CS475 / CM375
Lecture 24: Dec 1, 2011

Conjugate gradient convergence
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Minimization formulation

e Recall: F(x) = %xTAx —bTx
x* =argmin, F(x) = Ax* =b
* Atiteration k
F(x*) = min{F(x° + 2} a;p): g, ..., a1 € R}
F(x*) = F(x) = min{F (x° + ¥¥- a;p’) — F(x): ag, ..., a—1 € R}

Algebra (F(y) —F(x) = % Iy - xlli)

2 2
%“x" — x||A = min{% ||e0 + Yk aip‘||A L Qg e, Ap_q € ER}
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Error Characterization

e Characterization of the error e¥ at step k:

k

e LeteX = x¥ —x. Then

||ek||A = min{“e0 + Yk aipi||A L0, e, Ap—q € ER}

= min{“eo + {.cz—ol }/l'AiT'O”A Yo Yk—1 € ?R}

(since span{p?, ...,p*1} = span{r?, ..., Ak~ 1%}

CS475/CM375 (c) 2011 P. Poupart & J. Wan

Error determined by Polynomial

o Let Qp_1(x) = Vo +y1x + -+ yr_1x*71. Then
Qr-1(A) =yo + V1A + - + yp1AF T = T Al
* Rewrite error as a function of the Q,_; polynomial
e’ + X0 viAr® = €% + Q1 (A)r°
= e + Q-1(A)4e’ (2)
= (I + Qr-1(A)A)e’

For (2): 7% = b — Ax% = A(x — x°) = Ae®
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Error Determined by Polynomial

o Let Pp(x) =1+ Qp_1(x)x. Then P, (0) =1,
deg(Py) < kand e® + Y1 y;Air0 = P, (4)e®
 |le¥]], = min{[IPc(a)e’l] ;: Pi(0) = 1, deg(Py) < k}

* In other words, let P, (x) be a poly of deg < k,
P.(0) = 1. Then ||ek||A < ||ﬁk(A)e°||A

= CG finds the optimal poly P} to minimize the error in
the A-norm.
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Polynomial characterization
e Whatis ||Pk(A)e°||A?

* Let {v;} be the eigenvectors of A. Write
e’ =31 &
« Consider wy = P (A)e® = X7_; &P (A)v;
=Y GP )y (A = A4wy)
Awie = X1 §iPe(4)) 2,
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Polynomial Characterization

e Hence:

1Pc()el]” = [Iwil| = (i, Awy)
= (X1 &PV, 201 EPe(A) Av))
= Xj= §7Pe (A1)

NB: (vi,vj) = 1, (vj,vj) =1
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Error Bound

* Let Py(x) be apolyof deg < k, P,(0) = 1. Then
2
||ek||A < |1Pe()e°l|’

= }1:1 S(JZPIE (Aj)’lj
= Maxy o <A<Amax PE(A) 2; f}?,’lj

2
= Max;,,,. <Asimax P (D]1€°1],
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Error Bound

* By Choosing P; (x) appropriately, one can show:

k
e Theorem: ||xk — x||A <2 (%;Eg:) |1x° — x||A

where k(4) = Amax

Amin
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Notes

1. Thisis an upper bound only, CG convergence is
usually better

2. CG convergence depends on all {4}, not just Ay,

Amax-
E.g. A has 3 distinct eigenvalues: 1; < 4, < 45.
Define Lagrange poly P;(x) of deg < 3 such that

P;(0) =1, P3(3)=0 =123
Then le3||” < |IPs(A)e®l|, = £3., €7P2(1;)4; = 0

= CG converges in 3 iterations, independent of k(4).
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Notes

3. For Poisson equation, convergence rates for optimal
SOR and CG are the same. However, no parameter
needs to be optimized for CG.
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