 —_
<UL, Hp, X > = argmaxgy, 2 Yn [lnﬂ + Inky — > (X, — )27 (x, — ”1)]
n
+(1—=v)|n(1=m) +Inky —=(x,, — u,)TE"(x,, — 1)
Yn n T h) 2 n ﬂz n ﬂz
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Maximum Likelihood Solution

» Set derivativeto 0

0 = d1ln L(X,y)
om
1 1
= 0 = ZnYn [;] T (1 _:Vn) [_E

0=y, (1-m)+ A —-y,)(—m)
= 20V =TQnYn + 201 — )

= )., Vo, = TN (where N is the # of training points)

XnYn
N

=TT
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Maximum Likelihood Solution

0=0InL(X,y)/ou,
= 0= yn[—27 (2 — 1y)]
= XnYnXn = 2in Ynll
= Yin YnXn = N1y

. 2nYnXn
N4

dn(1-yn)xn
N>

= u, | Similarly: = U,

where N; is the # of data points in class 1
N, is the # of data points in class 2
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Maximum Likelihood

dlnL(X)y) _

7)) 0

: cee

$Z=ﬂ51 +&SZ
N N

1
where §; = N—lznecl(xn — ) (e — )"

1
S, = N_ZZnEcz(xn — ﬂz)(xn — MZ)T

(S, 1s the empirical covariance matrix of class k)
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