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Normalizing Flows

§ Neural networks to estimate probability density functions
§ Can estimate the likelihood of a data point

§ Generative models (i.e., generate data point from random embedding)

§ Invertible models (i.e., generate embedding corresponding to a data point)
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Preview: GLOW (Generative fLOW)
Kingma, Dhariwal et al. (2018)
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Recap
Variational Autoencoder                                      Generative Adversarial Network
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Explicit density function

§ Goal: learn a deterministic function 𝑇 that transforms 𝑝 into 𝑞
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Source	distribution
𝒛 ∼ 𝑝(𝒛)

Target	distribution
𝒙 ∼ 𝑞(𝒙)

𝑇

From Priyank Jaini



Conservation of Mass
§ When we transform random variable Z 

into random variable 𝑋 = 𝑇(𝑍), 
the probability mass must be conserved

𝑞 𝑥 𝑑𝑥 = 𝑝 𝑧 𝑑𝑧

§ Hence

𝑞 𝑥 = 𝑝 𝑧 !"
!#

= 𝑝 𝑧 !#
!"

$%

= 𝑝 𝑧 !&(")
!"

$%
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𝑞(𝑥)

𝑇 𝑧 = 2𝑧 + 1

𝑥

𝑝(𝑧)

𝑧

From Eric Jang



Change of Variable
§ Multivariable distributions 𝑝(𝑿) and 𝑞(𝒁)

§ 𝑿, 𝒁: vectors of random variables

§ 𝑇: 𝒁 → 𝑿 where 𝑇! 𝒛 = 𝑥!, 𝑇" 𝒛 = 𝑥", 𝑇# 𝒛 = 𝑥#, etc.

§ Change of variable formula:  
𝑝 𝒙 = 𝑝 𝒛 det ∇𝒛𝑇 𝒛 $%

where 𝑇 is bijective and increasing
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Learning
§ Data

§ Let 𝒁 ~ N(𝟎, 𝐈) be random vectors

§ Let 𝑿 be data (i.e., images in a dataset)

§ Find 𝑇: 𝑍 → 𝑋 by maximum likelihood

argmax&∏*𝑃 𝒛(*) =𝑎𝑟𝑔𝑚𝑎𝑥& ∑* log 𝑃(𝒛(*))
= 𝑎𝑟𝑔𝑚𝑎𝑥& ∑* log 𝑃 𝒙(*) det ∇𝒙𝑇$% 𝒙

$%

= 𝑎𝑟𝑔𝑚𝑎𝑥& ∑* log 𝑃 𝒙(*) − log det ∇𝒙𝑇$% 𝒙

§ NB: need 𝑇$% and efficient way to compute det ∇𝒙𝑇$% 𝒙

CS480/680 Winter 2023 - Lecture 20 - Pascal Poupart PAGE  8



Triangular Maps
§ Let 𝑇 be such that 𝑇, 𝒛-, = 𝑥,

§ 𝑥! = 𝑇!(𝑧!)
§ 𝑥" = 𝑇" 𝑧!, 𝑧"
§ …
§ 𝑥$ = 𝑇$(𝑧!, 𝑧", … , 𝑧$)

§ det(∇𝑇$%) is easy to compute
§ 𝑇 lower triangular à 𝑇%! lower triangular
§ det 𝑙𝑜𝑤𝑒𝑟 𝑡𝑟𝑖𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑀 = ∏&𝑀&&

§ Theorem: There always exists a unique increasing triangular map 
that transforms a source density into a target density
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Framework

Find 𝑇 by maximizing log likelihood
Set 𝑃 𝒛 = 𝑁(0, 𝐼)

argmax
&

I
*

log 𝑞(𝒙(*)) = argmax
&

I
*

log 𝑝 𝑇$% 𝒙(*) −I
,

log
𝜕𝑇,$% 𝒙(*)

𝜕𝑥,
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𝑧 ∼ 𝑝(𝑧) 𝑥 ∼ 𝑞(𝑥)



Autoregressive Models
§ Recall the chain rule:   𝑞 𝒙 = 𝑞 𝑥% 𝑞 𝑥. 𝑥% …𝑞(𝑥!|𝒙/!)

§ Each mapping 𝑥, = 𝑇,(𝒛-,) implicitly determines a corresponding 𝑞(𝑥,|𝒙/,)
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𝑞(𝑥%)

𝑞(𝑥.|𝑥%)

𝑞(𝑥!|𝒙-!)

From Priyank Jaini



Autoregressive Models with Gaussian Conditionals
§ Recall the reparameterization trick
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𝑥% = 𝑇% 𝑧% = 𝜎%𝑧% + 𝜇%

𝑥. = 𝑇. 𝑧%, 𝑧. = 𝜎. 𝑧% 𝑧. + 𝜇.(𝑧%)

𝑥! = 𝑇! 𝑧%, … , 𝑧! = 𝜎! 𝒛/! 𝑧! + 𝜇!(𝒛/!)

From Priyank Jaini



Masked Autoregressive Flows (MAFs)
Papamakarios et al., 2017
§ Deep autoregressive flows with Gaussian conditionals
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𝑞 𝒙 = 𝑝 𝒛 det(∇𝑇(%)) $% det(∇𝑇(.)) $% det(∇𝑇(0)) $% det(∇𝑇(1)) $%

𝑥, = 𝑇, 𝒛-, = exp 𝛼, 𝒛/, 𝑧, + 𝜇,(𝒛/,)

From Priyank Jaini



Real NVP
Dinh et al., 2017
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𝑥, = 𝑇, 𝑧,, 𝒛/, = exp 𝛼, 𝒛/, 𝛿(𝑖 ≥ 𝑙 ) 𝑧, + 𝜇, 𝒛/, 𝛿 𝑖 ≥ 𝑙

From Priyank Jaini



Neural Autoregressive Flows (NAFs)

§ Strictly positive weights 
§ Strictly monotonic 

activation functions 

§ Hence: increasing map

§ Universal approximation
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𝑥, = 𝑇, 𝑧,, 𝒛/, = 𝐷𝑁𝑁(𝑧,; 𝑤,(𝑧/,))

From Priyank Jaini



GLOW (Generative fLOW)
Kingma, Dhariwal et al. (2018)
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GLOW (Generative fLOW)
Kingma, Dhariwal et al. (2018)
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